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Abstract: This paper is concerned with the following modified Kirchhoff type problem

— (a + bf |Vu|2) Au— uAW?) — du = [u’2u, xeR3,
R3

where a,b > 0 are constants and 4 € R. When p = %, we prove that the existence of normalized

solution with a prescribed L?-norm for the above equation by applying constrained minimization
method. Moreover, when p € (13—0, 13—6), we prove the existence of mountain pass type normalized
solution for the above modified Kirchhoff equation by using the perturbation method. And the
asymptotic behavior of normalized solution as b — 0 is analyzed. These conclusions extend some

known ones in previous papers.
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1. Introduction

In this paper, we are dedicated to studying the following modified Kirchhoff type problem
- (a +b f |Vu|2) Au— uA@W?) — du = [ulP2u, xR, (1.1)
R3

where a, b > 0 are constants and A € R. Equation (1.1) appears in a famous physical context. Indeed,
if we set 4 = 0, delete the quasilinear term uA (uz) and replace R? and |u|”~?u by a bounded domain
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Q c R" and f(x, u) respectively in (1.1), then we obtain the following Kirchhoff Dirichlet problem:

2 —
—(a+b [, IVuP) Au = f(x,u), xeQ, 12)
u=0, xeodQ.
Equation (1.2) is related to the stationary analogue of the equation
ey — (a +b f |vu|2)Au = f(x,u). (1.3)
Q

Equation (1.3) was proposed by Kirchhoff in [1] as a generalization of the following well-known
D’ Alembert wave equation
(9214 Po E fL
P> —\7 t57
or? h 2L J,

which describes free vibrations of elastic strings. Some early classical studies of Kirchhoft equations
can be found in Bernstein [2] and PohoZaev [3]. Much attention was received after Lions [4]
introducing an abstract functional framework to this problem. For more relevant mathematical and
physical background, we refer readers to papers [5-9], and the references therein.

Kirchhoff’s model allows for the changes in length of the string produced by transverse vibrations.
In (1.2), u denotes the displacement, f(x, u) denotes the external force and b denotes the initial tension
while a is related to the intrinsic properties of the string, such as Young’s modulus. We point out that
such nonlocal problems also appear in other fields as biological systems, where u describes a process
which depends on the average of itself, such as population density, see [10, 11] and the references
therein.

In mathematics, equation (1.1) is not a pointwise identity because of the appearance of the term
( fR3 |Vu|2) Au. Based on such a characteristic, people call it a nonlocal problem. Moreover, problem

ou
axl a2 = fx,u),

2\ 8%u
) ox2

(1.1) involves the quasilinear term uA(u?), whose natural energy functional is not well defined in
H'(R?) and variational methods cannot be used directly. These cause some mathematical difficulties,
and in the meantime make the study of such a problem more interesting.

In the past years, the following quasilinear Schrédinger equation

i0up + Ap + oA (lgl’) + 1ol 20 = 0, (. x) e R* x RY (1.4)

has attracted considerable attention, where i denotes the imaginary unit and ¢ : R* x RY — C,p €
(2,2-29, 2" = % if N >3 and 2* = +c0 if N = 1,2. Equation (1.4) appears in various physical
fields, such as in dissipative quantum mechanics, in plasma physics and in fluid mechanics, see more
information in [12,13]. One usually searches for standing waves solutions of (1.4), i.e. solutions of the
form ¢(t, x) = e”u(x), where A € R is a parameter and u : R¥ — R is a function to be founded, then
(1.4) is reduced to be the following stationary equation

—Au — uAW?) — A = ulfP?u, xeRY,

which has been intensively studied about its existence and multiplicity results by using minimizations,
change of variables, Nehari method and perturbation method. See [14-18,20] and their references
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therein. Moreover, for the above stationary equation, when cut out the quasilinear term uA (uz),

substitute (ﬁ * uz) u for |u/"~2u and take A = —1, N = 3, then we obtain the following Choquard-Pekar
equation

—Au+u= (i *u2)u, x e R
|x]
The Choquard-Pekar equation is also known as the Schrodinger-Newton equation in models coupling
the Schrodinger equation of quantum physics together with nonrelativistic Newtonian gravity. For the
Choquard-type equation and related problems, we refer to [21-24] and references therein.
In the recent years, Feng et al. [25] studied the following modified Kirchhoff type equation

- (a +b f |Vu|2) Au — uAW?) + V(x)u = h(x,u), xeR", (1.5)
RN

where a > 0,b > 0,h € C(RN X R, R) and V € C (RN ,R). Under suitable assumptions on V(x)
and h(x, u), some existence results for positive solutions, negative solutions and sequence of high
energy solutions were obtained via a perturbation method. Subsequently, in 2015, Wu [26] studied the
existence of infinitely many small energy solutions for equation (1.5) by applying Clark’s Theorem
to a perturbation functional. And in the same year, He [27] proved the existence of infinitely many
solutions for equation (1.5) by using the dual method and the non-smooth critical point theory. This
year, Wang and Jia [28] has proved the existence of a positive ground state solution for equation (1.5)
by relying on a monotonicity trick and a new version of global compactness lemma.

More recently, the physicists are often interested in “normalized solutions”, i.e. solutions with
prescribed L? -norm. Thus it is interesting for us to study whether (1.1) has a normalized solution.
When p = %, equation (1.1) naturally becomes the following form

—(a+bf IVulz)Au—uA(uz)—/lu = IullTOu, x€R3. (1.6)
R3

Then, for any fixed ¢ > 0, a solution of equation (1.6) with ( fR , uZ)j = ¢ can be viewed as a critical
point of the following functional

2
a b 3 16
I(w) = = Vz_ Vz fzvz__f3
(u) ZIRa'”'W(fRs'“')*Rs”'”' 6

constrained on the L? -sphere in H :

Sce={ueH:|ull,=c,c>0},
1
where ||u||, := (ng |u|2)E and H := {u e H' (R3) : fR3 w?|Vul? < +oo}. In this case, the parameter A is not
fixed any longer but appears as an associated Lagrange multiplier. We call (u.,1.) € S. X R a couple
of solution to equation (1.6) if u, is a critical point of /(«) constrained on S . and A, is the associated
Lagrange parameter.
As a matter of convenience, we set
i, := inf I(u).

ues .

AIMS Mathematics Volume 7, Issue 5, 8774-8801.



8777

Depending on (4.5) in [15], we know that there exists a positive constant C such that

2
3
f u® <C ( f |u|2) f W Vul?
3 R3

for any u € H. And then we can set

>

2 % ZV 2
A:= inf e ?) fm AR S (1.7)
ueH\{0} fRS |u| - C

Our first two main results are as follows:

Theorem 1.1. Let ¢, = (16A) Then
<
(1)ic={0’ 0O<c<ec.,

—00, C > Cy;
(2) i. has no minimizer for all ¢ > O;

(3) I(u) has no critical point on the constraint S for all 0 < ¢ < ¢,.

Since Liu et al. [16] have been proved that problem (1.6) has at least one nontrivial solution when

p= ?, it is reasonable to conjecture that /(u) has at least one critical point constrained on § . for some

¢ > c,. For this, we give an affirmative answer in this paper. As far as we know, there are very few
papers on this respect. To state our main result, we set

B, := {ueSC:f W Vul* < if |M|136}’ (1.8)
. 16

then it follows from Theorem 1.1-(1) that B,. # 0 for each ¢ > c¢,. Define

D.:={u€ B, :Gu) =0},

G(w) ::af|Vu|2+b(f |Vu|) f|u| Vul —%fwf.
R3

Theorem 1.2. Assume that ¢ > c., where c, is given in Theorem (1.1). Then there exists a couple of
solution (u,, A.) € D, X R for equation (1.6) with I (u.) = inf,,cp, I(u).

where

In order to prove Theorem 1.2, we set

m, = inf I(u) (1.9)
ueD,

and need to prove that m, is attained. But there are two difficulties. First, it is not easy to prove
that minimizers of m, are critical points of I(u) constrained on S, since there may be two Lagrange
multipliers. For this problem, we will use the Pohozaev identity and the famous Gagliardo-Nirenberg
inequality. Second, it is difficult to show that D, is weakly closed thanks to lack of compactness for the
minimizing sequences. To overcome this difficulty, we construct a Schwartz symmetric minimizing
sequence of m, and prove the strict monotonicity of the function ¢ +— m, to avoid possible vanishing
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and dichotomy of the sequence.
In the last part of this paper, we are devoted to studying existence and asymptotic behavior of
normalized solution for equation (1.1). For p € (m 1—6), the corresponding functional of equation (1.1)

3773
is defined as

2
Jb(u):g f |Vu|2+é f Vul*| + f W |Vul? - f |u|”
2 R3 4 R3

restricted on the constraint
Ec={ueH(R): lul} =kf. k>0,

where H (R3) is also defined as H := {u e H' (R3) : fR3 w?|Vul? < +<><>}. Moreover, for convenience, we
set
my = inf Jp(u).
ucky

To get critical point of J,, we need to use minimax and deformation type arguments, which are more
or less standard for smooth variational formulations. However, the variational functional J;, here is not
well defined in H' (R3) let alone being smooth. If a small subspace of H' (R3) is used, then one loses
compactness. To overcome this difficulty of lack of differentiability of J,, we will apply a perturbation
method. Thus we should consider the perturbed functional

Jup(u) = %fg IVul*dx + J,,(u),
R.

where p € (0, 1] is a parameter. For any given ¢ > 0, we denote
T ={ueX:|lul} =k,

where X = W4 (R3) NH! (R3).

One may observe that J,, ,(u) is well-defined and C! in X (see [19]). The idea is to first look for
critical points of J,, for u > 0 small by using minimax and deformation arguments. After that, we
consider convergence of critical point as u — 0. Here we will employ the techniques developed in [19]
to obtain a certain strong convergence to critical point of the original functional J,,.

Before presenting our last two main results, we need to introduce the following known results:

Lemma 1.3. ( [15], Theorem 1.5; [29], Theorem 1.5) Assume that p € (13—0, 13—6) Then there exists a
k(p) > 0, given by
k(p) := inf{k > 0 : my <0},

such that
(D) If k € (0,k(p)), m = 0 and my has no minimizer;
(2) If k = k(p), m; = 0 and m; admits a minimizer;
) If k € (k(p), ), my < 0 and m; admits a minimizer.
Now we give the last two main results as follows:
Theorem 1.4. Assume that p € (13—0 % . Then there exist a ky € (0,k(p)), a Schwarz symmetric
function v, and a Lagrange multiplier A; < O such that for any k € (kg, o), (vi, 4x) € Ex XR™ is a couple
of weak solution for equation (1.1), and J, (v¢) > 0 is a mountain pass level.
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Theorem 1.5. Assume that p € (%0, %) and (vp, 4,) € Ty X R is a couple of critical point of J, ;. Then

for any sequence {b,,} satisfying b,, — 0* as m — +oo, there is a subsequence of {b,,}, still denoted by
{b,,}, such that v, — vy in H' (R3), v, Vv, — voVvg in L? (R3) and 4, — Ao in R as m — oo, where
(v, Ap) € Ex X R™ is a couple of weak solution to the following equation

—alAv —vA (vz) —v=p%, inR.

This paper is organized as follows. In Section 2, we give the proof of Theorems 1.1 and 1.2. In
Section 3, we first present some preliminary results, and then give the proof of Theorems 1.4 and 1.5.
Notation. Throughout this paper, we let u'(x) := t%u(tx) for t > 0. Denote by C,C;(k=1,2,...)
various positive constants whose exact value is inessential. And denote by — (—) the strong (weak)
convergence. Moreover, for any 1 < 5 < oo, L* (R3) is the usual Lebesgue space endowed with the

norm
lully == f Juf?
R3

and W' (R3) is the usual Sobolev space endowed with the norm
llullwrs = [Vulls + llulls.

For convenience, we denote by X the space W'# (R3) N H! (R3) equipped with its natural norm

Il - Ilx := |l - llwre+ || - |l Recall that a sequence {u,} C H' (R3) is said to be a Palais-Smale sequence
for I if I (u,) 1s bounded and I’ (1,) — 0 as n — oo. We say [ satisfies the Palais-Smale condition if
any Palais-Smale sequence contains a convergent subsequence.

2. Proof of Theorems 1.1 and 1.2

In order to prove our theorems, we need to give some preliminary results.

164

3
1
3 ) , we have

Lemma 2.1. Forc, = (

. {0, O<c<ec,,
i, =

—00, C > Cy,

where i, := inf,es, I(u) is defined as in Theorem 1.1.

Proof. (1). By (1.7), one has

1. 4
f ul ¥ < —llul; f uPlVuP, Vu e H.
R3 A R3

Therefore, for any ¢ > 0 and any u € S, since ¢, = (%A) , we get

4
1 3

if < (£ f|u|2|Vu|2. @.1)

16 R3 Cy R3
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And then, for any 0 < ¢ < ¢, and any u € S, it follows from (2.1) that

3
= f ¥ < f IV,
6 R3 R3
b 2
I(u)>2f |Vu|2+Z(fR3 |Vu|2) >0

Thus, we deduce i, > 0 by the arbitrary of u.
On the other hand, since u'(x) := t2u(tx) for t > 0, to facilitate the estimation of / (u'), we firstly

compute:
2 2 2 ® 16
\Vu'|" =7 | |VulP, " |Vl =7 | WP IVul, l|* =2 | Jul
R3 R3 R3 R3 R3 R3

Then we get

r bt* 2 3
1w)=2 f \Vul* + — f \Vul*| +1 f lul*[Vul? - _f 5] =0
2 R3 4 R3 R3 16 R3

as t — 0*. Therefore, i. < 0.
Soi. =0foreach0 < ¢ < c,.

which means

4
3

3
(2). Forany ¢ > ¢, = (?A)“, we obtain A < ¢
that

. By the definition of A there exists u € H\{0} such

4 3 4 16
ol f |u*|Vul* < ECS f 171
R3 R3

Setting v := Ty Us We see that v € S satisfies

fR 3 |v|2|Vv|2:(” ”2) fR WPVl
<16(||u||2) f"

= f TER
6 R3
Then for any ¢ > 0, one has

7 bt* 2 3
1(V) = %fR Vv + T(fRz |Vv|2) e (E fR v _fR3 |v|2|Vv|2) - —00

as t — +oo, which implies that i, = —oo for any ¢ > c.. O

vz

By the proof of Lemma 2.1, it is easy to show the following result.
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Corollary 1. Foru € S, we get

B.=0, O0<c<ec,,
B.#0, c¢>c.,

where B, is defined as in (1.8). Moreover, for any 0 < ¢ < c,, we obtain I(u) > 0.

Lemma 2.2. i. has no minimizer for all ¢ > 0.

Proof. The proof follows directly from Lemma 2.1 and Corollary 1. O
Lemma 2.3. /(u) has no critical point constrained on S . for each ¢ € (0, c,].

Proof. By contradiction, we suppose that there exist some ¢ € (0,c,] and some u. € §. such that
(I |SU) (u.) = 0, then there exists a Lagrange multiplier 4. € R such that I’ (u.) — A.u. = 0. Hence by
Lemma 5.1 in [30], we know that u, satisfies the following Pohozaev identity:

b 2
2 f Va2 + 2 f Vul?| + f uPVu? - f uf — = f |
2 R3 2 R3 R3

This together with I’ (u.) = A.u. implies that

? 15 16
fIVucl +b(f |Vuc|) +5f|ut| Vue* = f|u R
R% 16

which implies that u. € B,.. It is a contradiction with Corollary 1. So the lemma is proved. O

vl

Proof of Theorem 1.1. Theorem 1.1 follows directly from Lemmas 2.1-2.3.

Next, we are absorbed in dealing with the existence of normalized solutions for /(u) restricted to
S . when ¢ > c.. Depending on Corollary 1 and Lemma 2.3, we try to look for normalized solutions
constrained on B..

Lemma 2.4. For any u € B,, there exists a unique 7 > 0 such that / (u’) = max;so I (u') and G (uf) =0,

where
2
’ 5 15 16
G(u):af Vul* + b f [Vl flul Vul? ——f jul ¥ .
R3 R3 R3 16

Proof. For any u € B, we consider the following path @ : (0, +00) — R defined as

2
CD(I)=%afR3 VuP + = (fR IVMIZ) (16f ¥ —f Jul IVMIZ)

namely that ®(r) = I (u"). By an elementary analysis, it is easy to infer that @ has a unique positive
critical point 7 corresponding to its maximum, i.e. ®’(f) = 0 and ®(f) = max,.o O(¢). Hence (u’) =
max.o I (u") and

2
) 15 .
aﬂf |Vu|2+bi4(f |Vu|2) +5f§f luP|Vul? - 16“5f ul® =0,
R3 R3

which means G (u’) =0. m|

vz
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Lemma 2.5. For any ¢ > c,, I(u) is bounded from below and coercive on D.. Moreover, there exist
Co.Cy > O such that [, [ul¥ > Co and I(u) > C; forall u € D..

Proof. For any ¢ > c., it follows from Lemma 2.4 that D. # @. Then for any u € D, we obtain

2
I(uw) = I(u) - —G(u) = lioaf \Vul* + 2—% (f |Vu|2) > 0. (2.2)

Then ! is bounded from below and coercive on D..
Moreover, by the Gagliardo-Nirenberg inequality (see [31]), there exists a positive constant C such
that
Is Sio3
. lul 5 < ClIVullyllul; - (2.3)
R.

Relying on (2.3), we deduce that there exists C > 0 depending only on ¢ such that

1 15 s 15C
— 3| < ||Vul]f < = 3 < —||Vul]2
(CJE;IMI ) <l M||2_16fR3|ul ST IVull5,
16 \3
f||%°>( 2) = C,
B3 15C3

2
16 \?
Vulp > [—| .
IVull; = (ISC)
The last inequality and (2.2) deduce that

2 2 4
3 (16 b [16)
> = —|—] =
1) 2 10"f| W+ 55 (f 'V”|) = 10° (15c) +20(15c) @

forallu e D, . O

which implies

and

Lemma 2.6. The function ¢ — m, is strictly decreasing on (c., +o0), where m,. is defined as (1.9).

Proof. By Lemma 2.5, we see that m. > 0. Then for any c¢y,c; € (c., +00) satisfying ¢; < ¢, it is
enough to prove that m,., < m,,.

By the definition of m,., and Lemma 2.4, there exists u, € D, such that I (u,) < m, !

+ - and
n

1

1
I(,) = maxo 1 (ut). Setting v,(x) := (£)" u, (£x), then |[vall, = ¢z and [Vv,ll2 = Vu,ll. And we

have
f vl 1V, —(—1) f j0a? IVat* < f 4l V11, 2.4)
R3 C2 ) JRr3 R3

and
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ie. v, € B, since u, € D.,. Then by Lemma 2.4 there exists a sequence {t,} C R* such that Vin € D.,
and [ (VZ’) = max,.o I (V!).

Furthermore, there exists C > 0 independent of n such that t, > C for all n € N*. Suppose not,
we assume that 1, — 0 as n — +oco. By the definition of {v,}, we see that {v,} is uniformly bounded
in H. Then we conclude from Lemma 2.5 that 0 < m,, < lim,, [ (vﬁ, ) — 0, which is impossible.
Therefore, by Lemma 2.5 and (2.4) one has

1
t t )’ 5 ®
me, < TV <T@ —({l=] = 1|t | |ul?
Ci R3

1
3
< max I (u) - [(2) ~1|£C
>0 C1

<1y - [(i—j) -1

1

1 3
Smcl+——[(2) -1
n C1

where Cy is a positive constant independent of n given in Lemma 2.5. Thus we get m., < m,,, which
implies that the proof is completed. O

l‘SCO

C°C,,

Lemma 2.7. For any ¢ > c., each minimizer of m, is a critical point of /() constrained on § ..

Proof. We define 5(0) :={u € S.| G(u) = 0}, and then we easily know that 5(c) = D(c). Suppose that
u € D, is a minimizer of m,, then u is also a minimizer of m.. Hence by standard arguments, there exist
A,0 € R such that I'(u) — Au — 6G’(u) = 0, namely that

—(1 = 20)aAu — (1 — 46)b ( f |Vu|2) Au— (1 = 56) uA (uz)
R3

—(1=50)|u|5u = Au.

(2.5)

Thus we need to prove that § = 0.
By contradiction, we suppose that 8 # 0. By (2.5), we know that u satisfies the following Pohozaev

identity
1—46 2
2+—b(f |Vu| ) + (1 —59)f |u| |Vu|
2 R3

—§Afu ——(1—59)f s =0
2 R3

Pu) = _ Zea

This together with (2.5) implies that

2
(1-20)a | |Vul +(1 —49)b( f |Vu|2) +5(1=56) f [ul*|Vul?
R3 R3 R3

15 16
— = (1-56 3 =
16( ) R3|u|3
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which means

2
G(u)—H[Zaf |Vu|2+4b(f |Vu|2) +25(f |u[* |Vl —if |u|136)l:0.
R3 R3 16

This equality combined with G(u) = 0 and 6 # 0 implies that fR3 |Vu|2 0, which contradicts Lemma
2.5. So 6 = 0, and then u is a critical point of I(u) constrained on S . O

Lemma 2.8. Suppose that {u,} C H is a bounded sequence of Schwartz Symmetric functions satisfying
u, — uin H, then

f [Vul> + 5 f |u|2|Vu|2S1iminf( f |Vu,|> + 5 f |un|2|Vun|2).
R3 R3 n—+0o R3 R3

Proof. The proof is similar to Lemma 4.3 in [15], so we omit it here. O

Proof of Theorem 1.2. Assume that {u,} C D, is a minimizing sequence of m,, it follows from
Lemma 2.5 that {u,} is uniformly bounded in H. To obtain a minimizer of m,, let {v,} be the sequence
of Schwartz symmetric functions for {u,}. Then by the Pdlya-Szegé inequality ( [15], Lemma 4.3), one

has
f Vval® < f Vi, f val® = f il f vl = f R
R3 R3 R3 R3 R3 R3 (26)
f Vvl + 5f Val? Vvl < f Vi |* + 5f Jual” [V |* .
R3 R3 R3 R3
By (2.6), we infer that the sequence {v,} is also uniformly bounded in H. And we obtain
G, <G(u, =0. 2.7)
Since {v,} is uniformly bounded, up to a subsequence, there exists v € H such that
v, = v, 1nH, 58
vo v, inLP(RY), Vpe(2,2-29). (2:8)
Moreover, by (2.6) and Lemma 2.5, one obtains
|v|?6 = lim |vn| % = lim f |u,1|1~Tﬁ > Cy >0, (2.9)
n—+oo n—+co Jp3
where Cy > 0 is a constant given in Lemma 2.5. (2.9) implies that v # 0. Setting 8 := ||v||>, then

B € (0,c]. By Lemma 2.8 and (2.7)—(2.9), we deduce
G() <liminf G (v,) <0,
n—+oo
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i.e. v € Bg. So it follows from Corollary 1 that 8 € (c,,c]. By Lemma 2.4, there exists a unique
t € (0, 1] such that v' € Dg. Then by Lemma 2.6 we have

mﬁSI(VI)ZI(V’)—%G(V’)—?ng|Vv| +— ( IVvl)

<liminf | = f| v,,|2+—(f |an|2)]
n—+oo R3
3

< liminf | = f Vut, |2 +— f Vi, [2
n—+oo 10 R3

= liminf |7 (u,) — gG (un))

n—+oo

= me < mg,

where the equality holds only for 8 = ¢ and ¢t = 1. Therefore, 8 = ¢ and I(v) = m,.. And then we get
a minimizer v € D, of m.. By Lemma 2.7, we know that v is a critical point of /(v) constrained on S .
Thus, there exists A. € R such that I’(v) — A.v = 0, namely that

A.¢2 = {I'(v),v)

=a f |Vv|2+b( f |Vv|2) f R A f .
R3 R3

This together with G(v) = 0 deduces that

15
A* < —f W3 —f W <0,
16 R3 R3

re. 4. <0.So0 (v,4.) € S, X R™ is a couple of solution to problem (1.6).
3. Proof of Theorems 1.4 and 1.5

In this section, we need some notations and useful preliminary results. For the sake of convenience,

we set
Au) = f Vul', Bu) = f Vul’, Cu) = f [ Va?,
R3 R3 ]R3

D(u)=f Jul?, 8(u)=f Jul”.
R3 R3

Correspondingly, setting u'(x) = t%u(tx) for ¢ > 0, by calculation we can easily get
AW’y = ' Aw), B') = £Bu), Cu') = rCu),
D'y = D(u), EW') = 27 DEw)

and
3(p-2)

Jop(t') = ':—:ﬂﬂ(u) + grzB(u) + §t4 (B (W) + £Cu) - Ew).
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Lemma 3.1. Assume that p € (%0, 6). Then for [ > 0, setting

C,:= {u eT,: f (1 ¥ |u|2) \Vul? = 1},
R3

there exists a [y > 0 sufficiently small such that for all / € (0, [] and all u > 0,
1 . (a |
INOEE mln{i, 1}1 >0 and Q) > 5 mina,5)1> 0
for all u € C;, where

d
Qﬂ,b(u) = d_t b (ut)

t=1

:%yﬂ(u) + aB) + b (B ) +5C0) — L=

2p

Eu).

Proof. When p € (13—0, 6), by the Gagliardo-Nirenberg inequality, there exists a L; = L;(p) > 0, such
that for all u € X

3(p-2) 6-p

4 4
|u|f’£L1( f |Vu|2) ( f |u|2)
R3 R3 R3

3(p-2) 6

<L (L}(l + [uf?) |Vu|2) 4 (fRS |u|2)2p.

Thus, when k € (0, k(p)), for a constant L, = L,(p) > 0 independent of £k > 0 and for all u € T}, we
obtain

3(p-2)

Jy,b(u)Zmin{g,l}‘L;(I+|u|2)|Vu|2—L2(L3(1+|u|2)|Vu|2) . G.1)

Note that @ >laspe (%), 6). Therefore, by (3.1), we infer that there exists [, > 0 small enough
such that for all [ € (0, [y]

1
o) > Emin{g, 1}1 >0, forall ueC.

Next, by the similar way, we get there exists a constant L3 = L3(p) > 0 such that for all u € T

3(p-2)
P

(1+ ) IVl - Ls ( f (1 + 1) |Vu|2) :

R3

O,p(u) > min {a, 5}f

R3

which means there exists [, > 0 small enough such that for all / € (0, /y]
1 .
O,p(u) > 3 min{a,5}1 >0, forall uec C,.
This proof is completed. O

AIMS Mathematics Volume 7, Issue 5, 8774-8801.



8787

Lemma 3.2. Assume that p € (13—0, 13—6) Then there exist ky € (0,k (p)) and o > 0 small enough such

that for any fixed k € [ko, o0) and u € (0, uo) the functional J,, has a mountain pass geometry on the
constraint T}, that is, there exist (ug, ;) € Ty X Ty both Schwarz symmetric, such that

Mua(K) = inf max J,(8()) > max {Jp (o) , Jup (1)}

where
[ ={g € C([0,11,Ty) : g(0) = uo, g(1) = u,}.

Proof. Firstly, to choose uy, € T, we consider, for any arbitrary Schwartz symmetric function, the
scaling
Vi(x) == 6°"2v(6x), YO > 0,

which deduces that

VT, ¥9>0, limJ,,(¥)=0 and lim ) (1 ; |v9|2) V[ = 0.

6—0

Hence setting u, = v for a fixed 6, > 0 sufficiently small, we get

1
Jup (ug) < — mln{ }lo and f (1 + |u0|2) Vuol* < lo.
4 R3

Secondly, to choose u; we distinguish the cases k > k(p) and k < k(p).

Case 1: When k > k(p), we follow from Lemma 1.3-(3) that J,, has a global minimizer u; € H' (R3)
satisfying J, (uy) = my < 0. Without restriction we can assume that u; is Schwarz symmetric. And
then combining Lemma 4.6 in [15] and Lemma 5.10 in [17], we see that u; € X has an exponential
decrease at infinity. Thus setting u; = u; and taking /, > O smaller if necessary, we infer that

Jy () <0 and f (1+ s ) IV > Iy,
R3
where the value [, > 0 is defined in Lemma 3.1. Now taking yy > 0 small enough, by continuity we
get J,p, (uy) < O for all u € (0, uo).
Case 2: When k < k(p), we know that for k = k(p) J;, has a global minimizer uy,, which is Schwarz
symmetric and satisfies Jj (uk(p)) = 0. We set

ll = f (1 + |Mk(p)|2) |Vl/tk(p)|2 .
R3

Restricting [y > 0 in Lemma 3.1 if necessary we can assume that 2/, < /;. By continuity there exists a
to < 1 such that for any 7 € (), 1)

1
Jh ( \/El/tk(p)) < 5 min {g, 1} l()
and

f (1+|‘/_Mk<p>| )‘V ‘/_uk(p)‘ > 5
RN

where Viu(p) € T, with k = tk(p). Now we set ky = tok(p), and then for each k € (ko, k(p)) and
t € (ty, 1), we can choose u; = \/fuk(p) such that u; € T. Finally taking uo > 0 small enough we have
by continuity that J,;, () < 5 mm {“ 1} ly for all u € (0, up). O
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Lemma 3.3. Assume that p € (?, %) For any fixed k, u > 0, if there exists a sequence {u,} C T such

that {J,.;, (u,)} C R is bounded, then {x,} is bounded in X.

Proof. By the Gagliardo-Nirenberg-Sobolev inequality, for any u € X there holds

3(s-2)

12-5 10
fg lul* < Cllull,” (f% IMIZIVMIQ) ; (3.2)
R’ R’

where s € (2,12) and C > 0 is a constant independent of u. Thus we have

T () =5 [V, [} + min5, 1) f (1 + ) 1V,
’ 4 2 R3
3p-2) 3.3)

~c[ [ (e upymat)

When p € (m E), we get 322 ~ 1. Then by (3.3) and the boundedness of {Jy,b (u,,)}, we infer that

3073 10
{fR3 (1 + |un|2) |Vun|2} and {||Vun||3} are bounded for fixed u > 0. Moreover, due to (3.2), we obtain
{lluall3) is also bounded. Thus {u,} is bounded in X . O

Next, we shall prove that 7, (k) is indeed a critical value for J,;, restricted on T}. To this end, we
first show that there exists a bounded Palais-Smale sequence at the mountain pass level 7,,(k). To
find such a Palais-Smale sequence, we adopt the approach developed by Jeanjean [32], already applied
in [33]. Set .

Mup(k) = inf max J,.(8(1)),

gely V1=
where N
[ :={g € C([0,1], Ty X R) : g(0) = (uo,0),g(1) = (u1,0)}

and

Jup : Tk XR > R, (u,0) — Jyup (k (1, 0))
for x (u, 0) := e2’u (eax). Clearly, for any g € T, we have g := (g,0) € I',. Based on this fact, we get
that the maps
0T —>Th g @)= (g0 andy : Ty = Th, T Y(@) :=kog

satisfy _ .
J,u,b(‘p(g)) = Jp,b(g) and Jy,b(‘/’@) = J,u,b@a

which means 7, ,(k) = 1,,5(k).

The lemma below has been established by the Ekeland variational principle ( [32], Lemma 2.3).
Hereinafter we denote by ‘W the set X X R equipped with the norm || - ||, = || - ||} + | - |3 and denote by
W its dual space.

Lemma 3.4. Let £ > 0. Suppose that g, € T, satisfies

max Jup (8o(1) < (k) + &.
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Theg there exists a pair of (g, 6y) € T X R such that:
(1) Ty (119, 6) € [T () = &, Tup(K) + ]
(2) min [IGuo, 6) = Zo(Olly < V&

(3) H(If"b|an)/ (uo, QO)H’W* < 2 /e, namely that

(T, w0.00).2), .. | <2 Vel
holds for all z € T, 6, = {(z1,22) € W, (ug, 21 )12 = 0} .
Lemma 3.5. Assume that p € (13—0, 13—6) . Then for any fixed k € [ko, o), where kg is given in Lemma 3.2,

there exist a sequence {v,} C T, and a sequence {£,} C X of Schwarz symmetric functions satisfying

J,u,b (Vn) - nﬂb(k) > O»
7], @)l = 0.
Qi () = 0,

Ve = &ally — 0O,

(3.4)

as n — oo, where X* denotes the dual space of X.
Proof. By the definition of 7,,,(k), we see that for each n € N*, there exists g, € I'; such that
Jup (ga(0) < k 1
max Jy., (8a(1)) < Mup(k) + e

Denote by g, the Schwarz symmetrization of g, € I'x. Then by the Pélya-Szegd inequality [[Vu*||] <
IVull?,¥q € [1, o), and using Lemma 4.3 in [15], one has

max Jj, (g,(0) < max J,.» (gn(1)).

Since 7,,5(k) = n,5(k) and g, = (g;,,0) € T, we deduce

— _ 1
max Jup (8n(1) < up(k) + o

Thus relying on Lemma 3.4, we obtain a sequence {(uy, 6,)} € T X R such that
(1) Jup (un, 6,) € [ny,h(k) - %, (k) + %]’

(1,0,) = (53(0.0)], < /%
i) [[(Tushys) o0, < 2L e

(T w6, 2),, | <2 \/gllzllw

holds for all z € T’(unﬂn) = {(z1,22) € W, <up, z1)12 = 0}.
We claim that for each n € N7, there exists 7, € [0, 1] such that v, = «(u,,6,) and &, = g (t,)
satisfy (3.4). Firstly, depending on (i), we deduce that J,,; (v,) — 1,(k) as n — oo, since J,,;, (v,) =

ii) min |
( )Oﬁtsl
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Jup (k (U, 6,)) = J~u,b (44, 6,) . Furthermore, by Lemma 3.1, we get 1,,(k) > 0. Secondly, for any
(¢, r) € W, notice that

<j;’b(u, 0), (¢, r)>w w

*X
7
:—,urewf |Vu|4+ue79f |Vu|2VuV¢+arezgf |Vu|2+ae20f VuVg
4 R3 R3 R3 R3
2
+bre49( f |Vu|2) +be49( f |Vu|2) f VuVe + 5re® f >Vl
R3 R3 R3 R3

3(p-2) 30
+26% | [VuPug + 265 f WPvave — 2P =2 22 [
R3 R3 2p R3
—eT f ul”*ug,
R3
then we deduce
7 3(p-2
O (Vn) = Z,uﬂ(vn) +aBv,) + b(BWv,) +5C(v,) - @ )S(Vn)

7 2

4/16 |Vu,,| + ae® f \Vu,|* + e ( f |Vun|)
2 3

- 56 f el

= < wh (I/tn, Qn)a(o’ 1)>W W

Hence, by (iii), we easily obtain Q,,;, (v,) — 0 as n — oo for (0,1) € T(Mmgn).
Thirdly, we will prove that
|75, )

as n — oo. We claim that for n € N sufficiently large,

-0
X*

(0. 0), | < —=llf Yo e,

\/_

where T, = {w € X, (v,,w);> =0}. To this end, for w € T, , setting w = «(w,—6,), by simple
calculation we get

(Irp ), 0) = (T, . 0,),(@,0)

WixW

Since fR3 Uy = fR3 vuw, we get (@,0) € Ty, o) © w € T, . Moreover, by (ii), one has

6a] = 16, = O] < min [|(u,. 6,) = (g, (3.5)

1
1,0 < —.
And by simple calculations, we can easily get
1@, 0)II3, = llwlix < 4llwllx,
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which together with (iii) implies that

(0 0Ny = (T ). @O, < 1@, 0

X*xX
(3.6)

2
< —llwll-
n

Thus by (3.6) we deduce

[
as n — oo.
In the end, for each n € N*, it follows from (ii) that there exists #, € [0,1] such that
[|ttn- 62) = (€32), 0)||,,,, — O. This implies that

(0.0}, < 5 =0

)

= sup
weTy, Jlwllx<1

Uy, — g;(tn) X -
Thus from (3.5) and
v = &ally = ||k (s 02) = 5,080 Uy — gt

we conclude that ||v, — &,|ly — 0 as n — oo. This proof is completed. O

< ”K (un, Gn) - un”X +

Next, we will show the compactness of the Palais-Smale sequence {v,} obtained in Lemma 3.5. To

this aim, we need to first give two useful lemmas.
Lemma 3.6. Let p € (13—0 13—6) AeR. Ifve H(R3) is a weak solution of equation (1.1), then Q,(v) =0
where Q,(v) = Qﬂ»b(v)L:O' Moreover, if 4 > 0, one has v = 0.

Proof. If v € H (R3) is a weak solution of problem (1.1), then v satisfies the following Pohozaev

identity
b
ng3 IV + 3 (f Vvl ) f WPV - f P == IVI

Multiplying (1.1) by v and integrating on R?, we derive the following 1dent1ty

2
a f |vv|2+b( f |Vv|2) +4 f V[ [Vv]> - f [P = A f [v[?.
R3 R3 R3 R3 R3

Hence one has immediately

? 3(p-2)
0,(v) = a f |Vv|2+b( f |Vv|2) +5 f WPV = 222 f WP =0
R3 R3 R3 2P R3

Also with simple calculations, we get

2 3(p—2)
OSaf |Vv|2+b(f |Vv|2) +4f WRIVVE < p—/zf e
R3 R3 R3 p—06 R3

Based on the above facts, we can easily get the following two conclusions:
(1) If A > 0, we get v = 0 immediately;
(2) If A =0, we have B(v) = 0 and C(v) = 0. Then by Q,(v) = 0, we infer v = 0. O
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Lemma 3.7. ( [34], Lemma 3) Let F be a C! functional on X. Then if {x,} C T} is bounded in X, we
obtain
F'ly, (x,) = 0in X* (R*) &= F' (x,) = (F' (x,) , %,) x, = 0 in X" (R?)

as n — oo,

—

Proposition 1. Assume that p € (<, 13—6) Let {v,} c Ty be the Palais-Smale sequence as obtained in
Lemma 3.5. Then there exist v, € X\{0} and 4, € R such that, passing to a subsequence,

Dv, —=v,>0,in X;

2) J/;’b (Vp) = v, = 0, in X3

3) 7, (V) = Ay = 0, in X*.

Moreover, if 4, < 0, we get

10
3

lim

n—oo

va =y = 0. (3.7)

Proof. By Lemma 3.3 we see that {v,} is bounded in X. This implies the boundedness of the Schwarz
symmetric sequences {£,} obtained in Lemma 3.5. Thus by Proposition 1.7.1 in [35], we conclude that
passing to a subsequence, there exists v, € X, which is non-negative and Schwarz symmetric, such that

& — v, 20, inX;

& = v, in L7(RY), Vg € (2,27).
By interpolation, we obtain
& = v in L7(RY), Vg € (2,2-2).
En — Wy
Vi = v in L1 (RY), Vg € (2,2-27). (3.8)

Since

Vy — vy”q < vy = &ll, + |q, one has

At this moment we firstly show that v, # 0. By contradiction, assume that v, = 0. Then by (3.8) we
get [[v,l, — 0, and using Q,;, (v,) — 0 we deduce that

Aw,) =0, By, »0andC(v,) — O.

This leads to J,,; (v,) — 0, which contradicts the fact that J,, (v,) — n,,(k) > 0. Thus Point 1) is
established.

Since {v,} C X is bounded, by Lemma 3.7 we obtain
Iroly ) = 0in X &= J7 () = (U7, (), va) v = 0in X,
Thus for any w € X,
(7 0 = (T 00) ) Vs @)

= u |Vv,,|2Vv,,Vw+(a+b f |Vv,,|2) f v, Vo
R3 R3 R3

+2 f (v [VVal? + Wal? V0, Ve0) = | Wl vy
R3

R3
-4, v, — 0,
R3
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where

A= — [u A ) + aB () + BB 1) +4C () - E ).

- 2
lIvall2

So <J,’l ), vn> - A, ||vn||§ — 0. Furthermore, we easily obtain {4,} is bounded since <J;4 ), v,,> is
bounded. Thus there exists 4, € R, such that up to a subsequence, 4, — A,,. This and (3.9) imply Point
2).

To prove Point 3), we follow from Point 2) that it is enough to show that for any w € X,

(T 0n) = v ) = (T, (V) = A ) (3.10)

VW,V — Vv, Vw,
R3 RN
-2
p-2 14
f Vol vyw — f |vﬂ| VW,

R3 R3

f Vaw — f V.
R3 R3

Since v, — v, in X, then we obtain

Notice that
<J/Z,b (Vn) - /l;ivna U~)>

=pu IVv,|> Vv, Vo + (a + bf Ianlz)f VW,V - 4, f V0
R3 R3 R3 R3

+2 f (v (Vv + Wal? Vv, V) = | Wl vy,
R3 R3
so we only need to prove that
f Vvl Vv, Vo — f Vv Vv, Vo (3.11)
R3 R3
f (vnw Vv, + [v,? anVw) - f (v#a) |Vvﬂ|2 + |v,1|2 VvﬂVa)). (3.12)
R3 R3

We easily obtain {|Vv,,|2 an} is bounded in L*3 (R3) since {Vv,} is bounded in L* (R3). Thus
Vv, > Vv, — |Vv#|2 Vv, in L*? (R3), and then we get (3.11) by weak convergence for any
Vow e L* (R3). Similarly, by the Young inequality, one has

(Wl 19P)" <

4/3
2 2 4 1 4
(Ival 1991) " < 2pval* + L Vvl

1 4 2 4
3 |vn| + 3 |an| )

These yield that both {|v,|[Vv, [} and {jv,|Vv,|} are bounded in L*? (R?), since {v,} is bounded in X.
Thus (3.12) holds by a similar argument. At this point, (3.10) holds and we have proved Point 3).
Finally, we follow from Points 2) and 3) that

<J;1,b (V) = AV, vn> — <J;4,b (Vu) — AVys vﬂ> =0.
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Using (3.8) we obtain that

4 2 4 2 2 2
pAIVVally + allVvally + £ 1IVvally = A llvall; + 4f Val™ Vvl
R3

Su [Vl + @ [Tl + Bl = A ol + 4 fR Il owf

If A, < 0, this together with v, — v, in X implies that (3.7) holds. This proof is completed. i
Corollary 2. Assume that p € (%), 1?6) Then for any k € [kg, o0), where kj is given in Lemma 3.2,
there exists uo > 0 such that for each u € (0, o), the functional J,,;, has a critical point v,, which is

Schwarz symmetric and satisfies J,, (v#) < n.p(k) on T with 0 < k < k, i.e., there exists 4, € R such
that J,L’z,b (vﬂ) — A,v, = 0. Moreover, if 4, < 0, then one has J,,, (v#) = Nup(k).

Proof. It follows directly from Lemma 3.5 and Proposition 1. O

Finally, the proof of Theorems 1.4 and 1.5 is based on the following convergence result for the
perturbation functional J, .

Proposition 2. For any fixed k > 0, let ,, — 0 as m — oo. Assume that {w,,} C T}, is a sequence of
Schwarz symmetric functions and {4,,} C R, and they satisfy

0< 8o <kn<k |Jyown)|<CandJ, ,(Wy)=duwy =0,

where 6, > 0, C > 0 are independent of m € N. Then there exist w; € H' (R3) N L (R3) \{0} and
Ar € R such that passing to a subsequence, we get

Ay — A, InR,
, (3.13)
as m — oo. Moreover, if 4; < 0, then
Wy, — Wy, In H' (R3) ,
W VWi = wiVwy, in L2 (R?), (3.14)

i [V Wil = 0,

as m — oo. Thus wy is a critical point of J, on Ey for &’ = lim k,,.

Proof. First, since 0 < 6y < k,, < k, |Jﬂm,b (wm)| < C and J;;m,b (wy) — A,w,,, = 0, it follows from the

proof of Lemma 3.3 and Proposition 1 that { fR3 |Vwm|2}, { fR3 IWl? |Vwm|2} and {A,,} are all bounded.
Therefore, passing to a subsequence, 4,, — A; € R, and noting that {w,,} C T} is Schwarz symmetric,
by reusing Proposition 1.7.1 in [35], we deduce, up to a subsequence, that

Wy — Wy, 1N H' (R3) ,
Wi = Wi, in L (R*), Vg € (2,227,

(3.15)
W VW,, = wiVwy, in L? (R3) ,

W, — Wy, a.e. in R>,

AIMS Mathematics Volume 7, Issue 5, 8774-8801.



8795

for some w;, € X. Since {w,,} satisfies J;/zm,b wp) — A4, w,, = 0, one has

. f IVW,l* Vw,, Vo + a f Vmeq>+b( f |Vwm|2) f YW,V
R3 R3 R R3

+ 2f (wm¢ (VW,ul> + Wl VmeqS) - Amf Wt = f w72 Wi
“ R’ R3

w

v

(3.16)

for any ¢ € X. Then by the Sobolev inequality and the Moser iteration, referring to Theorem 3.1

in [25], we can get
||Wm||L°°(R3) < C and ”Wk”L""(R3) <C.

Now we prove that wy, satisfies that
(T}, (i) = Lwe @) = 0, Vo € H' (R*) N L (R?).
In (3.16), choosing ¢ = ¥ exp (—Lw,,) with y € C (R3), Y > 0and L > 0. Then one has
0 =i, fR % IVW,ul* YW, (Vi exp (—Lwy,) — Ly exp (—Lw,,) Vw,,)
+ (a +b 5 |Vwm|2) fR 3 VYW, (Vi exp (—Lw,,) — Ly exp (=Lw,,) Yw,,)
+2 fR 3 Wol® VW, (Vi exp (=Lw,,) — Ly exp (=Lw,,) Vw,,)
+2 fR} Wl €xp (=Lw,,) [Vwl* = A, ng W exp (—Lw,,)
- [Wol? 2 Wt €Xp (—=Lw,,) .

R3

This together with u, L [, ¢ exp (—~Lw,,) [Vw,[* = 0 implies that

0 <, f IVWil> V0, Vi exp (—Lw,,)
R3

+(a+b f |Vwm|2) f Vw,, Vg exp (—Lw,,)
R3 R3

+2 | wul* YW,V exp (=Lw,,)
R3

- f IVW,l* & exp (=Lw,,) [L (a +b f IVw,|* + 2w§1) — 2wm]
R3 R3
- /lm f Wmlr// eXp (_me) - f |"Vm|p_2 Wmlyb eXp (_me) .
R3 R3

Taking L > 1 such that La > 1, we get

f VW, — Vwel* ¥ exp (—Lw,,) [L (a +b f IVw,l* + 2w3n) - 2w, | >0,
R3 R3

(3.17)
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which means
fR3 |Vwm|2 yexp (—Lw,,) [L (a +b 11; |Vwm|2 + 2w,2n) - 2wm]
> fR 3 (2Vw, Vwi — [Vwi?) i exp (=Lw,) [L (a +b fR 3 IVl + 2w§1) - 2wm]
- fR 3 IVwil* & exp (—Lwy) [L (a +b fR 3 IVwel* + 2w§) -~ 2wk] .

Because ,, — 0 and [|wy |l «(zs) < C, (3.15) implies

o f VW VotV exp (—Liw) — 0
R3

as m — oo. By the weak convergence of w,,, Holder inequality and Lebesgue’s dominated convergence
theorem, we deduce

af Vme1,//eXp(—me)—>af Vw Viyexp (—=Lwy) ,
R3 R3
b f Vol f ViV exp (~Lwn) = b [ [Vl f ViV exp (~Lwy)
]R3 R3 R3 R3
f Wol® VW, Vi exp (~Lw,,) — f [wil> Vwi Vi exp (~Lwy)
R3 R3
f Wiy exp (—Lw,,) — f wirexp (—Lwy)
R3 R3

and

f 3 Wonl” ™2 Wt €xp (—Lw,) — f 3 Wil iy exp (—Lwy) .
R R

Hence, by (3.17), we get
(a + bf IVwklz) f VwiV (¥ exp (—Lwy))
R3 R3
+2 f |wk|2 VwiV (Y exp (—Lwy)) + 2 f wyi (¥ exp (—Lwy)) |Vwk|2 (3.18)
R3 R3

~ [ mwexpLw) = [ bl @ exp (-Lw) > 0.
R3 R3
Letp € Cp (R3) satisfy ¢ > 0. Choose a sequence of non-negative functions ¢, € Cy (R3) such that

W — @exp (Lwy) in H! (R3) W — @exp (Lwy) a.e. in R?, and y,, is uniformly bounded in L* (R3).
Taking ¢ = ¢, in (3.18) and letting m — co, we get

(a+b f |Vwk|2) f Vi Ve + 2 f wil2 ViV
R3 R3 R3
+2f Wk90|VWk|2—/1kf Wk(P_f Wil” wip > 0.
R3 R3 R3
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The opposite inequality can be obtained in a similar way. Therefore, for any ¢ € C’ (R3), we have

(a+b |Vwk|2) f VwiVe + 2 f Iwil> Vw Voo
R3 R3 R3

+ Zf Wi |VWk|2 — /lkf Wi — f |Wk|p_2 Wi = 0.
R3 R3 R3
This proves (3.13).

Now by approximation again, we follow from (3.19) that

2
af |VWk|2+b(f |VWk|2) +4f Iwil? |VWk|2—/1kf il
R3 R3 R3 R3 (3'20)

- f wil” =0
R3
Taking ¢ = w,, in (3.16), then we have

2
Mmf IVw,l* +af VWl +b(f IVwmI)
+4f |Wm| |Vwm| - flwm| —f |Wm|p

2
Hin f IVw,l* + a f IVwm|2+b( f IVwmlz)
R’ R} R (3.21)

+4 |Wm|2 |VWm|2 - /lkf |Wm|2 = f |Wm|p + 0(1)’
R3 R3 R3

since A,, = A and limy, oo [o; Wul> = k' > 8o > 0. Thus, if 4 < 0, depending on [, wul” — [, [wil”
in (3.15), we conclude from (3.15), (3.20) and (3.21) that

4 2 2
o f Vwal* = 0, f VWl — f Vil
R3 R3 R3
2 2 2 2 2 2
flwml VW —>f IWel” [Vwil f Wil —>f Wil
R3 R3 R3 R3

as m — co. Since [[wll s (zs) < C, by (3.13) we get that wy € H' (R3) NnL» (R3) \{0} is a critical point
of J, on E}.. The proof is completed. O

(3.19)

and then

At this point, we can prove our last two main results.
Proof of Theorem 1.4. First, we need to show that J,,; (vﬂ) < C. By the definition of 7, (v,) and
Corollary 2, we get

0 < Jup (Vi) < 1usk) < (k). (3.22)

where 7, ,(k) is independent of u > 0. Next, fix kK > 0 and take 1, — 0. By Corollary 2 there exist a
sequence of Schwarz symmetric functions w,, on T} and 4,, € R such that 0 < k,, < k,J,,, , (W) <
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Muop(K) and J'. (W) = 4w, = 0. Then we get

2
|Vwm|4+af |Vwm|2+b(f |Vwm|)
R R} (3.23)
+ 4f |"Vm|2 |V"Vm|2 - f |Wm|p f |Wm|
R3 R3

And {(w,,, 4,,)} satisfies the following Pohozaev identity

i, b 2
% f |Vwm|“+g Vil + 6( f |Vwm|)
: (3.24)

Am
|Wm| |VWm| __f |Wm|p_ f' ml
R?

Thus, combing (3.23) and (3.24), we get O, » (W) =0
We claim that k,, > 6, for some ¢y > 0. In fact if k,, — 0, then by (3.2) we infer w,, — 0 in L” (R3).

This fact together with Q,, , (w,,) = 0 means that fR3 (1 + w;) IVwml2 — 0. Then by Lemma 3.1, we
easily obtain a contradiction, namely that the claim is proved.

Now applying Proposition 2 to {w,,}, we conclude that there exist 44 € R and w; # O such that
Wy, — Wy in L? (R3) ,liminf,, e ||wm||2 > ||wk||2 and J; (w) — 4wy = 0. Furthermore, by Lemma 3.6,
we infer that 4; < 0. Going back we may say that A; < O for m large (or y,, small). Then by Corollary
2 we get k,, = k, w,, € Ey and J,,, , W) = 1, 5(k) for all m large. Using Proposition 2 again we get
wy € Ey 1s a critical point of J, on E;. The proof of Theorem 1.4 is completed.

Proof of Theorem 1.5. For any b > 0, we follow from Proposition 1 that J,; has a couple of
critical point (v, 4,) € T} X R. Furthermore, similar to the proof of Lemma 3.6, we get 4, < 0.

We claim that for any sequence {b,,} satisfying b,, — 0% as m — +oo, {v;, } is bounded in T}. For
b > 0 small, one has

Nubn (k) = = inf it max J b, (8(1))

<
;grf max Ju1(g(0)

< +4o00.

Notice that {(vy,,45,)} € Tx X R™ is a sequence of critical point of J,, with b = b,,, then similar to
(3.23) and (3.24), we get Q,,,, (vp,) = 0. This fact implies that

2
Juiom Vo) = 30 Qp b (Vi)

B Bp-20)u Bp—10)a
= T20p-2) Avy,,) + —6( D) B(vy,,)

Bp —14)b,, - 16
T( (v,)) + 3= 2)C(me)

= nu,bm (k)

So {AWy,)},{B(vs,)} and {C(vp, )} are all bounded in R, namely that {v,, } is bounded in X.

m

By the boundedness of {v;, } in X, we can easily deduce that {4,, } is bounded in R. Then there exist
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a subsequence of {b,,}, still denoted by {b,,}, and 1y < O such that 1;, — Ay and

Vb, — Vo in If1 (R3) ,
v, = vy inLP(R?), Vg€ (2,2-2Y),
vy, — Vo a.€. inR3,

as m — +oo. This together with (3.11) and (3.12) implies that (vy, 4p) is a couple of critical point of
J,.0, namely that

.Uf |VV0|4+le |VV0|2+4f |Vo|2|VVo|2—f |Vo|p=/10f |V0|2-
R3 R3 R3 R3 R3

We claim that 4y < 0. By contradiction, if 1y = 0, referring to Lemma 3.6, we get vy = 0, which
means v, — 0 in L? (R3). And depending on Q,, (vs,) = 0, we infer that [, (1 + vim) |Vv,,m|2 -0,
which means that we get a contradiction due to Lemma 3.1. Therefore, we know that (vy, 4g) € Ty X R~
is a couple of critical point of J, .

Next, similar to (3.22), we can get 0 < J,, o (vo) < 1,0(k) < 110(k). Thus, referring to the proof of
Theorem 1.4, we get (v, 4p) € Ex X R™ is a couple of weak solution to the following equation

—alAv — vA (vz) — v =P %, inR.
This proof is ended.

4. Conclusions

In this work, we have achieved two main results. On the one hand, when p = 13—6, we prove that

problem (1.6) has at least one normalized solution on D, by making use of constrained minimization

method. On the other hand, when p € (]3—0, 13—6), we prove the existence and asymptotic behavior of

normalized solutions for equation (1.1) by using the perturbation method. Therefore, to some extent,
we have improved and extended the results of the existing literature.
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