AIMS Mathematics, 7(5): 8861-8878.
DOI: 10.3934/math.2022494
AIMS Mathematics Received: 12 December 2021
Revised: 02 February 2022

Accepted: 11 February 2022
http://www.aimspress.com/journal/Math Published: 04 March 2022

Research article

Fixed points of non-linear set-valued (a., ¢;7)-contraction mappings and
related applications

Muhammad Tariq"*, Mujahid Abbas?, Aftab Hussain’, Muhammad Arshad', Amjad Ali' and
Hamid Al-Sulami’

! Department of Mathematics and Statistics, Internatioal Islamic University, Islamabad, Pakistan
2 Department of Mathematics GC University Lahore, Pakistan

3 Department of Mathematics, King Abdulaziz University, P. O. Box 80203, Jeddah 21589, Saudi
Arabia

* Correspondence: Email: mtariql125a@ gmail.com.

Abstract: The aim of this manuscript is to prove some fixed point results for non-linear set-valued
maps with new approach of (a., ¢,,)-contraction in complete M-metric space. Also, we prove some
fixed point results in ordered M-metric space. As an presented work which are the extension and
improves the current study of set-valued mappings. Finally, we also give an non-trivial extensive
examples and application to homotopy theory and the existence solution of functional equations to
show that our concepts are meaningful and to support our results.

Keywords: (a., ¢,)-contractions; M-metric space; homotopy fixed point results; functional equation
Mathematics Subject Classification: 47H10, 54H25

1. Introduction and preliminaries

In 1922, S. Banach [15] provided the concept of Contraction theorem in the context of metric
space. After, Nadler [28] introduced the concept of set-valued mapping in the module of Hausdroff
metric space which is one of the potential generalizations of a Contraction theorem. Let (X,d) is a
complete metric space and a mapping T : X — CB (X) satisfying

H(T (x),T (y)) <yd(x,y)

for all x,y € X, where 0 < y < 1, H is a Hausdorff with respect to metric d and CB(X) =

{S C X : S is closed and bounded subset of X equipped with a metric d}. Then T has a fixed point
in X.
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In the recent past, Matthews [26] initiate the concept of partial metric spaces which is the classical
extension of a metric space. After that, many researchers generalized some related results in the frame
of partial metric spaces. Recently, Asadi et al. [4] introduced the notion of an M-metric space which is
the one of interesting generalizations of a partial metric space. Later on, Samet et al. [33] introduced
the class of mappings which known as (@, ¢)-contractive mapping. The notion of («, ¥)-contractive
mapping has been generalized in metric spaces (see more [10,12,14,17,19,25,29, 30, 32)).

Throughout this manuscript, we denote the set of all positive integers by N and the set of real
numbers by R. Let us recall some basic concept of an M-metric space as follows:

Definition 1.1. [4] Let m : X X X — R*be a mapping on nonempty set X is said to be an M-metric if
for any x,y, z in X, the following conditions hold:

(1) m(x,x) =m(y,y) = m(x,y) if and only if x = y;
(i1) my, < m(x,y);
(i) m(x,y) = m(y,x);
(iv) m(x,y) —my, < (m(x,2) — my) + (m(z,y) — mg,) for all x,y,z € X. Then a pair (X, m) is called
M-metric space. Where
my, = min {m(x, x) ,m(y,y)}
and
M, = max {m(x,x),m(y,y)}.

Remark 1.2. [4] For any x, y, z in M-metric space X, we have

) 0My+my=m(x,x) +m(y,y);

(i) 0 < M,y — myy, = [m(x,x) —m(y,y)l;
(i) My — my < (M —my) + (Mey = msy).
Example 1.3. [4] Let (X, m) be an M-metric space. Define m", m* : X X X — R* by:

(1)

m" (x,y) = m(x,y) = 2my, + M,,,
(i1)
s | my) —my,, ifx#y
=Y 0ifx =y,

Then m" and m* are ordinary metrics. Note that, every metric is a partial metric and every partial
metric is an M-metric. However, the converse does not hold in general. Clearly every M-metric
on X generates a T, topology 7, on X whose base is the family of open M-balls

{B,,(x,€): x€X, € >0},

where
B, (x,e)={ye X :m(x,y) <my + €}

for all x € X, £ > 0. (see more [3,4,23]).

Definition 1.4. [4] Let (X, m) be an M-metric space. Then,
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(i) A sequence {x,} in (X, m) is said to be converges to a point x in X with respect to 7, if and only if
lim (m (x,, x) —m,,,) = 0.
(i1) Furthermore, {x,} is said to be an M-Cauchy sequence in (X, m) if and only if

lim (m(x,, x,) —my,, ),and lim (M, , —m, . )

n,m— o0 n,m— o0
exist (and are finite).
(iii)) An M-metric space (X, m) is said to be complete if every M-Cauchy sequence {x,} in (X, m)
converges with respect to 7, to a point x € X such that

lim m (x,, x) — m,,, =0, and lim (M, , —m, ) =0.

Lemma 1.5. [4] Let (X, m) be an M-metric space. Then:
(i) {x,}is an M-Cauchy sequence in (X, m) if and only if {x,} is a Cauchy sequence in a metric space
X,m").

(i1)) An M-metric space (X,m) is complete if and only if the metric space (X,m") is complete.
Moreover,

lim 7" (x,, ) = O if and only if (lim (m Gony ) = ) = 0, 1im (My« — o) = o).

n—oo

Lemma 1.6. [4] Suppose that {x,} converges to x and {y,} converges to y as n approaches to oo in
M-metric space (X, m) . Then we have

1im (11 (g, ) = sy, ) = (6, 3) = sy

Lemma 1.7. [4] Suppose that {x,} converges to x as n approaches to oo in M-metric space (X, m).
Then we have
lim (m (X, y) — mxny) =m(x,y) —my forally € X.

Lemma 1.8. [4] Suppose that {x,} converges to x and {x,} converges to y as n approaches to « in
M-metric space (X, m). Then m(x,y) = m,, moreover if m(x,x) = m(y,y), then x =y.

Definition 1.9. Let @ : X X X — [0, ). A mapping 7 : X — X is said to be an a-admissible mapping
if forall x,y e X
a(x,y)>21=a(T(x),TQy) >1.

Let ¥ be the family of the (c)-comparison functions ¢ : R* U {0} — R* U {0} which satisfy the
following properties:

(i) ¥ is nondecreasing,
(ii) X o¥" (1) < oo for all t > 0, where y" is the n-iterate of y (see [7,8,10,11]).

Definition 1.10. [33] Let (X, d) be a metric space and @ : X X X — [0,00). A mapping T : X — X is
called (a, ¥)-contractive mapping if for all x,y € X, we have

a(x,y)d(T(x), T(x)) <Y d(x,y),
where € V.
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A subset K of an M-metric space X is called bounded if for all x € K, there existy € X and r > 0
such that x € B,, (v, r) . Let K denote the closure of K. The set K is closed in X if and only if K = K.

Definition 1.11. [31] Define H,, : CB,, (X) X CB,, (X) — [0, c0) by
H, (K,L) = max{V,,(K,L),V, (L, K)},
where

m(x, L)
V.. (L, K)

inf{m(x,y):ye L} and

sup{m(x,L): x € K}.
Lemma 1.12. [31] Let F be any nonempty set in M-metric space (X, m), then

x € F ifand only if m (x, F) = sup{m.,}.

acF

Proposition 1.13. [3/] Let A, B,C € CB,, (X), then

(i) Viu (A, A) = sup,c, {sup,cq msy},
(i) (Vi (A, B) = SUP,cy SUP,cp 1Myy) < (Vi (A, C) = inf ey infice m,.) +
(V. (C. B) = infcc infyepms,) .

Proposition 1.14. [31] Let A, B,C € CB,, (X) following are hold

(D) Hy (A, A) =V, (A, A) = Sup, .y {SUpycq 1y}
(ii1) Hy, (A, B) = SUD e SUPyep Myy) < Hyy (A, C) + Hyy (B, C) — inf ey Infrec my, — infec infyep myy.

Lemma 1.15. [31] Let A,B € CB,,(X) and h > 1. Then for each x € A, there exist at the least one
y € B such that

m(x,y) < hH,, (A, B).

Lemma 1.16. [31] Let A,B € CB,,(X) and | > 0. Then for each x € A, there exist at least one 'y € B
such that

m(x,y) < H, (A,B) + 1.

Theorem 1.17. [31] Let (X, m) be a complete M-metric space and T : X — CB,, (X). Assume that
there exist h € (0, 1) such that

H, (T (%), T (y)) < hm(x,y), (1.1)

forall x,y € X. Then T has a fixed point.

Proposition 1.18. [31] Let T : X — CB,,(X) be a set-valued mapping satisfying (1.1) for all x,y in
an M-metric space X. If z € T (z) for some z in X such that m (x,x) = 0forx € T (z).
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2. Main results

We start with the following definition:

Definition 2.1. Assume that ¥ is a family of non-decreasing functions ¢,, : R* — R* such that

(1) Y™ ¢h, (x) < oo for every x > 0 where ¢7, is a n-iterate of ¢,

(1) ¢y (x+y) < Py (x) + ¢ppy () for all x,y € R*,
(ii1) ¢y (x) < x, for each x > 0.

Remark 2.2. If } @,|,-. = 0 is a convergent series with positive terms then there exists a monotonic
sequence (B,)|,=« such that §,|,-« = o0 and ) @,8,|,=« = 0 converges.

Definition 2.3. Let (X,m) be an M-metric pace. A self mapping T : X — X is called (., dy)-
contraction if there exist two functions @, : X X X — [0, c0) and ¢y, € ¥ such that

a. (x5, y)m(T (x), T (y) < ¢y (m(x,y)),
for all x,y € X.

Definition 2.4. Let (X, m) be an M-metric space. A set-valued mapping T : X — CB,, (X) is said to be
(., ¢pr)-contraction if for all x,y € X, we have

@, (x,y) Hy (T (x), T (x)) < ¢y (m(x,)), 2.1)

where ¢y e Yand v, : X X X — [0, ).
A mapping T is called a.-admissible if

a.(x,y) > 1= a.(a,b)) >1

foreacha; €e T(x)and b; € T (y).

Theorem 2.5. Let (X, m) be a complete M-metric space. Suppose that (a., $y) contraction and a,-
admissible mapping T : X — CB,, (X) satisfies the following conditions:

(i) there exist xy € X such that a, (xg,a;) > 1 foreach a; € T (xg),
(i) if {x,} € X is a sequence such that @, (x,, x,+1) > 1 for all n and {x,} — x € X asn — oo, then
a, (x,,x) > 1 for all n € N. Then T has a fixed point.

Proof. Let x; € T (xp) then by the hypothesis (i) @. (x, x;) > 1. From Lemma 1.16, there exist x, €
T (x;) such that

m(x1,x2) < Hy, (T (x0), T (x1)) + ¢ (m (x0, x1)) .

Similarly, there exist x3 € T (x;) such that

M (X2, x3) < Hy (T (x1), T (x2)) + ¢ (m (0, x1)) .

Following the similar arguments, we obtain a sequence {x,} € X such that there exist x,.; € T (x,)
satisfying the following inequality

m (Xn, Xpe1) < Hy (T (x521) , T () + @'y (m (x50, x1)) .
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Since T is a,-admissible, therefore a. (xg, x;) > 1 = a. (x1,x;) > 1. Using mathematical induction,
we get
(o (-xna -xn+l) > 1. (22)

By (2.1) and (2.2), we have

IA

m (X, Xps1) H,, (T (x,-1), T (x,)) + ¢y, (m (x0, X1))

@, (X, Xpe1) Hy (T (Xp-1) , T (%))

+¢y (m (xo, x1))

Gm (M (X,-1, X,)) + @y (m (X0, X1))

B [0m (e, ) + @ (m (o, x1)]

Gt [ Hon (T (%12) . T (xa1)) + B (m (0, 1)

G [ (Gt X0) Hyn (T (5,0), T () + @l (m (0, x1)]

S [@ar Om (a, 001)) + Bl (m (0, 1)) + @ (m (0, x1)]

G (1 (X, X,m1)) + 2005, (m (0, X1))

IA

IA

IAN AN IA

IA

IA

m (Xp, Xp+1) &y (m (x0, x1)) + ng)y, (m (xo, x1))

m(Xy, Xpe1) < (n+1) ¢, (m(x, x1)) .

Let us assume that € > 0, then there exist ny € N such that

D+ Dl (m(xo,x1) < €.

nxnq

By the Remarks (1.2) and (2.2) , we get

lim m (x,,, x,4+1) = 0.

n—oo

Using the above inequality and (m,) , we deduce that

lim m (x,, x,) = lim min {m (X, X,) , M (X1, Xns1)}

n—o00 n—o0o

= limm,,

n—oo

< limm(x,, x,41) = 0.

n—oo

Xn+1

Owing to limit, we have lim,,_,., m (x,, x,,) = 0,

lim m,, =0.

n,m— oo

Now, we prove that {x,} is M-Cauchy in X. For m,n in N with m > n and using the triangle inequality
of an M-metric we get
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M (Xp, Xpp) — My, x, M (Xpy Xpi1) = My, ) + M X1y X)) — My, x,

- Xn+1
< m (Xn, -xn+l) - mx,,x,,+1 +m (-xn+1 ’ xn+2) - mx,ﬁ.]x,,ﬂ
+m (xn+2, xm) - mxwzxm
< m (Xn, xn+1) — My, x4 +m (xn+1’ xn+2) — My, x40
+o+m (-xm—l’ xm) — My, _\x,
< m (xm xn+1) +m (-xn+17 xn+2) +teo+m (xm—l’ -xm)
m—1
= Z m (-xr, -xr+l)
r=n
m—1
< (r+ 1) ¢ (m (xo, x1))
r=n
m—1
<+ Dy (m (x0, x1)
rzngp
m—1
< DL+ D mo,m) < e
rzngp

m (X, Xp) — My, — 0, as n — oo, we obtain lim,, ,, (M, — my,,) = 0. Thus {x,} is a M-Cauchy
sequence in X. Since (X, m) is M-complete, there exist x* € X such that

lim (m (x,, x*) —=m, ») = 0and
lim (Mxnx* - mxnx*) = 0.
Also, lim,,_,, m (x,, x,) = 0 gives that
lim m (x,,x*) = 0 and lim M, .+ =0, (2.3)

lim {max (m (x,, x*),m (x*, x*))} = 0,
which implies that m (x*, x*) = 0 and hence we obtain m 7+ = 0. By using (2.1) and (2.3) with

lim a, (x,, x*) > 1.

n—oo

Thus,
lim H,, (T (x,), T (x*)) < lim ¢y (m (x,,, x*)) < lim m (x,, x*).

lim H,, (T (x,), T (x*)) = 0. 2.4)
Now from (2.3), (2.4), and x,.; € T (x,), we have

m (X1, T (x%)) < Hy (T (x), T (x7)) = 0.

AIMS Mathematics Volume 7, Issue 5, 8861-8878.



8868

Taking limit as n — oo and using (2.4) , we obtain that
lim m (x,41, T (x*)) = 0. (2.5)
Since my,,, () < m (xp41, T (x*)) which gives

lim My, T(x*) = 0. (26)

n—oo

Using the condition (m4) , we obtain

IA

m(x*, T (x*)) — sup my m (x*, T (x*)) = M ()

yeT (x*)

IA

m(X*, Xpe1) — My,

+m (xn+1 ,T ((X*)) = My T(x%)-
Applying limit as n — oo and using (2.3) and (2.6) , we have

m(x*, T (x*)) < Sup M. 2.7)
YeT(x*)

From (m,) , my+y, < m(x*y) for each y € T (x*) which implies that

My —m (x*,y) < 0.

Hence,
sup {mx*y -m(x*,y):yeT (x*)} <O0.
Then
sup mys, — inf m(x*,y) <O0.
yeT(x*) yET(x*)
Thus
sup My <m(x*, T (x7)). (2.8)
YET(x*)

Now, from (2.7) and (2.8), we obtain

m(T (x*),x*) = sup M.
YET(x*)

Consequently, owing to Lemma (1.12), we have x* € T (x*) = T (x*). O

Corollary 2.6. Let (X,m) be a complete M-metric space and an self mapping T : X — X an a,-
admissible and (a.., ¢y;)-contraction mapping. Assume that the following properties hold:

(i) there exists xy € X such that a, (xo, T (xp)) > 1,
(i) either T is continuous or for any sequence {x,} € X with . (x,, x,;;) = 1 for all n € N and
{x,} = xasn — oo, we have a., (x,,x) > 1 for all n € N. Then T has a fixed point.

Some fixed point results in ordered M-metric space.
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Definition 2.7. Let (X, <) be a partially ordered set. A sequence {x,} C X is said to be non-decreasing
if x,, < x,4 for all n.

Definition 2.8. [16] Let F' and G be two nonempty subsets of partially ordered set (X, <). The relation
between F and G is defined as follows: F' <; G if for every x € F, there exists y € G such that x < y.

Definition 2.9. Let (X, m, <) be a partially ordered set on M-metric. A set-valued mapping 7 : X —
CB,, (X) is said to be ordered (., ¢)s)-contraction if for all x,y € X, with x <y we have

Hy, (T (x), T (y)) < ¢m (m(x,y))
where ¢y, € . Suppose that @, : X X X — [0, c0) is defined by

(x.y) = 1 ifTx<; Ty
Y=Y 0 otherwise.

A mapping T is called a.-admissible if
a(x,y)>1=a.(a;,b)>1,

foreacha; e T(x)and by € T (y).

Theorem 2.10. Let (X, m, <) be a partially ordered complete M-metric space and T : X — CB,, (X)
an a.-admissible ordered (a.., ¢)r)-contraction mapping satisfying the following conditions:

(i) there exist xo € X such that {x¢} <; {T (x0)}, a. (x9,a;1) = 1 foreacha; € T (xo),
(ii) for every x,y € X, x < yimplies T (x) <; T (y),
(iii) If {x,} € X is a non-decreasing sequence such that x, < x,; for all n and {x,} - x€ X asn — oo
gives x, < x for all n € N. Then T has a fixed point.

Proof. By assumption (i) there exist x; € T (xo) such that x, < x; and «. (xg, x;)

hypothesis (ii), T (x9) <; T (x;). Let us assume that there exist x, € T (x;) such that x;
we have the following

1. By
x, and

IA IV

m(xy, x2) < Hy, (T (x0), T (x1)) + ¢pr (m (x0, x1)) .

In the same way, there exist x3 € T (x,) such that x, < x3 and

m(x2,%3) < Hy (T (x1), T (x2)) + ¢3; (m (x0, X1)) -

Following the similar arguments, we have a sequence {x,} € X and x,,; € T(x,) foralln > 0
satisfying xp < x; < x, < x3 < ..x, < X,41. The proof is complete follows the arguments given in
Theorem 2.5. O

Example 2.11. Let X = [é, 1] be endowed with an M-metric given by m (x,y) = % Define 7 : X —
CB,, (X) by

1 1 1] 5.1

§X+g,z},lfx—6
T(x)=4 {55}, ifi<x<i

251 4l

521, f3<x<1.

AIMS Mathematics Volume 7, Issue 5, 8861-8878.



8870

Define a mapping .. : X X X — [0, c0) by

1 ifx,ye [‘—1‘,%]

0 otherwise.

a, (x,y) = {

Let ¢y : R* — R* be given by ¢y (1) = 15 where ¢y € ¥, for x,y € X. If x = {, y = 1 then
m(x,y) = 2, and

H, (T (x),T (y))

Il Il
g &
> —
<

S 5| w
— -
— =
»—A|w ~
Bl= e
—_——
0| M= ——
- N —
o=
——

N —

<

3

—_
—

oo | —
o=
~——
—

o] w

| =
——

N —
N—

2
3 2 3
= max{—,— = —
16" 12 16

< ou(®)m(x,y).

If x = %,y: %thenm(x,y) = %,and

11 2
H, (T (x),T () = Hm({g,g},{g,l})

< du(m(x,y).

Ifx=1y=1thenm(x,y) = % and

31 25
H, (T (x),T () = Hm({ﬁ,z},{g,g})

1
6’

) 11 13) 13
T M4 T
< ou(®)m(x,y).

In all cases, T is (a., ¢))-contraction mapping. If x, = %, then T (xp) = {’EC, %} .Therefore . (xg,a;) > 1

for every a; € T (xg). Let x,y € X be such that @, (x,y) > 1, then x,y € [g, %] and T (x) = {g, %} and
T (y) = {4, %} which implies that @ (a;.b;) > 1 for every a; € T (x) and by € T (x). Hence T is
a.-admissble.

Let {x,} € X be a sequence such that «. (x,,x,.;) > 1 for all n in N and x, converges to x as
n converges to oo, then x, € [%, %‘] By definition of @.-admissblity, therefore x € [g, %‘] and hence
a. (x,, x) > 1. Thus all the conditions of Theorem 2.3 are satisfied. Moreover, T has a fixed point.
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Example 2.12. Let X = {(O, 0), (O, —%) , (—%,0)} be the subset of R? with order < defined as: For

(x1,y1),(x2,y) € X, (x1,y1) < (x2,y2) if and only if x; < x5, y; < yp. Let m : X X X — R* be defined

by

X1+ X yit+y
2 2

Then (X, m) is a complete M-metric space. Let T : X — CB,, (X) be defined by

m((x1,y1),(x2,¥2)) = , for x = (x1,y1), y = (x2,32) € X.

{(0,0)}, if x = (0,0),
T (x) ={ {0.0),(-4.0)}. ifxe(0,-1)
(0,00}, ifxe(-3.0).

Define a mapping .. : X X X — [0, c0) by

(1 ifxyeX
. (x,y) = { 0  otherwise.

Let ¢y : R* — R* be given by ¢y (1) = 1. Obviously, ¢y € V. For x,y € X,
if x = (0,-1) and y = (0,0), then H,, (T (x),T (y)) = 0 and m (x,y) = & gives that

H, ({(o, 0, (—% 0)} 1, 0)})

ax[ V. (0.0, (=4.0)}.. (0. 00). )
v, (10,0, 10,0, (=3, 0)})
max {0,0} =0

< du@m(x,y).

H, (T (x), T (y))

If x = (~£.0) and y = (0,0) then H,, (T (x), T (3)) = 0, and m (x,y) = - implies that
H, (T (x), T (y) < ¢y @) m(x,y).
If x=(0,0)and y = (0,0) then H,, (T (x),T (y)) = 0, and m (x,y) = 0 gives
H, (T (x),T(y) < du(O)m(x,y).
If x = (O, —é) and y = (0, —é) then H,, (T (x),T (y)) = 0, and m (x,y) = 1 implies that
H, (T (x), T (y) < ¢pu(O)m(x,y).
If x = (O, —%) and y = (0, —%) then H,, (T (x),T (y)) =0, and m (x,y) = % gives that
H, (T (x),T (y)) < ¢pu()m(x,y).
Thus all the condition of Theorem 2.10 satisfied. Moreover, (0, 0) is the fixed point of 7.
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3. Application

In this section, we present an application of our result in homotopy theory. We use the fixed point
theorem proved for set-valued (a., ¢,)-contraction mapping in the previous section, to establish the
result in homotopy theory. For further study in this direction, we refer to [6,35] .

Theorem 3.1. Suppose that (X, m) is a complete M-metric space and A and B are closed and open
subsets of X respectively, such that A C B. For a,b € R, let T : B X [a,b] — CB,, (X) be a set-valued
mapping satisfying the following conditions:

(i) x¢ T (y,t)foreachy € B/A andt € [a,b],
(ii) there exist ¢y € ¥ and a, : X X X — [0, 00) such that

@, (%, ) Hy (T (x,0), T (y, 1)) < ¢ (m (x,y)) ,

for each pair (x,y) € BX Bandt € [a,b],
(iii) there exist a continuous function Q) : [a,b] — R such that for each s,t € [a,b] and x € B, we get

Hy, (T (x,5),T (y,0) < ¢ |Q(s5) - Q)]

(iv) if x* € T (x*,1), then T (x*,1) = {x*},

(v) there exist xqg in X such that xo € T (xg,1),

(vi) a function R : [0, c0) — [0, o) defined by R (x) = x— ¢y (x) is strictly increasing and continuous
if T (.,t7) has a fixed point in B for some t7 € [a,b], then T (.,t) has a fixed point in A for all
t € a,b]. Moreover, for a fixed t € [a, b), fixed point is unique provided that ¢, (t) = %t where
t>0.

Proof. Define a mapping a.. : X X X — [0, o) by

1 ifxeT 1), yeT (1)

a.(x,y) =
0 otherwise.

We show that T is @.-admissible. Note that @, (x,y) > 1 implies that x € T (x,f) and y € T (y,t) for
all r € [a,b]. By hypothesis (iv), T (x,t) = {x} and T (y,t) = {y}. It follows that T is @,.-admissible.
By hypothesis (v), there exist xy € X such that xy € (xp, ?) for all ¢, that is a. (xg, xo) > 1. Suppose
that a. (x,, x,+1) = 1 for all n and x, converges to g as n approaches to co and x, € T (x,,?) and
Xpi1 € T (x,41, ) for all n and t € [a, b] which implies that g € T (g, t) and thus «. (x,,q) > 1. Set

D={tela,b]l: xeT(x,¢t) forx € A}.

So T (.,t7) has a fixed point in B for some 7 € [a, b], there exist x € B such that x € T (x,7). By
hypothesis (i) x € T (x,t) fort € [a,b] and x € A so D # ¢. Now we now prove that D is open and
close in [a, b] . Let ty € D and xy € A with xg € T (x, 1) . Since A is open subset of X, B, (xo,7) C A
for some r > 0. For € = r + m,,, — ¢ (r + m,,,) and a continuous function Q on [a, b], there exist 6 > 0
such that

Odu Q) —Q(ty)| < eforallt € (ty —9,t + ).

AIMS Mathematics Volume 7, Issue 5, 8861-8878.



8873

If t € (ty — 6,29 + 6) for x € B, (xo, 1) ={x € X : m(xp,x) <my,,+r}and [ e T (x,1), we obtain

m(T (x,1), xg)
Hm (T (-x9 t) 5 T (xo’ tO)) .

m (I, xo)

Using the condition (iii) of Proposition 1.13 and Proposition 1.18, we have
m (l’ -XO) < Hm (T (x9 t) ’ T (X(), t())) + Hm (T (-xa t) ’ T (-XOa tO)) (29)

as x € T (xo,10) and x € B, (xo,7) € A C B, ty € [a, b] with a. (x¢, x9) > 1. By hypothesis (ii), (iii)
and (2.9)

A

m(l,x0) < dml|Q@) — Q)| + . (x0, x0) Hy (T (x,1), T (x0, t0))

< du Q@) — Qo) + pu (m (x, x0))

< G (€) + Pur (Mg, + 1)

< Oy (r+myy — Oy (r+myy)) + Gy (M, + 1)

< T A My — Op (M4 M) + Gpp (Mg +7) =7+ My

Hence [ € B, (xy, r) and thus for each fixed ¢t € (t, — 6, o + 6), we obtain T (x, t) C B,, (xo, r) therefore
T : B, (x,r) — CB,, (Bm (xo,r)) satisfies all the assumption of Theorem (3.1) and 7 (.,7) has a

fixed point B, (x9,r) = B, (x9,r) C B. But by assumption of (i) this fixed point belongs to A. So
(ty — 0,19 +0) C D, thus D is open in [a, b]. Next we prove that D is closed. Let a sequence {t,} € D
with 7, converges to t, € [a, b] as n approaches to co. We will prove that #; is in D.

Using the definition of D, there exist {f,} in A such that x, € T (x,,t,) for all n.
Using Assumption (iii)—(v), and the condition (iii) of Proposition 1.13, and an outcome of the
Proposition 1.18, we have

m (X, Xp) < Hpy (T (s 10) 5 T (X 1)
< Hy (T (X, 10), T (X 1) + Hiy (T (X ) 5 T (Xns 1))
< o Q) — Q| + . (X, %) Hi (T (X ) 5 T (Xins b))
< du Q@) — Q|+ dur (m(x, X))
=
m (Xn, Xm) = Gag (M (X0, X)) < Par 1 (2) — Q (25)]

=

R (m(xp, %) < Py lQ(t,) — Q(2,)l

R (m (X, x0) < Q) = Q)]

m (Xp, Xp) < %Iﬂ(tn)—ﬂ(tm)l-

So, continuity of 4 R and convergence of {z,}, taking the limit as m, n — oo in the last inequality, we
obtain that
lim m(x,, x,) = 0.

m,n— o0
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Sine m,, ,, < m(x,,X,,) , therefore
lim m,,, =0.

m,n—oo

Thus, we have lim,_,., m (x,,, x,) = 0 = lim,,,_,00 7 (X,,, X,,). Also,

lim (m (.xn, xm) - mx,,xm) = 0’ lim (Mxnxm - mxnxm) .
m,n— oo

m,n— oo

Hence {x,} is an M-Cauchy sequence. Using Definition 1.4, there exist x* in X such that
lim (m (x,, x*) = m,, ) = 0and lim (M, —m, ) = 0.
As lim,,_,., m (x,, x,,) = 0, therefore

lim m (x,,x") =0and lim M, ,- = 0.

n—oo n—00

Thus, we have m (x, x*) = 0. We now show that x* € T (x*, t*) . Note that

m (xn, T (x*, t))

IA

H, (T (1), T (x°.1))

Hy (T (o t) o T (0,1)) + Hy (T (30.1) . T (x7.1))

b ‘Q(tn) - Q(t*)‘ + v (%0, 8 ) Hy (T (30.1). T (27, 7))
o ‘Q(tn) - Q(t*)‘ + s (m (x4 7).

IAN A

IA

Applying the limit n — oo in the above inequality, we have

lim m (xn, T (x*, t)) =0.

n—oo

Hence
,}Ln‘}o m (xn, T (x*, t)) =0.

Since m (x*, x*) = 0, we obtain

sup my, = sup min{m(x*,x"),m(y,y)} =0.
yET(x*,t*) yET(x*,t*)

From above two inequalities, we get

m (x*, T (x*, t)) = SUD M.
yeT(x*,t*)

(2.10)

(2.11)

Thus using Lemma 1.12 we get x* € T (x*, t) Hence x* € A. Thus x* € D and D is closed in [a, ],
D = [a,b] and D is open and close in [a, b]. Thus T (.,t) has a fixed point in A for all ¢ € [a, b]. For
uniqueness, ¢ € [a, b] is arbitrary fixed point, then there exist x € A such that x € T (x, ). Assume that

y is an other point of T (x, f), then by applying condition 4, we obtain

H,, (T (x,0),T (y,1))
ay (x,y) Hy (T (x,0), T (y, 1)) < ¢ (m(x,y)) .

Forgy, (¢) = %t, where ¢ > 0, the uniqueness follows.

m(x,y)

IA

O
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4. Application to integral equation

In this section we will apply the previous theoretical results to show the existence of solution for
some integral equation. For related results (see [13,20]). We see for non-negative solution of (3.1) in
X =C(0,8],R). Let X = C([0,6],R) be a set of continuous real valued functions defined on [0, 6]
which is endowed with a complete M-metric given by

x(H)+ x(t)‘)

m(x,y) = sup ( for all x,y € X.

te[0,0]

Consider an integral equation

5
vi()=p@+ f hit,s)J(s,vi(s))dsforall0 <t <é. (3.1
0

Define g : X — X by
g @ =p)+ fh(t, $)J (s,x(s))ds
0
where

(@) foro > 0, (a) J : [0,0] xR — R, (b) h : [0,0] x [0,6] — [0,00), (c) p : [0,0] — R are all
continuous functions
(i) Assume that o : X X X — R is a function with the following properties,
(iii) o (x,y) > 0 implies that o (T (x), T (y)) > 0,
(iv) there exist xo € X such that o (xy, T (xp)) > 0,
(v) if {x,} € X 1s a sequence such that o (x,, x,+;) > O forall » € N and x, — x as n — oo, then
ocx,Tx)=>0
(vi)
s
sup f h(t,s)ds <1
1€[0,61 Jo
where t € [0,6], s € R,
(vii) there exist ¢y, € ¥, 0 (y, T (v)) > 1 and o (x, T (x)) > 1 such that for each ¢ € [0, ], we have

[J (s, x(0) + J (s, ()| < du (Ix + YD) (3.3)

Theorem 4.1. Under the assumptions (i) — (vii) the integral Eq (3.1) has a solution in
{X=C(0,6],R) forallt € |0,06]}.

Proof. Using the condition (vii), we obtain that

mig (g0 = [EEO2E00) :

fh(t, S)[J(s,x(S)) +J(s,y(S))]ds‘
0

- f“’h(t’s)‘J(s,X(S));J(s,y(S)) s
0
< x(s)+y(s)

fh(t, s) [¢M ]ds
0
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x(s)+y(s)
2

IA

5
( sup f h(t,s) ds) ((;SM
110,61 Jo

¢M(X(S)+y(5))

2
m(g(x),g () < ¢ (m(x,y))
Define @, : X X X — [0, +o0) by

|

IA

1 ifo(xy) =0

a, (x,y) =
0 otherwise

which implies that
m(g(x),8 () < oy (m(x,y)).

Hence all the assumption of the Corollary 2.6 are satisfied, the mapping g has a fixed point in X =
C ([0, 6],R) which is the solution of integral Eq (3.1) . O

5. Conclusions

In this study we develop some set-valued fixed point results based on (a., ¢»s)-contraction mappings
in the context of M-metric space and ordered M-metric space. Also, we give examples and applications
to the existence of solution of functional equations and homotopy theory.
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