AIMS Mathematics, 7(5): 8224-8234.
DOI:10.3934/math.2022458
ATMS Mathematics Received: 24 December 2021
Revised: 14 February 2022

Accepted: 17 February 2022
http://www.aimspress.com/journal/Math Published: 25 February 2022

Research article

A particular matrix with exponential form, its inversion and some norms

Baijuan Shi*
School of Science, Xi’an University of Posts and Telecommunications, 710121, ShaanXi, China
* Correspondence: Email: shibj1992@163.com.

Abstract: In this paper, we study a particular n X n matrix A = [ay,]},_, and its Hadamard inverse
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A°=D, whose entire elements are exponential form a; = e(%) = e » , where k;; = min(i, j) + 1. We
study determinants, leading principal minor and inversions of A, A°=". Then the defined values of
Euclidean norms, /, norms and spectral norms of these matrices are presented, rather than upper and
lower bounds, which are different from other articles.
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1. Introduction

Matrix theory is widely used in a variety of areas including computing science, applied mathematics,
neural network nonlinear system and others. Recently, studying the determinants and some norms
of particular matrix has been a hot and important topic in matrix theory[1]. From past to present,
different types of matrices have been defined and studied properties of various properties, such as
determinants, inverse, norms have been studied by some mathematicians. For example, Akbulak [2]
studied Hadamard exponential Hankel matrix of the form e = [¢™*/];; and presented /, norm,
two upper bounds for spectral norm and eigenvalues of this matrix. By the identities of Gamma
function, Bozkurt [3,4,5] determined [, norm of Cauchy-Toeplitz matrices and Cauchy-Hankel
matrices respectively. Civciv [6] established a bound for spectral and [, norms of the Khatri-Rao
products of Cauchy-Hankel matrices. Solak [7] studied the matrix of the form B = [b;;], where
bi;j = a + min(i, j) + 1 and obtained its Euclidean norm and inversion of B. A few years ago, these
matrices attracted the attention of C. Moler, who had experimentally discovered that most of their
singular values are clustered near &r. The authors in [8] studied some bounds for the spectral norm of
particular matrix of the form A = [¢™" ¢-11~1,, where a is a real positive number.

Inspired by above articles, we study a particular matrix A = [ak;j]?,;:lo and its Hadamard inverse
A°CD, where k;; = min(i, j) + 1, @ = e(%), and e(x) = ¢*™™. Particularly, e(n) = 1, and |e(x)| = 1.
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Two of these matrices are called Min and Hadamard inverse matrices as following, respectively, for
more information, we can see reference [3],

) e;) ) o) e}
o) e;) e(y) ;) ey
N\ eg) e(ﬁ) e<:§> e<:§> e<:§> | 0

o) o) () o e(=h) el
;) e e() ooeh e ),
ezH e5) eGhH o e3hH e
eG) e eG) o eF)  e3)
~1 -2 =3 =3 =3

A°D — e(:?) 6(7) e(:7) e(:?) 6(7) (12)
ez e eF) o eGP e
e(7) e(F) e(FH o e(T5) e

nxn

Looking at above matrices we see that these matrices are symmetric, so they are normal matrix, and
the positions of the each entries make a “T" pattern”.
For any m X n matrix A, the [, norm of A is defined by

IAll, = (zm: Z a,,-w]; .

i=1 j=1
For p = 2 this norm is called Euclidean norm showed by
1
m n 2
Al = {Z > |aij|2) :
i=1 j=1

The spectral norm of matrix A is defined by

Al = | lllrn_ax (AT A),

where 1;(A”A) are the eigenvalues of matrices A”A and A" is the conjugate transpose of A.
The spectral radius of A is defined by

p(A) = max |4;(A)], i=1,2,---,n.

For normal matrix, we know that the spectral norm of A is equal to spectral radius. Different from
other articles, the matrix elements are complex numbers e(’;‘) whose modulus is 1. Therefore, based
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on the special identities, we can give the defined value of spectral norm rather than upper and lower
bound estimates.

First, by some methods, in the beginning of this section we show that determinants of matrix A and
its Hadamard inverse A°". Then we get some relationship of leading principle minor. Subsequently
we present that these two matrices are invertible but not positive definite, and then we present that the
inversion of A and A°"V are tridiagonal matrices. After that we get the defined value of Euclidean
norm, [, norm and spectral norm. All definitions and statements of this paper are available in
reference [1,9].

2. Preliminaries and main results

Theorem 1. Let A be a matrix as in (1.1), n > 2, then

1 n\( (1 nl
detA=—-e|—+=|le|-]-1 # 0.
n 2 n

Proof. By using elementary row operations on (1.1), we have

detA =
;) e(y) e;) e(;) e(;)
0 e()-eG) e)—eG) - e(h-e()  e)-e(y)
0 0 e)-ed) - e(D-ed) e —e?)
det| : : : :
0 0 0 ee(th) - (") e(th) —e(t)
0 0 0 0 e(t)—e(=) )

ol D e

Therefore, the matrix A is invertible. However, because the matrix elements are complex numbers, we
can’t confirm that all leading principal minor or all eigenvalues of A are positive, and then matrix A
isn’t positive definite. Now we give the inversion of matrix A.

Lemma 1. Let A is an n X n nonsigular matrix and b is an n X 1 matrix, c is a real number.

If
A b
w=( 5 7)
then the inversion of M is
_ 1 A— _ 14—
N:(A1+7A 'bh"AT! —1A ‘b)’

_L1pTp-1 1
b A 1

where [ = ¢ — bTA7'b.
Proof. By the definition of M and N we have M - N = E,.;. Thus M~' = N.
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Theorem 2. Let A be as in (1.1), then A is invertible and the inversion of A is a symmetric tridiagonal
matrix of the form

Co —Cq 0 0 cee 0
—Cq b2 —C) 0 ce 0
A_] _ 0 —Cy b3 —C3 0
0 e 0 —Cp-2 bn—l —Cp-1
0 0 cee 0 —Cn-1 Cp—1 nxn
where
e(H) + 1 1
be G)

= Cph = —]————.
e(®)e(h) - 1) e(B)e() - 1)
Proof. Using elementary row operations to solve the inversion of A, namely
A D—- U A™.
By mathematical induction on n, for n = 2, we have
) e
) e

e

)
) 2x2

SIS 1=

[ <G
A‘( el

1 1 1 1
( e) e() 1 OY _ (e e 10
1 2 2 1
e(;l) e(r—l) 01 0 e(;l) - e(r—l) -1 1
1 1
R e(3) 0
_ 1 1
e(2)—e(l) e(3)-e(l)
1 1,1 1
N 0 eGy) e(ﬁ)—e(%) e(%{—e&)
01 T e()—e()) e(2)—e(d)
so we have, for 2 X 2 matrix A,
1 1 1
—_ + —
-1 _ | ey " eP)-ed) e(3)—e(})
AT = 1 1
e(3)—e(L) e(3)-e(L)
In this way, for 3 X 3 matrix A, we can get
I SR N S
e(d) + e(3)-e(d) e(3)—e(1) 0
-1 _ _ 1 _ 1
A” = e=e(y)  e()e(y) +1 e(;)=e(3) e(%i_e(%) ’

0
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Therefore, for n X n matrix A, we can get

1 + 1 __1 0 . 0
ay a)—ay a—ai
1
- 0
a—ai a—ai az—az az—ay
0 1 1 + 1 . 0
A—l — asz—ap asz—ap as—as ,
_ 1 1 1 _ 1
Aap-1—dp-2 Aap-1—dap-2 Ap—Qp-1 ap—dp-1
0 0 _ 1 1
Ap—Qp-1 Ap—Qp-1 nxn
where a; = e(%).
In addition,
1 1
k+1 ky Tk 1 >
e(57) —e)  e(G)e(;) - 1)
1
1 1 e(;)+1

+ = .
eB)—e(=) ey —e®)  e®)e()-1)
In fact, by mathematical induction on n.

The result is true for n = 2, now assume that the result is true for n, that is A = [akl.j]nx,l,A‘1 =
[aki/‘]r;l(n'

Thus by taking b = (e(%), e(%), S ,e(f))T,bT = (e(%),e(%), ~o,e(®)), and ¢ = e(”T“) along with
Lemma 1 the proof is completed for n + 1. Therefore the result is true for each n. For convenience, we
denote

e(%) +1 1
b= —— T, = .
e(;)(e(;) — 1) e(;)(e(;) — 1)

Hence, we get

Co —C 0 0 0
—C1 b2 —C) 0 0
A_l 0 —C) b3 —C3 0
0 e 0 —Cp-2 bn—l —Cn-1
0 0 cee 0 —Cn-1 Cp—1

nxn

The proof of Theorem 2 provides a method to solve the inversion of ”I”” matrix which is tridiagonal
matrix.

The next part, Euclidean norm, /, norm and spectral norms of matrix A, are considered, we can get
concise results.
Theorem 3. Let A be a matrix as in (1.1), then the /, norm of A is

2
lAll, = nr.

Proof. By definition of the Euclidean norm, by |e (g) | = 1, we have
n k n
Al = > (2n = 2k + Dle (—) P=> @n-2k+1)=n"
n
k=1 k=1

AIMS Mathematics Volume 7, Issue 5, 8224-8234.



8229

Theorem 4. Let A be a matrix as in (1.1), then we get the spectral norm of A,

Al = max(l,zsin(’f)).

n

Proof. Since matrix A is Hermite matrix which are also normal matrix. So the spectral norm of A is
equal to its spectral radius. By Theorem 1, we have the eigenvalues of A are respectively:

) - 5)

For the modulus of these eigenvalues, we have |e (%) | =1, and

1)) = el ool
- ((2”)1+(2ﬂ)

n

Hence, spectral radius of A is p(A) = max (1, 2sin (;—r))
Namely,

IAlL = p(A) = max(l, 2sin(g)).

Theorem 5. Let A be a matrix as in (1.1) and A, denotes the leading principal minor of A, then we

have
n—1
(1) Alze(l), An:—e(l+ﬁ)(6(l)—l) — detA;
n n 2 n
(2) Ak+1:e(k+1)_e(§);
Ay n n

1
(3) Aplpp = 6(—) A,21_1;

n(n—-1)
n2 n 1 1 )
@ ema=e(Sagag)e(z)-1)

Proof. By Theorem 1, we can get (1)

A =el—],
n
GG
Ny =e|—|e|l-]|lel—-|—-1],
n] \n n
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NI W{EE S NI
“eloralleG)
(1)(123(2))((1)1)

|
Ay = (i)e§1+2+3+’;.+(n1))(6(’11)1),”

n—1
= —e(1 + n (e(l) - 1) = det A.
n 2 n

Hence, we have

So we get
NN L) 2
s=e|- :
ntn-2 n n—1
By e(n) = 1, and @ is always integer number, that is to say e ("(”T_l)) = 1, then we have
4) Ay Dg ety

n(n—1)

B e(1+(1+2)+(1+2+3)+--~+(1+2+-~~+(n—1)))(6(1)_1) 2

n n

n(n—1)
n_2+2+1 1_1 ’
‘\37276)\°\n

Next we’re going to discuss the determinant, inversion, Euclidean norm, /, norm and spectral norm of
A,
Theorem 6. Let A°~! be a matrix as in (1.2), n > 2, then

1 n—1
det A°CD = —e (—g)(l - e(;)) 0.
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Proof. By using elementary row operations on (1.2), by e(%) = —1, we have

detA°Y
o) e ez e(3) e(3)
0 e(FH-e(F) eGH-eG) - eGH-e5h  eGH-e3)
0 0 eGH-eF) e -G e(FH-eF)
= det] . : : : :
0 0 0 e —e(BE) e(Bh) —e(B)
0 0 0 0 e() —e(h)

() (i-e(l)) #o

Therefore, the matrix AV is invertible. Now we give the inversion of matrix A°".
Theorem 7. Let A°"Y be a matrix as in (1.2), n > 2, then the inversion of A°"V is a tridiagonal matrix
as following:

hy —h; O 0 e 0

_hl f2 _h2 0 A 0

e 0 —hy f ~hy -~ 0
0 e 0 _hn—2 fn—l _hn—l
0 o - 0  —hy hyy

nxn

where

k=

e())(1 +e(2)) = e(®)
1—e) 7 7 1-edy
Proof. In similar way, by using elementary row operations to solve the inversion of A°", namely
(A D — (1 [ACD.
For n = 2, we have

A°D :( e(_?l) e(%) )
2x2

e(=h) e(3)
e5) eGH 1 0) _ (eGh  eGh 10
e(_?l) e(‘72) 01 0 e(‘;z)—e(_?l) -1 1
_ 1
e(Z)-e(Z)  e(Z)-e(Z)
1 1 _ 1
10 e(n)+e(1_72)—€(_71) e<-,3;—e(:,‘>)

T P)-e(3) e(2)—e(ZL)

e(1) 0 )
1

so for 2 x 2 matrix A°D,

1 1 1
e(‘) =2 —1 2 —1
o(=1)7-1 n —=)—e(— ==)—e(=—
[A( )] — 6(1,, e(5) 6(,,{ e(5) .

T e(Z)-e(F) e(Z)—e(Zh)
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In this way, for 3 x 3 matrix A°Y, we can get

1 1 1
¢G) + i3 EES 0
[A°CD]! = - 1

e(=2)—e(<L) e(=2)—e(Zh) 16('73)—6(‘72) _e(%}{—e(%)

Therefore, for n x n matrix A°", we can get

1 + 1 __1 0 Ce 0
ap ar—ay a—ai
__1 0
ar—aj ar—aj az—ap az—ay
o(—1)7-1 O _a;az az—ap + 04103 o O
[A™] = _ ;
_ 1 1 + 1 1
ap—1—Aanp-2 ap—1—Aanp-2 ap—ap-1 ap—ap-1
0 0 _ 1 1
ap—ap-1 an—ap-1 nxn
where a; = e(3*).
Actually,
1 ~ 1 ey
—k k=1\ — =k Iy 1y’
6(7) - e(—T) 6(7)(1 - e(;)) 1- e(;)
1 1 CeByedy+ 1)

+ =
e(F) —e(-1)  e(-1) —e(-%) (1-e(3)
By mathematical induction on n. The result is true for n = 2. Now assume that the result is true for
n, Thus by taking b = (e(‘;l), e(‘f), s, e(%))T,bT = (e(‘71),e(‘72), < ,e()),and ¢ = e(—”nil) along
with Lemma 1 the proof is completed for n + 1. Therefore the result is true for each n. For convenience,

we denote
e(5)(1 + e(2)) L e(%)

el T ey
Hence, we have
hy —-h; O 0 - 0
b i ~hh O 0
[A°CD]L = O —h fs —hs - 0
0 U 0 _hn—Z fn—l _hn—l
0 o --- 0 —h,_1 h,_

Theorem 8. Let A°" be a matrix as in (1.2), then its /, norm is:
o~y — 7
A=, = nr.

Proof. By the definition of [, norm, we have
n —k n
JA*D|E = Z(Zn -2k +1)le (—) P = Z(Zn —2k+1)=n’
n
k=1 k=1
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When n = 2, we can get the Euclidean norm||A°CV||z = +/n.
Theorem 9. Let A°CY be a matrix as in (1.2), n > 2, then the spectral norm is

IA“D], = max(l,ZSin(E)).
n

Proof. By Theorem 6, we have the eigenvalues of A°Y are respectively:

()R 25

Since matrix A°" is normal matrix whose spectral norm is equal to its spectral radius. So we find the
modulus of above eigenvalues: |e (‘71) |=1,
—k 1
()=
n n

[5)-5)
1 —e(%)l =1 —cos(%)—isin(%)l
ZSin(;—r).

Hence,

1, n>o6;

o(—1) _ — 1 E =
147l = p(A) = max(l,Zsm(n)) { 2sin(%), n<6.

So far, we’ve proved all the theorems. We can easily find that matrix A and A°" have same Euclidean
norm, /, norm and spectral norm.

3. Conclusions

In this paper, we attempt to compute the determinant, inverse, /,-norm, and some other properties
including those of its Hadamard inverse of particular matrices involving exponential forms and
trigonometric functions. The computation complexity of this paper is lower than the previous work.

Based on the special properties of exponential form, we get the defined values of /, norms and spectral
norms of particular matrix whose entries are complex numbers e (k) These results will expand the

n

application range of matrix norm and enrich the system of matrix theory.
Acknowledgments

This work is support by National Natural Science Foundation of China (NSF.11771351).
Conflict of interest

The author declares no conflict of interest.

AIMS Mathematics Volume 7, Issue 5, 8224-8234.



8234

References

1.

F. Zhang, Matrix theory: basic results and techniques, New York, NY: Springer, 2011.
http://dx.doi.org/10.1007/978-1-4614-1099-7

A. Ipek, M. Akbulak, Hadamard exponential Hankel matrix, its eigenvalues and some norms, Math.
Sci. Lett., 1 (2012), 81-87. http://dx.doi.org/10.12785/msl/010110

D. Bozkurt, On the /, norms of almost Cauchy-Toeplitz matrices, Turk. J. Math., 20 (1996),
545-552.

D. Bozkurt, On the /, norms of Cauchy-Toeplitz matrices, Linear and Multilinear Algebra, 44
(1998), 341-346. http://dx.doi.org/10.1080/03081089808818569

D. Bozkurt, A note on the spectral norms of the matrices connected integer numbers sequence,
2011, arXiv:1105.1724.

H. Civciv, R. Turmen, On the bounds for the spectral and /, norms of the Khatri-Rao products of
Cauchy-Hankel matrices, J. Ineq. Pure and Appl. Math., 7 (2006), 195.

S. Solak, M. Bahsi, A particular matrix and its some properties, Sci. Res. Essays, 8 (2013), 1-5.
http://dx.doi.org/10.5897/SRE11.410

S. H. Jafari-Petroudi, B. Pirouz, A particular matrix, its inversion and some norms, Appl. Comput.
Math., 4 (2015), 47-52. http://dx.doi.org/10.11648/j.acm.20150402.13

S. H. Jafari-Petroudi, M. Pirouz, On the bounds for the spectral norm of particular matrices with
Fibonacci and Lucas numbers, Int. J. Adv. Appl. Math. and Mech., 3 (2016), 82-90.

©2022 the Author(s), licensee AIMS Press. This

E is an open access article distributed under the
QEBE AIMS Press terms of the Creative Commons Attribution License

(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 7, Issue 5, 8224-8234.


http://dx.doi.org/http://dx.doi.org/10.1007/978-1-4614-1099-7
http://dx.doi.org/http://dx.doi.org/10.12785/msl/010110
http://dx.doi.org/http://dx.doi.org/10.1080/03081089808818569
http://dx.doi.org/http://dx.doi.org/10.5897/SRE11.410
http://dx.doi.org/http://dx.doi.org/10.11648/j.acm.20150402.13
http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries and main results
	Conclusions

