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1. Introduction

Some applied problems in fields such as the economy, military defense and chemistry are inherently
multistage optimization problems. In such problems, there are several stages that can be connected
to each other by additional conditions, and they are characterized by their own equations, controls,
constants, etc. And recently, descriptor systems which are generalizations of differential equations
to singular leading-term case, have aroused a lot of attention due to their applications frequently in
different research areas. In this paper, we consider a general two-step descriptor system with initial
conditions containing control parameters of the form

{ Eixi(t) = fi(t,x;,up), t€[tiog,t], i=1,2,
x1(fo) = g1(v1), x2(t1) = g2(x1(11), v2),

where E; € R™",i = 1,2, are constant singular matrices, and #, < #; < t, are all given.

For steps nonlinear differential equations, that is E; = I;, there have been some researches.
Regarding necessary conditions for steps systems in the smooth cost functional, it can be found
in [9,10]. While for the nonsmooth discrete case, [14] has investigated its optimal control problem.
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What’s more, the problem of control with stepwise structure, which is described by a system of
difference and integro-differential equations of the Volterra type has been considered in [17]. Under
the assumption about openness of control domain and some modifications of the increment method,
necessary conditions of optimality of the first- and second-order have been established simultaneously.

On the other hand, for one-step descriptor system case, the correlation theory is relatively mature [2—
4]. Many researchers have investigated corresponding optimal control problems by means of dynamic
programming or maximum principle (see, for example, [7,9,15,21-23] and references therein), and
we have also done some works recently [19,20]. However, what we should point out is that these
conditions are restricted to first-order necessary conditions, and there are no further discussions until
now.

Being directly inspired by the works mentioned above, the purpose of this paper is to study the
optimal control problem for two-step nonlinear descriptor system. With the methods of classical
calculus of variations and nonsmooth analysis, we firstly establish the first-order necessary conditions
in smooth and nonsmooth cases. Then we introduce the definitions of index and Drazin inverse for
matrix, which are crucial to give the generalized second-order necessary conditions for steps descriptor
systems. The main difficulty throughout our paper is that we should establish the proper formula of
general solutions for descriptor system. It is worth mentioning that our second-order conditions consist
of constraints on endpoints, which are resulted from the matching conditions. Moreover, we have
pointed out that the unfixed switching point case can be transformed into a fixed one by some proper
transformations.

The rest of this paper is organized as follows. In Section 2, we give some preliminaries. First-order
necessary optimality conditions are established in Section 3. In Section 4, we derive the generalized
second-order necessary conditions for linear two-step descriptor systems. The main tools are the
employment of Drazin inverse and index for matrices. Then in Section 5, we give some discussion
for unfixed switching point case. Finally, the conclusion is made in Section 6.

2. Preliminaries

Firstly, some definitions for nonsmooth analysis are recalled, which are necessary for the discussion
later.
Given a nonempty set 2 C R", consider the associated distance function

dist(x; Q) = in}c2 [|lx — wl,

and define Euclidean projector of x onto Q by I1(x; Q) := {w € Q| ||x — w|| = dist(x; Q)}. If the set Q
is closed and bounded, then the set I1(x; ) is nonempty for every x € R". The normal cone in finite
dimensional space is defined using the Euclidean projector:

N(x; Q) := lim sup[cone(x — I1(x, Q2))],
while the basic subdifferential d¢(x) is defined geometrically via the normal cone to the epigraph of
¢. Here it is assumed that ¢ is a real finite function, d¢(x) := {x* € R"|(x*,—1) € N((X, ¢(X)); epig)}
and epi¢ = {(x,u) € R"'|ju > ¢(x)} is the epigraph of ¢. This nonconvex cone to closed sets and
corresponding subdifferential of lower semicontinuous extended real-valued functions satisfying these
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requirements were introduced by Mordukhovich at the beginning of 1975. The initial motivation came
from the intention to derive necessary optimality conditions for optimal control problems with endpoint
geometric constraints by passing to the limit from free endpoint control problems, which are much
easier to handle.

To start our discussion, first we have describe certain points about functional analysis and
nonsmooth analysis construction. For more infourmation we refer the readers to [17]. Note that this
cone is nonconvex [10,16] and for the locally Lipschitz function, the convex hull of subdifferential is a
Clarke generalized subdifferential, ¢(x°) = cod¢(x°). If ¢ is lower semicontinuous around x, then its
basic subdifferential can be shown by d¢(x°) = lim sup d¢(x). Here,

x—x0

— 0\ _ /+v* 4 _ 20
56(x0) = (x* € R'|lim inf 20 = #) = u = x)
= =

> 0}

is the Frechet subdifferential. By using plus-minus symmetric constructions, we can write
F*$(x°) 1= =0, (") 1= ~A(=P) ("),

which are called basic superdifferential and Frechet superdifferential, respectively. Here,

0N s 0
36+ () 1= {x* € R"|lim sup d(u) — (x°) — (x*,u — x°)
u— 0 |u - x0|

<0}

What we should point out is that for a locally Lipschitz function, the basic subdifferential and the
Frechet subdifferential may be different.

If ¢ is Lipschitz continuous around point x°, then the strict differentiability of the function ¢ at x°
is equivalent to dp(x°) = 3" ¢(x°) = {Vp(x*)}. If dp(x°) = dp(x°), then this function is lower regular
at x°. Symmetrically, we can give upper regularity of the function at the point by using the definitions
of superdifferential and Frechet superdifferential. Also, if ¢ is locally Lipschitz continuous around the
given point and upper regular at this point, then the Frechet superdifferential is not empty at this point
and coincides with the Clarke subdifferential at this point.

By using all these nonsmooth analysis tools, we will try to find the superdifferential form of the
necessary optimality conditions for the steps descriptor systems in the following form.

2 2 t;
min J(u,v) = Z wi(xi(t)) + Z f fl.o(t, x;, updt, 2.1
i=1 i=1 Y1

subject to
Eixi(t) = fi(t,xjup), t€[tis, ;] =T, i=1,2,

x1(to) = g1(v1),

x(f) = ga(x1(11), v2), (2.2)
u()eU, CcR, teT;,, i=1,2,

vieV,CRI, i=1,2,

where E; € R™",i = 1,2, are constant matrices with rank(E;) = r; < n; fi(t, x;, u;),i = 1,2, are given
n-dimensional vector-valued functions, which are at least twice continuously partially differentiable
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with respect to their variables; g;(v;) and g»(x;,v,) are both given vector-valued functions that are
at least twice continuously differentiable; fl.O(t, X, u;),i = 1,2, are continuous, at least continuously
partially differentiable vector-valued functions with respect to their variables; ¢;,i = 1,2, are given
twice continuously differentiable scalar functions. u;(¢),i = 1,2, are r-dimensional measurable and
bounded vector functions of controls, and v;,i = 1,2, are g-dimensional control parameters. U;, V; are
assumed to be nonempty and bounded open sets for each i,i = 1, 2.

We call a pair (u(t), up(t),vi,v2) = (u(t),v) with above properties as admissible control, and the
corresponding absolutely continuous solution (x (), x,(¢)) = x(¢) to system (2.2) is called an admissible
trajectory.

An admissible control (u(?),v) that solves the problem of minimizing functional (2.1) under
constraints (2.2) is called an optimal control, and the corresponding solution x(#) to systems (2.1)
and (2.2) is called an optimal trajectory. For the fixed admissible process (x°, u°,1°), we introduce the
following notations:

Hi(t7 Xi, Ui, l/’?) = w?*ﬁ(ta Xis ui) _f;o(ta Xis u[)7

OH,[t]

ou;
A, g1(v1)
Angz(x?(fl), V(z))
Li(vi,¢(to))
Ly(x)(t1), v, y5(11))

OH(t, x),ul. y?)  OHi[1] _ OHi(t, x), ul, y))
Ou; C0x; Ox; ’

g1(v) — g1,

(X)), v2) — g2(x) (1), V9),

W (10)E1g1 (1),

Yy (1) Exg2(x(11), v2).

Remark 2.1. It is worth pointing out that more general problem with multistage processes could also
be considered, but for simplicity of presentation, we analyze the problem stated above.

3. First-order necessary conditions

In the following, first-order necessary conditions for optimal control problems (2.1) and (2.2) will
be established by using nonsmooth analysis and variational techniques.

Theorem 3.1. Let ¢; is Frechet superdifferentiable at the point x?(#;) and (u°(¢), %, x°(¢)) be an optimal
solution to the control problems (2.1) and (2.2). Then for every element from Frechet superdifferential
X € 6+<,0(x?(ti)),i = 1,2, there are vector functions ¥,(¢),i = 1,2 such that the following conditions
holds:

0H;[0
6[] 0, forallu,(r) e U;, i=1,2, 0€T;,
u;
OL (v, 0t
1(v1, ¥ (%)) 0. Yy eV
(9\/1
OL,(x°(2)), v, Yot
2(x(21), va, Y5 (1)) 0. ¥ v, € Vi,

aVZ
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where ¥¥(¢),i = 1,2, are adjoint trajectories satisfying

Eno@ = -2 j=1,2,

. . aLz(x%),v“,wO(z] )
Efyl(n) = —x; + =2,

2'702(1.2) = _xz’
and 6 is an arbitrary regular point (see [18]) of u°(¢).

Proof. Take arbitrary element from Frechet superdifferential x7 € 3+cpl~(xi°(t,-)),i = 1,2 and employ the
smooth variational description of —x! from assertion (i) of Theorem 1.88 (see [17]) to the subgradients
—-X: € 8*(—90,-(x?(t,-))). As aresult, we find functions s; for i = 1, 2 satisfying the relations

Si(x?(ti)) = QDi(X?(fi)), 5i(xi(2) = @i(xi(1))

in some neighbourhood of x?(ti) and such that each of them is Frechet differentiable at x?(ti) with
Vsi(x%(t;)) = x;,i = 1,2. It is easy to check that x(;) is a local solution to the following optimization
problem of types (2.1) and (2.2) but with cost continuously differentiable around x?(ti). This means
that we deduce the optimal control problems (2.1) and (2.2) with the nonsmooth cost functional to the
smooth cost functional data:

2

min J'(u,v) = " si(x(t) + Zf £t X1, up)dt 3.1)

i=1

subject to condition (2.2). Thus, by using the Taylor formula, for any admissible values of the control
and the parameter (1, v) and optimal value of the control and the parameter (1°,1°), the increment of
cost functional AJ’ can be written in the form:

AJ (u®,V°)
= J(u v) = J' ()

= Z[s(xl(t» s(x(t))]+2f[f(tx,,u> £ 2, u)de
= Z[sxxl(z,-)) = s + Z[w?*(ri)EiAxi<r,»> — " () EiAxi(ti-1)]
i=1 i=1
2 i 2 1
-, f CHit, i, w3, ) = Hit, 50, uf, y1dt = f Ui (DEAxi(r)dt, (3.2)
i=1 Yl i=1 Vi1

whence if
Axi(tg) = g1(v1) — g1("), Axa(ty) = ga(x1(t1), v2) — g2(x)(11),19).

Then, after some calculations, we can rewrite (3.2) as
AJ ", ")
= Z[s (x:(1)) = s (1)] + Z Y () Eihxi(t)

i=1
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Lt t 0) — Hit, 2, 0] dt - f (O EAxi(t)dt
i= l

i=1 li-1 tic1

—[Ll(Vl,dfl(fo)) Ll(Vl’lﬁl(fo))] [Ly(x1(11), Vz,%(ll)) Ly(xX)(1),09, y3(t)]
= Z[S (i) = si(x ()] + Z Y () Eidx(t;) — f U (D E:Ax(1)dt

_Zf [H(t, X, ui, ) — Hit, xl’””w)dt_zf

_aL*(VlalﬁO(lo))Avl _ AL;(xX3(t1), v, %(fl))A
6\/‘1 6\/2
—[La(x1(t1), va, ¥5(11)) = La(x(11), va, 5 (11)]- (3.3)

On the other hand, in consideration of Vs,-(x?(t,-)) = x7,i = 1,2 and taking w?(t), i = 1,2 as solutions
of the following equations:

Au i()dt

V2

% 7 0H; .
Ei '7[/?(1.) = ﬁxEt]’ 1= 1, 2’

* « , OL() Y1)
EA(n) = —x; + L2050, (3.4)
E3() = —x;,

then the increment formula (3.3) reduces to a simpler one:

V2

P = COHN o LR R BLaGn), v, u(n)
AJ (u”,v") Z\le Au(r)dt o, A, A

+n' (v ,Au,AV), (3.5)

where by definition

7', Au, Av) - = Zf

%00 0
_aLz(xl(n),v2,w2(t1)) Axl(ﬁ)—z f oL (IAx (D).
i=1 Y-l

Ax,(t)dt —o3(lAx, (DI + Z oy (IAx (eIl

8)61
Here 0,(:),i = 1, 2,3 are defined by the expressions
si(xi(1;)) = s:(x0(1) = x; t)Axi(5;) + O (|Ax (), i = 1,2,

MDD N (1) + O (IAK O, i = 1,2,

Hi(t, xi ui, ) — Hi(t, X0, u, ) =
JL:(x V2,
Lo(x1 (1), vas w211)) = Lot v, w(11)) = 2D A (1) 4 03[ A, (I
A special increment of the control (1°(¢),1") is defined as

Aui(t, ) = gdu;(t), Avi(e) =&dv;, i=1,2,

where ¢ is a very small amount, 6u;(f) € R"(i = 1,2) are arbitrary measurable bounded vector functions
and 6v; € RI(i = 1,2) are arbitrary constant vectors. Then the pair (ou(t) = (ou,(t), oux(t)),ov =
(0vy,0v,)) is called an admissible variation of the control (u°(¢), v°).
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By taking into account (3.5) and following the schemes in [12], it can be shown that the first-order
classical variations of function (3.1) have the form:

'V = JWl®) + Au(t, e)) — J'O° + Av(e))
2 t; _ 0,0
B Zf 8H,[t] Su(f)dt aLl(V(l‘)’vwl(IO))&}l
1, 1

i=1 Yli-1 i

ALy (x}(11), V3, ¥35(11))
— 6\/‘2.
8\/2

(3.6)

Since control domains U; and V;(i = 1,2) are open along the optimal process (u°(z),v°, x(¢)) for all
admissible variations (du(r), 6v), the first variations of function (3.1) is zero, i.e.,

2 £ ‘ L0, u° L (x° 0,0
> [ iy - LD s, SRR 20 )
i=1 ! !

f i 6\/1 6\/2

Due to the arbitrary and independent of du;(f) and 6v;, identity (3.7) yields the conclusion. This
completes the proof.

Theorem 3.2. Assume that ¢; is locally Lipschitz continuous and upper regular around at xV(z;). Let
(u°(£),v°, x°(r)) be an optimal solution to the control problems (2.1) and (2.2). Then, for any ¥; €
5<p,~(x?(t,~)), the following conditions should be true:

OH;|0
6[] = O, forallu;(n) e U;, i=1,2, 8T,
u;
0L (v, W0t
1(v1, ¥ (t0)) 0.V eV
0 8v10
OL,(x3(t)), v, Yo (t
2(x(21), v2, Y5 (1)) 0 Ve,

6\/‘2
where 1//?(1?),1' = 1,2, are adjoint trajectories and satisfying (3.4).

Proof. From the nonsmooth analysis in Section 2, it is a known fact that if the function is upper regular,
the Frechet superdifferential 3*90 coincides with the Clarke generalized gradient d¢, so the conclusion
is obvious. This completes the proof.

In particular, if we take smoothness on the cost functional ¢;, the following corollaries can be
obtained obviously.

Corollary 3.1. If U;, V;,i = 1, 2, are still given nonempty and bounded open sets, then for the optimality
of the pair (u°(¢),°), it is necessary that following equations hold:

OH[6] .
:0, HGTI, l:1,2’
(9ui
(9\/1 ’
AL (xX(t), V3, ¥S(11))
=0,
81/2
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where yY(¢),i = 1,2, are adjoint trajectories and satisfying

Ejn = %1, i=1,2,

Ox;
w1 00p N _ _ Opi(xi(t) | OLa(x] ()5 (1)
Elwl(tl) - (9)61(11) + axl s (3.8)

* _ _ 0pr(x2 (1))
E3i(n) = -5 222,
Corollary 3.2. If U;, V;,i = 1,2, are given nonempty, bounded and convex sets, then for the optimality
of the pair (1°(¢),°), it is necessary that the following inequalities hold:

" OH; 1] ) |
f (ui(t) —u; (1))dt <0, forall u,(r) e U;,t € T}, i = 1,2,
ti-1

Gu,-
AL (W, Ot
(9v1
aL* xo l 7V0’ 0 t
5 (x5 ( 1(; 2 ¥ 1))(\12 -19) <0, forall v, € Vs,
V2

where y¥(2),i = 1,2, are adjoint trajectories and satisfying (3.8).
4. Generalized second-order necessary conditions

In this section, we will give some second-order necessary optimality conditions. In particular, we
assume that the functions in problems (2.1) and (2.2) are smooth enough and the sets U;, V;,i = 1,2,

are nonempty, bounded and convex.
By means of Taylor’s formula which expands to the second-order derivatives and similar with the

discussion above, we can obtain

AT, V)
1< L o) 2 [
=3 ; Ax; (fi)—axiz Axi(t;) — ; j;l
2717, 217,
Axi(t) + 2205 (1) H 7] O Hil1]

1 2 ti . aZHl'[l] : *
) Z; ft ] A% r gy, A0 + B ()

2 . ou?
LR L PLOD ) OL .3 40)
8\/1 : 2 1 0‘}% 1 (9\/2
1 6 Lo(x(1). 3. Y1) PLa(x)(11), V3, ¥3(11)
——|AX (¢ Ax (¢ 2Av;
2[ X1( 1) ax% xi(h) + V2 (9\/2(9)61

O? Ly (x9(17), v, w2z
A, 2(x} (1) 2\/2 ¥i( 1))A
ov;

OH[1]
— Au;(1)dt
al/l,'

Au; (1) |dt

sz

Ax;(ty)

vz] + nz(uo, Wi Au, Av),

where

nz(uo, Wi Au, Av)

fi 2
f oi(lIAXON + Aui(D)|I1*)dz + 03(2 1AX(£)I1?)

2
i=1 Yli-1 i=1

—_04(||AV1||2) — os([lIAX; (tD| + 1AV, |[1%).
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Moreover, values 0;,i = 1,...,5 are determined correspondingly from decompositions

@i(xi(t;) = %(xo(t))
g (x) (1, )) 0*i(x) (1))

= 8— xi(f;) + —A (¢ )—sz(t)+02(||sz(t)|| )
Xi )Cl-

H(t X,,M,’,lﬂi) _Hi(t,xpui’lp )
3 5H*[t] OH’ (1] 1 [] H[]
= Ton Axi(1) + o, Aui(r) + [A () E Axi(t) + 2Au ()a ox

O°H, .

+Au; (1) z[t] Aui(1)] + o ([[|Ax; ()| + IIAui(t)II]Z), i=1,2,

Lo h0) - Lod o)

OLI (v}, ¥ (t0)) 1, 0°Li(vi, ¢ (1)
_ %Avl+§Avl : 01v%1 07 Ay + oa(llAv P,

Ly(xi (1)), va, 5(11)) — Lo(x (1), V9, ¥3(11))

_ aL;(x(])(tl)9 Vg, lpg(tl))Ax] (tl) " 6L;(x(])(tl)’ V(2)9 lyll(z)(tl))A
0xy o,

%)

L, L), v, 49(n) P La((0), V5, 510)
+§[Ax1(t1) ax% Axi(t) + 2Av, 00X,
P L (X010, (1)
Va 2
ov

2

Avy] + os([llAx ()] + [[AvaI1P).

Let us determine a special increment of the optimal control (u°(¢), °) as before,

Aui(t, &) = e(u(t) — u(0)) = edui(t), Avi(e) = e(v; —V?) = &dv;,

Ax(1)

Ax(t))

where u;(t) € U;,t € T, i = 1,2, are arbitrary measurable and bounded vector functions, and v; € V;,i =
1,2, are arbitrary constant vectors. Then following the schemes from [12], we can show that

AJE(MO, WY = JW2(1) + Auct, €),V° + Av(e)) — J(u°(1), V%)
x7.0 40 w00 0 70
[ ]6u,(t)dt n 8L1 (vla wl(IO))év " aLz(xl (tl)a Vs, wz(tl))évz]

B _8 =t o ! o,
{ AL sol 0( WD),y - 6v’[62L1(V6(‘)’;//?(t0)) o
_Z, [r:r° ’”l(r) 260 (1) (;”lo o0 )
» (tl)éZILxxO(t;),zvz, B, a2Lz(x°gv] )(,9;2, wzai D
D) sz,%(m) ) o o

4.1)
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where [;(t),i = 1,2, are the variations of the trajectories being solutions of the variational equations
Eidi() = %00 + Foun), i =12,

92100
I (to) = 2

dg (x (11),%9) g2 (xX)(11),¥9)
h(t) = lezll(ﬁ) + 23172125\/2

ovi, 4.2)

As in corollary 3.2, the first-order necessary conditions have been established. Following [11], we
give the following definition for descriptor systems.

Definition 4.1. We call the admissible control (1°(f),v°) a quasisingular control in the problems (2.1)
and (2.2), if the following relations hold along the process (1°(¢), ", x(¢)):

oH:10)
s — 00 = 0 for all u(t) € U, 0 € [151,1), i=1,2, (4.3a)
aL* , 0 £
W( v —W)) = 0 forall v, €V, (4.3b)
OL* 0 t), 0’ 0 t
5 (x( 1;vv2 U5(11)) (v =) =0 forall v, € V5. (4.3¢)
2

As we see, when these relations hold, i.e., in a quasisingular case, the statement of Corollary 3.2
loses its sense. Expansion (4.1) with (4.3) yields the following inequality along the quasisingular
optimal control (1°(f),°) for all (u(t), v):

; O?Lr(x°(21), V2, vt
Zl*() 90( ())l()—lT(tl) 2(x(21), vy, Y5 (11))

P L)

2 i
_ Zf [l*( ) [t]l(t) 20u (t) Hilt ]l (1) + ou (t) 2[ ](5u,-(t) dt
fit ou;0x; u;

i=1 !
32L2(X(1)(f1), Vg, lﬂg(ll)) 52 LV, lﬁo(fo))

-26V,
V5 Fv Li(t) - o2 oV
O? Ly (x0(1)), V2, (¢
Y 2 (1) ) 2 Yo ( 1))(sz 50 (4.4)
ov;

Obviously, inequality (4.4) is an implicit necessary optimality condition for quasisingular controls.
However, this result yields various necessary optimality conditions for quasisingular controls. To this
end, we will need representations of the solutions of problem (4.2). Due to the limit of our knowledge,
we only consider the linear time-invariant case of function fi(¢, x;, u;),i = 1,2, that is,

ﬁ(l, Xi, M,') = A[X[([) + B,-ul-(t) + gi(l), i=1, 2. (45)

That is % = A, 6{’;5] = B;,i = 1,2, g,(¢) is the inhomogeneous term, and we are going to continue

with the notations previously.

Definition 4.2. [8] Let A be a linear transformation on C". The smallest non-negative integer k such
that rank(A*) = rank(A**"), is called the index of A and is denoted by Ind(A).

AIMS Mathematics Volume 7, Issue 5, 9039-9056.
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Definition 4.3. [8] If A € C™™" with IndA = k, and if AP € C™" is such that
APAAP = AP, AAP = APA, AMTAP = AK,
then AP is called the Drazin inverse of A.
Now we give some assumptions, which are necessary for the discussion later.
(Hy) (E;, A)) is regular for each i,i = 1,2, i.e., det(LE; + A;) # 0 for some complex number A;.
(H,) The commutativity conditions hold: E;A; = A;E;, i=1,2.

Remark 4.1. (H,) is a basic assumption, which can guarantee the consistency of system (2.2), that
is, it has at most one solution x(#) satisfying the required initial conditions. Under this assumption, it
obvious that () is not restrictive [24].

Under the above conditions, the solution of system (4.2) can be given by ([1])

DA, (1= 9g10) t EDA(1— Afils]
1,(t) = eEPMt to)ElElDaTll(sv1 + fm eE A s)EnglTlY&tl(s)ds

oy M j D\j AD9fil1]
(I - E\EP) 3 (~1Y/(E\APY AP 2y 1)
=0
-1 .
£ My(06v + [ Ryt )26, (s)ds + lz T 0500, e T,

4.6
l2(t) _ eEz Ap(t— tl)E ED[agZ(x (tl)vz)l (t ) + agQ(x (tl)vz)évz] ( )

+(I - ELED) z_ (—1)I(ELAD) AL 50 (1) + f e A0=9 EDOLLL 51y, (5)ds

2 My()1(1h) + Ma(£)6v; + z Tzafzmau;'(z)+ Rt )2 5ur(s)ds, t € T,

where Ind(E;) = k;
Remark 4.2. For the singular matrices E;,i = 1,2, without loss of generality, we can only consider the
following form:
S, 0 )
Ei—(o O),l—l,z,

where §; € R'"™i i = 1,2, are nonsingular matrices. Otherwise, we can firstly take some
transformations. Thus, we have Ind(E;) = 1,i =1, 2.

Taking into account the independence of the variations (du(f), 6v) of (u°(¢),v"), we consider four
possible cases in the following.

Case L. Let uy(t) = u3(1),t € To;v; = v, i = 1,2. Then inequality (4.4) becomes

O
Zz*() "0’ ()) Zfl*(t) ’[ l(t)dt—f 1(z) []ll(t)dt

ZLZ(X?(tl)a V0, 45(11))
ox?

—f ui( ) il ]6u1(t)dt - L) li(t1) = 0. 4.7)
) 1
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Representations (4.6) yields

{ L) = [ Rt )% 6u, (s)ds + Ty Bl6u, (1), 1€ T, “s)

L(t) = Mx(DLi (1), tE€Ts.

Using the scheme from [11,12] and the Dirichlet formula [11], the following identities can be
proved:

f 1 l*(t) 1” L ar
2

I 1

/1 5
+2 f [ f (v )af‘ [ T o t)dr]ag;[f]éul(t)dt

2
Iy Iy 6

1 2
f maf i ]Té*a 5‘2” Tlag‘ Su, (t)dt,
1

PH 9
f R’{(t,r)—l[t]Rl(t,s)d] NS) 5 (sydsdr
max(T,s) 0x 8

1o

f 2 z;(z) 2”] L(tdr

1 a * azH 11
- [ f Ri(ty, 5201 ’;<s)ds] " M0 2[”M2<r>dt[ f Rity, 2008 5 )ds]
ou ox2 ou,

Io 1 1 2 0]

PH[t Z p
F28ut (1) 2 fl Tl*[ M3(0) axz[]Mz( )dt][f Ri(h, 5) glul 6u1(s)ds]

t1 2 0]
0*H o
U (1) fl 1]T“‘[ M) j[”Mz( a1} Qu n(t),
I 2

f 1(r) []ll()d

Otl 2 2

f[f Ar)aH‘” Ri(r,)d ]af‘[”aul(r)cmf 1(t)‘”l‘m 0N s .
o o 0x, ou, o

Ou10x, To Ou,
Assuming
01 (x((11)) Por(x3(12))
Ku(s) = —RT(ll,T)[%+M§(f2)%M2(f2)
L), 90 o :
t1),Vv,, t ! H
e i ]Rl(rl,s>+f Ri( ) xl” (1, $)dt,
1 max(7,s) 1
OPH 1]  O°H\[1, 0fl  Ofl \ 0°H\[1], ,dfil1]
K = T," T
l(t) (914% * 8u16x1 0 6111 6u1 0 Bx% 0 6u1 ’
O H,[1] ofylr] 07 Hy[7]
K12(T’ t) = 6”16}(,'] RI(T’ Z‘) + al/l] Té ax% Rl(Ta t)’
o 1(x)(11)) Ppr(x(12)) P Ly(x) (1), v, Y3(t1))
K:[—‘ + My(t)————Ms(ty) — e
I o2 »(12) 922 2(12) Py

12 2H
K = f M;(t)a—zz[t]Mz(t)dt—Kl.
f ox

2
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then with (4.7) and (4.8) we have

flfléu’{(T)aj;lu[r]Ku(T, s)agu[ls]éul(s)dsdr+fl5u’{(t)K1(t)6u1(t)dt

2 f | { f U (DK (T, t)dr}ag;[t]6u1(t)dt

fo to 1
g i) " 0*H. g 0
i f Ri(1.9) 0 o, (5)ds| f M3 azz[t]M2<z>dr[ f Ritt.9 0 o s)ds
+ou (1)) fl[l]T‘*K[Zfl Ri(t1, ) fl[ ](5141( )ds + T, Ohlh 1(t1)]S0. (4.9)
Oou f0 Au,

Case IL If we assume that u;(¢) = u)(t),t € Ty;v; =V, i = 1,2, inequality (4.4) becomes

02 0 t %)
l;m)wzz(m—z f o mb( fdi
x2 1

%) 2 %)
- f lZ(t)agzzm L(ndt - f 2(t) 22[] Sur(t)dt > 0.
131 X2 f Lt2

Representation (4.6) yields

() = [* Ra(t, )2 su(s)ds + T3 %6u,(1), 1€ T,
Lt =0, teT;.

Then similar with Case I, assuming that

Ky (1, s) = f 2 Ri(t, ) ;[]Rz(t s)dt,
2

max(7,s)
K (0) 0’ H,|1] N ofy t]T 0P H,[1] 8f2[t +202Hz[t] ,0/[t]
’ a2 ou, ° 02 O Owdx, O Ouy
FHy[r)  Of;l7]_,, 0°H,[7] 5. P 0a(X)(12))
Ko(1.1) = T2 Ry(1.0), Ky =T¥H—22227
2(®1) [auzaxz "o 0 o ]Q(T) 2700 TR

we have

f f uy(t )8f2[ ]Kzl( s)af2 6u2(s)dsdr+f ouy (1) K (H)ouy (t)dt

+2 f 2{ f Zéuz(T)Kzz(T, t)dT} gz[z]éuz(t)dt— (1) f2[2] Tzafz[”] Sur (1)

1 1 (9
1 P *82 0 8
| f Ro(ty. ) f22 w(s)ds] %[ f Ro(ty. ) f2 ou(s)ds
~263(t2) fz f Rattr, 9 20 ]5M2( \ds < 0. (4.10)

Case III. Let u;(f) = u?(t),t € T;,i = 1,2; v, =1). Then inequality (4.4) becomes

2 2 0
Zl*( )a so, ()) Zf ) H[tl(t)dt
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O?Ly(x°(t1),v9, (¢ 0*L, (0, Ot
B 2(x, (1) 2V2 W5 ( 1))l](t1) P 10, 5 ( 0))5\/1 50, @.11)
Ox7 vy
Representation (4.6) yields
L() = M(D)ovy, tE€Ty; L) = My®Di(ty), t€T,. 4.12)
Assuming
01 (x)(1))) 202 (x3(12))
Ky = —M’f(n)%Ml (1) - Mr(n )M;( g%Mz(rz)Ml (1)
3
62L LU0t
l(vl l/’ (0)) f M (t) Ml(t)dt
v
0”Lo(xX) (1), V3, ¥3(11)
f ;)M 22[ ]Mza)Ml(rl)dr B e )
X I
with (4.11) and (4.12) we get
6VTK36V1 < 0 for all V1 € V1. (413)

Case IV. If we assume that u;(t) = ul(r),1 € T}, i = 1,2;v; = V), inequality (4.4) becomes

O Lr(x)(11),19, %(ﬁ))

bty - fl*() O vyde - ov; L 0.
f X5 V)

P pr(x 2( 1))

2

(1)

Representation (4.6) yields

L) = M3(H)ov,, t€ Ty, 1 (1)=0, teT.

Assuming
0 aZL Ot , 0’ Ol
Ky = _M(z)wﬂﬁ(z) 2(’61(;);2 vo(1)
V2

f M3(t) Mg(t)dt
151
we can obtain
(5\/;[{45\)2 < 0 for all vy € V5. (414)
Thus, the following statement is proved.

Theorem 4.1. For quasisingular control (u°(f),1°) in the problems (2.1) and (2.2) with the linear
form (4.5) to be optimal, it is necessary that relations (4.9), (4.10), (4.13) and (4.14) hold.

Remark 4.3. These relations are established based on the second-order variations of the cost
functional, and compared with ordinary differential equations case, there are second-order constraints
for controls u;(t;),i = 1,2, which come from the matching conditions. Thus, we call them generalized
second-order necessary optimality conditions for descriptor systems.
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Remark 4.4. In particular, if the matrix E; = I;,i = 1,2, then we can easily known that Theorem 4.1
can be reduced to Theorem 2 in [6]. And for the case that the control domains U;,v;,i = 1,2, are
nonempty bounded open sets, similar discussion can be established. So our result generalized the
conclusions previously.

Remark 4.5. In fact, for specific problems, Theorem 4.1 may not be so complicated. For example, we
can consider the case:

10 10 1 0

We choose x1(0) = vy, x2(1) = 0, ¢;(x1(1)) = 2x7(1), f{ = x7. Let us think about scenario III, and then
we are going to have to compute M, (¢). After some manipulations we can get that

M,(1) = M E,.
Obviously, the expression is simple, and next we direct use the inequality (4.13) merely.

5. Unknown switching point case

All the discussion above is based on a fact that this is an initial problem where the switching point #
is fixed. In this section, we consider another different case:

. 2 2 ‘
Problem (I) min J(I/t, X, tl) - l‘;l go(xl(tl)) + jgl L—l f;o(ta Xis ui)dt, (51)

sit. Ex = fi(t,x,u), te€(ti,1=T;, i=1,2,

where #; is a unfixed switching point, the conditions x;(f)) = x°, x,(t,) = x” are given, and the others
are defined as before.

Similar with [14], assume new variable x,,; corresponding to the switching instant #;. Let x4
satisfy

d-xn+l

dt

=0, x1(f0) =11
It means x,,; is constant in [fy, ,]. Next, a new independent time variable 7 is introduced as

to+ (Xu41 —10)T, 0<T<I;
=
Xpe1 + (o —X4)(T—1), 1<T<20

Note 7 = 0 corresponds to t = ty, T = 1 corresponds to f = #;, and 7 = 2 to t = t,. By introducing x,,,;
and 7, and substitutions y;(7) = x;(#(1)), vi(t) = u;(t(1)),i = 1,2, the problem (5.1) can be transformed
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9054

into the following form

dy ~
E\ 29 = (x5, — 1) iz, 31, 1),

dxns
% = O’ xn+1(t0) = tl’ TE [07 1)7

and
dy) (1) _ ~
Problem (1) E)=27 = (= ) fo(T, 2, 12),

dxpe1 _ —
% _0’ xn+l(t0) _tl’ TE [1’2]’

(5.2)

and minimizing functional takes the form
~ - 1 ~
T, X001) = 011, y2(1) + [ Gt = 0) (T y1, vi)dT
9 ~
+ fl (t2 = X)) (7, 32, v2)dT,

with the corresponding initial conditions y;(0) = x°, y,(2) = x.

Since x,,.; is unknown constant in the interval [0, 2], the dimension of Problem (II) will be same as
the dimension of the Problem (I). There is a one-to-one corresponding between admissible process
(t1, x(t), u(t)) and the admissible process (y(7),v(r)). That is, if the process (12, x°(r),u’(t)) gives
the minimum for (5.1), then the process (y°(r),v’(r)), which is obtained after transformation, gives
minimum value of (5.2), and vice versa.

For multiple unfixed switching points case, there is no difficulty in applying nonsmooth analysis
and the Variational techniques to the problems with several subsystems similarly. To verify the
efficiency of the procedure, readers can see [14] for details. Obviously, the equivalent problem is with
fixed switching point, and we can consider the couple (v,#;) as a new control. However, it is worth
mentioning that the transformed system is time-variant, so our generalized second-order necessary
optimality conditions can not be applied unfortunately.

6. Conclusions

We investigate a class of optimal control problems for multistage processes. By means of variational
techniques and nonsmooth analysis, the first-order necessary optimality conditions for two-steps
descriptor systems are established. Then, we also establish the generalized second-order necessary
conditions for linear steps descriptor systems by using the definitions of Drazin inverse and the index
for matrices. Finally, for the unfixed switching point case, some transformations can be implemented
to transform it into a fixed one.

However, it is worth mentioning that we establish the generalized second-order necessary conditions
for linear time-invariant steps descriptor systems only. The main difficulty for linear time-varying or
nonlinear descriptor systems is that there is no formula for their general solutions. On the other hand,
this paper discusses the continuous-time descriptor systems only. And we will leave these issues for
future research.
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Abbreviations

GDREs, generalized differential Riccati equations; GBDEs, generalized backward differential
equations; LQ, linear quadratic. R", n-dimension Euclidean space; “x”, transpose of a matrix or

matric-valued function; “V”, gradient of a function; “0”, infinitesimal of higher order; “9”, partial
of a function; “9*”, second-order partial derivative; “det”, determinant of a matrix.
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