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1. Introduction

The notion of capacity represents a very useful tool in the study of several problems in complex
analysis regarding its effectiveness in the proof of the continuity for the Monge-Ampere operator and
also in the resolution of the Dirichlet problem. In [1], Bedford and Taylor noticed that the weak
convergence of a uniformly bounded sequence of plurisubharmonic (psh) functions f; defined on a
domain Q of C" does not necessarily imply the convergence of the associated Monge-Ampere
measures (dd‘f;)". This is why different works gave sufficient conditions to establish a suitable
connection between the two notions of convergence. In [9], Xing proved that the convergence in
capacity C, introduced by Bedford and Taylor gives the continuity of the Monge-Ampere operator.
This work was extended in [10] to the case of psh functions, that are only bounded near the boundary
of Q. In [3], Blocki introduced a more general notion called the m—subharmonic function ( m—sh for
short) for 1 < m < n which coincides with the psh functions in the limit case m = n. This has given
rise to various works which aim to extend the results proved in the case of psh to the case of m—sh.
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Some of those problems are linked to the complex Hessian operator which itself generalizes the
famous Monge-Ampere operator. In this paper we deal with the problem of connection between the
convergence in capacity Cap,, and the continuity of the associated Hessian operator in the general
case of m—subharmonic functions that are bounded near 9€Q2. To establish such relation we will prove
firstly several results of convergence that represent itself a useful tool in the study of problems related
to the Hessian operator and also a generalization of Xing’s inequalities for the class of
m—subharmonic function that are bounded only near the boundary of Q. Based on the established
inequalities and the works of Xing [10] and Lu [7] we will prove the following main result:

Theorem: Let E € Q and g € S H™() a bounded function on Q\ E. Assume that there is f; € S H"(Q)
satisfying:

(D) Ifxl <ol in Q for all k.
(2) There exists an m—subharmonic function f in Q such that f; — fin Cap,, oneach E € F,

then the sequence of measures (dd‘ f;)" A y"~" converges weakly to (dd°f)™ A y"™" in Q.

We prove also that every sequence of m—subharmonic functions, that converges weakly (with
respect to the Lebesgue measure d1) converges with respect to any measure that has no mass on
m—polar sets.

In the last part of this paper, we discuss the converse sense of the above theorem and we prove, under
suitable conditions, that the weak convergence of the Hessian measures (dd° f;)" A ¥y~ to (dd°f)" A
¥y"~™ implies the convergence of (f;); to f with respect to the capacity Cap,,.

2. Preliminaries

In this paper we denote by Q a bounded domain of C", d := 9 + d,d° :=i(d - 0) and A,(Q) the set
of (p, p)—forms in Q. The classic Kahler form vy defined on C" will be denoted as y := dd°|z|>.
Definition 1. [3] Let { € A;(Q) and m € N N [1,n]. The form ¢ is called m—positive if it satisfies

{j/\y”_jzo, Yi=1,---,m

at every point of Q.

Definition 2. [3] Let { € A,(Q2) and m € NN [p,n]. We say that { is m—positive on  if the following
measure

é{/\lgm_n A '701 ARRRRIVA lr//m—p
18 positive at every point of Q where 1, , ¥, € A1(Q).

We will denote by A7(€2) the set of all (p, p)—forms on Q that are m—positive. In 2005, Blocki [3]
introduced the notion of m—subharmonic functions to generalize the plurisubharmonic functions and
he developed an analogous pluripotential theory. This notion is given as follows.

Definition 3. Let f : Q@ — R U {—oo}. The function f is called m—subharmonic if it satisfies the
following:

(1) The function f is subharmonic.
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(2) Forall £y, -, {u-1 € AT(L) one has
ddf NY"™ NG AN Ny = 0.

We denote by S H"(€) the cone of m—subharmonic functions defined on Q and B,,(Q2) the set of
functions u € § H™(Q) that are locally uniformly bounded.

Remark 1. In the case m = n we have the following:

(1) The definition of m—positivity coincides with the classic definition of positivity given by
Lelong [8] for forms.
(2) The set S H"(€2) coincides with the set of plurisubharmonic functions on Q.

For more details about the properties of m—subharmonicity one can refer to [3,5,7].

Example 1. (1) If
g = l(4le A d21 + 4.dZ2 A dzz - dZ3 A ng)

then £ € AX(C?) \ AX(CP).
@) If
[@) =20z + 20z — |z3]

then f € S H*(C) \ S H3(C).

In the following we give the notion of s—capacity for every integer s. Such notion will be useful
throughout this paper and was defined on every subset E as follows:

Definition 4. [5] The s—capacity of a compact subset K in Q denoted by Cap(K) is defined as

Capy(K,Q) = Capy(K) = sup{f(dd"f)s ANY'" feSH"(Q),0< f <1},
K

for1 <s<m. If ECQ,then Cap,(E,Q) = sup{Cap,(K), K compact of E}.

One of the most known property for m—subharmonic functions is the continuity outside a subset of
small capacity. Such property is known as the quasicontinuity and will represent an essential tool in
the proof of several result in this paper.

Proposition 1. Every f € S H"(Q) is Cap,,-quasicontinuous. That means for all € > O there exists an
open subset O, such that Cap,,(0,) < € and f is continuous on Q \ O,. As a consequence f can be
written as follows

f=hH+h
where fi is continuous on Q and f, = 0 on Q \ O,.

Definition 5. (1) A positive measure u defined on € is said to be absolutely continuous with respect
to the capacity Cap,, (u << Cap,, for short) on a Borel subset E in Q if

VYt >0, ds > 0 such that for any E, C E; Cap,,(E,) < s = u(E;) <t.
(2) Let f;, f € SH™(Q), we say that limaigrllf(fj — f) = 0if and only if
Véamd

Ve > 0,3Q, € Q, such that fi(z) — f(z) = —¢

forevery z € Q\ Q; and j € N.
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Definition 6. (1) The set Q is said to be m—hyperconvex if it is open, bounded, connected and there
exists a negative m—subharmonic function g such that for all ¢ < 0, one has {z € Q, g(z) < ¢} € Q.
(2) A set M c Qs called m—polar if there exist u € S H"(€2) such that

(3) A sequence of functions (f;); defined on € is said to be convergent with respect to Cap,, to f on
E if for all # > 0, one has

lim Cap,(En{If - fil > 1)) = 0.
J—+00

3. Convergence in Capacity and Hessian measure

In this section we prove that the convergence in m—capacity of a sequence (f;); C S H™(€2) implies
the convergence of the associated Hessian measure H,,(f;) := (dd‘ f;)™ A y"™" for functions f; that are
only bounded near the boundary. We will start by establishing the following theorem.

Theorem 1. Let f € S H"(Q) and assume that there is a sequence f; € S H" () NL*(Q) satisfying the
following assumptions:

(1) For all j €N, f;is uniformly bounded near 0C.
(2) fj — finCap,, on each E € Q.
(3) For every E € Q, one has (dd‘ f;)" A y"™" < Cap,, uniformly.

Then the sequence of measures (dd° f;)™ Ay"™" converges weakly to (dd‘ )™ Ay"™™ in Q and (dd° f)" A
Y™ < Cap,, on each E € Q.

Proof. Using the assumption (1), we get that f is bounded near 0Q. So the Borel measure (dd“f)" A
y"" is well defined, see [4]. To prove the convergence of (ddf;)™ A y"™" toward (dd‘ f)" Ay"™ , we
take a smooth function ¢ with compact support in 2. So we have for all constant r > 0

jg; o((dd )" = dd fY" ) Ny"™ = L o((dd" f;)" — (dd° max(fj,—r))") Ay"™
+ f o((dd max(f;,—r))" — (dd° max(f,-r))") Ay"™

+ fz o((dd® max(f, —r)" — (dd" f)") Ay"™"
=A+B+C.

Using Theorem 2.12 in [6], we obtain that for each r > 0 sufficiently large

Al = | f G(dd* )" = (dd* max(fy, -P)") A "™ |
fis—r

IA

mgezlx o] (f dd f)" Ay + f (dd® max(fj,—r))" A )/"_'”) )
fis—r fis-r

)
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Now by Lemma 3 in [4] we get
2f;
— _J)

r

f (dd® max(fj,—r))" Ay"™"
fis-r

(-1 "(dd® max(fj, —r)" Ay

IA

wo
|
~

IA

om f (=~ f)"(dd max(ﬁ, _1)y" Ay
fi<% 2 r

J

IA

2"mt)? | (ddf)" Ay

fi<7

It follows that for each r large enough and all j

| A< (1 +2"(m!)*) max |g| ddf)" ny"™™.
Q fi<%

As Cap,{f <5} —>0asr - ocoand f; — fin Cap,, we obtain that Cap,{f; < 5} is uniformly
convergent to zero for all j when r — oco. Using the assumption of the uniformly absolute continuity
of (dd° f;)" A y"™ we get that the integral ff] <_7,(dd" fi)" A y"™™ tends uniformly to zero for all j when
r — oo.

Hence, for every € > 0 there exits a constant » > 0 such that |A| < & for all j, and by Theorem 2
in [4] we can also require that |C| < €. However, for a such fixed constant r the assumption (2) implies
that functions max(fj, —r) converge to max(f,—r) in Cap,, on each E € Q as j — oo and hence we
conclude by Theorem 1.3.7 in [7] that B — 0 as j — oco. Therefore, we obtain that (dd‘f;)" A y"™"
converges weakly to (dd°f)" A y"™™.

To finish the proof it suffices to show that (ddf)" A y"™ <« Cap,, on any open set E € Q. Let
& > 0 and take 6 > 0 such that inequalities (dd°f;)" A y"™™(F) < & hold for all j and all Borel sets
F c E with Cap,,(F) < 6. Let (xx)r be a sequence of non-negative smooth functions that increases to
the characteristic function of F in Q.

Then

[apyay = tim [ apay
F k—co )
= ]!im lim f)(k(ddcfj)m Ay "
—00 j—00
< limsup ﬁddc MMAY™<e.
j—oo F
Hence (dd° )" A y"™" <« Cap,, on E and we have completed the proof of the Theorem. O
In the next lemmas we will be interested to prove some estimations known as Xing inequalities.
Some of those inequalities were proved by Bedford and Taylor in [1] for bounded psh function and
have several applications on the Dirichlet problem. In [9], Xing obtained a stronger version of those

inequalities. In the following we will generalize those results to the class of m—subharmonic functions
that are only bounded near the boundary.

Lemma 1. Let f;, f € S H™(Q) such that (dd° ;)" A y"™ — (dd° f)" A y"™" on Q. Then the following
assertions are equivalent

(1) (dd°f)" A y"™ has zero mass on any m—polar set and h(dd‘f;)" N y"™ — Wdd°f)" A y"™" for
every locally bounded m—sh function h on Q.
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(2) The sequence (dd° ;)™ A y"™™ puts uniformly small mass on sets of small m—capacity.

The proof of the above result will be omitted since it is inspired from to the proof Theorem 3.2
in [2] which was established in the case of plurisubharmonic functions.

Lemma 2. Let f; be a sequence of bounded m—sh functions in Q that decreases to f € SH™(Q).
Assume that

(1) The function f is bounded near 0.
(2) (ddf)" Ay"™ < Cap,, on any relatively compact subset of Q.

Then (dd  f;)" N y"™" < Cap,, uniformly for all j on each E € Q.

Proof. Using the proof of Theorem 2 in [4] we obtain that g(dd‘f;))" A y"™ — g(dd f)" A y"™"
weakly in Q for any locally bounded m—sh function g on Q. Thus, the Lemma follows directly from
Lemma 1. |

Remark 2. As a consequence of the previous lemma, we can deduce that “a function f is bounded near
0Q and have absolute continuous Hessian measure with respect to Cap,, if and only if f is the limit of
functions given in Theorem 1”. Indeed if we assume that f is bounded near 0Q and (dd“f) A Y™™ <
Cap,, then the sequence f; := max(f,—j) is bounded and decreases to f. Using the quasicontiuity
combined with the Dini’s theorem we deduce that f; converges to f with respect to Cap,,. Now the
lemma 2 implies that (dd° f;) A y*™" < Cap,,. Hence the sequence f; satisfies Theorem 1.

Conversely it is easy to check that every limit of functions in Theorem 1 is bounded near the
boundary of Q and with Hessian measure absolutely continuous with respect to Cap,,.

Lemma 3. Let f,g € S H"(Q) such that

(1) liminf(f(z) - g(z)) 2 0.
7>
(2) The functions f and g are bounded near 02 and with Hessian measure absolutely continuous
with respect to Cap,, on each E € Q.

Then for any constant c > 1 and all h; € SH™"(Q) with0 < h; <1, j = 1,2,...,m, one has

1
— f (g — f)"ddhy A ... N ddhy, A" + f (c = h)(ddg)" Ay"™"
n: f<g f<g

< [ c-myaapynyn
f<g
Moreover if we assume that
(ddCf)m /\ ,yn—m Z (dd(,‘g)m /\ ,yn—m
in Q, then {f < g} =0.

Proof. Replacing f by f + 2t and then taking ¢ N\, 0, we may assume that there exists a subset £ € Q
such that {f < g} C E. Take f; := max(f,—k) and g; = max(g,—j). Then {f; < g;} C E for k and j
large enough. Using Lemma 3 in [4] we obtain that for any constant ¢ > 1 and all 4; € § H"(Q) such
that 0<h; <1,j=1,2,...,m
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1 . : -m C m —m
— (g; — f)"ddhy A .. ANdd By, N Y +f (c = m)(dd"g;)" NY"

m!? fi<g; Jie<gj
< f (c = h)(dd" fy)" A y"™
Ji<gj

where k and j are large enough. Since f; ~\, f then (ddf;)" A v"~" tends weakly to (dd°f)" A y"™"
then by Lemma 2 we get that (dd“f;)" A y*™ < Cap,, uniformly for all k in the set E. Similarly,
(dd‘gj)™ Ny"™" < Cap,, uniformly for all j in E. Now take £ > 0, and let U be an open subset of
with Cap,,(U) < & such that f, g are continuous on F = Q\U. Thus, we can write g = ¢; + ¢, where
¢, is continuous on F and ¢, = 0 outside of U. Then

(¢ —h)(dd°g))" Ay"™ — (¢ — h)(dd°g)" Ay"™

weakly on Q and we have

f (c—h)dd@)" Ny"™ < 1im (c - h])(ddcgj)m Ay,
Se<er 1220 J fe<er

The last inequality implies that

(c = h)dd'g)" Ay < f (c = h)(ddg)" Ay'™ + f (c = h)(dd“g)" Ay
Ji<er U

fi<g
< lim (c=h)ddg)" Ny"™ + Cap,(U)
I7% J fi<er
< lim (c=h)ddg)" ANy"™™ + O(e)
= Jfi<e
< lim (c—h)ddg)" ANy"™™ + O(e).
170 fi<g;

Hence if we let j — oo, we get

1

m!?

f (g—="ddhy A ...\Nddh,, ANy + (c — h)(ddg)™ Ay"™
f<g

fie<g
< f (c = h)Ad )" AY"™™ + O(e).
fesg

Since the functions f, g are continuous on the set Q and f; \, f, we get

(c—h)d )" Ay"™ = f (c —h)(dd )" ny*™
{f<ginF

f<g

v

lim (¢ = h)@d" f)" A y"™

\%

k=eo Ji r<ginF
lim f (c = h)Ad fi)" Ay"™
k—o0 <gInF

{fi
lim f (c = h)Ad )" AYy"™ = O(e).

\%
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Now let k — oo and as € > 0 is arbitrary, we obtain

1 .
— f (g — f)"ddhy A ... Nddhy, A" + f (c = h)(ddg)" Ay"™"
m. f<g f<g

< (c = h)Ad )" Ay"™™.

fsg
If we apply the last inequality to f + ¢ instead of f and then letting ¢+ ™\, 0, we obtain the desired
result. o

Our main result in this paper is the following theorem where we give sufficient conditions combined
with the convergence in capacity Cap,, for a sequence of m—subharmonic functions f; to guarantee the
weak convergence of the Hessian measures (dd° f;)" Ay"~". Such result generalizes well known results
in [7,10]. It suffices to take m = n in our result to recover it.

Theorem 2. Let g € S H"(Q) a bounded function on Q \ E for some E € Q. Assume that there is
fi € SH™(Q) satisfying

(1) 1fil < gl in Q for all k.
(2) There exists an m—subharmonic function f in Q such that f, — f in Cap,, on each E € Q.

Then the sequence of measures (dd‘ fi)™ N y"™™ converges weakly to (ddf)" A y"™" in Q.
Before giving the proof of the Theorem, we need to establish some intermediate lemmas.

Lemma 4. Let fi, f>,..., f, € SH™(Q) such that f, is bounded in Q and the functions f>, ..., f,, are
bounded near 0Q). For every E € Q there exists Cg > 0 such that for all Borel subset G in E the
following estimate holds

f dd°fy Addfo A ... AddE fn AY™™ < Ce(Capn(G))7" .
G

Proof. Without loss of generality we can assume that for all i, the functions f; can be written, near 0€2,
as follows

fi=ap@)+p
where @ > 0, 8 > 0 and ¢ is a defining function of Q. Let G C E be a Borel subset and
fo(2) = suplu(z) : u € SH™(Q),u < -1 on G,u < 0 on Q)

and f7 the associated upper semicontinuous regularization of G defined by

J6(z) = limsup f6(2).

{—z
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We have Cap,,(G) = fQ(ddC SO Ay im0 f5(z) = 0 and f% = —1 on G \ M for some m—polar
set M, (see [7]). By the Cauchy-Schwarz inequality we obtain

f dd°fi nddfo A .. NAA firy NY'™ < | —fodd fi Nddfo A ... AN fry AY'T"
G

= fdfé/\d”fg/\dd”fl ANdd fs Ao AN fry Ay
Q

SA(fdfG*Ad"fg;Add“ﬁ ANdd fs /\.../\dd“fm/\y”"")
Q

1
2

A (f —fedd fo Ndd fiy Nddfs N ... AddS [ A y”_m)
Q

where |
2

A= (fdfz/\d"fz/\dd"ﬁ A dd° fy A...AddCﬁnAy"—m)
Q

is a finite constant because of the bounded assumption of the function f;. By repeating the same
argument m — 1 more times we get

1
m
f dd°fy Nddfo A .. Ndd fry ANY™™ < Ap ( f —fE(ddC 2" A y"-m)
G Q
1
m
<Cg (f(dd"fg;)m A y”"")
Q
= Ce(Cap,(G))>

for some constant Cg > 0. This proves the lemma. O

Lemma 5. Let f, g, hy, ..., h,,_ € S H"(Q) bounded functions near 0Q and h,, € S H"(Q) N L>(Q). If
lim aigf( f(z2) — g(2)) = 0 and the set {f < g} is open, then for any r > sup h; one has
- Q

f (g— f)ddhy ANddhy A ... Nddh,, ANY"™ + f (r—"hydd‘g Nddhy A ... Nddh,, Ay
f<g f<g

< f (r—=hy)dd f Nddhy A ... Nddhy, NY"™™.
f<g

Proof. Without loss of generality, one can suppose that Q is a m—hyperconvex domain and that there
exists a function ¢ defined on Q such that

f =g =hy = ¢near 0Q.

Let {f¢}, {g;} and {h’l} be a sequence of continuous m—sh functions such that f, = g; = hl1 = @ near 0Q
and fy — fask — oo, g; > gasj— ooandhll — hy as [ — oco. By Lemma 3 in [4] we get

f (g — f)dd W, Addhy A ... Addhy, Ay + f (r—h\)ddg; Addhy A ... Nddh, Ay
fie<gj

Je<gj

< f (r—h)dd fy Addhy A ... Addhy, A Y™™,
fi<gj
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If we let k — oo then by Fatou’s lemma we obtain

(g; — Hddh, Addhy A ... Addh, Ny + (r—h)ddg; Addhy A ... A ddhy, A Y™™
f<gj f<gj

< lim inf (r— hll YAd  fiy Addhy A ... Nddh, Ay,

ko f<gj

Since
lim (r - RYAdC fi A ddhy A ... Add hy, Ay = (r — h)dd f A ddhy A ... A dd Ry, A YT
weakly in Q we obtain using Lemma 4 that
(r = K)dde fy Add°hy A ... A ddh, A Y™™ << Cap,,
for all k on each E € Q. Hence Ve > 0, dky > 0 such that

lim inf (r = K)dd f Addhy A ... Add hy, Ay

k— o0
f<gj
< lim inf (r = K)dd f Addhy A ... A dd Ty AY"™ + &
= Jfysgite

< f (r—h)dd f Addhy A ... Addhy, Ay + &.

f]‘() ng+8

As f < fi, and g < g; and & is arbitrary chosen, we obtain

(g — Hdd R A ddhy A ... Add By, Ay + f (r—h)ddg iNddhy Ao ANddhy, AT
f<g

f<gj
< (r—h)dd f Addhy A ... Addhy, Ny

f<gj

By letting /[ — oo and using the fact that
(g; — )ddhy Addhy A ... ANdd°hy, Ny — (g; — f)ddhy Addhy A ... A dd By, Ay

weakly in Q when [ — oo we get

(g; — N)ddhy Addhy A ... Nddhyy Ay + | (r—hy)dd°g; Addhy A ... Add By, Ay

f<gj f<g

< (r=hy)dd f Addhy A ... Nddh, Ny"™.

f=<gj

Now if we let j — oo and using the weak convergence of (r — h))dd‘g; A ddhy A ... A dd°h,, A y"™"
combined with the Fatou lemma and the fact that the set {f < g} is supposed open, we get

f (g - f)ddchl AN ddcl’lz A LA ddchm AN ,yn—m + f (}" - hl)ddcg A ddchz At A ddchm A ,yn—m
f<g f<g
< f (r=h)dd f Nddhy A ... Nddh, Ay"".

f<g

To complete the proof it suffices to apply the previous inequality to f + ¢ instead of f and then we take
t\, 0. O
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Now we give the proof of the Theorem 2.

Proof. By hypothesis (1), we may assume without loss of generality that there exists a compact subset
K in Q such that f; = gin Q \ K for all k and g = f; = 0 on 9Q2. We will assume by induction that the
current (dd® f;)' A y"™™ converges weakly to (dd°f)! Ay"™in Q for 1 <[ < m— 1. Using Lemma 5, we
obtain that for any r > 0 and all k

ff (—fOddE F)"™ Ay

< f (—g)dd" fi)" P AymPT

g<—r
<2 fq;r(—g - g)(ddcfk)m—p A 7/n+p—m
<2 f 2(— foddes A (dde fi)" P! Ay
9<%
<2 2 —adda A (ddC f )" Pt Ay
9<%
<2 2 —0(dd 9)* A (dd“ fi)" P Ay
9<%
< S 277 —q(dd )" Ay,

—-r
g< 2m=p

Hence we get that (—g)(dd“g)" P Ay"P™" < (dd°g)" P Ay"P™™ < Cap,, on each E € . So we obtain
that
(=f(dd" )" Ay" P < Capy, ()

on each E € Q uniformly for all k.

Replacing f and f; by max(f, —c) and max(f;, —c) respectively for a fixed constant c if necessary,
we can assume that both f and f; are locally uniformly bounded. So by assumption (1) and proposition
1 we get that for any & > 0 the following writing hold

Je=fa+ finand f = fi+ f

where f) is a continuous function in Q and f;», = f, = 0 on Q\ U for some U c Q with Cap,(U) < e.
Furthermore, for each E € Q \ U, one has that |f;; — fi| < € on E for large value of k and the functions
Ji1s feos f1 and f, are bounded uniformly by a constant which does not depend on &. If we consider
the following decomposition

f}{(dd(,‘](}()"’l—p /\ ,yn+p—m _ f(dd(,‘f)m—p /\ ,yn+p—m — (‘fk,] _ fl)(ddc‘fk)m—p /\ ,yn+p—m

fi(@de fi)" P = (dd  f)"TP) Ay
(fea(dde fi)™™" = foldd  fY"7P) Ay™ P,
So the proof will be completed if we show that all three terms of the right hand side in the last

equality tend weakly to 0. For the third term its suffices to use (*) to get that it tends to zero weakly
and uniformly for all kK when & goes to 0. Since we have

+ +

flfk,l _fll(ddcﬁ()m_p /\,yn+p—m S e (ddc]ck)m—p /\,yn+p—m + sup |fk,1 _fllf(ddc‘ﬁc)m_p /\,yn+p—m’
E k u

E\U
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and (dd‘ fi)"P Ay"*P7" converges weakly to (dd f)" P Ay"*P~" by induction’s assumption we deduce
that the first and the second term in the last equality also converges weakly to zero uniformly for all k
as € — 0. The result of the theorem follows. O

Remark 3. (1) Using the Theorem 2, we deduce that for all j
(r—hy)ddgi nddhy A ... Ndd°h,, Ny << Cap,,

on every subset E € (). Then we can deduce that the assumption “the set {f < g} is open” in
Lemma 5 is superfluous. This implies that the Lemma 5 is an improved version of Lemma 3.

(2) The assumptions in the Theorem 2 can be replaced by the monotically convergence of f; towards
ffor f, i e SH"(Q)NL*(Q\ E).

Theorem 3. Let f; € B,,(Q) and f € S H"(Q) NL;> (). The following assertions hold

(1) If fj — f in Cap,-_ in every E € Q then for all h in B,(Q) one has that h(dd‘f;)" N y"™
converges weakly to h(dd‘ f)" A y"™™.

(2) Ifforevery E € Qone has f; — [ in Cap,, then for every & € C°(L2) we have that fQ Eh(dd  f;)" A
Yy — fQ Eh(dde )™ Ay uniformly for all h in B,,(Q).

(3)If f; —» f in Cap,, on each E € Q and h; € B,,(Q) converges weakly to h € B,(2), then
hi(dd f;)" A y"™" converges weakly to h(dd° f)" A y"™™" in Q.

Proof. To prove the assertion (1), it remains to show, by induction, that for each k < m, (dd* fj)k Ay
tends weakly to (dd f)* Ay"™. The case for k = 1 is obvious since the convergence assumption implies
that f; — finL, (). Hence, it follows that dd“ f; A y"™™ converges weakly to dd“f A y"™™. Assume,
by induction, that it is true for all k = g < m and we have to show that f;(dd‘f;)? A y"™ converges
weakly to f(dd“f)? A "™ and by taking the operator dd“ we will obtain the required statement for
k =g+ 1. Let € > 0, the function f can be written as f = h; + h, on Q, where h; is continuous, 4, = 0
outside an open subset U C Q with cap,,(U) < &, and the supremum norm of /4, depends only on the
function h. We have

fdde ft Ay"" = fddefyi Ayt

(fi = Hdd f)r Ay*™

ho |(dd  f)T Ay = (dd )T A y"™
by | dde f)T Ay = (dde )T Ay™™
= A +A; +A;.

+ +

The inductive assumption gives that A; converges to 0 in the sense of currents. On the other hand, it is
easy to check that

m—1
(ddij)q A ,ym—q—l A ,yn—m+1 < (ddc(fj + |Z|2)) A ,yn—m+1.

The last term is dominated by a constant, independent on j, multiplied by Cap,,. Hence using the
convergence assumption we obtain that A; converges in the sense of currents to 0. Now since i, = 0
outside U, then A, makes arbitrarily small mass for all j by choosing € small enough. Hence we have
obtained the weak convergence of f;(dd f;)? A y"™ to f(dd°f)? A y"™". To finish the proof of the
assertion (1) it suffices to use the quasicontinuity of the function 4 to get the desired result.
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To prove (2), thanks to the assertion (1) we have that (dd‘f;)" A y"™" — (dd°f)" A y"™ weakly
in Q and hence we may assume that B,,(Q2) = {f € SH"(Q);0 < f < 1}. Let & € C7() a test
function. Changing the values of f; and f near €2, we can suppose that there exists a subset E such
that supp & € E and f; = fin Q \ E. It follows that for every £ > 0 and all 4 in B,,(€2), an integration
by parts yields

Lé:h((ddcfj)m - (ddcf)m) A ,yn—m
) f U T T DAL E A S (dde £)F A (dde F)"17) Ay
En{lfj-fl<e

+ f (f; = N)dd (ER) A (150 (ddE ) A @dE £ ) Ay'™
EN{lfj—flz&}
= Ag’j + Bg’j .

Let £ € C7(Q) and C, a constant sufficiently large satisfying & = (£ + C, 1Z?) = Cilz* = & - &,
where 0 < &1,& € SH™(Q) N L¥(Q). For the cases k = 1 and k = 2 we get that 2dd“(éch) =
dd (& + h)*) — dd“(h*) — dd“(&}). Tt follows that there exists a constant C; that does not depend on &
and j € N such that

| Ag j() IS Ag j(61) | + | Ag j(&2) IS CrCapy(E)e
and
| B j(§) || B, j(§1) | + | Be j(&2) | CrCap(EN{|f;— fl>&}) =0

as j — oo. This gives that

as j — oo uniformly in B,,(Q2).
For the assertion (3) we have

h](ddcfj)m A ,yn—m _ h(ddcf)m A ,yn—m
= h((dd°f;)" — (dd  f)") Ay"™™ + (h; — h)((dd" f)"
— (ddug )™ Ay"™ + (h; — h)(ddus)" A\y"™ =: A+ B+C

where u; are smooth m—sh functions decreasing to f. Using the assertion (2) the term B goes weakly
to zero as s — oo uniformly for all j. Hence if s is a constant sufficiently large we get that both A and
C converge weakly to zero as j — 0. So the assertion (3) follows. O

Using Theorem 3, one can get that the convergence with respect to the Lebegue measure of a
sequence of m—sh functions f; implies the weak convergence of f; with respect to any measure that
has nos mass on every m—polar sets.

Corollary 1. If v is a locally finite measure, f; a sequence of m—sh functions in Q and f, € S H"(Q) N
L! (Q,v) satisfying the following assumptions.

loc

i) For every m—polar set A C Q one has v(A) = 0.
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ii) Forallk e N, [fi| < |fol.
iii) ForeveryE@Q,flfj—fld/l%O.
E
ThenfE|fk—f|dv—>0ask—>ooonanyE@Q.

Proof. Without loss of generality we may assume that for every z € Q; f;(z) < 0 and f(z) < 0. Using
hypothesis i) it suffices to show that

veecs@,tin [ chav= [ cfa

For { € C7(£2), one has the following the following writing

L{fkdv—j;gfdv

= Lg(fk — max(fi, —$))dv + fg{(max(fk,—s) —max(f, —s))dv + fg{(max(f,—s) — fdv

<2.max || —fodv + f {(max(fi, —s) — max(f, —s))dv.
suppdN{fo<-—s} Q

As lim max | ¢ | —fodv = 0 then

oo supp{{fo<—s}
féfkdv—f{fdvﬁf§(maX(fk,—S)—maX(f,—S))dV-
Q Q Q

On the other hand, using Theorem 5.3 in [6] there exists @« € SH™(Q) N L*(Q) and
h € LY(Q, (dd°a)™ A y"~™) such that h > 0 and Igyppedv = h(dd°a@)™ A y"™™. So for every & > 0 there
exists s, j > 0 such that

| f Ly - f {fd

{mln(h J(max(fi, —s) — max(f, —s))(dd‘a)" Ay"™"| + €.

So one can take g € C(Q) such that L . | min(h, k) — gl(dd“a)™ A y"™" < £. it follows that

| f Ly - f Cfav

{g(max(fk,—s) max(f, —s))(dd@)" Ay"™"|+ (2max | { | +1)e.

The last integral tends to O when k — oo by Theorem 3. Therefore the proof of the desired Theorem is
completed. O

In the following theorem we treat the converse sense. So we will prove that the convergence of
the hessian measure associated to a sequence of m—sh functions implies, under some conditions, the
convergence in capacity Cap,, for a such sequence.
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Theorem 4. Let (f;); € SH™(L) N L*(Q) be a sequence of locally uniformly bounded functions that
converges weakly to f € S H"(Q). Assume that

(1) limaigf(]”j — f) = 0 uniformly for all j.
7>

(2) There exists a positive measure du in Q such that h(dd‘ ;)" A y"™™" converges weakly to hdu in Q
uniformly for allh € SH™(Q) withO < h < 1.

Then (dd° f)"Ay"™ = duand f; — fin Cap,, oneach E € Q. Hence, if furthermore limaigf(f—fj) >0
>

uniformly for all j then f; — f in Cap,, on Q.

Proof. Let p € SH™(Q) such that 0 < ¢ < 1 and E € Q. For every ¢ > 0 one has

f Y }(dd"@’" AY"T" < Capu(EN{f; > f+1)) + f (dd°o)" A",
EN{|fi—f1>t

En{fi<f-1)
Using the quasicontinuity of m—sh functions and the Hartogs Lemma we get that Cap,,(E N {f; >
f +1t}) — 0 when j — oco. Hence, by the assumption (2) and Lemma 3 [4] we obtain

—-m 1 m C m n—m
f @apr ny < [ (- praae ay
f_',-<f—t f}<f—l‘
'2

12 c m n—m m: c _\Nm n—m
< f dd f)" Ay"™ < — f (u— fi)dd )" Ay"™™.
fi<f—t t fi<f—t

Take £ > 0,and Fy € F, € Qsuch that fj — f > —ein Q\ Fy and {f; < f —t} € F, for all j. Again
by the Hartogs Lemma and the quasicontinuity of m—sh functions we get that there exist j, > 0 and
A C F, with Cap,,(A) < e such that € + f(z) — fi(z) 2 0in F> \ Aforall j > jo. Let y € C7(F>) such
that y > O and y = 1 in F;. Since all the functions f; and f are uniformly bounded in F5, then for
J=Jo

12

[ arpyraym <2 - pdaer ay
fi<f-t fi<f-t

< [ e r-parny ay 0w s - pady ays o
F 2

F
- fF XOF = F@dE FY" Ay = dp) + fF W = Fdu + Oe).

Now using assumption (3) and Corollary 1, we obtain that the last two integrals go to zero when
J — oo. Hence f; — f in Cap,, on each E € Q. Then by [6], we get (ddf)" A y"™™" = du and the
proof of the Theorem is complete. O

4. Conclusions

In this paper we have dealt with a problem related to the convergence of a sequence of complex
Hessian measures given by a sequence of m—subharmonic functions f;. By introducing some
conditions, we have shown that if f; converges in Cap,, then the associated sequence of measures
converges in the weak sense. In addition we have shown that the converse sense still true form some
particular classes of m—subharmonic functions. The established results in this paper may be useful
not only in the problem related to the convergence of the Hessian measure but also in the resolution of
the famous complex Hessian equations.
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