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Abstract: As a continuation to our results in [1], we study the dual ruled surface defined on the set
of dual numbers. The idea of the dual part are defined similar to quaternion space. The dual part of
this represents a ruled dual submanifold. The geometric properties of their dual parts are investigated.
Some examples are given and plotted.
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1. Introduction

Dual numbers were introduced in the 19th century by Clifford, and their applications to rigid body
kinematics were subsequently generalized by Kafelnikov and study in their principle of transference.
The principle of transference, states that if dual numbers replace real ones (see [2,3]); then all
relations of vector algebra for intersecting lines are also valid for skew lines. In practice, this means
that all rules of vector algebra for the kinematics of a rigid body with a fixed point (spherical
kinematics) also hold for motor algebra of a free rigid body (spatial kinematics). As a result, a general
rigid body motion can be described by only three dual equations rather than six real ones. For several
decades there were attempts to apply dual numbers to rigid body dynamics. Investigators showed that
the momentum of a rigid body can be described as a motor that obeys the motor transformation rule,
hence, its derivative with respect to time yields the dual force. However, in those investigations, while
going from the velocity motor to the momentum motor, there was always a need to expand the
equation to six dimensions and to treat the velocity motor as two separated real vectors. This process
actually diminishes one of the main advantages of dual numbers-namely, compactness of
representation. Screws in the space can be represented by dual vectors at the origin. The components
of a dual vector consisting of a line vector at the origin and the perpendicular moment vector for the
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line vector in the space are equal to Plucker’s line coordinates. Furthermore, the space of lines could
be represented by points on the unit sphere and points in the tangential planes that affiliated to each
point on the sphere (see [1,4]).

1.1. Dual numbers
A dual number X is defined as an ordered pair of real numbers (x, x*) expressed formally as (see [5]):
X =x+ex, (1.1)

where x is referred to the real part and x* to the dual part. The symbol € is a multiplier which has the
property £ = 0. The algebra of dual numbers results from (1.1). Two dual numbers are equal if and
only if their real and dual parts are equal, respectively. As in the case of complex numbers, addition of
two dual numbers is defined as (see [4,5])

(x+ex)+(y+ey)=(x+y) +ex +y). (1.2)
Multiplication of two dual numbers result in (see [6]):
(x+ex")(y+ey) =xy+e(x’y+ xy"). (1.3)

Division of dual numbers );‘ is defined as (see [1]):

X ox X xy
S-lha= -2 y#0 (1.4)
STy Ty oy

Note that the division is possible and unambiguous only if y # 0.

1.2. Dual function

Dual function of dual number presents a mapping of a space of dual numbers on itself, namely
(see [3,6,7)).

F® = f(0) +&f*(x, 5 (1.5)

where X = x + &x* is a dual variable, f and f*are two, generally different, f* is a function of two
variables. The dual function (1.5) is said to be analytic if it satisfies the following:

ftex)=fref = f)+e@f )+ fx), =L (1.6)

where f(x) is an arbitrary function of a real part of a dual variable. The analytic condition for dual
function is (see [1]):

oy _of (1.7)
ox*  Ox
The derivative of such a dual function with respect to a dual variable is
i) _or | O (1.8)

dx ox* 0x
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Taking into account (1.7) we have:

df® _of 3 _
dx ox 0x

() + &(x* f(x) + f/(x)). (1.9)

If a function f(x) has the derivative f’(x), its value for the dual argument X = x + £ x* is denoted by
f@) or f(x). Using the formal Taylor expansion of the function f(x) with the property 2 = 0; we have
(see [6,8]).

F(x) = f(x + &x’) = f(x) + ex* f(x). (1.10)

1.3. Dual space

The set
D’ =DxDxD={x:X= (x| +&x}, x, + £x}, X3 + £X})
= (X1, X2, X3) + &(x], X5, x5) = x + &x*, x, X' € R?},

is a module on the ring D and is called the dual space (vector space defined on the field of dual
numbers). For any X = x + s)_c*,y =y+ey € D3, the scalar or inner product and the vector product
<Xy>, XAy of x and y are defined respectively by (see [9,10]):

<XY>=<x,y>+e(< x5,y >+ <x",y>), (1.11)

—

XAY = (X2 y3 = X323 Y1 = X1 Y3, X1 Y2 = X2 Y1), (1.12)

where X = (x; + &x7), y= (y; +&y)) € D, 1 <i <3.
If x # 0, the norm|| X || is defined by (see [11,12])

= [ == <xX >
Il x |l= <@z>#un+&7ﬁm—. (1.13)

A dual vector X = x + &x” is a dual unit vector which satisfies the following < x, x* >= 0 and < x, x >=
1. Then, we have that < X, x >= 1, also a dual vector x with the unit norm is called a dual unit vector
The subset S? = (X = x +&x* ;|| X ||I= (1,0); x, x* € R3} c D? is called the dual unit sphere with the
center O in D?.

1.4. Dual space curve

If every x;(u) and x:(u), 1 < i < nand u € R", are differentiable dual valued functions, the dual
vector field x(u) is defined as the following:

35;:\14 CR"— D" (see[11]),
x(u) = x(u) + ex*(u).

Dual space curve is a dual vector field of one variable defined as the following:
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x:IcR - D3
where .
u — x(u) = (x(u) + exj(u), x2(u) + ex;3(u), x3(u) + £x3(u))
= x+ex' €D’
is differentiable. The real part x(u) is called the indicatrix of the space curve x(«). The dual arc length
of the curve x{u) from u, to u is defined as (see [2,12])

u u u
[ 1@ ldu= [ 1) lldu+ ef <T,(x'@)Y > du=s + s’

U U up

where 7 is a unit tangent vector of x(x). From now on, we will take the arc length s of x(«) as the
parameter instead of u.

2. Dual ruled surface

A dual ruled surface results from the motion of line in the dual space D?, similarly to the way a dual
curve represents the motion of a dual point.A dual ruled surface is a surface swept out by a dual straight
line L with moving direction w(u') along a dual curve @. Such a surface always has a parameterization
in the ruled form (see [11,13,14])

R, 12) =a@) + w?w(ul), uleTcD, 2eD 2.1)

—~ -

where, u' = u' + eu*!, W = u® + eu*?, a(ljt\]) = a/(LTI) + ea*(ul), W(L’ﬁ) = W(ljt\l) + sw*(;ﬁ).

The dual ruled surface generated by the family {b\’(ljt\l ), 'vF(;I )}, where 6?(;{\1 ) is a dual directrix of the
dual surface and W(zﬁ) is the unit dual generator.

Using the formally Taylor expansion and the derivative of a dual function , we can write Eq (2.1) in
the dual representation vector as (see [2]),

R',12) = R, u?) + eR* (", u™”) (2.2)
where
o R, u?) = au') + wPwu') (2.3)
o RW, W) = o () + u o W) + uPwh) + Pt + ww wh)) 2.4)
where ' = ﬁ and R* = R*(u', u?, wl,u?)is a regular vector function in four variables u', Wt ut!

This function can be written in the ruled form (see [5]),

R*W", u”) = o ") + w' ") + u*wu') + Pw*(u")

Iy = o' (u') + wu). (2.5)

From Eqgs (2.3)—(2.5) one can see the following:
Theorem 1. (see [5,12]) For any ruled surface defined in the dual space through the vector field
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ﬁ(b?ﬁ),there are a real ruled surface R(u',u?) and 2-parametric family of ruled surfaces given by
R*(u",u*”).

The 2-parametric family of ruled surface is defined through the function R*(#",u*”) and this
function depends on 4 independent parameters u”, u*”, thus we have:
Corollary 1. (see [5]) The vector valued function R*(u7,u*”) characterizes the space of lines
(4-dimensional Grassmann manifold) or line space attached to the dual ruled surface.

—

e I. 1ie

Assume that the dual ruledAsurface is a non cylindrical with IW(LTI)l = 1, u
<w@h),w@')>=0forallu! €1. _ _
_First we construct a parameterized dual curve B') lies on the trace of R; such that

< B @), w@)>=0,u' €lthatis
B = T + 1@ W), (2.6)

Using the formally Taylor expansion and the derivative of a dual function, Eq (2.6) can be written in
the dual representation vector as the following (see [2,5]):

B = B’y + B, u™"), 2.7)
where

Bu') = a(u) + " w"),

(2.8)
B ut) = (') + u' o’ uh) + i)t (uh) + uttw @) + w) e )+ u i wh)
for some dual valued function 2 = I/’tEG/t\l). .
Assuming the existence of such dual curve 8, one obtains
By =@ +1 W+ ubw. 2.9)
Taylor expansion and the derivative of a dual function gives
B @) =B ")+ 8B "), (2.10)
where
B W) =a +u® uHw + u>uHw’,
rr 1wl % 1 1 271 * sl 7 27% 1 =1 2/ (211)
B, u)y=a +u"d" +ur ()W +u"w)+wu u)+uu)
+2 W + utw”) +w @ W) + utu?).
Since < w(u!), W' (') >= 0, we have
p=_ W (2.12)
<w,w >

Equation (2.12) can be written in the dual representation vector by using Taylor expansion as the
following

w2 =t (') + su® () (2.13)
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where
201y — _ <a’@hHw @h)>
u (I/t ) - <W’(u1),w’(ul)>’
(2.14)
Ltz*(l/tl) _ < wrrutwss<w o vl > <ol wis<w’ wt vt >
- W w> <w’ w'>2

Thus, if we define E(Jl) by Eqgs (2.4) and (2.12),we obtain the required dual curve, which is called the
dual line of striction and its points are called the central points of the dual ruled surface. Thus the
striction curve on the real ruled surface o is given by

<o), ww) >
<wuh),wu) >

Bu') = au') - w(u"). (2.15)

In this case the line space o™ degenerate to 1-parametric family of ruled surfaces is given by
R* = R(u",u™), w? = u?(u)

such function are defined explicitly by (2. 4) and(2.14) respectively.
Now we take the line of striction ,8 B(A 1) as the directrix of the dual ruled surface (2.1) which is
given by

R@', %) = B@') + ww@), (2.16)

where 8 = B(@') is given through (2.7), (2.8), (2.13) and (2.14).

Thus, we have proved the following:
Lemma 1. (see [11,12]) For the dual line of striction on the dual ruled surfaces. There exists a real
line of striction on the real ruled surface attached to the dual ruled surface.

3. Dual invariants
Here, we try to give dual forms for the invariants attached to the dual ruled surface such as, the

parameter of distribution and Gaussian curvature. Using the dual differentiation which is presented in
section one, one can obtain the dual tangent vector R, to the dual ruled surface as in the following.

= Ri(u',u) + eR* (W, u”), Ro=R,+eR, R,=& (3.1)
where

Ri(u',u®) = +u*w, R W u”) =@ +u'B’ +uw’ +u'w”),
(3.2)
RQ(MI,M*I) =w, R*Q(I/tl,bt*l) =W+ Lt*lW/,
and the dual normal vector field is given as

RIAR, =B AW+TEW AW). (3.3)
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The dual representation of (2.18) can be written in the form
Ry ARy = L', ) + L7, u™), (3.4)
where
C=F Aw+uPw Aw,
3.5)
=B +uPw) AW +w) + @Pw +ut B+ wtw + B+t B Aw.

Since < W', w >= 0 and < W’,,E’ >= 0, we conclude that for some dual function 1 = 71\(?), we have

B AW =AW, (3.6)

Ry AR = [ + 02w A WP =2 P+ 02w P = (2 + ), (3.7)
The discriminant g of the first fundamental form can be written as

2=IR ARSP = (R + )W

= (22 + )W +2e((2% + iPIw'w* + w2 A + uPu?)) (3.8)
=g+eg,
where
g = +udDHWP, g =202 + i w'w* + w2 A" + uPu?)). (3.9)

It follows that the only singular point on the ruled surface (2.15) is along the line of striction #? = 0,
and it will occur if and only if A(%') = 0. Then from (2.21) one can see that

A= @ A’). (3.10)

Remark 1. 1=0 = 1= A" =0,2=0=>u?=0,u"> =0.
Equation (2.23) can be written in the dual vector representation as

A@) = Ay + @', uh, (3.11)
where
1y _ Bww)
/1(1’! ) - IW/|2 ’
(3.12)
/1*(”1 I/t*l) — WW)<|VZIZV +utw’> + (ﬁ/,w’*+u*lw” W’T—v:vf;(ﬂ’ +u* ﬁ”ww)

Definition. The dual function //f(u\ 1) is called the dual distribution parameter of the dual ruled surface R.
The dual unit normal vector field on the dual surface (2.15) is

—~ R/AR, R, AR,
N=—"72 , (3.13)
IR) A Ry NG
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then from Eqs (3.4) and (3.8) we have

]’\7 — Lt W)+l (W u*Y)
£ V?;Tg—*g*,z * .14)
= 2 + & - =N + &N".

Thus we have the following interesting results
Lemma 2. The unit dual normal vector field of two parts, one is the real unit normal vector field and
the other is the vector field depends on the line space attached to the dual ruled surface.

The same lemma can be reformulated for the dual parameter of distribution and the line of striction
as shown in the Eqs (2.4), (2.16), (3.11), respectively.

The coefficients of the first fundamental form are given in the following form

21 =< E’E’ > +UP) < W, W >= (< BB > +u?)? <w',w >)
+e(2 < BB > 42 < W, W' >) = g1 +£81

(3.15)
S =<B,W>=<f w>+e(< B W >+ < B w>) =g +E8 1 G = 1.
Using the definition of the Gauss curvature K and routine calculations one obtains
. P 2
QLS L . (3.16)
@+ @PPw (0 + @)Y
From (2.24) we have
K@, %) = K@',u?) + eK*(u, u™), (3.17)
where
1,2y 2 32 242 sk Ryy = QA2 AN =20 +2 2P
K(u',u) =2 A=A+ W), KW, u") = . (3.18)

Remark 2. The function K is the Gauss curvature of the real ruled surface o.
4. Special cases

The vector valued function (2.5) defines a 2-parametric family of ruled surfaces o*. Here we give
a classification to the ruled surfaces belonging to this family, which are called partially dual ruled
surfaces.

(I) Consider u*! = 0 and u® = u® + su* and using Eqs (2.3)—(2.5), we have a partially dual ruled
surface o given by

7 R, LTZ) = R, u?) + eR*(u', u?, u*?), 4.1)
where
o Rw', u?) = a') + uPwub), “4.2)
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o R u?) = o () + uPwu) + iPwtud). 4.3)

It is easy to see that the function R* defines 3-parametric family of lines o/, = 1,2, 3. Now, we take
the line of striction as the directrix of the dual ruled surface and using (2.16), (3.1)—(3.10) we have the
following:

Lemma 3. The dual parameter of distribution A, is given as

L@ = L) + s, "), (4.4)
where
D) = Fu?, Ay () = AR B e, 45)

Lemma 4. The dual Gaussian curvature K, is given as

K@, %) = Ki(u', i) + Ky (", u™), (4.6)

2 — *0(12\2_ 7.2 2,2 %2
Ky u?) = =2, D= 2%+ @27, Ky'(u,u?) = HAcrdoion @.7)
1

Remark 3. The functions A;, K; is defined for the real ruled surface o;.
Geometric interpretation

For the vector valued function R* = R*(u', u?, u**) given by Eq (3.3), we consider the following
cases:
(1) u*> = const = ¢, characterizes a dual ruled surface o* 1, defined as

o' R u?) =) + u T ), 4.8)
where
7w = a*(uh) + cow @), ') = wb). (4.9)
(2) u*? = const = c,, define a dual ruled surface o* I, as
R(u', u?) = Tu') + Pr(uh), (4.10)
where
7w = a* (') + cow?), T@W') = wrub). (4.11)

(3) u' = const = ¢y, describes a degenerate ruled surface o, (plane) passing through the point a(u')
and contains the fixed directions w*(u'), w.

(L) Consider «**> = 0 and %' = u' + eu*! and using Eqs (2.3)—(2.5) we have a partially dual ruled
surface oy given as

Tu R, u?) = R, u?) + eR* (", u™h), (4.12)
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where

ou : R, u?) = a(uh) + Pwuh), (4.13)

oy R u'h = o () + u'd ) + P W) + uw (uh)). 4.14)

Similarly as in case one, it is easy to see that the function R* defines a 3-parametric family of lines
o*n,,1=1,2,3 as in case I. Thus we have the following:
Lemma 5. The dual parameter of distribution 4, is given as

L@ = L) + el ! uh), (4.15)
where
') = G0,
(4.16)
P (ul, u* 1) _ 2(ﬂ’,w,w’)<lww’/,|31*'+u*lw”> + (ﬁ',w'*+u*‘w”,w'wl);w’*m*lﬁ”,w,w/)_
Lemma 6. The dual Gaussian curvature K, is given as
7(\2@71, u?) = K, u?) + eK;(u", u'h, 4.17)
where
Kol o) = =25, T = 127 + (), Ky, u'!) = AR ), (4.18)

Remark 4. The vector function R represents the real part of the dual ruled surface which coincident
with the well known construction of the ruled surface, while the function R*(x”, u™”) represents the
dual part of the dual ruled surface.

Remark 5. The dual part R*(u",u*”) represents 2-parametric family of ruled surfaces (line space)
attached to a given a dual ruled surface

Remark 6. From (3.30), (3.32) one can see that the real parts of the parameter of distributiorzlnd tlE
Gauss curvature have the same values for the partially ruled surface, K| = K;,4; = A, 44 = A,
(defined on areal ruled surface).

Remark 7. The two partially ruled surfaces o, o have the same geometric interpretation, i.e.,
consists of two ruled surface and a plane.

5. Application
As an application to the construction of the dual ruled surfaces we consider the dual helicoid

given by
Example 1. The dual vector function:

S, R@L W) = @ coswt, % sinw!, ut), w2 # 0. (5.1)
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This vector function can be written in the dual form as
o R@, 72 = R, u?) + eR* (", u™?),
where

o Ru',u?) = (W cosu', u* sinu', u"),

R ", u*?) = (w? cosu' — vPu* sinu', u? sinu' + uPu' cosu', uth).
Also, we can write this equation in the dual ruled surface formula as in the following
R@\ @) = By + ww),
where
B@) = (0,0,7"), Wwa') = (cos@,sinu',0).

Using Eqgs (2.25) and (2.29), we have

=1, =1

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

From (5.7), (5.8) we have the well known results for the parameter of distibution, and Gaussian

curvature for the helicoid given by

K* = 22(u2)2+u2u*2—1

Kl (1+W2)2)3

= T
Example 2. Consider the dual ruled surface:
S R@L2) = @ cosw!, i sinw!, cosh!), u* # 0,
or in the dual form:
R@, ) = R, u®) + eR* ", u*?),
where
o R(ul, uz) = (u2 cosu',u’sinu', cosh ul),

and

2 2

2 . 1 1 .
o R u™) = w cosu' — wPu sinu, u sinu' + vPu cosu', ut! sinhuh).

As a similar way to example one, we have

. 1
Ayg = sinhu', Ay = u*' coshu!,

Ko = sinh u! Ko = 2u* ! sinh u! (1?)?—sinh u')+2u*? 4% sinh?
0= GsinhuT+@2)2)2° o= (sinh a1 +(i2)2)2 .

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)
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The vector valued function R*(u*, u*”), which is defined in Eq (3.4) depends on 4 independent
parametric u*, u*”, thus it characterizes the space of lines (4-dimensional Grassmann manifold). The
space of lines and their subfamilies of ruled surface are constructed and plotted in Figures 1-11, for
the two dual ruled surfaces (4.1) and (4.9) respectively.
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=

=
—

—

Figure 1. Partially dual (pure real) o;.

Figure 3. Partially dual o™}, (a) u> = const, (b) u*' = const.
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0, (', u?) # (0,0).

. (a) u* = const, (b) u* =

dual o

Figure 4. Partially

Partially dual u> = const.

Figure 5

; for dual helicoid.
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Figure 7. Partially dual (pure real) o;.

Figure 8. Partially dual oy, (a) w!'=1,0)u! =0.

Figure 9. Partially dual o™y, (a) u® = const, (b) u*' = const.
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Figure 11. Line space o for the dual ruled surface i
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