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1. Introduction

The classical limit theorem considers additive probability and additive expectation, which is
suitable for the case of model determination, but this assumption of additivity is not feasible in many
fields of practice. As a mathematical theory, nonlinear expectation can be analyzed and calculated
under the uncertainty of the mathematical model. In its research, sub-linear expectation plays a special
role and is the most studied. Peng [1-3] put forward the concept of generalization of sublinear
expectation space in 2006, which transforms the probability in probability space into the capacity in
sublinear expectation space, which enriches the theoretical part of probability space. Then, after
Zhang’s [4—7] research in sublinear expectation space, some important inequalities are obtained. These
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inequalities are a powerful tool for us to study sublinear expectation space. In addition, Zhang also
studies the law of iterated logarithm and the strong law of large numbers in sublinear expectation space.
After further extension, Wu and Jiang [8] obtained the Marcinkiewicz type strong law of numbers and
the Chover type iterated logarithm law for more general cases in sublinear expectation space.

In probability space, the complete convergence and complete moment convergence are two very
important research parts. The notion of complete convergence was proposed by Hsu and Robbins [9] in
1947. In 1988, Chow [10] introduced the concept of complete moment convergence. The complete
moment convergence is stronger than the complete convergence. The complete convergence and
complete moment convergence in probability space have been relatively mature. For example, Qiu [11],
Wu [12], and Shen [13] respectively obtained the complete convergence and complete moment
convergence for independent identically distributed (i.i.d.), negatively associated (NA), extended
negatively dependent (END) random variables sequence in probability space. Due to many methods and
tools in probability space, sublinear expectation space can not be used, which increases the difficulty of
studying sublinear expectation space, but many scholars have done the research, such as Wu [14] pushed
the theorem in Wu [12] from probability space to sublinear expectation space. Feng [15] and Liang [16]
obtained the complete convergence and complete integral convergence for arrays of row-wise ND and
END random variables respectively. Zhong [17] studied the complete convergence and complete
integral convergence for the weighted sum of END random variables. Lu [18] obtained more extensive
conditions and conclusions than Zhong [17] in sublinear expectation space. The exponential inequality
used in this article was proposed by Anna [19] in 2020. In the inequality, it is assumed that the truncated
random variable sequence is a WA random variable sequence. Because it was proposed later, there is
little research on WA random variable sequence in sublinear expectation space. Hu [20] proved the
complete convergence for weighted sums of WA random variables in 2021.

The organizational structure of this paper is as follows. In Section 2, we summarize some basic
symbols and concepts, as well as the related properties in sublinear expectation space, and give a
preliminary lemma which is helpful to obtain the main results. In Section 3, We deduce [21] from
probability space to sublinear expectation space, obtain the corresponding conclusions, and prove the
complete convergence and complete integral convergence for the weighted sums of WA random
variables in sublinear expectation space.

2. Preliminaries

We use the framework and notations of Peng [1-3]. Let (€, F) be a given measurable space
and let 7 be a linear space of real functions defined on (€2, F) such that if X, X,,---, X, e H

then (X, X,,---,X,)eH foreach peC, (R,), where C, (R,) denotes the linear space of
(local Lipschitz) functions ¢ satisfying

000 —p(y] <c(L+x"+]y")Ix=y], vx, y e R,

forsome ¢>0, meN dependingon ¢. H isconsidered as a space of random variables. In this case,
we denote X e H.

Definition 2.1. A sub-linear expectation &, on # is a function E:H — [—o,+0] satisfying the
following properties: For all X,Y €H, we have
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(a) Monotonicity: If X >Y, then EX >EY;
(b) Constant preserving: E(c) =c,for ceR;
(c) Sub-additivity: E(X+Y)<EX +EY whenever EX +EY is not of the form +w—oo or
—00 + 00;
(d) Positive homogeneity: E(AX)=AEX,A1>0. Convention: when A=0 and [EX=+o,
E(AX)=AEX=0.
The triple (Q,H,E) is called a sub-linear expectation space.
Given a sub-linear expectation I, let us denote the conjugate expectation & of E by

EX =-F(-X), VX e H.
From the definition, it is easily shown that for all X,Y eH,
EX <BX,B(X +¢) =BX +c,[B(X -Y)[<B[X -Y| and B(X-Y)>EX -y

If BY =&Y, then E(X +aY)=EX +alY for any aeR. Next, we consider the capacities
corresponding to the sub-linear expectations. Let G < F. A function V:G—[0,1] is called a
capacity if

V(2)=0V(Q)=1L and V(A)<V(B) for VAcB,ABeG.
It is called sub-additive if V(AUB)<V (A)+V(B) forall ABeG with AUBeG. Inthe
sub-linear space (€, M, ), we denote a pair (V,V) of capacities by
V(A)=inf {BE: 1(R) <&, &eH,V(A):=1-V(A°), VAe F,

where A° is the complement set of A. By definition of V and V, it is obvious that Vis sub-
additive, and

V(A)<V(A), VAe F.
If f<I(A)<g, f,geH, then
Ef <V(A) <Eg,&f <V(A) <ég. (2.1)
This implies Markov inequality: VX €H,
V(|X|=x)<B(|x]") /", ¥x>0,p>0,

From | (|X| > X) < |X |p/Xp € ’H. From Lemma 4.1 in Zhang [5], we have Holder inequality:
vX,Y e H, p,q>1, satisfying p™+q~ =1

x| <(B[xP) " (Biv[) ",

whenever
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B(|X|") <o, B(Y[)<ce.
Particularly, Jensen inequality:
(1@1|x|r)]/r s(E|x|s)]/s , for O<r<s.
We define the Choquet integrals (C,,C,) by
) 0
C, (X) =jo V(X >X) dx+£w[V(X > x) —1] dx,

with V being replaced by V and V, respectively.

Definition 2.2.
() E countably sub-additive: K is called to be countably sub-additive if it satisfies

E(X) <> E(X,), where X <> X, X,X,eH,X20,X,>0n>1.
n=1 n=1

(i) V is called to be countably sub-additive if
V(UAJSZV(A]), VA e F.
n=1 n=1

Definition 2.3. (Identical distribution) Let X, and X, be two random variables defined severally in
sub-linear expectation space (€, H,,|,) and (Q,,H,,|,). They are called identically distributed if

B, (p(X) =B, (0(X,), Vo eC, iy (R),
whenever the sub-linear expectations are finite. A sequence {Xn yn= 1} of random variables is said
to be identical distribution if X, and X, are identical distribution for each i>1.

Definition 2.4. (WA) Let{Y,;n>1} be a sequence of random variables in a sub-linear expectation
space (Q,H,E). The sequence {Yn; n2 1} is called WA if for t>0 and forall neN

Eexp [Zn:tYi J <g (n)ﬁ Eexp(tY,), (2.2)

where 0< g(n) <.
Definition 2.5. [22] A function L:(0,00) — (0,) is:
(i) A slowly varying function (at infinity), if for any a >0

Iim@ =1
== L(X)

(i1) A regularly varying function with index o >0, if forany a>0

lim L(ax) =a“.
== L(x)
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Lemma 2.6. [22] Every regularly varying function (with index « >0) 1:(0,00)— (0,) is of the
form

[(X) = x*L(x),

where L is a slowly varying function.

In the following, let {X,;n>1} be a sequence of random variables in (€, H,1). The symbol
c stands for a generic positive constant which may differ from one place to another. Let a, ~b,
denote lim,_ _ a /b, =1. a, <b, denote that there exists a constant c¢>0 such that a, <cb, for
sufficiently large n, and 1(-) denotes an indicator function. avb means to take the maximum
value of a and b, while aAb means to take the minimum value of a and b.

To prove our results, we need the following lemmas.
In [17], we can get the following lemma.

Lemma 2.7. [17] Suppose X e H,a>0,p>0, and I(X) is a slow varying function.
(1) Then, for Vc >0,

C (IXPUIXF)) <0 & Snermv (x| > o) <o
n=1
taking 1(x)=1 and logXx, respectively, we can get that for Vc >0,

C,([X[") <0 & D™V (|X|>en) <o,
n=1
CV(|X|plog|X|)<oo = in“"’llognV(|X|>cn"‘)<oo.
n=1

(i) If C, (|X]°1 X[ <oo, then forany #>1 and c >0,
A%

S 04P1(04)V (|X| > c6* ) < <o,

k=1

taking 1(x)=1 and logXx, respectively, we have
CV(|X|p)<oo = iek“w(|x|>c9k“)<oo,
k=1

CV(|X|p Iog|x|)<oo = iek“‘)(logek)V(|X| >0 ) < oo,
k=1

The last one is the exponential inequality for WA random variables, which was can be found in [19].

Lemma 2.8. [19] Let {X;, X,,~--,X,} be a sequence of random variables in (Q,H,E), with
EXi <0 for 1<i<n. Let d>0 be a real number, we define X :min{X,d}. Assume that

Y, = Xi(d), 1<i<n satisfy (2.2) forall t>0. Then, forall x>0, we have
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V (S, 2x)sV(r£g>n<Xi >d)+g(n)exp ggm[u%} .
i=1 i

3. Results and proof

Next, we give the theorems and proof in this article.
Let {X,;n>1} be a sequence of random variables in sub-linear expectation space

(Q,H,I@),a >1/2,ap>Le>0,6>0 and B :M >0. For fixed n=>1 denote for
4(ap—-1+0)
1<i<n that
Y, ==BnI( X, <=Bn°)+ X I (|X| < B )+ Bn“I (X, > Bn). (3.1)
Theorem 3.1 Let o >1/2,ap>1 and {Xn yn> 1} be a sequence of random variables in (Q,H,E)
with IA[‘EXi =¢X, =0 if p>1 such that sequence {Yi 1<i< n} of truncated random variables is WA

and control coefficient g(n) in (2.2) is regularly varying function with index & for some &6>0.

Assume that {a;;1<i<nn>1} is an array of real numbers and there exist some ¢ with

q>max{2,p} have

>lag['=0M), [a,]<c (3.2)
i=1
and there also exist a random variable X €H and a constant ¢ satisfying
B[ f (X )I<CE[f(X)], n>1, 0< f eC, , (R), (3.3)
then
BX|* <C, (|X|") <<, (3.4)

implies that for all £>0

in“pzv(
n=1

iani Xi
i=1

>gn“]<oo. (3.5)

Let 0<p, <min{Z/\(pVF)’a[Z/\(pvr)]_i
2r 2(ap-1+5)

}. For any 1<i<nn>1 and t>n",
denote
Y= =Bt (X < =Bt )+ X I (|X| < Bt )+ Bt T (X, > BT, (3.6)

Theorem 3.2. Let r>0,a>1/2,a(pvr)>1 and {X, ;n>1} be a sequence of random variables in
(Q,H,E) with EX, =&X, =0 if pvr>1 such that sequence {Yi1<i<n} of truncated random

variables is WA and control coefficient g(n) in (2.2) is regularly varying function with index & for
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some ¢ >0.Assume that {a 1<i<n,n> 1} is an array of real numbers and condition (3.2) holds

ni?

for g >max{2, pvr}, moreover, the condition (3.3) is also true, then

BX " <C, (X" ) <0 if r=p;
. (3.7)
i8] X " log|X| < C, |X[ log X[} <e0 if r=p;
implies that for any & >0,
in“"“”c\v(zn:amxi —gn“j < oo, (3.8)
n=1 i=1 n

Remark. In Theorem 3.2, we extend the complete moment convergence for the weighted sums of
random variables in the probability space of article [21] to the complete integral convergence for the
weighted sums of WA random variables in sublinear expectation space.

Proof of Theorem 3.1. Since Y a,;X; =Y aiX;—> a;X;, we have
i=1 i=1 i1

en’
>
2

in“pZV[ >gn“]£in“pzv( J+in“pzv( > gga ]
n=1 n=1 n=1

So, without loss of generality, we can assume that a;, >0 for 1<i<n and n2>1.

Zn:anixi
i=1

Saix,
i=1

>aX,
i=1

If we want to prove (3.5), we just need to prove
Zn“p‘ZV(ZamXi >gn“j<oo,v5>o. (3.9)
n=1 i=1

Because of considering {—X n 21} still satisfies the conditions in the Theorem 3.1, we can

n?

obtain
Zn‘”"ZV(ZamXi <—gn“j<oo,V6>0- (3.10)
=1 i=1

Form (3.9) and (3.10), we can get (3.5). The following proves that (3.9) is established. The
definition of {Y;;1<i<n} is(3.1). For fixed n>1, denote for 1<i<n that

Z, =X, =Y, = (X, + B0 )I(X; <=Bn“)+(X, = Bn“) 1 (X, > fn“).

It is easily checked that for V& >0,

(Zn“amxi > gn“] c Lnj(|xi| > ,Bln“)u[zn:aniYi > gn“j. (3.11)

i=1

So, we have
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in““V[Zn:amXi > gn"‘]
n= i=1
sZn“’)’ZZﬂ:VﬂX > An )+ Zn“p ZV(ZamY, > en ]
< in“’)’ZZV(|Xi| >ﬂln“)+in“pzv(2am (Y, —EY,) > en® - n I ,D
n=1 i=1 n=1 i=1 i=1
To prove (3.9), it suffices to show |, <co and |, <co.

For O<wu<1 let g(x)eC(R) be a decreasing function when x>0 such that
0<g(x)<1 forall x and g(x)=1 if |x|<x, g(x)=0 if |[x|>1. Then

=1 +1,.

I(X < p)<g(X) <1(]x<1),1(]x>1)<1-g(x) <I(]X> u). (3.12)

By (3.12), Lemma 2.7 (i) and (3.3), we can get that

Ry

. ap-ife| 1 _ |X|
SCHZ:;‘n E[l g(,b’ln“

< ci n“p‘1V(|X| > cn“)
n=1

< o0,

In the following, we prove that |, <co. Firstly, we will show that

n“ ZameYi‘—)Q n— oo.

i=1

By (3.2) and Hoélder inequality, we have forany 0< p<(q that

n n pla n Np/d
Zanips(Z(amq)j (le <cn. (3.13)

Forany A>0, by (3.12)and C, inequality, we have

ulX;| |X; |
Y14 < X MAUX; | < Bin®) + B (X > pin®) < |X;12g ( l)+ﬁf al1-— g( =]
pin® pin

Xi
1Zi* << X + Bin® (X < —Byn®) + |X; — Bn®[A1(X; > Bin®) < [X, |2 (1 ~g (ﬁ))

Thus
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— =~ ulX| 2 = 1X|
E|Y;|* « E|X|*g | — AE( 1 -
|Y;|* < E| Ig<ﬁ1na)+31 n g Bin<

- 1X|
< Elx|*g (H—a> + B nAV(X| > ppin®).
pin
T7 A v TIvIA[ 1 — o (Xl i1 x|
ElZ|* « E|X,| (1 g (ﬁlna)) < B|X| (1 g (ﬁlna)) (3.14)

By Lemma 2.7 (i), we can get that
iV(|X| >cn ) < in“"’lV(|X| >cn ) <o,
n=1 n=1

and V(|X|>Cn")»1«, so we get nV(|X|>cn“)—>O as N—oo,
When 0< p<1. Since q>max{2, p}>1, by (3.13), (3.14) and ap >1, we have that

n
< n—az aniﬁlyil
i=1

«n-(Bx1g (M2 4 pnevax) > eney
pin“

ulX|
pin®

n

Z aniﬁE\Yi

i=1

n—a

=n'"%E|X|g ( ) + pinV(|X| > cn%)

<en"PE[X]" -0, n—> oo,

When p>1. Since > p>1 by (3.13),(3.14) and EXi:O, we have

n

2 aniEYi

i=1

n-“ <n * ) ayE|X; - Y

NgE

i=1
n

aniE|Zi|

]

= n_a
i=1

LK nt*E[X| (1 -g <,B|):l|“>>
1

< cn'"PE|X|P - 0,n - oo,

Zn: a LY,

i=1

Hence, n™“ <g/2 forall n large enough, which implies that

According to assume that sequence {Yi;lS i< n} of truncated random variables is WA and
a, =20, by (2.2), we have

l, < in“p-zv(iam (Y, - &Y,) >
n=1

én
i 2
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Eexp[zn:tainj < g(n)f[ Eexp(ta,Y, ).
i=1 i=1

Because exp(—z tam]f*I;Yi j >0, we can get that

i=1

Fexp (Zn:tam (Y, -y, )j —exp [—Zn:tamEYi J Fexp (Zn:tain j
i=1 i=1

i=1

< ﬁexp (—tamlfﬂYi ) 9 (n)ﬁlﬁlexp (ta,Y,)
i=1 i=1

=g (n)ll[]EeXp (tani (Y; - ]EYi ))’

i=1

which means that a, (Y, —IEYi) are WA random variables. Without loss of generality, according to
(3.2), we assume that a; <1/2, then

a, (Y, — 1Y) <a, (Y| + E|Y,) < 2a,4n" < Bin”
We can verify that a (Y, —Y,) = min {ani (Y, - &Y,), ,Bln“}.

So {am (Y. —RY);1<i<nn> 1} satisfy the conditions in Lemma 2.8 with E(am (Y; - EYi)) =

Taking x=22,d = gn” = [a(pA2)-1]en
2 Hap-1+0)

en’
2

sinap—z V(rggn((am(Yi—IEYi))>d)+g(n)exp gzr; _€ aln 1+—

2d ZE
i1

in Lemma 2.8, we obtain

l, < inapzv(zn:am (Y, -Y,) >
n=1 i=1

a

gnd

A 2
a, (Yi - EYi )‘

0 n
ap-2
SE n _ V(
n=1 i=1

=1, +1,,.

a, (Yi - IAEYi )‘ij

ay (Y] —I@}Yi)‘ > ﬂln“)+02 r‘““@l(n)[nzazn:]E
n=1 i=1

Let B>0, g9,,(x)eC,,(R), j>1, suppose @;,(X) is an even function, such that
0<g,(x)<1 forall x and g,,(x)=1 if 20 /u<|x<p2/u, 9,,(x)=0 if |x<pg2!'™
or |X|>(1+,u),32j”‘/,u. Then for any | >0,

g, (X)<1(p20 <|X|S(1+,u)ﬁ2"’j/,u),
#[X]

o[ 2| < S

(3.15)
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The truncation that defines Y as X isas follows
Y =—Bn“I(X <=Bn“)+ XI(|X|< gn*)+Bn“I(X > gn“).

According to Markov inequality, C. inequality, (3.2), (3.3), (3.14), (3.15), Lemma 2.7,
g>p and g(x) when x>0. Then

l,, < i ner=2.n Zn:amqlﬁlm i
n=1 i=1

< i ) |Y|q

n=1

<<in 91 (@}in““w’(wpcna)
An

<<i Z n“P- "‘q‘l]E|X| g[ K|X |]

k=1 n= zkl

© © k
<3RS S B[ g,, (X)
k=1 k=1 j=1 ;

< if@ X|q 9 (X )iZk(p‘q)“
i1 Py
< iz“"*‘”amxr‘ 9, (X)
j=1
< i 2PV (|X|>c2) <o
j=1
(2a—-1)en”

Next, we prove |, <oo. If p>2, then d= by (3.3), (3.4), (3.13),

Hap-1+05)’
ap>1 C,  inequality, the condition of g(n), there exist a slowly varying function L(n),
such that g(n)=n°L(n), we have

AIMS Mathematics Volume 7, Issue 5, 8430-8448.
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&

0 n A a
l,, <> n“P?g(n) [nz"‘ > amZEYiZ)
n=1 i=1

< ci n**2g(n) (n”“EX 2 )2;'1

n=1

< Ci na p—2+6-2(ap-1+5) L(n)
n=1

<cY n“PL(n) < oo,

n=1

If p<2, then d=-2P=DN" "\ 33 3.4)(3.13), ap>1 C. incquality, we have
Aap—-1+0)

- " . Nig
L, <> n“"‘zg(n)(n‘z"Zaszij
n=1 i=1

0 n A ﬁ
<c)’ n""’zg(n){nz"‘ZaHi2 -(n"(z’p’E|X |p)}
n=1 i=1l
<c S nap—2+5—2(ap—l+§)L(n)

<c)Y n“’L(n) <oo.
n=1

Hence, the proof of Theorem 3.1 is completed.

Proof of Theorem 3.2. Without loss of generality, we also can assume that a;, >0 for 1<i<n and
n>1. Where, the definitions of g(x) and g,,(X) are the same as in the proof of Theorem 3.1. For

Ve >0, we have that
- r
Znocp—otr—ZCV [ _gnaj
n=1 i=1 +
s} 0 n
=y n‘”p“”‘zjo V( D ayX|—en” > tl”] dt
n=1 i=1

= nZ nap—al’—ZJ.o V[ ; a'ni Xi
n““V( Zn:amxi

L+,

ianixi

—en” >t”“j dt+in“p“r2ﬁrv[zﬂ:amxi
n=1 i=1
> gn“}Lin“p“'ZJ.;rV(iZ::aniXi >t1”J dt

n=1
According to Theorem 3.1, we have J; <co. So if we want to prove (3.8), we just need to prove
J, <oo. Hence, we first to prove

—gm’>ﬁ”jdt

<

?MS |
= -

i=1

()
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H znap ar- 2J‘ [zamxl >t1/r

(3.16)

The definition of {Yi’;ls i< n} is (3.6). Forany 1<i<n,n>1, and t>n"", denote

We have

Zi':(xi +ﬂ2t1/r)I(Xi < _ﬁztllr)+(xi _ﬁztm)l(xi >ﬁztm)- (3.17)

H<Zn‘”’ o Zj ZV |Xi|> Bt 1” dt+2n"’p ar Zjn V[ mY,>t1”)dt

<Zn”’p ar- ZI ZV |X|>ﬂ2t”r dtJan"p ‘”ZL V(

=H,+H,.

n

> a, (Y-BY) >t -

ZamEYUdt

=1

In order to prove H <o, it suffices to show H, <co and H, <oo. Firstly, we prove H, <oo,

by (3.7), (3.12), Lemma 2.7 (i), g(x)¥ when x>0, we have

AIMS Mathematics

L)

g

—anlzj““*” bf1-o[ 2L
g ]
_zmm_lE[l g[ X))o

Zw:m“’“V(|X| AU
m=1

< Zw:m“’” logmV(|X|> B,m")
m=1

im“HV(|x| > pp,m” )

m=1

i MO (]X] > cm* ) < oo
=1

im“‘” logmV (|X|>cm*) < oo
m=1

if r<p;

if r=p;

if r>p;

if r=p;

if r=np.
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Then, we prove H, <oo. Firstly, we will show that

i aniI’[;:’Yi

i=1

supt™"

t>n*"

—0, n—>ow.

Similar to (3.14), by (3.12), (3.17), C, inequality, forany A>0, we can get that

/U| |}+,leth(|X|>,u,82 llr)’
2

B|z) <<E|X.|l(l—g( X D<<E|X| [ ( [X| D
I | ﬂztllr ﬁztllr !

The truncation that defines Y’ as X is as follows

Y =BT (X <=Bt" )+ XI(|X|< Bt )+ Bt T (X > BtYT).

BlY,| <B&[X| g[
(3.18)

When O<pvr<1. Since t>n“, E|X|"" <o, and a(pvr)>1 we get

z a Ry,

< supt’“r A

t>n“’

< supt™n £E|X|g(g| |j+ﬁ2t’/r (|X|>,uﬂ2t]”)J

t>n*"

r
t>n* 2

-supt o (" xf o A5 o v (x)- )

+ﬂ2nV(|X|>cn )—>O, n — oo.

pvr

<cnt YR |X]|

When pvr>1. Since EXi =0 and t>n"", we can get that

Z a R,

t>n“"

< supt‘”'Zam

t>n"

X, EY1

t=n*"

<cn® “E|X|(l g[ id D
" pvr-1
o BT, )
n Hpn*

<en™ P IE|X|™" -0, n—oo,

ni
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It follows that for all n large enough,

i aniI,[:;-“'Yi

i=1

Supt—llr

t>n*"

1
<=,

2
which imply that

0 n R 1/r
H, <Y n*?[" V[Z a, (Y- BY,)> t—J dt.
n-1 3 i1 2
For fixed t>n“ and n>1, through the definition in Theorem 3.2 and assume that a <1/2,
we know that {am (Y/-EY)1<i<nn> 1} are WA random variables with Iﬁ}(ani (Y- EYO)ZO and
a,, (Y, —&Y,) =min {am (Y, —&Y)), ﬂzt”r} . Use Lemma 2.8 for V(Z a, (Y;—EY;) > tl”/zj, taking
i=1

2A(pvr) a[l2A(pvi)]-1
2r ' 2(ap-1+9)

0<ﬂ2<min{ }, d:ﬂzt]/r, X:t]/r/Z, we have

V[Zn: a, (Y/-BY,)> %J

i=1

xd
ay (Yi,_ EYi)r

< V(max(ani (Y- IEY{)) > d)+ g(n)exp g—i In| 1+

1<i<n d if@

i=1

1
n

- V( o (Yi’_ EYI’)‘ >t ) +eg(n) [rz,r ifE’ &y (Yil_ EY|')‘2 )Zﬂz )
i=1 2
thus
H, < g‘ pap-ar-2 J'r:r iil V( a. (Y, - ]Eyi)‘ S ctlr )d'[

1

A 2\25,
ani(Yi,_EYi)‘j dt

+ Ci ap-ar-2 g (n)J'::r [t—Z/r i E
n=1 i=1

=H, +H,,.

So, to prove H, <o, we first need to prove H, <o. By Markov inequality, C
(3.12), (3.15), (3.17), Lemma 2.7 (ii), 9> pvr and H, <o, we have that

. Inequality,
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H, < Zn“p o zjn (t Q/rzan.qE|Yi1qjdt

AIMS Mathematics

ap-ar-1 t~ q/r KX | |J thq/rE(l ( |X| ]] dt
< E n In [ |X[* g(ﬂz +p 9 B
S ap ar-1 q/r /l| | ap-ar-1 |X|
<>'n j tEIX[ g(ﬂt ]dt+c§ n In (1 g(yﬁzt”' dt

n=1 2
<« S peptar N MY anr ( H|X |]dt
DR | G
< i nap—l—ar i marfaqfl]E|X |q g (LJ
- et L,(m+1)*
2 . X )&
— mar—aq—lE X q Lj nap—l—al’
2, X g(ﬁz(m+1)" 2
ima(pvr)—aq—1E|X|q g L&J ifr= p;
B S,(m+1)*

[Ms

mer et |Og mE|X |q g [ﬂ} if r= p;
+

3
IR

k

N
AN

NgE

=

-1

> (M +

m“ " logmE|X|* g (ﬂj if r=np;

=
Il
JuN

m=2

k_

[N)
AR

Ms

o S,(m+1)”
2k[a(pvr) aq]E X lu| | J ifr= ;
& X g(ﬂzzk“ ’
< . | |
2 jog 23 |X [ g | £ j if r=p;
= g | | g [,32 2ka p

sz[a(Pvr) aq]E[ﬂz +Z|x| gjﬁ2( )j if r=p;
k=1 ut i

sz(r q)a |092k (iz +Z|x| gjﬂz( )J if r=p,
k=L

<

sz[a(pvr)—aq] +22k[a(pvr)faq]ZE|x|q 9is, (x) if r=p;
k=1 j=1
<
o ) k
32 log2 4 32 log2 S BIX[ gy, (X) it r=p
k=1 k=1 j=1
zlE|X| g, OTZE0 i e
J= =]

<

q _ (x )i 2k(r*q)‘1 Iog 2k |f r= p’
r=y

20:(PW)J'V(|X|>C2]’1)<OO if r=p;
<
2"rJ log 2!V (|X|>c2!) <00 if r=np.
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Then, we prove H,, <co. Similar to previous proof, we consider the following two situations.

If (pvr)>2 By ,6’2<%,ap—2+5+l;2a

<=1, (33), 3.7), (3.13), C, inequality, we

2

have

1
E © n n Tﬂz
Hy, <. n“’)"”’zg(n)jnar (tz’ rZanizEYf] dt
n=1 i=1

x© ozp—otr—2+i

<cyn 2 g(n)jr:r (t‘z”IEX 2 )Z;Zdt
n=1

x ozp—otr—2+i

_1
<cy'n 2 g (n)j;rt i
=1

n

© ap—2+b‘+12_2a
<cy.n % 1L(n) < oo.

n=1

If (pvr)<2. By ﬂ2<¥,ap_2+5+%<—1, E|X|"" <o, C, inequality, we
r

2

have

1
0 o n A ﬁ
H,, < Zn""”‘“’zg(n)jnar (tz"ZaszYin dt
n=1 i=1

1

) o _pvr n n 72
< czll n“p‘“r‘zg(n)fnm [t r leanizE|X |‘MJ2'B dt
n=. i=

O ap-ar-2+— pvr

1 —
<cy'n 2h, g(n)J'::rt 2 gt

o gp-2rss PV

<cy'n 2% L(n) < oo.
n=1

We have proved (3.16). Because of considering {—X,;n>1} instead of {X,;n>1} inTheorem
3.2, Theorem 3.2 still holds. Then we can obtain
Znap-“-zjjv[z%xi <—t1”j dt < oo, (3.19)
n=1 i=1

According to (3.16) and (3.19), we can get J, <oo. Hence, the finishes the proof of Theorem 3.2.

In conclusion, we prove the complete convergence and complete integral convergence for
weighted sums of WA random variables under the sub-linear expectations.

4. Conclusions

In this paper, we extend the conclusion in probability space to sublinear expectation space and
obtain the complete convergence and complete integral convergence for weighted sums of WA random
variables under the sub-linear expectations, which enriches the limit theory research of WA random

AIMS Mathematics Volume 7, Issue 5, 8430-8448.
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variable sequence in sublinear expectation space. In the future work, we will establish the
corresponding inequalities in the sublinear expectation space according to the existing important
inequalities and moment inequalities in the probability space, overcome the problems caused by the

sub-additive of V and B, and generalize the complete convergence and complete integral
convergence in the sublinear expectation to obtain a conclusion similar to that in the original
probability space.
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