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1. Introduction

In this paper, we are interested in the following Kirchhoff type problem with singularity and critical
exponents  −

(
a − b

∫
R4
|∇u|2 dx

)
∆u = λ f (x)|u|−γ + Q(x)|u|2u, in R4,

u > 0, in R4,
(1.1)

where a, b > 0, 0 < γ < 1, λ > 0 is a parameter, and f (x), Q(x) are nonnegative and continuous
functions. Throughout this paper, we make the following assumptions:

(Q1) Q(x) ∈ C(R4) is bounded on R4; QM := maxx∈R4 Q(x).
(Q2) There exist k different points a1, a2, · · · , ak in R4 such that Q(a j) = QM; moreover, a j, j =

1, · · · , k are strict local maximums satisfying |Q(x) − Q(a j)| = o(|x − a j|
β1) with 2 ≤ β1 < 4 as x → a j

uniformly for j = 1, · · · , k.
( f1) f ∈ L

4
3+γ (R4) is a positive function.

http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2022443


7910

( f2) There exist δ1 > 0, 5+3γ
2 < β2 < 3 + γ and ρ1 > 0 such that f (x) ≥ ρ1|x − a j|

−β2 for |x − a j| <

δ1, j = 1, · · · , k, where a j are defined as in (Q2).
Problem (1.1) is related to the stationary analogue of the equation that occurs in the study of the

vibrations of string or membrane namely,

ρh
∂2u
∂t2 + δ

∂u
∂t

+ f1

(
∂u
∂t

)
=

(
p0 +

Eh
2L

∫ L

0

∣∣∣∣∣∂u
∂x

∣∣∣∣∣2 dx
)
∂2u
∂x2 + f2(x, u), (1.2)

which was presented by Kirchhoff in [1], where ρ, h, δ, p0, L are constants representing some physical
meanings, respectively, E is the Young’s modulus, u(x, t) is the lateral displacemen, f1, f2 are the
external forces. When f1 = f2, it extends the classical D’Alembert wave equation for free vibrations of
elastic strings. Due to problem (1.2) being no longer a pointwise identity, so, it is often called nonlocal
problem, and has received great attention of many researchers. The following singular Kirchhoff type
problem has been considered

−

(
a + b

∫
Ω

|∇u|2 dx
)
∆u = λg (x)

up

|x|s
+

h (x)
uγ

, in Ω,

u > 0, in Ω,

u = 0, on ∂Ω,

(1.3)

where 3 ≤ p < 5 − 2s, 0 < γ < 1, λ > 0 and g, h ∈ C(Ω) are nonnegative functions. The first to study
problem (1.3) were Liu and Sun [2], they proved that problem (1.3) has two positive solutions by using
the Nehari method when N = 3, 0 ≤ s < 1 and 3 < p < 5 − 2s. Later, Lei and Liao [3] investigated
problem (1.3) with s = 0 and p = 5, they obtained the existence and multiplicity of positive solutions
by using the Nehari method and variational method. The result of [2] was improved in [4] and two
positive solutions were obtained under p = 3. For more similar works on singular Kirchhoff type
problem, one can refer to [5–12] and the references therein.

In 2015, Yin and Liu [13] considered the following new Kirchhoff type problem firstly −
(
a − b

∫
Ω

|∇u|2 dx
)
∆u = f (x, u), in Ω,

u = 0, on ∂Ω,
(1.4)

where Ω is a smooth bounded domain in RN , a, b > 0 are parameters. In the case of f (x, u) = |u|p−2u
with 2 < p < 2∗, 2∗ = 2N

N−2 , they proved the existence and multiplicity of nontrivial solutions for
problem (1.4) by using variational method. Such problem presents differently interesting difficulties

from Kirchhoff type problem (1.3) due to the absence of new nonlocal term −b
∫

Ω

|∇u|2 dx. Later

on, Lei et al. [14] investigated problem (1.4) with f (x, u) = λ|u|−γ, they obtained the existence and
multiplicity of positive solutions by variational method. Particularly, Wang et al. [15] obtained many
solutions for problem (1.4) in the case of f (x, u) = |u|2u + µg(x) by using variational method. For
more results related to new Kirchhoff type problem, we refer the readers interested in these to [16, 17].
In fact, for the case p = p(x), some results are given in [18–21]. In particular, Hamdani et al. has
considered the following p(x)-Kirchhoff type problem in [22]−

(
a − b

∫
Ω

1
p(x) |∇u|p(x)dx

)
∆p(x)u = λ|u|p(x)−2u + g(x, u), in Ω,

u = 0, on ∂Ω,
(1.5)
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where a ≥ b > 0 are constants, Ω ∈ RN is a bounded smooth domain, p(x) ∈ C(Ω) with 1 < p(x) < N, λ
is a real parameter and g(x,u) is a continuous function. Under appropriate hypotheses, the authors used
Mountain Pass Theorem and Fountain Theorem to obtain the existence and multiplicity of nontrivial
solutions for problem (1.5). In [23], Vetro studied a nonlinear p(x)-Kirchhoff type problem with
Dirichlet boundary condition, in the case of a reaction term also depends on the gradient. Using a
topological approach based on the Galerkin method, the author discussed the existence of two notions
of solutions: strong generalized solution and weak solution. Strengthening the bound on the Kirchhoff

type term, the author established existence of weak solution, with using the theory of operators of
monotone type this time.

To the best of our knowledge, so far few results are known on the relation between the number of the
maxima of the coefficient function of the critical term and the number of the positive solutions for new
Kirchhoff type problem with singularity. Comparing problem (1.1) with the previous mentioned works,
we need to overcome the non-differentiability of the functional of the problem and indirect availability
of critical point theory due to the presence of singular term. On the other hand, we try to consider
the relationship between the number of positive solutions and the topology of global maximum set of
Q(x) by the idea of category. Moreover, we should point out that the appearance of the nonlocal term
and the lack of compactness resulted from the nonlinearity with the critical Sobolev growth prevent us
from using variational method in a standard way.

The energy functional corresponding to problem (1.1) is defined by

Iλ (u) =
a
2
‖u‖2 −

b
4
‖u‖4 −

1
4

∫
R4

Q(x) |u|4 dx −
λ

1 − γ

∫
R4

f (x) |u|1−γ dx, (1.6)

for u ∈ D1,2(R4), where D1,2(R4) is the completion of C∞0 (R4) with the norm ‖u‖2 =

∫
R4
|∇u|2dx and the

corresponding inner product (u, v) =

∫
R4
∇u · ∇vdx for any u, v ∈ D1,2(R4). It is well known that the

singular term leads to the non-differentiability of Iλ on D1,2(R4). Therefore, it is difficult to find out the
local minimizer and the mountain pass type solutions of the problem. Here, we say u ∈ D1,2(R4) is a
weak solution to problem (1.1), if for any ϕ ∈ D1,2(R4), it holds

a
∫
R4
∇u∇ϕdx − b

(∫
R4
|∇u|2dx

) ∫
R4
∇u∇ϕdx

−

∫
R4

Q(x) |u|2 uϕdx − λ
∫
R4

f (x)
ϕ

|u|γ
dx = 0.

(1.7)

Our main results are as follows.

Theorem 1.1. Assume that a, b > 0, 0 < γ < 1. If the conditions (Q1) and ( f1) hold, then there exists
Λ0, such that for each 0 < λ < Λ0, problem (1.1) admits a positive ground state solution.
Theorem 1.2. Assume that a, b > 0, 0 < γ < 1. If the conditions (Q1), (Q2), ( f1) and ( f2) hold, then
there exists Λ00, such that for each 0 < λ < Λ00, problem (1.1) has at least k positive solutions.

Throughout this paper, we use the following notations:
• Br (respectively, ∂Br) denotes the closed ball (respectively, the sphere) of center zero and radius

r, i.e., Br = {u ∈ D1,2(R4) : ‖u‖ ≤ r}, ∂Br = {u ∈ D1,2(R4) : ‖u‖ = r};
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• C,C0,C1,C2, . . . denote various positive constants, which may vary from line to line;
•We use→ (⇀) to denote the strong (weak) convergence;
• O(ε t) denotes |O(εt)|

εt < C as ε → 0, and o(ε t) denotes |o(εt)|
εt → 0 as ε → 0 ;

• Define the best constant S = inf
{
‖u‖2 : u ∈ D1,2(R4),

∫
Ω

|u|4dx = 1
}

, which is attained by the

functions Uε,x0(x) = Cε/
(
ε + |x − x0|

2
)

for all ε > 0, where Cε = (8ε)
1
2 .

2. Preliminaries

In order to prove our results, we first consider the functional on the Nehari manifold:

Nλ =
{
u ∈ D1,2(R4)\{0} : a‖u‖2 − b‖u‖4

−

∫
R4

Q(x) |u|4 dx − λ
∫
R4

f (x)|u|1−γdx = 0
}
,

and split Nλ = N+
λ ∪ N

0
λ ∪ N

−
λ as follows

N+
λ =

{
u ∈ Nλ :a(1 + γ)‖u‖2 − b(3 + γ)‖u‖4 − (3 + γ)

∫
R4

Q(x) |u|4 dx > 0
}
,

N0
λ =

{
u ∈ Nλ :a(1 + γ)‖u‖2 − b(3 + γ)‖u‖4 − (3 + γ)

∫
R4

Q(x) |u|4 dx = 0
}
,

N−λ =
{
u ∈ Nλ :a(1 + γ)‖u‖2 − b(3 + γ)‖u‖4 − (3 + γ)

∫
R4

Q(x) |u|4 dx < 0
}
.

One can easily see that for u ∈ Nλ,

a‖u‖2 − 3b‖u‖4 − 3
∫
R4

Q(x) |u|4 dx + λγ

∫
R4

f (x)|u|1−γdx

= a(1 + γ)‖u‖2 − b(3 + γ)‖u‖4 − (3 + γ)
∫
R4

Q(x) |u|4 dx

= −2a‖u‖2 + (3 + γ)λ
∫
R4

f (x)|u|1−γdx

= −2b‖u‖4 − 2
∫
R4

Q(x) |u|4 dx + (1 + γ)λ
∫
R4

f (x)|u|1−γdx.

(2.1)

Lemma 2.1. Assume that 0 < λ < Λ1, u ∈ D1,2(R4)\{0}, then there exists unique 0 < t+ = t+(u) <
tmax < t− = t−(u) such that t+u ∈ N+, t−u ∈ N−, Iλ(t+u) = inf0<t<t− Iλ(tu) and Iλ(t−u) = supt>tmax

Iλ(tu).
Furthermore, N0

λ = ∅ for all 0 < λ < Λ1, where

Λ1 =
2S

1−γ
2

‖ f ‖ 4
3+γ

(
a

3 + γ

) 3+γ
2

(
1 + γ

b + S −2QM

) 1+γ
2

.
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Proof. For any u ∈ D1,2(R4)\{0} and t ≥ 0, we have

t
dIλ(tu)

dt
=at2‖u‖2 − bt4‖u‖4 − t4

∫
R4

Q(x) |u|4 dx − λt1−γ
∫
R4

f (x)|u|1−γdx

=t1−γ
[
at1+γ‖u‖2 − bt3+γ‖u‖4

− t3+γ

∫
R4

Q(x) |u|4 dx − λ
∫
R4

f (x)|u|1−γdx
]

=t1−γ
[
h(t) − λ

∫
R4

f (x)|u|1−γdx
]
,

(2.2)

where h(t) = at1+γ‖u‖2 − bt3+γ‖u‖4 − t3+γ

∫
R4

Q(x) |u|4 dx. Easy computations show that h′(t) > 0 for all

0 < t < tmax and h′(t) < 0 for all t > tmax. Thus, h(t) achieves its maximum at

tmax =


a(1 + γ)‖u‖2

(3 + γ)
(
b‖u‖4 +

∫
R4

Q(x) |u|4 dx
)


1
2

(2.3)

with max
t∈[0,+∞)

h(t) = h(tmax)

=
2a‖u‖2

3 + γ


a(1 + γ)‖u‖2

(3 + γ)
(
b‖u‖4 +

∫
R4

Q(x) |u|4 dx
)


1+γ
2

= 2‖u‖3+γ

(
a

3 + γ

) 3+γ
2

 1 + γ

b‖u‖4 +

∫
R4

Q(x) |u|4 dx


1+γ

2

.

(2.4)

Since 0 < γ < 1, Hölder inequality, Sobolev embedding inequality and ( f1) imply∫
R4

f (x)|u|1−γdx ≤ ‖ f ‖ 4
3+γ

(∫
R4
|u|4dx

) 1−γ
4

≤ ‖ f ‖ 4
3+γ

S
γ−1

2 ‖u‖1−γ. (2.5)

It follows from Sobolev embedding inequality, (2.4) and (2.5) that

h(tmax) − λ
∫
R4

f (x)|u|1−γdx

≥2‖u‖3+γ

(
a

3 + γ

) 3+γ
2

 1 + γ

b‖u‖4 +

∫
R4

Q(x) |u|4 dx)


1+γ

2

− λ‖ f ‖ 4
3+γ

S
γ−1

2 ‖u‖1−γ

≥

2 (
a

3 + γ

) 3+γ
2

(
1 + γ

b + S −2QM

) 1+γ
2

− λ‖ f ‖ 4
3+γ

S
γ−1

2

 ‖u‖1−γ > 0,

(2.6)
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for all 0 < λ < Λ1. Consequently, t+
0 and t−0 satisfy 0 < t+

0 < tmax < t−0 such that

h(t+
0 ) = λ

∫
R4

f (x)|u|1−γdx = h(t−0 )

and
h′(t+

0 ) > 0 > h′(t−0 ),

that is, t+
0 u ∈ N+

λ and t−0 u ∈ N−λ . Hence, N±λ , ∅ for all 0 < λ < Λ1. We can further obtain from (2.2)
that dIλ(tu)

dt > 0 for all t+
0 < t < t−0 , dIλ(tu)

dt < 0 for all 0 < t < t+
0 and t > t−0 . Thus, Iλ(t+

0 u) = inf0<t<t−0
Iλ(tu)

and Iλ(t−0 u) = supt>tmax
Iλ(tu).

Now, we come to show thatN0
λ = ∅ for all 0 < λ < Λ1. Arguing by contradiction, assume that there

exists u0 ∈ N
0
λ and u0 , 0. Similarly to (2.6), we can obtain from (2.1) that

0 <
2a‖u0‖

2

3 + γ


a(1 + γ)‖u0‖

2

(3 + γ)
(
b‖u0‖

4 +

∫
R4

Q(x) |u0|
4 dx

)


1+γ
2

− λ

∫
R4

f (x)|u0|
1−γdx

=
2a‖u0‖

2

3 + γ
− λ

∫
R4

f (x)|u0|
1−γdx = 0,

which is a contradiction. Hence, N0
λ = ∅ for all 0 < λ < Λ1. �

Lemma 2.2. Assume that 0 < λ < Λ1, then there exists a gap structure in Nλ:

‖U‖ > Cb1 > Cλ2 > ‖u‖, u ∈ N+
λ ,U ∈ N

−
λ ,

where

Cb1 =

(
a(1 + γ)

(3 + γ)(b + S −2QM)

) 1
2

,Cλ2 =

(
λ

3 + γ

2a
‖ f ‖ 4

3+γ
S

γ−1
2

) 1
γ+1

. (2.7)

Proof. Since 0 < λ < Λ1, according to Lemma 2.1, we have N±λ , ∅. For any u ∈ N+
λ , it follows from

(2.1) and (2.5) that

‖u‖2 <
3 + γ

2a
λ

∫
R4

f (x)|u|1−γdx ≤
3 + γ

2a
λ‖ f ‖ 4

3+γ
S

γ−1
2 ‖u‖1−γ,

which yields ‖u‖ < Cλ2.
For any U ∈ N−λ , it follows from (2.1) and Sobolev embedding inequality that

a(1 + γ)‖U‖2 < b(3 + γ)‖U‖4 + (3 + γ)
∫
R4

Q(x) |U |4 dx

≤ (3 + γ)(b‖U‖4 + S −2QM‖U‖4),

which yields ‖U‖ > Cb1. Using 0 < λ < Λ1, one can further obtain

Cλ2 <

(
Λ1

3 + γ

2a
‖ f ‖ 4

3+γ
S

γ−1
2

) 1
γ+1

= Cb1.

The proof is completed. �
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Lemma 2.3. Assume that 0 < λ < Λ1, then N−λ is a closed set in D1,2(R4).

Proof. Since 0 < λ < Λ1, by Lemma 2.1, one has N−λ , ∅. Let Un be a sequence in N−λ with Un → U0

in D1,2(R4), then Un → U0 in L4(Ω). Since N−λ ⊂ Nλ, one can obtain from (2.1) and (2.5) that

a‖U0‖
2 = a lim

n→∞
‖Un‖

2 = lim
n→∞

[
b‖Un‖

4 +

∫
R4

Q(x) |Un|
4 dx + λ

∫
R4

f (x)|Un|
1−γdx

]
= b‖U0‖

4 +

∫
R4

Q(x) |U0|
4 dx + λ

∫
R4

f (x)|U0|
1−γdx

and
− 2a‖U0‖

2 + λ(3 + γ)
∫
R4

f (x)|U0|
1−γdx

= lim
n→∞

[
−2a‖Un‖

2 + λ(3 + γ)
∫
R4

f (x)|Un|
1−γdx

]
≤ 0,

so U0 ∈ N
−
λ ∪ {0}. It follows from Un ∈ N

−
λ and Lemma 2.2 that

a‖U0‖
2 = a lim

n→∞
‖Un‖

2 > aC2
b1 > 0,

that is, U0 , 0. Hence, U0 ∈ N
−
λ and N−λ is a closed set in D1,2(R4). �

Lemma 2.4 Given u ∈ N±λ , there exist ε > 0 and a continuous function zε : Bε(0) → R+ defined for
w ∈ D1,2(R4),w ∈ Bε(0) such that

zε(0) = 1, zε(w)(u + w) ∈ N±λ , ∀w ∈ D1,2(R4), ‖w‖ < ε.

Proof. We only prove the case of u ∈ N−λ . The case of u ∈ N+
λ can be proved by a similar argument.

Define F : R × D1,2(R4)→ R by

F (t,w) =at1+γ‖u + w‖2 − bt3+γ‖u + w‖4

− t3+γ

∫
R4

Q(x) |u + w|4 dx − λ
∫
R4

f (x)|u + w|1−γdx.

Since u ∈ N−λ ⊂ Nλ, we obtain F(1, 0) = 0 and

Ft (1, 0) = a(1 + γ)‖u‖2 − b(3 + γ)‖u‖4 − (3 + γ)
∫
R4

Q(x) |u|4 dx < 0.

Using implicit function theorem to F at the point (1, 0), we may deduce that there is ε > 0 satisfying
for w ∈ D1,2(R4), ‖w‖ < ε, the equation F(t,w) = 0 has a unique continuous solution t = zε(w) > 0
with zε(0) = 1. Since F(zε(w),w) = 0 for w ∈ D1,2(R4), ‖w‖ < ε, we get

0 =az1+γ
ε (w)‖u + w‖2 − bz3+γ

ε (w)‖u + w‖4

− z3+γ
ε (w)

∫
R4

Q(x) |u + w|4 dx − λ
∫
R4

f (x)|u + w|1−γdx

=zε(w)γ−1
[
az2

ε(w)‖u + w‖2 − bz4
ε(w)‖u + w‖4
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− z4
ε(w)

∫
R4

Q(x) |u + w|4 dx − λz1−γ
ε (w)

∫
R4

f (x)|u + w|1−γdx
]
,

that is, zε(w)(u + w) ∈ Nλ for all w ∈ D1,2(R4) and ‖w‖ < ε. Since Ft(1, 0) < 0 and

Ft(zε(w),w)=a(1 + γ)zε(w)γ‖u + w‖2 + b(3 + γ)z2+γ
ε (w)‖u + w‖2

− (3 + γ)z2+γ
ε (w)

∫
R4

Q(x)|u + w|4dx

=
[
a(1 + γ)‖zε(w)(u + w)‖2 + b(3 + γ)‖zε(w)(u + w)‖4

− (3 + γ)
∫
R4

Q(x)|zε(w)(u + w)|4dx
]
/z2−γ

ε (w) ,

we can choose ε > 0 suitably small(ε < ε) such that ‖w‖ < ε, for w ∈ D1,2(R4),

a(1 + γ)‖zε(w)(u + w)‖2 + b(3 + γ)‖zε(w)(u + w)‖4

−(3 + γ)
∫
R4

Q(x)|zε(w)(u + w)|4dx < 0,

which yields zε(w)(u + w) ∈ N−λ , for any w ∈ D1,2(R4), ‖w‖ < ε. This completes the proof. �

Lemma 2.5. The functional Iλ is coercive and bounded from below on Nλ. Moreover,
(i) If 0 < λ < Λ1, then infN+

λ
Iλ < 0;

(ii) If 0 < λ < Λ2, then infN−λ Iλ ≥ M0 > 0 for some constants, where

M0 = M0

(
λ, γ, S ,QM, ‖ f ‖ 4

3+γ

)
.

and
Λ2 =

1−γ
2 Λ1.

Proof. For any u ∈ Nλ, from (1.6), (2.1) and (2.5) we can obtain that

Iλ (u) =
a
2
‖u‖2 −

b
4
‖u‖4 −

1
4

∫
R4

Q(x) |u|4 dx −
λ

1 − γ

∫
R4

f (x) |u|1−γ dx

≥
a
4
‖u‖2 −

λ(3 + γ)
4(1 − γ)

∫
R4

f (x) |u|1−γ dx

≥
a
4
‖u‖2 −

λ(3 + γ)
4(1 − γ)

‖ f ‖ 4
3+γ

S
γ−1

2 ‖u‖1−γ.

(2.8)

Due to 0 < γ < 1, Iλ is coercive and bounded from below on Nλ.
(i) When 0 < λ < Λ1, we have N±λ , 0, from Lemma 2.1, N+

λ and N−λ are two closed sets in
D1,2(R4) from Lemma 2.3. So infN+

λ
Iλ and infN−λ Iλ are well defined. For any u ∈ N+

λ ⊂ Nλ, we can get
from 0 < γ < 1, λ > 0 and (2.5) that

Iλ (u) =
a
2
‖u‖2 −

b
4
‖u‖4 −

1
4

∫
R4

Q(x) |u|4 dx −
λ

1 − γ

∫
R4

f (x) |u|1−γ dx

=
a
4
‖u‖2 −

λ(3 + γ)
4(1 − γ)

∫
R4

f (x) |u|1−γ dx

< −
a(1 + γ)
4(1 − γ)

‖u‖2 < 0,
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which yields infN+
λ

Iλ < 0.
(ii) Let u ∈ N−λ , it follows from Lemma 2.2 that ‖u‖ > Cb1 (see (2.7)). For all 0 < λ < Λ2, one can

get from above inequality and (2.8) that

Iλ (u) ≥
a
4
‖u‖2 −

λ(3 + γ)
4(1 − γ)

‖ f ‖ 4
3+γ

S
γ−1

2 ‖u‖1−γ

≥‖u‖1−γ
[
a
4
‖u‖1+γ −

λ(3 + γ)
4(1 − γ)

‖ f ‖ 4
3+γ

S
γ−1

2

]
≥

(
a(1 + γ)

(3 + γ)(b + S −2QM)

) 1−γ
2 [a

4

(
a(1 + γ)

(3 + γ)(b + S −2QM)

) 1+γ
2

−
λ(3 + γ)
4(1 − γ)

‖ f ‖ 4
3+γ

S
γ−1

2
]
,

which implies that there exists a constant M0 = M0

(
λ, γ, S ,QM, ‖ f ‖ 4

3+γ

)
such that infN−λ Iλ ≥ M0 > 0

for all 0 < λ < Λ2. �

According to Lemmas 2.1 and (2.3), for 0 < λ < Λ1, N+
λ and N−λ are two closed sets in D1,2(R4),

then we can apply Ekeland’s variational principle to find the minimums of functional Iλ on both N+
λ

and N−λ . Let {un} ⊂ N
±
λ be a minimizing sequence for Iλ on N±λ . That is, {un} ⊂ N

±
λ satisfy

α±λ < Iλ(un) < α±λ +
1
n

(2.9)

and

Iλ(z) ≥ Iλ(un) −
1
n
‖un − z‖, ∀z ∈ N±λ , (2.10)

where

α+
λ = inf

u∈N+
λ

Iλ(u), α−λ = inf
u∈N−λ

Iλ(u) and αλ = inf
u∈Nλ

Iλ(u).

From Iλ(|un|) = Iλ(un), we can assume that un ≥ 0. Moreover, Lemma 2.5 shows that ‖un‖ ≤ C0 for
some suitable positive constant C0, so there exists a nonnegative function uλ ∈ D1,2(R4) such that

un ⇀ uλ, in D1,2(R4) ÉÏ,
un → uλ, in Lp

loc

(
R4

)
(2 ≤ p < 4),

un(x)→ uλ(x), a.e. in R4.

(2.11)

By Vitali theorem, as done similarly in the proof of [11], we have

lim
n→∞

∫
R4

f (x) |un|
1−γ dx =

∫
R4

f (x) |uλ|1−γ dx, (2.12)

when {un} is bounded in D1,2(R4).
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Lemma 2.6. Assume that 0 < λ < Λ1 and {un} ⊂ N
±
λ satisfy (2.11) with uλ . 0, then there exists a

constant C1 > 0 such that the following alternative holds true:
(i) If {un} ⊂ N

+
λ , we have

a(1 + γ)‖un‖
2 − b(3 + γ)‖un‖

4 − (3 + γ)
∫
R4

Q(x) |un|
4 dx ≥ C1;

(ii) If {un} ⊂ N
−
λ , we have

a(1 + γ)‖un‖
2 − b(3 + γ)‖un‖

4 − (3 + γ)
∫
R4

Q(x) |un|
4 dx ≤ −C1.

Proof. We just prove (i), since (ii) follows similarly. Since {un} ⊂ N
+
λ , (2.1), (2.12) and uλ . 0, it is

enough to show that

(3 + γ)λ
∫
R4

f (x)|uλ|1−γdx > lim inf
n→∞

(2a‖un‖
2). (2.13)

Arguing by contradiction, assume that

(3 + γ)λ
∫
R4

f (x)|uλ|1−γdx = lim inf
n→∞

(2a‖un‖
2). (2.14)

Since {un} ⊂ N
+
λ , one has

(3 + γ)λ
∫
R4

f (x)|un|
1−γdx > 2a‖un‖

2.

According to (2.12), we can further obtain

(3 + γ)λ
∫
R4

f (x)|uλ|1−γdx = lim sup
n→∞

(2a‖un‖
2) = lim inf

n→∞
(2a‖un‖

2). (2.15)

It follows from (2.14) and (2.15) that

(3 + γ)λ
∫
R4

f (x)|uλ|1−γdx = lim
n→∞

(2a‖un‖
2). (2.16)

Passing to the limit as n→ ∞ and using (2.1) and (2.16), we get

lim
n→∞

[
b‖un‖

4 +

∫
R4

Q(x) |un|
4 dx

]
= λ

1 + γ

2

∫
R4

f (x)|uλ|1−γdx. (2.17)

Therefore, it follows from (2.16) and (2.17) that

1 + γ

3 + γ
lim
n→∞

 a‖un‖
2

b‖un‖
4 +

∫
R4

Q(x) |un|
4 dx

 = 1, (2.18)
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For 0 < λ < Λ1, passing to the limit as n→ ∞ in (2.6), using (2.12), (2.16) and (2.18), we have

0 < lim
n→∞

[
2(

a
3 + γ

)
3+γ

2 (
1 + γ

b + S −2QM
)

1+γ
2 − λ‖ f ‖ 4

3+γ
S

γ−1
2

]
‖un‖

1−γ

≤ lim
n→∞

2a‖un‖
2

3 + γ


a(1 + γ)‖un‖

2

(3 + γ)
(
b‖un‖

4 +

∫
R4

Q(x) |un|
4 dx

)


1+γ
2

− lim
n→∞

λ

∫
R4

f (x)|un|
1−γdx

= lim
n→∞

2a‖un‖
2

3 + γ
− λ

∫
R4

f (x)|uλ|1−γdx = 0,

which is impossible. Thus, (2.13) holds and the proof of Lemma 2.6 is completed. �

Given s > 0 small enough and 0 ≤ ψ ∈ D1,2(R4), we set u = un and w = sψ in Lemma 2.4,
then we obtain that there exists a continuous function zn : Bε(0) → R+ such that zn(0) = 1 and
zn(sψ)(un + sψ) ∈ N±λ . For simplicity, we denote zn,ψ(s) = zn(sψ) in the following proof. However, we
have no idea whether or not zn,ψ(s) is differentiable. For the sake of proof, we set

z′n,ψ(0) = lim
s→0+

zn,ψ(s) − 1
s

∈ [−∞,+∞].

Lemma 2.7. Assume that 0 < λ < Λ1. Suppose {un} ⊂ N
±
λ satisfy (2.10) and (2.11) with uλ . 0, then

z′n,ψ(0) is uniformly bounded for any 0 ≤ ψ ∈ D1,2(R4).

Proof. We only consider the case of un, zn,ψ(s)(un + sψ) ∈ N+
λ since the situation onN−λ can be proved

similarly. Since un, zn,ψ(s)(un + sψ) ∈ N+
λ ⊂ Nλ, we have

a‖un‖
2 − b‖un‖

4 −

∫
R4

Q(x) |un|
4 dx − λ

∫
R4

f (x)|un|
1−γdx = 0

and
az2

n,ψ(s)‖un + sψ‖2 − bz4
n,ψ(s)‖un + sψ‖4

− z4
n,ψ(s)

∫
R4

Q(x) |un + sψ|4 dx − λz1−γ
n,ψ (s)

∫
R4

f (x)|un + sψ|1−γdx = 0.

AIMS Mathematics Volume 7, Issue 5, 7909–7935.



7920

Using 0 < γ < 1 and λ > 0, the above two equalities yield

0 =a
[
z2

n,ψ(s) − 1
]
‖un + sψ‖2 − b

[
z4

n,ψ(s) − 1
]
‖un + sψ‖4

−
[
z4

n,ψ(s) − 1
] ∫
R4

Q(x) |un + sψ|4 dx

− λ
[
z1−γ

n,ψ (s) − 1
] ∫
R4

f (x)|un + sψ|1−γdx

+ a
[
‖un + sψ‖2 − ‖un‖

2
]
− b

[
‖un + sψ‖4 − ‖un‖

4
]

−

∫
R4

Q(x)
[
|un + sψ|4 − |un|

4
]

dx − λ
∫
R4

f (x)
[
|un + sψ|1−γ − |un|

1−γ
]

dx

≤
[
zn,ψ(s) − 1

] {
a
[
zn,ψ(s) + 1

]
‖un + sψ‖2 − b

z4
n,ψ(s) − 1

zn,ψ(s) − 1
‖un + sψ‖4

−
z4

n,ψ(s) − 1

zn,ψ(s) − 1

∫
R4

Q(x) |un + sψ|4 dx

− λ
z1−γ

n,ψ (s) − 1

zn,ψ(s) − 1

∫
R4

f (x)|un + sψ|1−γdx
}

+ a
[
‖un + sψ‖2 − ‖un‖

2
]
.

Dividing by s > 0 and passing to the limit as s→ 0+, using (2.1), we obtain

0 ≤z′n,ψ(0)
{
2a‖un‖

2 − 4b‖un‖
4 − 4

∫
R4

Q(x) |un|
4 dx

− (1 − γ)λ
∫
R4

f (x)|un|
1−γdx

}
+ 2a

∫
R4
∇un∇ψdx

≤z′n,ψ(0)
{
a(1 + γ)‖un‖

2 − b(3 + γ)‖un‖
4

− (3 + γ)
∫
R4

Q(x) |un|
4 dx

}
+ 2a

∫
R4
∇un∇ψdx,

(2.19)

which implies that z′n,ψ(0) , −∞ according to Lemma 2.6 and the boundedness of {un}. Now we show
that z′n,ψ(0) , +∞. Arguing by contradiction, we assume that z′n,ψ(0) = +∞ and so z′n,ψ(0) > 1 for n
sufficiently large and s > 0 small. Applying condition (2.10) with z = zn,ψ(s)(un + sψ), we have

1
n

[
zn,ψ(s) − 1

]
‖un‖ +

s
n

zn,ψ(s)‖ψ‖

≥
1
n
‖un − zn,ψ(s)(un + sψ)‖

≥ Iλ(un) − Iλ(zn,ψ(s)(un + sψ)).

(2.20)
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Since un ∈ N
+
λ ⊂ Nλ, then one can get from (1.6) and (2.20) that

‖ψ‖

n
zn,ψ(s) ≥

zn,ψ(s) − 1
s

{
−
‖un‖

n
− a(

1
2
−

1
1 − γ

)‖un + sψ‖2

+ b(
1
4
−

1
1 − γ

)
z4

n,ψ(s) − 1

zn,ψ(s) − 1
‖un + sψ‖4

+ (
1
4
−

1
1 − γ

)
z4

n,ψ(s) − 1

zn,ψ(s) − 1

∫
R4

Q(x) |un + sψ|4 dx
}

− a(
1
2
−

1
1 − γ

)
‖un + sψ‖2 − ‖un‖

2

s

+ b(
1
4
−

1
1 − γ

)
‖un + sψ‖4 − ‖un‖

4

s

+ (
1
4
−

1
1 − γ

)
∫
R4

Q(x)
|un + sψ|4 − |un|

4

s
dx.

Letting s→ 0+, using the continuity of zn,ψ(s), Lemma 2.6 and ‖un‖ ≤ C0, we obtain

‖ψ‖

n
≥z′n,ψ(0)

{
−
‖un‖

n
− a(1 −

2
1 − γ

)‖un‖
2 + b(1 −

4
1 − γ

)‖un‖
4

+ (1 −
4

1 − γ
)
∫
R4

Q(x) |un|
4 dx

}
− a(1 −

2
1 − γ

)
∫
R4
∇un∇ψdx

+ b(1 −
4

1 − γ
)
∫
R4
|∇un|

2
∫
R4
∇un∇ψdx

+ (1 −
4

1 − γ
)
∫
R4

Q(x) |un|
3 ψdx

=z′n,ψ(0)
{
−
‖un‖

n
+

1
1 − γ

(
a(1 − γ)‖un‖

2 − b(3 − γ)‖un‖
4

− (3 − γ)
∫
R4

Q(x) |un|
4 dx

)}
− a(1 −

2
1 − γ

)
∫
R4
∇un∇ψdx

+ b(1 −
4

1 − γ
)
∫
R4
|∇un|

2
∫
R4
∇un∇ψdx

+ (1 −
4

1 − γ
)
∫
R4

Q(x) |un|
3 ψdx

≥z′n,ψ(0)
(
−

C0

n
+

C1

1 − γ

)
− a(1 −

2
1 − γ

)
∫
R4
∇un∇ψdx

+ b(1 −
4

1 − γ
)
∫
R4
|∇un|

2
∫
R4
∇un∇ψdx

+ (1 −
4

1 − γ
)
∫
R4

Q(x) |un|
3 ψdx

(2.21)

which is impossible because z′n,ψ(0) = +∞ and −C0
n + C1

1−γ > 0 for n large enough. Hence, z′n,ψ(0) , +∞.
To sum up, |z′n,ψ(0)| < +∞. Moreover, three inequalities (2.19), Lemma 2.6 and (2.21) with ‖un‖ ≤ C0

also imply that
z′n,ψ(0) ≤ C2, (2.22)
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for n sufficiently large and a suitable positive constant C2. �

Lemma 2.8. Assume that 0 < λ < Λ1. Suppose {un} ⊂ N
±
λ satisfy (2.10) and (2.11) with uλ . 0, then

for any 0 ≤ ψ ∈ D1,2(R4), we have, as n→ ∞,

a
∫
R4
∇un∇ψdx − b

(∫
R4
|∇un|

2dx
) ∫
R4
∇un∇ψdx

−

∫
R4

Q(x) |un|
2 unψdx − λ

∫
R4

f (x) |un|
−γ ψdx = o(1).

(2.23)

Proof. For any 0 ≤ ψ ∈ D1,2(R4), applying condition (2.10) with z = zn,ψ(s)(un + sψ), it leads to[
zn,ψ(s) − 1

]
s

‖un‖

n
+

zn,ψ(s)‖ψ‖
n

≥
1
ns
‖un − zn,ψ(s)(un + sψ)‖

≥
1
s

[
Iλ(un) − Iλ(zn,ψ(s)(un + sψ))

] [
zn,ψ(s) − 1

]
s

{
− a

[
zn,ψ(s) + 1

]
2

‖un + sψ‖2

+ b(
z4

n,ψ(s) − 1

4[zn,ψ(s) − 1]
)‖un + sψ‖4

+
z4

n,ψ(s) − 1

4[zn,ψ(s) − 1]

∫
R4

Q(x) |un + sψ|4 dx

+
z1−γ

n,ψ (s) − 1

(1 − γ)[zn,ψ(s) − 1]

∫
R4

Q(x) |un + sψ|1−γ dx
}

−
a
2
‖un + sψ‖2 − ‖un‖

2

s
+

b
4
‖un + sψ‖4 − ‖un‖

4

s

+
1
4

∫
R4

Q(x)
|un + sψ|4 − |un|

4

s
dx

+
1

1 − γ

∫
R4

Q(x)
|un + sψ|1−γ − |un|

1−γ

s
dx.

Passing to the limit as s → 0+, according to the continuity of zn,ψ(s), Fatou’s Lemma and 0 < γ < 1,
we have

|z′n,ψ(0)| · ‖un‖

n
+
‖ψ‖

n

≥z′n,ψ(0)
{
− a‖un‖

2 + b‖un‖
4 +

∫
R4

Q(x) |un|
4 dx + λ

∫
R4

f (x)|un|
1−γdx

}
− a

∫
R4
∇un∇ψdx + b

(∫
R4
|∇un|

2dx
) ∫
R4
∇un∇ψdx

+

∫
R4

Q(x) |un|
2 unψdx + λ

∫
R4

f (x) |un|
−γ ψdx

= − a
∫
R4
∇un∇ψdx + b

(∫
R4
|∇un|

2dx
) ∫
R4
∇un∇ψdx

+

∫
R4

Q(x) |un|
2 unψdx + λ

∫
R4

f (x) |un|
−γ ψdx,
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since un ∈ N
+
λ ⊂ Nλ. Thanks to ‖un‖ ≤ C0, |z′n,ψ(0)| ≤ C2 and (2.22), we passing to the limit, we have

a
∫
R4
∇un∇ψdx − b

(∫
R4
|∇un|

2dx
) ∫
R4
∇un∇ψdx

−

∫
R4

Q(x) |un|
2 unψdx − λ

∫
R4

f (x) |un|
−γ ψdx ≥ o(1).

(2.24)

Now, we come to show that (2.24) holds for every ψ ∈ D1,2(R4). For any ψ ∈ D1,2(R4) and ε > 0, set
ψε = un + εψ and Ωε = {x ∈ R4 : ψε ≤ 0}. Since un ∈ Nλ, by applying inequality (2.24) with ψ = ψ+

ε ,
we have

o(1) ≤
1
ε

{
a
∫
R4
∇un∇ψ

+
εdx − b

(∫
R4
|∇un|

2dx
) ∫
R4
∇un∇ψ

+
εdx

−

∫
R4

Q(x) |un|
2 unψ

+
εdx − λ

∫
R4

f (x) |un|
−γ ψ+

εdx
}

=
1
ε

{
a
∫
R4\Ωε

∇un∇(un + εψ)dx

− b
∫
R4\Ωε

|∇un|
2
∫

Ω\Ωε

∇un∇(un + εψ)dx

−

∫
R4\Ωε

Q(x) |un|
2 un(un + εψ)dx

− λ

∫
R4\Ωε

f (x) |un|
−γ (un + εψ)dx

}
=

1
ε

{
a‖un‖

2 − b‖un‖
4 −

∫
R4

Q(x) |un|
4 dx − λ

∫
R4

f (x)|un|
1−γdx

}
+

{
a
∫
R4
∇un∇ψdx − b

(∫
R4
|∇un|

2dx
) ∫
R4
∇un∇ψdx

−

∫
R4

Q(x) |un|
2 unψdx − λ

∫
R4

f (x) |un|
−γ ψdx

}
−

1
ε

{
a
∫

Ωε

∇un∇(un + εψ)dx

− b
∫

Ωε

|∇un|
2
∫

Ωε

∇un∇(un + εψ)dx

−

∫
Ωε

Q(x) |un|
2 un(un + εψ)dx − λ

∫
Ωε

f (x) |un|
−γ (un + εψ)dx

}
≤
{
a
∫
R4
∇un∇ψdx − b

(∫
R4
|∇un|

2dx
) ∫
R4
∇un∇ψdx

−

∫
R4

Q(x) |un|
2 unψdx − λ

∫
R4

f (x) |un|
−γ ψdx

}
− a

∫
Ωε

∇un∇ψdx.

(2.25)
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Letting ε→ 0+ to the above inequality and using the fact that |Ωε| → 0 as ε→ 0+, we have

a
∫
R4
∇un∇ψdx − b

(∫
R4
|∇un|

2dx
) ∫
R4
∇un∇ψdx

−

∫
R4

Q(x) |un|
2 unψdx − λ

∫
R4

f (x) |un|
−γ ψdx ≥ o(1), ∀ψ ∈ D1,2(R4).

This inequality also holds for −ψ, so we get that (2.23) holds for every ψ ∈ D1,2(R4). �

Lemma 2.9. Assume that 0 < λ < Λ1. Suppose {un} ⊂ N
±
λ satisfy (2.10) and (2.11) and

Iλ(un)→ c < cλ, as n→ ∞, (2.26)

where c , 0 and cλ = a2 s2

4(bs2+QM) − Dλ
4

3+γ with

D =
3 + γ

4

[
16S 2(bs2 + QM)

bQM(1 − γ)

] 1−γ
3+γ

 (1 + γ)‖ f ‖ 4
3+γ

2(1 − γ)


4

3+γ

,

then uλ . 0 and {un} possesses a subsequence strongly convergent to uλ in D1,2(R4).

Proof. We claim that uλ . 0. Arguing by contradiction, we assume uλ ≡ 0. Then, by un ∈ N
+
λ ⊂ Nλ

and (2.12), we have

a‖un‖
2 − b‖un‖

4 −

∫
R4

Q(x) |un|
4 = o(1). (2.27)

It follows from (1.6), (2.27) and Iλ → c , 0 that

c = Iλ(un) + o(1) =
a
4
‖un‖

2 + o(1). (2.28)

If c < 0, we get a contradiction from the last equality. If c > 0, there exists n0 ∈ N such that ‖un‖ ≥ c
for n ≥ n0. This together with (2.28) leads to limn→∞ ‖un‖

2 ≥ as2

(bs2+QM) . Then, by (2.26), (2.28) and the
above equality, we obtain that

c < cλ =
a2s2

4(bs2 + QM)
− Dλ

4
3+γ <

a2s2

4(bs2 + QM)
≤

a
4

lim
n→∞
‖un‖

2 = c,

which is a contradiction. Therefore uλ . 0. We will prove that un → uλ in D1,2(R4). Write vn = un − uλ
and we claim that ‖vn‖ → 0. Otherwise, up to a subsequence (still denoted by vn), we may suppose
‖vn‖ → l with l > 0. From (2.23), we have that 〈I′λ(un), uλ〉 = o(1) and hence

o(1) =a‖uλ‖2 − b(l2 + ‖uλ‖2)‖uλ‖2

−

∫
R4

Q(x) |uλ|4 dx − λ
∫
R4

f (x)|uλ|1−γdx.
(2.29)

Moreover, by 〈I′λ(un), un〉 = o(1), we can use Brézis-Lieb’s Lemma to obtain

o(1) =a(‖uλ‖2 + ‖vn‖
2) − b(‖vn‖

4 + 2‖vn‖
2‖uλ‖2 + ‖uλ‖4)

−

∫
R4

Q(x) |uλ|4 dx −
∫
R4

Q(x) |vn|
4 dx − λ

∫
R4

f (x)|uλ|1−γdx.
(2.30)
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Combing with (2.29) and (2.30), we obtain

o(1) = a‖vn‖
2 − bvn‖

4 − b‖vn‖
2‖uλ‖2 −

∫
R4

Q(x) |vn|
4 dx (2.31)

and so, by the Sobolev inequality, we have

a‖vn‖
2 − b‖vn‖

4 − b‖vn‖
2‖uλ‖2

=

∫
R4

Q(x) |vn|
4 dx + o(1) ≤ S −2QM‖vn‖

4 + o(1).

As n→ ∞, we obtain that

l2 ≥
S 2(a − b‖uλ‖2)

S 2b + QM
≥ 0. (2.32)

By (1.6), (2.29), (2.32) and Hölder’s inequality, we obtain

Iλ (uλ) =
a
2
‖uλ‖2 −

b
4
‖uλ‖4 −

1
4

∫
R4

Q(x) |uλ|4 dx

−
λ

1 − γ

∫
R4

f (x) |uλ|1−γ dx

=
b
4
‖uλ‖4 +

b
2

l2‖uλ‖2

− λ

(
1

1 − γ
−

1
2

) ∫
R4

f (x) |uλ|1−γ dx +
1
4

∫
R4

Q(x) |uλ|4 dx

≥
b
4
‖uλ‖4 +

b
2

S 2(a − b‖uλ‖2)
S 2b + QM

‖uλ‖2

− λ

(
1

1 − γ
−

1
2

) ∫
R4

f (x) |uλ|1−γ dx

=
b(S 2b + QM)‖uλ‖4

4(S 2b + QM)
−

b2S 2‖uλ‖4

2(S 2b + QM)

+
abS 2‖uλ‖2

2(S 2b + QM)
− λ

1 + γ

2(1 − γ)
‖ f ‖ 4

3+γ
S

γ−1
2 ‖u‖1−γ

=
abS 2‖uλ‖2

2(S 2b + QM)
−

b2S 2‖uλ‖4

4(S 2b + QM)

+
bQM‖uλ‖4

4(S 2b + QM)
− λ

1 + γ

2(1 − γ)
‖ f ‖ 4

3+γ
S

γ−1
2 ‖u‖1−γ

≥
abS 2‖uλ‖2

2(S 2b + QM)
−

b2S 2‖uλ‖4

4(S 2b + QM)

− λ
4

3+γ
3 + γ

4

[
16S 2(bS 2 + QM)

bQM(1 − γ)

] 1−γ
3+γ

 (1 + γ)‖ f ‖ 4
3+γ

2(1 − γ)


4

3+γ

.

(2.33)
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Furthermore, by using (2.29)–(2.33), we deduce that

c+o(1) = Iλ (un)

=
a
2
‖un‖

2 −
b
4
‖un‖

4 −
1
4

∫
R4

Q(x) |un|
4 dx −

λ

1 − γ

∫
R4

f (x) |un|
1−γ dx

=
a
2
‖uλ‖2 −

b
4
‖uλ‖4 −

1
4

∫
R4

Q(x) |uλ|4 dx −
λ

1 − γ

∫
R4

f (x) |uλ|1−γ dx

+
a
2
‖vn‖

2 −
b
4
‖vn‖

4 −
b
2
‖vn‖

2‖uλ‖2 −
1
4

∫
R4

Q(x) |vn|
4 dx + o(1)

=Iλ (uλ) +
a
4
‖vn‖

2 −
b
4
‖vn‖

2‖uλ‖2 + o(1)

=Iλ (uλ) +
a − b‖uλ‖2

4
l2 + o(1)

≥Iλ (uλ) +
a2S 2

4(bS 2 + QM)
−

abS 2‖uλ‖2

2(S 2b + QM)
+

b2S 2‖uλ‖4

4(S 2b + QM)
+ o(1)

≥
a2S 2

4(bS 2 + QM)
− Dλ

4
3+γ = cλ,

which contradicts the assumption c < a2S 2

4(bS 2+QM) − Dλ
4

3+γ . Therefore, the claim holds, namely, un → uλ
in D1,2(R4). This completes the proof of Lemma 2.9. �

3. Proof of Theorem 1.1

In this section, we want to prove Theorem 1.1 by a minimization argument on N+
λ .

Proof. There exists a constant Λ3 =
(

a2S 2

4D(bS 2+QM)

) 3+γ
4 such that cλ > 0 for λ < Λ3. Set 0 < λ < Λ0 =

min{Λ1,Λ3}, then Lemmas 2.1–2.9 hold for all 0 < λ < Λ0 = min{Λ1,Λ3}. Due to Lemmas 2.1 and 2.3
and Ekeland’s variational principle, we can obtain the minimizing sequence {un} ⊂ N

+
λ satisfying

(2.9)–(2.11). Obviously, {un} is bounded in D1,2(R4), going if necessary to a subsequence, still denoted
by itself, there exists u∗ ∈ D1,2(R4) such that

un ⇀ u∗, in D1,2(R4) ÉÏ,
un → u∗, in Lp

loc

(
R4

)
(2 ≤ p < 4),

un(x)→ u∗(x), a.e. in R4.

Now, we will prove that u∗ is a positive ground state solution of problem (1.1). According to (2.9) and
Lemma 2.5, we have

Iλ(un)→ α+
λ < 0 < cλ,

so Lemma 2.9 with c = α+
λ results in u∗ . 0 and un → u∗ in D1,2(R4). One can further obtain from the

above relation, un ∈ N
+
λ ⊂ Nλ and Lemma 2.6 (i) imply that u∗ ∈ Nλ and

a(1 + γ)‖u∗‖2 − b(3 + γ)‖u∗‖4 − (3 + γ)
∫
R4

Q(x) |u∗|4 dx > 0.
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Hence, u∗ ∈ N+
λ . Furthermore, passing to the limit as n → ∞ in (2.23) and using Fatou’s Lemma, we

get

λ

∫
R4

f (x) |u∗|−γ ψdx ≤ lim inf
n→∞

λ

∫
R4

f (x) |un|
−γ ψdx

=a
∫
R4
∇u∗∇ψdx − b

∫
R4
|∇u∗|2

∫
R4
∇u∗∇ψdx

−

∫
R4

Q(x) |u∗|3 ψdx,

(3.1)

for any 0 ≤ ψ ∈ D1,2(R4). We can repeat the arguments used in (2.24) and (2.25) to derive that (3.1)
holds for any ψ ∈ D1,2(R4). Consequently, u∗ verifies (1.7) by the arbitrariness of ψ ∈ D1,2(R4) in (3.1),
hence u∗ is a weak solution of problem (1.1). Furthermore, similar to the proof of [24] Theorem 1, we
have u∗ ∈ C2

loc(R
4). Since u∗ ≥ 0, u∗ . 0, and u∗ satisfies (1.7), by the strong maximum principle, it

suggests that u∗ > 0 in D1,2(R4). Furthermore, there holds

Iλ(u∗) = lim
n→∞

Iλ(un) = α+
λ .

Finally, we want to show that u∗ ∈ N+
λ and Iλ(u∗) = α+

λ . For any u ∈ N−λ , according to Lemma 2.1,
there exists unique 0 < t+(u) < tmax < t−(u) such that t+(u)u ∈ N+

λ , t−(u)u ∈ N−λ , Iλ(t+(u)u) =

inf0<t≤t−(u) Iλ(tu) and Iλ(t−(u)u) = supt≥tmax
Iλ(tu). Then t−(u) = 1 and there exists t(u) ∈ (tmax, t−(u))

such that Iλ(t+(u)u) < Iλ(t(u)u). So

α+
λ ≤ Iλ(t+(u)u) < Iλ(t(u)u) ≤ Iλ(t−(u)u) = Iλ(u).

By the arbitrariness of u ∈ N−λ and the definitions of α±λ and α, we have α+
λ < α

−
λ and so αλ = α+

λ thanks
toNλ = N+

λ ∪N
−
λ by Lemma 2.1. Therefore, Iλ(u∗) = αλ = α+

λ and thus u∗ is a ground state solution of
problem (1.1). This completes the proof of Theorem 1.1. �

4. Proof of Theorem 1.2

It is well known that the function

Uε,x0(x) =
(8ε)

1
2(

ε + |x − x0|
2) , ε > 0, x ∈ R4. (4.1)

solves
−∆u = u3, x ∈ R4.

For j = 1, 2, · · · , k fixed, we define a cut off function ϕ j(x) ∈ C∞0 (R4) such that 0 ≤ ϕ j(x) ≤ 1,
ϕ j(x) = 1 for |x − a j| < δ1 and ϕ j(x) = 0 for |x − a j| > 2δ1 with 0 < δ1 < δ/2 where δ1 is given in
( f2). Let uε, j(x) = ϕ j(x − a j)Uε,a j(x). The following estimates can be easily established from similar
estimates in [25]:

∆uε, j(x) =
∆ϕ j(x − a j)(8ε)

1
2(

ε + |x − a j|
2
) −

2|x − a j|ϕ j(x − a j)(8ε)
1
2(

ε + |x − a j|
2
) .

Since ϕ j(x − a j) = 1 near a j, it follows that

‖uε, j‖2 = S 2 + O(ε) |uε, j|44 = S 2 + O(ε2). (4.2)
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Lemma 4.1. Assume that (Q1), (Q2), ( f1) and ( f2) hold, then there exists 0 < Λ4 < Λ0, such that for
0 < λ < Λ4 and ε > 0 small, we have

sup
t≥0

Iλ(tuε, j) < cλ,

where cλ is given in Lemma 2.9.

Proof. For j = 1, 2, · · · , k, according to (Q2), for any ρ > 0, there exists a δ0 > 0 such that

|Q(x) − Q(a j)| < ρ|x − a j|
β1 , ∀0 < |x − a j| < δ0 < δ. (4.3)

For 0 < λ < Λ2, by Lemmas 2.1 and 2.5 (ii), there exists tε > tmax > 0 such that tεuε, j ∈ N−λ and
Iλ(tεuε, j) = supt≥0 Iλ(tuε, j) ≥ β0 > 0. On the other side, Iλ(tεuε, j) → −∞ as t → +∞ suggest that there
exists t0 > 0 such that tε < t0. Hence, tmax < tε < t0. To proceed, set

p(t) =
at2

2
‖uε, j‖2 −

bt4

4
‖uε, j‖4 −

t4

4

∫
R4

QM |uε, j|4dx.

We easily see that p(t) achieves its maximum at

Tmax =


a‖uε, j‖2

b‖uε, j‖4 +

∫
R4

QM |uε, j|4dx


1/2

=

(
aS 2 + O(ε)

bS 4 + QMS 2 + O(ε)

)1/2

=

(
aS 2

bS 4 + QMS 2

)1/2

+ O(ε),

with

p(tε) < p(Tmax) =
aS 2

bS 2 + QM
+ O(ε). (4.4)

Since tmax < tε < t0, by the definition of uε, j, (4.3) and using a change of variables, we obtain that for ε
small enough

tε
4

∫
R4
|Q(x) − Q(a j)||uε, j|4dx =

tε
4

∫
|x−a j |<δ

|Q(x) − Q(a j)||uε, j|4dx

=
tε
4

∫
|x−a j |<δ0

ρ|x − a j|
β1(8ε)2(

ε + |x − x0|
2)4 dx

+ 2Q(M)
tε
4

∫
δ0≤|x−a j |<δ

(8ε)2(
ε + |x − x0|

2)4 dx

≤C3ρε
2
∫ δ0

0

r3+β1

(ε + r2)4 dr + C4ε
2
∫ δ

δ0

r3

(ε + r2)4 dr

≤C3ρε
β1
2

∫ δ0√
ε

0

r3+β1

(1 + r2)4 dr + C4ε
2
∫ δ

δ0

r−5dr

≤C5ε
β1
2 + C6ε

2.

(4.5)
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Similarly, by ( f2) and 5+3γ
2 < β2 < 3 + γ, for any ε > 0 satisfying 0 < ε < δ2

1, we have

λ
t1−γ
ε

1 − γ

∫
|x−a j |<δ

f (x)|uε, j|1−γdx

= λ
t1−γ
ε

1 − γ

[∫
|x−a j |<δ1

f (x)|uε, j|1−γdx +

∫
δ1<|x−a j |<δ

f (x)|uε, j|1−γdx
]

≥ λ
t1−γ
max

1 − γ

∫
|x−a j |<δ1

ρ1|x − a j|
−β2(8ε)

1−γ
2(

ε + |x − x0|
2)1−γ dx

= C7ρ1ε
1−γ

2 λ

∫ δ1

0

r3

rβ2(ε + r2)1−γ dr = C7ρ1ε
3+γ−β2

2 λ

∫ δ1√
ε

0

r3

rβ2(1 + r2)1−γ dr

≥ C7ρ1ε
3+γ−β2

2 λ

∫ 1

0

r3

rβ221−γ dr = λC8ε
3+γ−β2

2 .

(4.6)

Therefore, from (4.4)–(4.6) and 2 ≤ β1 < 4, it holds

Iλ(tεuε, j) =p(t) +
tε
4

∫
R4
|Q(x) − Q(a j)||uε, j|4dx

− λ
t1−γ
ε

1 − γ

∫
|x−a j |<δ

f (x)|uε, j|1−γdx

≤
aS 2

bS 2 + QM
+ O(ε) + C5ε

β1
2 + C6ε

2 − λC8ε
3+γ−β2

2

≤
aS 2

bS 2 + QM
+ C9ε − λC8ε

3+γ−β2
2 .

Set ε = λ
4

3+γ and Λ5 =
(

C8
C9+D

) 3+γ
2β2−5−3γ , since 5+3γ

2 < β2 < 3 + γ, we have

C9ε − λC8ε
3+γ−β2

2 = λ
4

3+γ

(
C9 − λC8λ

5+3γ−2β2
3+γ

)
< −Dλ

4
3+γ ,

and so

Iλ(tεuε, j) = sup
t≥0

Iλ(tεuε, j) <
aS 2

bS 2 + QM
− Dλ

4
3+γ = cλ,

for all 0 < λ < Λ4 = min{Λ2,Λ3,Λ5}. �

Now we choose R0 satisfying R0 > Σk
j |ai| and set

η(x) =

{
1, 0 ≤ t ≤ R0,
R0
t , R0 ≤ t.

Similar to [26], we define a map of “barycenter type” β : D1,2(R4) \ {0} → R4 as

β(u) =

∫
R4
η(|x|)x|u|4dx∫
R4
|u|4dx

.
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For j = 1, 2, · · · , k, we also define

Υ
j
λ =

{
u ∈ N−λ : |β(u) − a j| < r0

}
, Φ

j
λ =

{
u ∈ N−λ : |β(u) − a j| = r0

}
, (4.7)

where r0 > 0 such that
Br0(ai) ∩ Br0(a j) = ∅, j = 1, 2, · · · , k.

By Lemma 2.1, there exists a unique tε > 0 such that tεuε, j ∈ N−λ . Furthermore, as ε → 0+, we
obtain by using a change of variables that

β(tεuε, j) =

∫
R4
η(|x|)xϕ4

j(x)
(8ε)2(

ε + |x − a j|
2
)4 dx

∫
R4
ϕ4

j(x)
(8ε)2(

ε + |x − a j|
2
)4 dx

=

∫
R4
η(|
√
εx + a j|)(

√
εx + a j)ϕ4

j(
√
εx + a j)

(8ε)2(
1 + |x|2

)4 dx∫
R4
ϕ4

j(
√
εx + a j)

(8ε)2(
1 + |x|2

)4 dx

→ a j.

From this, we deduce the following fact.
Lemma 4.2. There exists ε0 > 0 such that for all 0 < ε < ε0 and 1 ≤ j ≤ k, we have β(tεuε, j) ∈ Br0(a j).

Lemma 4.2 implies that Υ
j
λ , {0} for all 1 ≤ j ≤ k. By Lemma 2.5, we can define

c j
λ = inf

u∈Υ j
λ

Iλ(u), c̃ j
λ = inf

u∈Φ j
λ

Iλ(u),

and so c j
λ ≥ α

−
λ ≥ M0 > 0 if 0 < λ < Λ2.

Lemma 4.3. Assume that (Q2) holds, then there exists Λ6 such that

c̃ j
λ >

a2S 2

4(bS 2 + QM)
,

for j = 1, 2, · · · , k and 0 < λ < Λ6.

Proof. Let us argue by contradiction and suppose that there exist sequences λn → 0, and {un} ∈ Φ
j
λ

satisfying

Iλn(un)→ c ≤
a2S 2

4(bS 2 + QM)
,

and
a‖un‖

2 − b‖un‖
4 −

∫
R4

Q(x) |un|
4 dx − λn

∫
R4

f (x)|un|
1−γdx = 0. (4.8)

Then {un} is bounded in D1,2(R4), since Iλ is coercive according to Lemma 2.5. Moreover, since {un} ∈

Φ
j
λ ⊂ N

−
λ , by the Sobolev inequality, we can further get that

a(1 + γ)‖un‖
2 < b(3 + γ)‖un‖

4 + (3 + γ)
∫
R4

Q(x) |un|
4 dx

≤ b(3 + γ)‖un‖
4 + (3 + γ)QMS −2‖un‖

4,
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from which we infer that
‖un‖ > C10 > 0,

where C10 =

√
a(1+γ)S 2

(3+γ)(bS 2+QM) . Noting that λn → 0, we then deduce from (4.8) that there is a constant
C11 > 0 such that ∫

R4
Q(x) |un|

4 dx + b‖un‖
4 = a‖un‖

2 > C11 > 0,

for all n ∈ N . Thus, we are able to choose tn > 0 such that vn = tnun satisfies

a‖vn‖
2 =

∫
R4

QM |vn|
4 dx + b‖vn‖

4. (4.9)

This and Sobolev inequality give that ‖vn‖
2 ≥ aS 2

bS 2+QM
. Moreover,

tn =


b‖un‖

4 +

∫
R4

Q(x) |un|
4 dx + λn

∫
R4

f (x)|un|
1−γdx∫

R4
QM |un|

4 dx + b‖un‖
4


1
2

.

It follows that tn is uniformly bounded. Then, we can assume that limn→∞ tn = t0. By Q(x) ≤ QM,
λ∞ → 0 and the boundedness of {un}, we see that t0 ≤ 1. We show next that the case t0 ≤ 1 leads to a
contradiction. Since for t0 ≤ 1, we have

a2S 2

4(bS 2 + QM)
≤ lim

n→∞

1
4

a‖vn‖
2 = lim

n→∞

1
4

at2
n‖un‖

2

= lim
n→∞

t2
n

[
(
1
2
−

1
4

)
(
a‖un‖

2 − b‖un‖
4 − λn

∫
R4

f (x)|un|
1−γdx

)
+ (

1
2
−

1
4

)b‖un‖
4 + (

1
2
−

1
1 − γ

)λn

∫
R4

f (x)|un|
1−γdx

]
= lim

n→∞
t2
nIλn(un) = t2

0c ≤
a2S 2

4(bS 2 + QM)
.

These inequalities above also provide

c =
a2S 2

4(bS 2 + QM)
and lim

n→∞
‖vn‖

2 = lim
n→∞
‖un‖

2 =
aS 2

bS 2 + QM
. (4.10)

Let ϑn = vn
|vn |4

, then ‖ϑn‖4 = 1. Moreover, by (4.9) and (4.10),

lim
n→∞
‖ϑn‖

2 = lim
n→∞

‖vn‖
2

|vn|
2
4

= lim
n→∞

‖vn‖
2

(a‖vn‖
2 − b‖vn‖

4/QM)
1
2

= S ,

namely, ϑn is a minimizing sequence for S . We now use a result of [27] to find a point y0 ∈ R
4 such

that
|∇ϑn|

2 ⇀ dµ = S δy0 and |ϑn|
2 ⇀ dν = δy0 , (4.11)
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with the above convergence holding weakly in the sense of measure, where δy0 is a Dirac mass at y0.
Then

β(un) =

∫
R4
η(|x|)x|un|

4dx∫
R4
|un|

4dx
=

∫
R4
η(|x|)x|ϑn|

4dx∫
R4
|ϑn|

4dx
→ η(|y0|)y0, as n→ ∞.

From the definition of η(x), β(un) ∈ ∂Br0(a j) and Br0(ai) ∩ Br0(a j) = ∅, j = 1, 2, · · · , k, we know that
a j , y0 and y0 ∈ ∂Br0(a j) for any j = 1, 2, · · · , k. Thus, from (4.9) and (4.11), we conclude that

lim
n→∞

Iλn(un) = lim
n→∞

t2
n

[
(
1
2
−

1
4

)
(
a‖un‖

2 − b‖un‖
4 − λn

∫
R4

f (x)|un|
1−γdx

)
+ (

1
2
−

1
4

)b‖un‖
4 + (

1
2
−

1
1 − γ

)λn

∫
R4

f (x)|un|
1−γdx

]
= lim

n→∞

1
4

∫
R4

Q(x) |un|
4 dx + lim

n→∞

1
4

b‖un‖
4

= lim
n→∞

1
4

∫
R4

Q(x) |vn|
4 dx + lim

n→∞

1
4

b‖vn‖
4

=
Q(y0)
4QM

lim
n→∞

1
4

∫
R4

QM |vn|
4 dx + lim

n→∞

1
4

b‖vn‖
4

=
Q(y0)
4QM

lim
n→∞

(a‖vn‖
2 − b‖vn‖

4) + lim
n→∞

1
4

b‖vn‖
4

=
Q(y0)
4QM

a2S 2

(bS 2 + QM)
+ lim

n→∞

1
4

b(1 −
Q(y0)
QM

)‖vn‖
4

<
a2S 2

4(bS 2 + QM)
,

which contradicts (4.10). This completes the proof. �

We show the existence of k solutions in N−λ .

Proof. Fix 0 < λ < Λ00 = min{Λ4,Λ6}, where Λ4 and Λ6 are defined in Lemmas 4.1 and 4.3,
respectively. For any j = 1, 2, · · · , k, since N−λ is a closed set by Lemma 2.3, we have, Υ

j
λ = Υ

j
λ ∪ Φ

j
λ

from the same ideas presented in Lemma (3.1) of [28]. According to Lemmas (4.1) and (4.2) and the
definition of cλ in Lemma 2.9, we have

0 < c j
λ ≤ sup

t≥0
Iλ(tuε, j) < cλ <

a2S 2

4(bS 2 + QM)
. (4.12)

This together with Lemma (4.3) leads to

c̃ j
λ >

a2S 2

4(bS 2 + QM)
> c j

λ. (4.13)

Thus, c j
λ = inf

u∈Υ j
λ

Iλ(u). By Ekeland’s variational principle, we can obtain the minimizing sequence

{un, j} ∈ Υ
j
λ satisfying

c j
λ < Iλ(un, j) < c j

λ +
1
n

and Iλ(z) ≥ Iλ(un, j) −
1
n
‖un, j − z‖,∀z ∈ Υ

j
λ
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with un, j ⇀ uλ, j in D1,2(R4) for any j ∈ [1, k]. Therefore, by Lemma 2.9 and (4.13), we have uλ, j . 0
and un, j → uλ, j, up to a subsequence. Thus, replicating the same argument of Section 3, we have

uλ, j ∈ Υ
j
λ ⊂ N

−
λ is a positive solution of problem (1.1). Moreover, since Br0(ai) ∩ Br0(a j) = ∅, for i , j,

we conclude that uλ, j , uλ,i if i , j. This implies that problem (1.1) has at least k positive solutions
uλ, j ∈ N−λ ( j = 1, 2, · · · , k) for all 0 < λ < Λ00. Since N+

λ ∩ N
−
λ = ∅, by Lemma 2.2, we can further

obtain that u∗ and uλ, j( j = 1, 2, · · · , k) are distinct and so problem (1.1) admits at least k + 1 positive
solutions. �

5. Conclusions

In this paper, we study the multiplicity results of positive solutions for a class of Kirchhoff type
problems with singularity and critical exponents. Under suitable assumptions on Q(x) and f (x), by the
variational method and delicate estimates, we prove that problem admits k + 1 positive solutions for
λ > 0 sufficiently small. The related results in [29–32] are improved and generalized.
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