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Abstract: In this paper, we are concerned with optimal decay rates of higher—order derivatives of the
smooth solutions to the 3D compressible nematic liquid crystal flows. The main novelty of this paper
is three—fold: First, under the assumptions that the initial perturbation is small in HN—norm (N > 3)
and bounded in L'-norm, we show that the highest—order spatial derivatives of density and velocity
converge to zero at the L’—rates is (1 + t)‘%‘% , which are the same as ones of the heat equation, and
particularly faster than the L*>—rate (1 + t)‘%‘% in [ J.C. Gao, et al., J. Differential Equations, 261:
2334-2383,2016]. Second, if the initial data satisfies some additional low frequency assumption, we
also establish the lower optimal decay rates of solution as well as its all-order spatial derivatives.
Therefore, our decay rates are optimal in this sense. Third, we prove that the lower bound of the time
derivatives of density, velocity and macroscopic average converge to zero at the L>-rate is (1 + t)‘%.
Our method is based on low-frequency and high-frequency decomposition and energy methods.
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1. Introduction

In this paper, we investigate the upper and lower bounds of decay rates for global solution to
compressible nematic liquid crystal flows in three—dimensional whole space:

p; +div(pu) = 0,
(ou), + div(pu ® u) — pAu — (u + v)Vdivu + VP(p) = —yVd - Ad, (1.1
d, +u-Vd = 0(Ad + |Vd*d),

where ¢ > 0 is time and x € R? is the spatial coordinate. Here, the symbol ® is the Kronecker tensor
product. We denote the unknown functions p(x, ¢) denotes the fluid density, u = (uy, u,, u3) is the fluid
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velocity, d is the macroscopic average of the nematic liquid crystal orientation field. The pressure
P = P(p) = ap”(a > 0,y > 1) is a smooth function in a neighborhood of 1 with P’(1) = 1. u and v are
shear viscosity and the bulk viscosity coefficients of the fluid, respectively, which satisfy the physical
assumptions:

u>0, 2u+3v>0.

The positive constants y and 6 represent the competition between the kinetic energy and the potential
energy, and the microscopic elastic relaxation time for the molecular orientation field, respectively. For
the sake of simplicity, we set the constants y and 6 to be 1. We consider the Cauchy problem of the
system (1.1) subject to the initial conditions:

(0, u, d)(x, 1) li=0= (o, U0, do)(x) = (1,0, o), as |x| = oo, (1.2)

where wy 1s a unit constant vector.

1.1. History of the problem

Liquid crystal has important physical and chemical properties such as photoelectric effect, thermal
effect, photochemical effect and so on. After nearly a century of research, liquid crystals have
been widely used in production, life, and scientific research. Particularly, liquid crystal displays
have been widely used in LED technology, airplanes, medical equipment, bioengineering, machinery
manufacturing, and other fields. Next, let us present some explanations about the above model. The
nematic liquid crystal flows are a coupling between the compressible Navier—Stokes equations and the
transported flow harmonic maps. Ericksen [4] and Leslie [20] first established the continuum theory of
liquid crystals in the 1960s. Since then, due to the physical importance and mathematical challenges,
the study of the full Ericksen—Leslie model has attracted many physicists and mathematicians.
Considering the compressible liquid crystal flows, Ding-Lin—Wang [2] gained both existence and
uniqueness of global strong solution in one—dimensional space. For the case of multi-dimensional
space, Jiang—Jiang—Wang in [16, 17] proved the global existence of weak solutions to the initial—
boundary problem with large initial energy. Huang—Wang—Wen in [13] obtained the blow up criterion
of strong solutions. Hu—Wu [11] showed the existence and uniqueness of global strong solution in
critical Besov spaces. Under the assumption that the initial energy is suitably small, Wu—Tan in [32]
proved the global existence of small energy weak solution. Li—Xu—Zhang in [22] established the
global existence of classical solution with smooth initial data which are of small energy but possibly
large oscillations. Recently, Gao—Tao—Yao [8] obtained the global well-posedness of classical solution
under the condition that the initial data is a small perturbation of the constant equilibrium state in the
HY(R*)(N > 3)-framework. Furthermore, if the initial perturbation data belongs to L' additionally,
they obtained the optimal decay rate of k—th (k < N — 1) order spatial derivative of solution in [8] as
follow:

3_k

IVEo = DOy + IV u@llgv-« < CA + 17372, ke[0,N - 1], (1.3)
IVi(d — wo) Dl < CA +1)7i72, 1€[0,N +1]. (1.4)

Here, the positive constant C is independent of time.
When the director is a constant vector, then the compressible nematic liquid crystal flow (1.1)
becomes the compressible Navier—Stokes equation. There are a lot of basic results about the global
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existence, unique and time decay rates of the solutions to the compressible Navier—Stokes equations,
cf. [3,6,7,10,14,23,24,28,29] and references cited therein. We also mention that the problem of time-
asymptotic behavior for the solutions of hydrodynamic equations is a hot topic, see [5,12,15,18,30,31]
and references cited therein.

By observing the results of [8], decay rate (1.3) shows that the highest—order spatial derivative of
density and velocity converge to zero at L>—rate (1+t)‘5‘%, which are slower than the L>-rate (1 +t)‘%‘%
for the heat equation, and thus are not optimal in this sense. Thus, we are caught up in the upper and
lower optimal decay rates of higher—order spatial derivatives of the solutions to the 3D compressible
liquid crystal flows (1.1). More precisely, we focus on the following three problems:

(i) Can we show that the highest order spatial derivative of the density and velocity converge to zero
at the same L?—rate (1 + t)‘%‘% as that of the heat equation?

(i1) Can we provide some lower bounds of decay rate for the solution as well as its all-order spatial
derivatives?

(iii)) Can we provide some information on the upper and lower bound of decay rate for the time
derivatives of solution?

The main purpose of this article is to give a clear answer to the above three problems.

1.2. Main results

In this article, we use H*(R?) to denote the usual Sobolev spaces with norm || - ||z+. Generally,
we use L”, 1 < p < oo to denote the usual L”(R*) spaces with norm || - ||». The notation a < b
means that a < Cb for a universal positive constant which is independent of time . Let A® be the

pseudo—differential operator defined by
Nf=F"0&f) forseR,

where fand & are the Fourier transform of f. For a radial function ¢ € Cg"(Rg) such that ¢(¢) = 1
when [£] < 1 and ¢(€) = 0 when |£| > 2, we define the low—frequency part and the high—frequency part
of f as follows

f1= & @) f], and f' = F(1 - $(&)f].

Before stating our main results, let us recall the result of [8] in the following.

Theorem 1.1.( See [8]) Assume that the initial data (py — 1,up,Vdy) € HM(R?) n L'(R?) for
any integer N > 3, do(x) = 1 in R? and there exists a small constant &, > 0 such that

oo = 1, uo, V)|l < 6o, (1.5)
then the Cauchy problem (1.1)—(1.2) admits a unique globally classical solution (p, u, d) such that for
any 7 € [0, ),

t
(o = 1, u, V)@l + f(IIV,OIIi,NI + 1V, V)l )d7 < Cli(po = 1, o, Vo)l (1.6)
0

If the initial data ||dy — wol|;2 and ||(po — 1, up, Vdp)||;1 are finite additionally, the global solution (p, u, d)
of problem (1.1)—(1.2) satisfies for all # > 0
V5o = DOl + IV u@)llgv-+ < CA+ 0737, k€ [0,N - 1],

, e (1.7)
IVid - wo)Oll2 <CA+1"42, [€[0O,N+1].
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Here, the positive constant C is independent of time.

Now, we are in a position to state our main results, which are stated in the following four theorems.
First, we show that the highest—order spatial derivative of the density and velocity converge to zero at
the same L>—rate as ones of the heat equation.

Theorem 1.2. Under the assumptions of Theorem 1.1, for all # > 0, it holds that

N
2 .

V(o = DOllz + IVVu@ll2 < C(1+1)75° (1.8)

Here, the positive constant C is independent of time.

Next, we address the lower bound of decay rate for the solution as well as its all-order spatial
derivatives.
Theorem 1.3. Assume that all the hypotheses of Theorem 1.1 are in force, denote my = pouy, by = Ady,
and the Fourier transform (po/—\l, mo, Z)E) satisfies

oo — 1@ 2 co, M@ =0, |bo&)]=co, for 0< <1, (1.9)

where ¢ is a positive constant. Then, the global solution (p, u, d) has the decay rates for all ¢ > ¢,

k

min{|[V*(o — DOz, IVu(®)ll2} > e1(1 + 07772, k€ [0,N],

. (1.10)
IVHY(d = wo) D2 = (1 + 67572, [ € [0, N].

NI~

Here, . is a positive large time, the two positive constants c¢; and ¢, are independent of time.

Next, we will establish the upper bounds of decay rates for the time derivatives of the solution to
the 3D compressible liquid crystal flows (1.1).
Theorem 1.4. Under the assumptions of Theorem 1.1 and Theorem 1.2, the global solution (p, u, d) of
Cauchy problem (1.1)—(1.2) satisfies for all > 0

IV*O,u(n)ll: < C(1+ 17772, ke[0,N-2],
IV'8,p(0)ll2 < C(1 +1)7777, (1.11)

!

IV'0,(d — we)(Dl;2 < C( + t)_%_f, le[O,N-1].

NI~

Here, the positive constant C is independent of time.

Finally, we will establish the lower bounds of decay rates for the time derivatives of the solution to
the 3D compressible liquid crystal flows (1.1).
Theorem 1.5. Under all the assumptions in Theorem 1.1, and the condition (1.9) holds, then the global
solution (p, u, d) of Cauchy problem (1.1)—(1.2) satisfies for all ¢ > ¢,

10Dl > c3(1 + 0)7F,

5 (1.12)
10:(d — wo)(O|2 = c3(1 + )74,
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Furthermore, if there exists a small constant ¢; such that ||ugl||;: < 1, it holds that for all ¢ > 7,
min{|d,0(0)l.z, ldiva(®)ll2} > e3(1 + )73 (1.13)

Here, . is a positive large time, and the positive constant c; is independent of time.

Remark 1.6. Compared to Theorem 1.1 of [8], the main innovation of Theorem 1.2—1.5 lies in the
following three aspects: First, by observing the decay rates in (1.8), we prove that the highest—order
spatial derivative of the density and velocity converge to their corresponding equilibrium states at the
L*>—rate (1 + t)‘%‘%, which is the same as one of the heat equation and particularly faster than the rates
(1+ t)‘%‘g in [8]. Second, for well-chosen initial data, Theorem 1.3 also gives the lower bounds on
solution as well as its all-order spatial derivatives. Thus, our time decay rates are really optimal in this
sense. Third, we also gives the lower bound of decay rates for the time derivatives of density, velocity
and macroscopic average for the 3D compressible liquid crystal flows, which converge to zero at the
L?—rates (1 + t)‘%, (1+ t)‘% and (1 + t)‘%, respectively.

Now, let us sketch the main strategy of proving Theorem 1.2-Theorem 1.5 and explain some main
difficulties and techniques involved in the process. Roughly speaking, we will make full use of the
benefit of the low—frequency and high—frequency decomposition f = f' + f", where f' and f" stand
for the low—frequency part and high—frequency part of f, respectively.

For the proof of Theorem 1.2, motivated by the work in [27], we will establish the highest—order
spatial derivatives of the density and velocity to compressible nematic liquid crystal flows (1.1). There
are four steps to achieve this. First, we rewrite the Cauchy problem (1.1)—(1.2) into the system (2.1).
We notice that the low-frequency part V¥(o, u)(0 < k < N) of the corresponding linear system to (2.1)
has been obtained by [21]. Then, by employing Duhamel’s principle, the key linear decay estimates
in Lemma 3.1 and nonlinear energy estimates, we can get the optimal decay rate of ||V (o, u!)(#)]|,2
(see the proof of Lemma 3.3 for details). Second, we want to obtain the optimal decay rate of
IVN (0", u")(?)||;2. Through high—frequency and low—frequency decomposition and precise energy
estimates, we establish the energy inequality as follows:

1d

35 f IVVO"P + VU Pdx + C VY |2, < (1 + 173N
R3

(1.14)
+(S + (1L + 0 DIV ull?, + 6lIVY (0, w7,

Third, note that the energy equality (1.14) only gives the dissipation estimate for ”. In order to explore
the dissipation estimates for ¢”, we will construct the new interactive energy functionals between u"
and Qh. Therefore, we have
d 3
— | VYV + GV, < (140 0+ (1+ 0TIV,
dt Jgs (1.15)
_3
+(1+ 1+ 0" DIVl + (1 + 8V ull7,.

Fourth, we choose two sufficiently large positive constant Dy and T, then define the temporal energy
functional as

E(r) = DolIVV (0", i), + f YV gl (1.16)
R3
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Notice that E(r) is equivalent to |[V¥(o",u")|?,. Multiplying (1.14) by Dy, adding the resulting
inequality with (1.15), and then for all + > T\, we obtain the Lyapunov-type energy inequality as
follow:

d 3
&E(t) +GE@®) s 1+ 077V + IV, + (IVVU2,. (1.17)

By virtue of Lemma 3.3 and Gronwall’s inequality, we obtain the optimal L? time decay rates of
VY (0", uh)lliz. In addition, together with the N—order low—frequency decay rates of (3.7), we obtain
the decay rates of (1.8) immediately. Thus, we have completed the proof of Theorem 1.2.

For Theorem 1.3, we show the lower bounds on the decay rates of solutions. Compared to the proof
of Theorem 1.2, the new difficulty we encounter is that the system (2.1) is not a conservative form,
which implies that it seems impossible to obtain the lower optimal decay rates as in (1.10). To this
end, let’s break it down into two parts. For the part of Navier—stokes system, the key idea here is that,
instead of using the system (2.1);—(2.1),, we will employ the system (4.1) of (0, m) with m = (0 + 1)u,
which can be rewritten in the conservative form. As a result, one can shift the derivative onto the
solution semigroup to obtain the desired lower optimal decay rates (See the proof of (4.4) for details ).
For the part of macroscopic average, we notice that the linearized system of (4.6) is mere heat equation
on Vn. When the initial data satisfy (1.9), we will employ Plancherel theorem and careful analysis on
the solution semigroup to obtain an optimal lower bound estimate for the linear part. We find a similar
structure between (4.6) and the system (4.1), so we can prove the lower bound on the convergence rates
in L2—norm for the macroscopic average(see the proof of Lemma 4.2 for details). Thus, we complete
the proof of Theorem 1.3.

For Theorem 1.4 and Theorem 1.5, we establish the upper and lower bound of decay rate for the
time derivative of solution in L?>-norm. It is worth mentioning that the lower decay rate estimate for
the time derivative of solution can be obtained which is inspired by the work of Gao—Lyu—yao in [9].
However, the lower bound of decay estimates in [9] are established for the compressible fluid model
of Korteweg type.

2. Reformulation

In this section, we will reformulate the problem firstly. Set o = p — 1 and n = d — wy, the Cauchy
problem (1.1)—(1.2) can be reformulated into:

o, +div(u) =S4,
u, — pAu — (u + v)Vdivu + Vo = S,
(2.1
n,—An =83,
(Q’ u, n)(-x’ t) |l:0: (QO’ U, nO)(x) - (Oa 0’ 0), as |x| — ©0.
Here S;(i = 1,2, 3) are defined as
S :=-odivu —u - Vp,
Sy = —u-Vu— h(o)[uAu + (u + v)Vdivu] — f(0o)Vo — g(o)Vn - An, (2.2)

Sy = —u-Vn+|Vnr(n + wy),
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where the three nonlinear functions of o are defined by

P+ 1) 1

o ==, fo): 1, and g(o):=

o+1 ’ o+1 o+1

Assume there exists a small positive constant ¢ satisfying following estimate

(0, u, V)l < 6,

for all t € [0, T']. By virtue of (2.4) and Sobolev inequality, it is easy to get

\SRROS}

<o+1<

M| —

Hence, we immediately have

()l 1f ()] < Clol and 18" (), IK* (), If* (@)l < C Yk > 1.

And, for the nonlinear terms of the model (2.1), employing the Holder’s inequality, we obtain

1S 1, Sl <(lollz> + llull2 + IVall2)UVellz + [Vullg + 11Vallg)

S6(lIVollzz + [IVullg + [[Vallg).

3. Proof of Theorem 1.2

Let us to consider the following linearized compressible nematic liquid crystal system:

o, +div(u) =0,
u; — uAu — (u + v)Vdivu + Vo = 0,
Vn, — AVn =0,

with the initial conditions:

(0, u, Vn)(x, 1) |;=0= (00, Uy, Vnp)(x) — (0,0,0), as |x| — oo.

(2.3)

(2.4)

(2.5)

(2.6)

3.1

Since the system (3.1) is a decoupled system of the classical linearized Navier—Stokes equations and

heat equations. If we set
U = (o), a(1))', U(0) = (2(0), #(0))".
Then the solution to (3.1);—(3.1), can be written as
U@ = e U(0),

where A is a matrix—valued differential operators of the form

A (0 div
"\ V. —uA - (u+v)Vdiv |°

The solution semigroup e~ has the following lemma on the decay in time.

(3.2)
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Lemma 3.1. Let k > —% and2 < r < oo, then for any t > 0, it holds that

IV e AU Ol < C(1 + B 32U, (3.3)

Moreover, if initial data satisfy (1.9), then there exists a positive large time t, such that for all t > t.,
we have

min{[[V*8'(0)ll 2, IV (0)l1,2) > ca(l +1)7373, (3.4)

for k =0, 1. Here, the positive constant cy4 is independent of time.

Proof. The proof can be seen in [21]. O

To treat the macroscopic average, we notice that the Eq (3.1); is a mere heat equation on Vn. We
state the large-time behavior of solutions to the heat equation as the following lemma which can be
obtained by direct calculation or more can refer to [26, 33].

Lemma 3.2. Let k > —% and 2 < r < oo, then for any t > 0, it holds that

IV (V) (1)l < C(L + 1772 |VA(0)|1. (3.5)

Moreover, if initial data satisfy (1.9), then there exists a positive large time t., such that for all t > t.,
we have

VA @Iz > ca(l +1)73. (3.6)

Here, the positive constant cy4 is independent of time.

Second, we state the L>—time decay rates on the low—frequency part of the solution in the nonlinear
system (2.1).

Lemma 3.3. Under the assumptions of Theorem 1.1, then solution (0, u) of the nonlinear system (2.1)
satisfies the following decay rates:

=z

VY@ )@l < (1 + 87375, (3.7)

Proof. We write the nonlinear terms S := ( S, S,)!. By virtue of the Eq (2.1);—(2.1),, Lemma 3.1,
Duhamel’s principle, Plancherel theorem and Hausdorff—Young’s inequality, we have

t

VY, u)®)llz < (1 + t)‘%‘%ll(g, w)(O)l| + fz(l +1-1) T S@)||dr
0 (3.8)

!
+j:(1+l—T)_‘5‘|||§|N_1§(T)”Lmd7'.
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On the other hand, by employing decay rate (1.7), Lemma 7.1, Lemma 7.3 and Holder’s inequality, we
can bound the third term on the right—hand of (3.8) as follows

¥ S @), SIVV2S @l

SIVY 2@V - Wl + VYV (Vo - )l + IVY (- V)l
+ IVY2(h(@)Aw)ll + V¥ (h(0)Vdivan)ll + VY (@) Vo)l
+IVV2(g(0)Vn - AL

<IVGe, 2 IVY (0, w2 + ll(o, w21V (o, w2
+ lloll2 VY ullz2 + IVull VY 0ll 2
+ lloll2IVY (Vi - An)ll2 + [IVn - Anl|2]IVVol| 2

SA+031+0" 7 +(A+030+0)"F +(+0) (1 +1) 5

2N-1 5+N

+A+0FA+)TT +A+DTTA DT (LA 40T

(3.9)

<S(+n77E
Here, for the term ||Vn - An||;2, we have

3
IVn - Anllr2 < |IVallsllAnlls < [[Vallm[[V-all

9

5 7 (3.10)
s+ 21+ <1+,

For the term |[V¥2(Vn - An)||,2, we get

IVY=2(Vn - An)||2 < |IVAll=IIVVall2 + [|AR]| ]V Al s
<Vl (VYR 2 -
<+ 31+ @11

S(L+n7370,
Substituting (3.9) and (2.6) into (3.8), we can get the follow estimates

3_N
2

s
IV, i)l < C(1 + )73 +f(1+z—r)-3(1+r)—1-¥dr.
%

(3.12)

S(1+07"
Hence, we complete the proof of this lemma. O
Third, we will give the energy estimates which contains the dissipation of VVu".

Lemma 3.4. Under the assumptions of Theorem 1.1, then we have

1d

R f IVV"* + VY Pdx + CIVM |7, < (1 + 12N
]R3

(3.13)
+( + (1+ DIV ul, + 61V (0, )l

forany t € [0, c0).
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Proof. Taking

(F'A = pEVYQ2.1), VY +(F' (1 = pE)VV Q2. 1), VM,
and using integration by parts, we can obtain

1d
2 dl R3
= (VNSH VN + (VNSE VN = I + IL,.

IVYO"P + VY Pdx + (2u + IV 17,

The right-hand side of (3.15) can be estimated one by one. For the term /;, it holds that

I = V'S, Vo
= —(V¥(u- V)", V¥o"y = (V¥ (oV - u)", V"V o")
= 111 + 112.

The first term I;; can be rewritten as follows

Iy, - (VN(M : VQ)h, VNQh>
—(VY(u - Vo) - V¥(uVo)', V" ")
—(VN(u- V") + VV(u - V') — V¥ (u - Vo), VNo")

=L+ L+ 1.

(3.14)

(3.15)

(3.16)

(3.17)

For the term /;;,, due to Lemma 7.4, Holder’s inequality, Young’s inequality and Sobolev interpolation

theorem, we arrive at
IL11] < KuV¥* 0", VYo" + KIVY, ul Vo', Vo)
1
< §<divu, (VYo" + ILVY, ul Vo'l 21IVV "l 2

S IVulle=IVYol7: + (AIVulle=IVV "2 + VYl 21V 1)V Vel
S IVl V™0l + AVl VY e + IVl VYl 2)II VY o7
< 8lIVY (o, wl7..

Here we have defined the commutator:
[VV, ulVo" = VN(u - Vo) — u - V¥ 1",
For the term I;,,, we can obtain

112l =KV (u - V'), V™)
SV (- VOl 21V 0"l 2
SUull=1IVY 012 + IV s IV ull )V V"2
SUull IVl + 11Vl IV ull )V oI
< SIVV U, + 61Vl

(3.18)

(3.19)
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Similarly, it is easy to see that
1113l =KV (u - Vo), VVo™)|
IV Vo)l VYl
SUlullz=1V™0ll2 + IVl IV ull o) IV 0"l 2
SUlullz2 1V ollz2 + 11Vl IVl IV "2
< SIV¥ (0, w7,

Substituting (3.18)—(3.20) into (3.17), we can conclude that
11| < SV ully, + 8IIVYoll7..

(3.20)

(3.21)

For the term [I,,, by using the Lemma 7.3, Holder’s inequality, Young’s inequality, Sobolev

interpolation theorem, we have
Lol IV @V - )12V 0",z
IV Y - w)ll 2NV "2
Sl 11V - ullz + (IVull =1V oll )V "2
Sl VYl + 11Vl [V oll )V o2
<6IVVoll7, + oIVl
For the term I,, it holds that
L =(VV(u - Vu)", V¥u"y + (VN (h(0)Aw)", VN u"y + (VY (h(0)V(divu))", VN u")
+ (VY (fVe)', V¥uy + (V™ (g(0)Vn - An)", VVuly = 25] b.
i=1
For the term I, making use of integration by parts, we have
o =V (- V)", VYV - )|
SIVY - Vil VY - 2
SUullz= 1V ull 2 + Vel VY all IV - ]2
SIVullp VY ull 2NV - a2
<A+ A+ 72V o

<A+ + (1 + 073 vV ),

For the term I,,, we obtain
ol =KV (h(@)Aw)", VNV - )]
IV @AWYV - w2
<ol allzz + 192l IV ll IV Y - w2
<Vl IV ullzz + 1IVull g IV ll2IVYY - w2
SOV w2, + (14 0731+ 7 3V

A+ N 4 G+ A+ 0 HIVVu,.

(3.22)

(3.23)

(3.24)

(3.25)
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Similarly, it is easy to see that
o3| =KV (h(0)V(diva))', VNV - u")]
SIVYH (@) V(divi)l| 2 VYV - 2
SUlel=I1V"* ull 2 + 1V2ull 51V ol ) IVYY - 0l 2
SUVoll VY ulle + IVl 19Vl IV - 0]l 2
1

SOV U, + (L4 0731+ 07 2V

<A+ 4+ (1 + 0 HIVV P,

For the term 1,4, similar to the proof of (3.24), we have
|Lal =KV (F(0) V)", VNV - u™)]
SIVM @)Vl 2lIVNV - 2
s(lollz=VYollz + 1IVoll VYol VYV - ]2
SIIVolla IV ol 2lIVYV - 2
S(L+ 077 (1L + 17375V
<A +07V + (1L + 072V ..
For the term 1,5, by virtue of Lemma 7.3, we have
sl =KV (g(0)Vn - An)", VNV - u)|
SIIVY ! (g(o)Vn - An)l|2IIVNV - u']],2
<(lg@l=lIVN"' (Vi - Al + 1IVa - Anll VY g (@) IIVYV - w2
UVl VY1 (Vi - Al + VR - Anll VYol IV Y - a2

SVl (IVall= IV all2 + |Anl| 1V all6) + AIVAll sl ARl )NV oll 2NV - ull2

SVl IV allp (VY 2l 21V - a2 + V2Rl IV Rl 21Vl 2IVYY - a2
<A+ 0751 +07 (1 + 072V -z + 819Vl VY - a2
<A+ 4 6+ (1 + 0 IV U, + 61Vl 2.
Substituting (3.24)—(3.28) into (3.23), we have
L] <1+ 673V + 6+ (1+ 0 DIV ull, + 61V el
Substituting (3.21)—(3.22) and (3.29) into (3.15), we obtain the estimate (3.13).
Next, we will establish the dissipation estimates for VVo".

Lemma 3.5. Suppose that the assumptions of Theorem 1.1 are in force, then we have

d _ _3_ _3
o VY'YV dx + oIV s (L+ 072N + (5 + (1 + 07 )|IVV0ll2,
+(1+ (1 + 0" HIVVUlR, + A+ S)IVV 2,

forany t € [0, c0).

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
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Proof. Taking (F~'(1 — ¢(£))VV~1(2.1),, VNo"), and making use of the integration by parts, it hold that

f VYUV o dx + PP(DIVN O, = (VN A", V") + (u + v)(VVdivi”, VY o")
R3

+(VNIgh wNoM.

(3.31)

In order to deal with the term fR3 VV-1ulvNohdx, we apply the transport equation (2.1);. More

precisely, we have
d
f A uf’VNthx =— f VYN ofdx — f VN_luhVNQ?dx
R3 dt R3 R3
d
B a R3

d
=— f VN ot dx + f V¥ diva" VY (divu - §1)"dx.
dt R3 R3

VAl VY + f VM divu v ol dx

R3

Substituting (3.33) into (3.32), and employing Young’s inequality, it is easy to deduce

d y
" f VNV + GV
R

SIVVUPIE, + VY17, + (VYIS S, VM) — f vV dive" VNS .
R3
Here, we write

I, +10, = - f 3 VN dive" VYIS M dx + (VYIS h VN oM.
For the term I1;, with the help of HélcliRer’s inequality and Lemma 7.3, it holds that
ITL| =KV (ou), VNu")|
SIVY @)l [Vl
sl wll=IV™ (0, )l 1V w2
SV, Wl V™ (0, )l VYl
<A+ 071+ 07V
<A+ + (1L+ 072V,
For the term I1,, similarly to the proof of (3.16), we have
I =(V""(u - Vu)", V0" + (VN (h@)Aw)"Y", VYo" + (V¥ (h(0)V(divw))", VNo")

5
+ (VY (f@Vo)', VYo" + (V@) Vn - An), VNg") = 3 T,
i=1
For the term Il,;, we have

Mol IV (- V)l 2 IV 02
<Ulall =1V adll 2+ IVl 219V a6V Q2
<Vl VY ull 21V "2
S+ 0731+ 073V

<A+ N+ 1+ 073 VV 2.

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)
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For the term I1,,, it easy to deduce
M| SIVY (@) AW 211V "I 2
SUlolz=1IVY ullz + IV2ull VY oll )1V Vo[l
SUlella VY ullz + IV ullgn VY oll )V ol 2
<SSV U2, + 61Vl
For the term Il,3, we can get
3| SIVY (A V(divi)l| IV 0"l 2
SUlolle=1IVY ull2 + 1IV2ull VY oll o) IV Vo 12
<SUlolle VY ull 2 + IVl (19 ol )V oll 2
<8IV U2, + oIV oll2..

For the term Il,4, similarly to the proof of (3.34), we have

IMoy| <V (F @Vl "2
Sloll=11V"ell2 + IVl = IV oll oIV ol 2
<Vl V¥ oll 211V "l 2

<+ 07 1+ 073V
S+ 07N 4 (14 072V .
For the term Il,s, by virtue of Lemma 7.3, it is easy to obtain

IMas| <IIVY~ (g(@) V- An)l| 2V 0" 2
SUlg@z=IV¥'(Va - Al + (V7 - Anll VY g(@)ll)IVY "2

ol UVl 1V all 2 + ARl VYRl IV Q2 + VAl s | ARl 6l VY ol 7

2 N+1 N 2 3 N 112
SVl IV nlln IV all 2V ol + 1V nll 21V Al 2V ol 2
5

A+ 0731+ 0711+ 0772Vl + 6IIVV ol
<A+ 3N £ 6+ (1 +0IVVR..

Substituting (3.36)—(3.41) into (3.35), yields directly

_3_ _3
M| S(1+ 0727 + (6 + (1 + 07 )IVVol7, + 6lIVY* ull7,.

Substituting (3.34) and (3.41) into (3.33), we complete the proof of the Lemma 3.5.

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

O

Finally, we will close the estimate by combining them which have been already proved along the
proof of Lemma (3.3)—(3.5). To achieve this, we choose sufficiently large time 7, and positive constant

Dy, and then define the temporary energy functional

E(1) = DolVV (0", u")I[7. +f vV dx,
R3
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for £ > Ty, it is noticed that E(r) is equivalent to [V (", u")||7,. Substituting (3.13) and (3.30) into
Dy x (3.13) + (3.30), (3.42)

which together with the smallness of ¢, for t > T, it holds that

3+2N

d
O+ VY2 + VY2, < (1 + 0772 +IIVYIIZ, + VYWl (3.43)

where we have used the fact that 7 is large enough. On other hand, it is clear that
VYOI, + IIVY* |7, = CIE®).
Hence, by virtue of estimate (3.7) and Gronwall’s inequality, we can arrive at
VY™ w2, < (1+ 077, (3.44)

So, the proof of Theorem 1.2 has been completed.
4. Proof of Theorem 1.3

In this section, we will establish the lower optimal decay rates of the solution as well as its all—
order spatial derivatives in Theorem 1.3. At first, we rewrite (1.1);—(1.1), with m = (o + 1)u in the
perturbation form as follow:

{Q, + divin = 0, @.1)
m, + P'(1)Vo — uAm — (u + v)Vdivm = —divF,
where the functions ¥ = ¥ (o, u, n) is defined as
F =[P(o+1) = P(1) — oll3x3 + uV(ou) + (u + v)div(ou)lzx3
+(1+o)(u®u)+ %(anlz)I[3X3 - (Vno Vn).
Here Vn © Vn = (0;n, 0jn) < j<3. It is easy to check
Vn - An = div(Vn © Vn) — %V(anlz), (4.2)

with the initial conditions:
(Q’ m)(x9 t) |t:0: (905 mO)(x) - (Oa O)’ as |X| — 00,

Next, we will establish the lower bound decay rate of V¥(o, u) to the system (2.1).

Lemma 4.1. Under all the assumptions of Theorem 1.3, then the global solution (o, u) has the decay
rates forallt > t, and 0 <k < N

min{|[V¥o(0)ll 2, VA u(@)ll2} = er(1 + 17372, 4.3)

Here, t. is a positive large time, the positive constant c, is independent of time.
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Proof. By virtue of Duhamel’s principle, system (4.1), Lemma 3.1, Theorem 1.1 for k = 0, 1, we have
min{||V*o(®)ll2, IV u(®)l| 2}
> min{|[Vo(®)ll.2, IV m(®)ll,2}
> min{||V ' (0)l|2, IVm' (0)]| 2}

f
3_k S_k
>c(l+16)7%72 = I+t-1) % 2|F]l.d
ca(l +1) f0< DI | de e

!
0

>c(1+0)73 - CA+07i2
> (1 + )73,
Then, for 2 < k < N, by applying (4.3) and Lemma 7.2, we have from Sobolev interpolation that
IV* (0, )2 > ClIV(0, w0, @I E™ > ey (1 + 57372, (4.5)

Therefore, we have completed the proof of this lemma.
]

In order to obtain the decay rate of ||[V¥*!n]|,2, employing V operator to the equation (2.3)3;, we have
Vn, — AVn = VS;. (4.6)
Then, we can deduce the lower bound decay rate of V¥*'n which is given in the following lemma.

Lemma 4.2. Under all the assumptions of Theorem 1.3, then there is a positive constant ¢, independent
of time, such that for all t > t, and 0 < k < N,

IV n(@ll2 > ea(1+ 17572, (4.7)
where t, is a positive large time.

Proof. 1f t, 1s large enough, by using Lemma 3.2 and Lemma 7.5, for k = 0, 1, we have
IV (@)l 2V ' 0l 2

t
sttt = [(aer-n S
0

1
eyl +07878 - C f (L+ =) 751+ 1) 2dr 48)
0

>c(1+ 0737 = C(1+ 1757
>ey(1 407870,

Next, we employ interpolation inequality to establish the lower bound of decay rate for the higher—
order spatial derivative of solution. The decay rates (4.8) together with the interpolations (k > 2)

IV fll2 = CIV AR IALE (4.9)
we have
IV n(Dllzz = ex(1+ 17372, (4.10)
for large time ¢.. Thus the proof of Lemma 4.2 is completed.
Therefore, we have completed the proof of Theorem 1.3. O
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5. Proof of Theorem 1.4

In this section, we will establish the decay rate for the mixed space—time derivatives of solution to
the Cauchy problem (1.1)—(1.2).

Lemma S5.1. Suppose that the assumptions of Theorem 1.1 and Theorem 1.2 are in force, the global
solution (0, u, n) has the time decay rate:

VA0l < C( + 17373, ke[0,N -2],
1

V8,002 < C(1 + )72, (5.1)
IV'on®l2 < C(A+ 17772, 1€ [0,N—1].

(S]]

Here, the positive constant C is independent of time.

Proof. First of all, we shall estimate ||V¥0,0l;2. For[ = 0,1,2,...,N — 1, taking /-th spatial derivative
to (2.1);, then multiplying the resulting identities by V’d,0 and integrating over R*, we have

2=

V9,0l = — f 3 Vi(odivu + u - Vo + divu) - V'd,0dx := K, + K> + K. (5.2)
R

We will estimate the right hand side of (5.2) term by term. First, for the term K, by virtue of Lemma
7.3, and Young’s inequality, we obtain

K1 < (IVllslVullzs + ol IV ull2)(1V 8,0l 2
<6|IV'd,0ll7, + CIIV™ ol 2. 1IVull7s + Clloll7- IV ull?,
<6IIV'd,012%, + CA+ 131+ 03+ C(1 + 071 + )73
<5IV'd0l, + CA + 1727,

(5.3)

where ¢ is small enough. Similarly, we can get

K> < (IV'ullslVolls + Null= IV oll )1V 8,0l 2
<6lIV'd,0ll7, + CIIV* ull2, 11Vl + CllullZIIV*oll7,
<6IIV'd,0l2% + CA+ 131+ 03+ C(1 + 071 + 073
<6lIV'd,0l2%, + CA + 1),

(5.4)

For the term K3, using Young’s inequality, it is easy to see that

K3 <8lIV'd0ll7, + CIIV™*ull7,

(5.5)
<GIIV'dr0l, + C(1 + 137,

Combining (5.3), (5.4) with (5.5), we obtain
IVl < (1 +073, (5.6)
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Then we shall estimate ||[V¥0,u||;>. For k = 0,1,2,..., N — 2, taking k—th spatial derivative to (2.1),,
multiplying the resulting identities by V*d,u and integrating over R*, we have

IV*0,ull?, = f 3 VA uAu + (u + )Vdiviu — VP(p) — u - Vu
R

2, =
— h(o)[uAu + (u + v)Vdivu] — f(o)Vo — g(o)Vn - An] - V*o,udx
SOV Qa2 + IV [V2u = VPO + IV - Vu + f(0) Vel
+ IV [R@)V2ulll;, + IV¥[g(0)Vn - Anlll7,
=5|IV*0ully, + Ly + Lo + Ly + L.
By applying Lemma 7.3 again, we estimate the second term in the right hand of (5.7).
Ly <V 2ully, + IV oll7,
<A+ T * 41+ (5.8)

<(1+1737,

(5.7)

Similarly, for the term L,, we can bound
Ly <V, w7V (0, wli7: + IV (0, w2l (0, w7
<+ 07 7*1 + 1) (5.9)
s(L+0)727k,
For the term Lj, it is easy to get
Ls slIV¥olZlIV2ull7s + IV ull 2. lloll7
<A+ 7 A+ + L+ 71 + )7 (5.10)
S(L+0)757F,
By employing the Leibniz formula and Lemma 7.3, we estimate the last term of (5.7)
Ly <IIV¥(g(0)Vn - An];,
SIg@IZ=IV (V- An)li7, + [IVn - AnllZ,[IVFg(0)II7e
SlollZ=IVE(Vn - An)|I7, +1[Vn - Anll2, IV olI7,

<Nl (IVAIIV 2RI, + IARIE IV RI,) + VAl 1A 194 ol 2 -11)
SA+D3A+0* A+ T 4 A+ 0771+ 073 (1 + 73
<S(L+0)737k,
Substituting estimates (5.8)—(5.11) into (5.7), we have
IV*,ul2, < (1 + )37, (5.12)

Similar to the estimate of the term ||V'8,0l||;2. For [ = 0,1,2,...,N — 1, taking /-th spatial derivative to
(2.1)3, then multiplying the resulting identities by V'd,n and integrating over R*, we have

IV!0,n|? f 3 Vi[An = u-Vn+ |Va*(n + wy)] - V'd,ndx
R

=
Iq 112 ! 2 ! 2 2 (5.13)
<SolIViamll7, + IVI[An + w - Va]||, + IVIVA] (n + wo)lll;.

=6|IV'a,nll;, + X1 + Xo.
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By using Lemma 7.3 again, we estimate the second term of (5.13)
X1 SIV™2all, + IV ullF VAl + 19 all 2 7
<A+ T+ A+ 407 (5.14)
s +n73
By employing the Leibniz formula and Lemma 7.3, we estimate the last term of (5.13)

X =IV'[IVaf(n + wo)lll;.

[
SIVIAVAP) - ( + wo)ll7, + Z CYIV" (n + wo)V' " (VP)IIZ,

m=1
SIVAIZIVH Bl + V" (1 + wo)ll7 IV (Va2 (5.15)

2 +2 112 1112 2 [+1— 2

SIVAILIVT iz + IVl VAl V" nll
7 5 7 7

SA+07A+02 7+ A+ " A+ 21+ 270

S
Here, we have the basic fact that |n(x, ) + wg| = |d(x, t)| = 1, and

[
VI(IVal(n + wo)) =V'([Val) - (n + wo) + Z CiV" (n + w)V " (|VnP). (5.16)

m=1

Combining (5.14) with (5.15), we arrive at
IVl < (1+073, (5.17)

Combining estimates (5.6), (5.12) with (5.17), then we complete the proof of this lemma. O
6. Proof of Theorem 1.5

In this section, we will establish the lower bound of decay rate for the time derivative of solution of
the system (2.1).

Lemma 6.1. Under all the assumptions of Theorem 1.3, then the global solution (o, u, n) has the time
decay rate forall t > t,

min{||8,0(0ll 2. 18Ol 2. diva(Dll 2} > e3(1 + )77, o
18Dl = c3(1 + 1)7F.

Here, t, is a positive large constant, the positive constant cs is independent of time.

Proof. At first, we establish the lower bound time decay rate for d,n in the L>~norm. With the help of
the Eq (2.1);, we have

1Bmllz2 > IAnllz = IS 3llz 2 ea(1+ 177 = IS5l (6.2)
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By applying the Sobolev inequality and decay rate (1.7), it is easy to get

2
IS 3llz2 <llu - Vallp2 + IVal™(n + wo)ll2
<Cllull=Vallz2 + ClIValls[[Valls

6.3
<ClIVull[IVall2 + ClIVall V02 (6.3)
<C(1+1)73.

And hence, we have

10,72 = ca(1+ )75 = C(1+1)"2 > c3(1 + 1) 73, (6.4)

for all some large time f..
Next, we establish lower bound time decay rate for d,u in the L>*~norm. Using the Eq (2.1),, we can
obtain

IVollz < 10l + IV2ull2 + 1S 2ll 2. (6.5)
And hence, we have
_3 _1
1B,ull2 = [IVollzz = IV2ull2 = IS2ll2 = ei(1+67F = CA+ 7% = IS 2]l (6.6)
By virtue of the Sobolev inequality and time decay rate (1.7), it is easy to deduce

I 2llz> <llet - Va2 + 11a(@)V2ull 2 + 11 f (@) Vel + lIg(@)Vn - Anll2
<Cllo, wllz=lIV (@, llz2 + Cliollz=I1V2ull> + Cliellz=1Vnll Vx|

6.7
<ClIV(o, IV (0, wllz2 + ClIVollm [IV?ull2 + ClIVollw VAl V7l 2 ©7)
<C(1+1)73.

Together with estimates (6.6) and (6.7), yields directly
10,ull2 > ci(1+ 873 =C(L+ 175 —C(L+1)2 > ce3(1 + 1)75. (6.8)

Finally, we establish lower bound time decay rate for d,0 in the L*-norm. To accomplish this
objective, we use the Eq (2.1), to obtain

Idivall2 < [10:0llr2 + 1IS 1]l (6.9)
By virtue of the Sobolev inequality and decay rate (1.7), we can get

IS tll2 <llodivullz2 + [|u - Vol|,2
<Cllo, wllz=IV(0, Wl

6.10
<CIV (o, )l IV o, )l (©-10)
<C(1+1)3,

and hence, we arrive at
l|0:0llz2 = ||divu|l;2 — C(1 + t)_%. (6.11)
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Now, we need to establish the lower bound decay rate for ||divu||;>. Notice the relation differential
relation A = Vdiv — V X VX, we get

IVully, = ldivally, + IV X ull7,. (6.12)

70
And hence, we have
[|divu|l;2 = C||Vull;2 — CIIV X ull;2 = ¢1C(1 + t)‘ﬁ —C||V X ul|;2, (6.13)

which implies that we need to establish upper bound decay rate for ||V X u||;2. To this end, we take the
Vx operator the the velocity equation (2.1), to get

8,(V X u) — tA(Y X u) = V x G, (6.14)

With the help of the Sobolev inequality, uniform bound (1.6), decay rate (1.7) and calculus identity
(4.2), we have

IS 2llzr + 118 2ll22
<Cllu - Vullpr + Cllh(@)V?ullps + Cllf(©)Volly + Clig(o)Va - An|l
+ Cllu - Vull2 + Cllh(0)Vull2 + Cllf(©)Voll2 + Clig(o)Va - Anll,2 (6.15)
<C(ll(o, u, V)||2[IV (0, u, Vi)l + IV (0, u, V)l [IV (0, u, V)| 2)

<Co(1 + 173
By virtue of the Duhamel principle formula, we obtain
IV X ullz2 <C(1+ 0 FAIAT TV X )l + AT TV X uo)l2)

+C f (1+ =D T IATFT X Sl + AT FV x §)llz2)dx
0

’ (6.16)
<C(So +61)(1 + )77 + C5, fo (1+1-7)75(1 + 1) idx
<C(So+ )1 + 1),
which, together with estimate (6.13) and smallness of 6;(i = 0, 1), yields directly
Idivall2 > ¢;C(1+ 1% = C(Go + 61 +1)7F = e3(1 +1)7E. (6.17)
This and the estimate (6.11) yields
16,0l = c3(1+ D77 —=C(1+1)73, (6.18)
which implies directly
.0l > es(1+ 873, (6.19)
for some large time ¢.. Therefore, we complete the proof of this lemma. O
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7. Analytic tools.

For ease of use and clear reference, some Sobolev inequalities are listed as follows:
Lemma 7.1. (i) If u(x) € H'(R?), then the following inequalities hold:
llullzs < Cl[Vull,

llulls < Clull + llullzs) < Cllullp

(ii) Assume u(x) € H*(R?), then
|z < ClIVul|g.

Proof. One can found them in [1]. O
Now, we will introduce the Gagliardo-Nirenberg inequality that is frequently used in this paper.

Lemma 7.2. Let 0 < i, j < k; then we have

IV fller < IV Al NIV A1

i1 (i N (k1
5‘;‘(3 q)“ 9“(3 r)g'

Especially, while p = g = r = 2, we have

where 0 satisfies

i-j

; . =
IV fllz < IV LIV AL
Proof. The proof can be seen in [25]. m|

Next, to estimate the L?-norm of the spatial derivatives of the product of two functions, we shall use
the following formula:

Lemma 7.3. Let k > 1 be an integer; then one have

IVl S 1l IV gl + 1V Fllurallgllirs

where p, ps, p3 € [1,+00] and
1 1 1 1 1
—=—+—=—+—.
P Pt P2 P33 Ds
Proof. For p = p, = p3 = 2, it can be proved by using Lemma 7.2. For the general case, one may to

refer to [19]. |
From Lemma 7.3, we can deduce the following commutator estimate:

Lemma 7.4. Let f and g be smooth functions belonging to H* N L™ for any integer k > 1 and define
the commutator

g=V(fe) - V'
Then we have
IV, £1gllee < IV Allen 195 gl + IV fllies llgllra -
Here pi(i = 1,2,3,4) are defined in Lemma 7.3.
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Finally, we introduce the estimate for the low—frequency part and the high—frequency part of f.

Lemma 7.5. If2 < p < oo, f € LP(R?), then we have
1 e + 1 e < 1Al

Proof. For 2 < p < oo, by Young’s inequality for convolutions, for the low-frequency, we have

[ -1
1 e < 11F " llll fllr < A ler,

and hence

||fh||Ll’ Sl + ”fl”LP S M fllee-
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