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1. Introduction

In recent years, because higher-order Hopfield neural networks are superior to lower order Hopfield
neural networks in many aspects, higher-order Hopfield neural networks have attracted more and more
attention, and their dynamics have been widely studied [1-6].

Because time delay is inevitable, the neural network system described by functional differential
equation is closer to reality than that described by ordinary differential equation. At the same time, due
to the complexity of the interaction between neurons, the state change rate of neurons may be related
to the state change rate in the history of neurons. Therefore, many neural networks are described by
neutral functional differential equations. Neutral functional differential equations can be divided into D
operator type and non operator type. As an important type of neutral functional differential equations,
neutral functional differential equations of D operator type not only have relatively complete basic
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theory, but also have important applications in many fields [7]. As pointed out in [8—16] and references
therein, in many practical applications of neural networks, neural networks with D operator have more
practical significance than neural networks non-operator-based ones.

On the one hand, Clifford-valued neural networks are a generalization of real-valued,
complex-valued and quaternion-valued neural networks. At the same time, it has more advantages
than real-valued and complex-valued neural networks in dealing with multi-layer data and problems
involving spatial transformation. Therefore, Clifford-valued neural network has attracted more and
more attention [17-21]. However, the multiplication of Clifford numbers does not satisfy the
commutative law. At present, it is rare to study the dynamics of Clifford-valued neural networks by
non decomposition method [22-24].  Meanwhile, almost all papers on the dynamics of
Clifford-valued neural networks assume that their self feedback coefficients are real numbers.

On the other hand, it is well known that the existence of almost periodic solutions is an important
dynamics of differential equations and neural networks, and almost automorphic function is a natural
generalization of almost periodic function. Therefore, it is of great theoretical and practical
significance to study the existence of almost automorphic solutions of differential equations and
neural networks. However, due to the fact that f,0 : R — R are almost automorphic does not imply
that f(t — o(¢)) is almost automorphic. As a result, generally speaking, we cannot study the existence
of almost automorphic solutions for differential equations and neural networks with time-varying
delays. But, fortunately, if f,o0 : R — R are compact almost automorphic, then f(r — o(¢)) is also
compact almost automorphic. In other words, we can study the compact almost automorphic
oscillation of neural networks with time-varying delays. Nevertheless, up to now, the results on the
compact almost automorphic oscillation of neural networks are still very rare.

Inspired by the above discussion, the main purpose of this paper is to study the existence and
global exponential stability of compact almost automorphic solutions of Clifford-valued higher-order
Hopfield neural networks with D operator and whose self feedback coefficient is also Clifford number.
As far as we know, this is the first paper to study the compact almost automorphic solution of Clifford-
valued neural networks with D operator by direct method. Therefore, our research is innovative and
meaningful.

This paper is organized as follows. In Section 2, we introduce some basic definitions and lemmas
and give a model description. In Section 3, we study the existence of compact almost automorphic
solutions for Clifford-valued high-order Hopfield neutral neural networks with D operator. In Section 4,
we investigate the global exponential stability of compact almost automorphic solutions. In Section 5,
we give two examples to show the feasibility of the results. In Section 6, we have a brief conclusion.

2. Model description and preliminaries

The real Clifford algebra over R” is defined as
A= {Z xes, x4 € R},
AeQ
where Q = {¢, 1,2,--- ,A,--- ,12,--- ,m},eq = epep, - -€p, WithA =hyhy---h,, 1 <hy <hy <---<
h, < m. Moreover, e; = ey = 1, and e,, h = 1,2,--- ,m are said to be Clifford generators and satisfy
e, =1,p=0,1,2,-- s, ef, =-1,p=s+1,5+2,---,m, where s < m, and e,e, + e,e, = 0,p #
q,.p,q=1,2,...,m.
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For x = Y, x"e,, we define ||x||#x = mjlx{|xA|} and for y = (y1,v2,-+-,y)! € A", let |ylla =
{gix{llyillﬂ}, then (A, || - |#) and (A", || - || #) are Banach spaces.

We define the derivative of u(t) = Y, u*(t)ey is it(t) = Y, i (f)es. For x = Y, x*ey, we define

x¢ = Y x“e4 and x® = x — x°. For readers interested in Clifford algebra, see [25].
A%0
In this paper, we are concerned with the following Clifford-valued high-order Hopfield neutral

neural networks involving D operator:

[x:(t) — ai®)x,(t — T:(0))]

n

= = biOx0) + D (DT 0ci(0) + ) viOF j(xi(t = 03(1)))
j=1

Jj=1

+ > 0 OR (¢ = i ODRIGx(t = i) + (o), 2.1)

j=1 I=1

where i = 1,2,--- ,n, x;(t) € A corresponds to the state of the ith unit at time #; A is a real Clifford-
algebra; b;(r) € A represents the self feedback coefficient at time f; y;; € A denotes the strength of the
Jjth unit at time #; 6,;(t) € A is the second-order synaptic weight of the neural network; a;(¢), p;;(1),
vij(1), 0;j(t) € A are the connection weights; J;, Fj, R; : A — A are the activation functions; /;(r) € A
is the external input to the ith unit; 7;(¢), o;(£), 7;:(¢), vi;i(t) € R™ denote the transmission delays.

For convenience, we introduce the following notations:

b = supb?(), b! =infb’(t), bS =supllbs(Dlla, a = supllai®lla,
teR 1eR teR teR

K = sup llijOlla, - vi; = suplvij®lla, 6 = supl0ulla, 77 = sup7i(2),
teR teR teR teR

+ _ + _ + _ _ + o+ o+t
ot =supoy(t), mt =supn(t), vyt =supy(t), p= max {r; T Uijl,)’iﬂ}~
teR teR teR 1<i,jl<n

The initial values of system (2.1) are given by
xi(s) = ¢i(s) € A, s € [-p,0],

where ¢; € BC([-p, 0], A).
Throughout the rest of this paper, BC(R, A") denotes the set of all bounded continuous functions
from R to A". Note that (BC(R, A"),|| - ||y) is a Banach space with the norm:

1fllo = max {sup ||f,-(r>||g,},
1<i<n teR

where f = (fi, f... f)" € BC(R, A").

Definition 2.1. [26] A function f € BC(R, A") is said to be almost periodic if and only if for every
sequence of real numbers (a),), ., there exist a subsequence (a,), . and a function f* such that

flt+a,) — f(1)

uniformly on R as n — oo. The collection of all such functions will be denoted by AP(R, A").
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Definition 2.2. [27, 28] A function f € BC(R,A") is said to be almost automorphic, if for every
sequence of real numbers (a),), . there exists a subsequence (@), such that

(@ =1lim f(t + a,)

is well defined for each t € R, and
lim f(t - a,) = f(t)
foreacht € R.
If the above limits hold uniformly in compact subsets of R, then f is said to be compact almost

automorphic.  We denote by AA(R, A") the space of all almost automorphic functions and by
KAA(R, A") the space of all compact almost automorphic functions.

Lemma 2.1. [29] A function f is compact almost automorphic if and only if it is almost automorphic
and uniformly continuous.

From the above definition, similar to the proofs of the corresponding results in [22], when T = R,
one can easily prove the following four lemmas.

Lemma 2.2. [22] IfA € Rand f € KAAR, A"), then Af € KAA(R, A"
Lemma 2.3. [22]If f, g € KAA(R, A"), then f + g, fg € KAA(R, A"
Lemma 2.4. [22] If x € KAARR, A), T € KAAR,R"), then x(- — 7(-)) € KAA(R, A).

Lemma 2.5. [22] Let f € C(A, A) and satisfy the Lipschitz conditions. Through that x € KAAR, A),
then f(x(-)) € KAAR, A).

The assumptions used in this paper are as follows:

(Hl) For i, j, [ = 1,2,--- ,n, b? € KAA(R, R+) with Q? > 0, b;, Qs Hijs Vijs Qijl € KAA(R, ﬂ)
(Hp) For j=1,2,--- ,n,J;, F;,R;, I; € C(A, A) and there exist positive constants Lj, Lf, Lf, Lj., MF
such that for any x,y € A,
1700 = J il < LIlx = Yl I1Fj(x) = Fj0)lla < LEllx = yll,
IR;(x) = RiWMlla < LElIx = Ylla, () = [l < Lillx = Y,
[IR(X)|la < MlR and J;(0) = F];(O) =R;(0) = 1;(0) = 0.
(H3) There are a positive function: bf’ € BC(R,R) and a constant K; > 0 satisfying

-y L)
— | b (w)d K.e b (wyd
e fq ; ()du < Ke fq ; (du

forall s,teR,t—s>0.
(H4) There exist constants 3; > 0 and A; > 0 such that

1
su ~—K,’
e {b?(r)

n n
7o + 7c -1 +7J -1 +7F
bia; +b; +B; ZMULJ i+ B Zviij j
J=1 J=1

B Y D OB+ LM |} < A (22)

j=1 =1
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Szlel[g{_l;?(t)_'_[(i[[;?azr 1 —lai +h 1 —1a+
+B; ZM,, D e Z viLIB
+B; JZ; IZ;H;I (L2mf, la;f + Lfo,Bll _1‘17)]} <0 (2.3)
andr—{gi)fl{a +A}<1,i=1,2,---,n
Remark 2.1. In fact, condition (H,) implies condition (H3). For example, because

¢ o . : ..
fv biwdu < o=b;(=9) 50 we can take K; = 1 and bj.b(t) = lgf But in order to make condition (H,) less
conservative, we still give condition (H3).

3. The existence of compact almost automorphic solutions

Let X = {¢ € BC(R, A"
max{sup ||¢p,(t)||ﬂ} then (X, || - ||o) is a Banach space.

<1<n

¢ € KAA(R, A™)}. For any ¢ € X, we define the norm of ¢ as ||¢|ly =

t T
Let ¢y = (f_ooe [ Bl wduy (oyds, f_ooe LB wdep (o, . .. ,f_too e‘fvb?(“)d“ln(s)ds) and take a
positive constant W > ||¢g|lo. Define

rW
Xo = {0 € Xllo - golly < 71,
-r
Then, for every ¢ € X,, we have

rw w
llello < 1l = @oll + llollo £ —— + W = .
1-r 1-r

Lemma 3.1. If G(1) = ['_ e F P O%H(s)ds, where bY(r) € KAAR,R*) with b’ > 0 and H(s) €
KAAR, A), then G(t) € KAAR, A), i = 1,2, ,n

Proof. Let (@',),o; be a sequence of real numbers, since bf’ € KAA(R,R*) and H,(t) € KAA(R, A), we
can extract a subsequence (@, )en Of (@',),o; such that for each compact subset Q of R

lim bY(t + @,) = b (1), lim b"(t — a,) = bl (1),
lim Hi(t + @,) = H (1), lim H(t - ) = H0).
Set G;*(t) = f_too e~ I B @d g9\, then we have

1Gi(r + ) - G;(t)llﬂ
r+a, f o
Hf b¢(u)duH (S)ds _ f e—j; b? (u)dqu*(s)dSHﬂ

—00

t+ay, , ! T pe*
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! f
) e .
:Hf e J; b; (u+afn)duHi(s + Q’n)ds _ f e fé b; (u)duHi (S)dS”ﬂ
- - it -
S”f e—fs bi (u+an)duHi(s + Q’n)dS _ f e—fs b,. (u+an)duHi*(s)dsH
—00 —0c0 A

; t
1, ¢ * -1 *
+ ”f o by (wram)du pr (s)ds—f P (du . (s)ds”ﬂ

!
< f o [ bl uan)du
l - [e! d ~ 6" wa
[ o]

By the Lebesgue dominated convergence theorem, we obtain that lim G;(t + a,) = G;(¢) for
eachr € Q,i = 1,2,--- ,n. Similarly, one can prove that lim G;"(¢ — 5,300: Gi(t) for each t € Q,
i=1,2,---,n. Hence, Gi € AAR, A), i = 1,2, ,n T

On the other hand, noting that

H(s + a,) — H;'(s)|| ,ds

t
Hy(t) - b(1) f e J @O (5)ds

sup[|G;()lla = sup

teR teR A

t
< sup [|Hi(Dlla + b} f ¢4 sup || Hy(s)l|ad's

teR seR
b?
<sup [Hi(Dlla + — sup |H(Dlln < oo,
teR Qi teR

we have G;(f) is uniformly continuous on R.  Consequently, by Lemma 2.1, we have
G; € KAAR, A),i =1,2,--- ,n. The proof is complete. O

Theorem 3.1. Assume that (H,)-(H;) hold. Then system (2.1) has a unique compact almost
automorphic solution in Xy.

Proof. From (H4) we can choose a constant A € (0, 1m_in {inﬂg ||13f’ |l ﬂ}) such that a’e <,
<i<n \te

et [
su Ki|b?a + b¢ + E + E viLEB;
s {b¢(r) P Qi+ B Qi

v B Z Z 0 (LA MEB; + LRMRﬁ,)]} <A 3.1)

j=1 I=1
Let yi(1) = B xi(0), Y1) = i) — a;(D)yi(t — 7:(1)),i = 1,2,- -+, n, then, system (2.1) turns into
Y/ () = — bY(1)Yi(2) — b (D)ai(Dyi(t — 7)) — BEDyi(D)
B D OBy ) + B ) viOF Byt = o)
= J=1
+87! Z Z Oij1(OR (B j(t — nijf(D)R(Bryi(t = viju(2)))
j=1 I=1
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+B7 (), i=1,2,-- ,n. (3.2)

Multiplying both sides of (3.2) by eb ¥/ @ and integrating it on (—co, ], we get

yi(t) =a;i()y,(t — (1)) + f o= J o —b!()ai(s)yi(s — 1i(s))

—00

n

— B (s)yi(s) + B Zﬂij(s)-]j(ﬁj)’j(s)) + ;" Z Vii($)F(Biyi(s — ()

=1 =1

+B;! Z Z 0,1(IR (B, (s = miu())RI(Bryi(s = yiu(s))) + B;  Ii(s)|ds.
j=1 I=1
It is easy to see that if y* = (y](?), y5(9), . .., y,(1)) is a solution of (3.2), then x* = (x](?), x;(?), . . .,

x(1) = By (D), B2y5 (1), . .., By, (1) is a solution of system (2.1).
Define an operator T : X — BC(R, A") by Ty = (T1¢, T2, - - - Tn(,D)T, where

(Tip)(t) = ai(Hpi(t — (1)) + f ek b?(”)d”Hi(S)dS

—00

and
Hi(s) ==b{(5)ai(s)gi(s — 7i(5)) — b5 (s)gi(s)

B D i Bief) + B Y Vi )F (B = ()
= i=1

+B;! Z Z 0i(IR [(Bisp (s = niji(NRiBuspi(s = yij(5))) + B;  1i(s).

j=1 =1

Then by Lemmas 2.2-2.4, we have H; € KAAR,A), i = 1,2,--- ,n. Therefore by Lemma 3.1, for
p € KAAR, A"), we get T € KAA(R, A™). In order to finish the proof of this theorem, we will divide
the rest of the proof into the following two steps.

Step 1. We will prove that the mapping 7 is a self-mapping from X, to Xy. In fact, for each ¢ € X,
we have

IT% = wollo
t
< max {suﬂg[na,-(t)%(r — D)l + f e L0 |-p () (s - (s,
Sisn te —00

+ [-bi s, + ”6;1 D Hii($)T (B i(5)
j=1

A

+ H’B"_l Zn:‘ vij($)J(Bjepi(s = O-ij(S)))Hﬂ
=

’ “’Bi_l Zn: i O (R (Bip (s = mip(SNRIBigu(s = v (S)))Hﬂ)ds]}

j=1 =1
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1<i<n

5! Z L B0 S s
J=

j=1 I=1

< max {a;r + /\,-f e I (”)d"e—/llgf(s)ds}||<ﬁ||o

1<i<n

‘ n
+ - wdu g (70 + o Fe —1§ oy
Smax{ai +f e B ‘Ki|\b;a; +b; +; M LB,
—c0 j=1

1
<max {ar + — el
1<i<n e
rw
< )
1-r
which implies that ¢(X,) C X.
Step 2. We will prove that 7T is a contracting mapping. Indeed, for any ¢, ¥ € X,, we have that

(3.3)

ITe - T¥llo
< max {sup[”a O(@i(t — () — Yt - Tl(t)))” f o S b adu

x (|8 Sats)its = 7)) = s = | + [-Hi () = o))
+187! an:/lij(S)(Jj(ﬁj%(S)) - Jj(ﬁjwj(s)))Hﬂ
=
+ 18! ivij(s)(Fj(ﬁj‘Pj(s —0if(9)) — Fi(Bi(s - G'ij(s))))"ﬂ
=
ST S R B (5 = s RBu(s — yin(s))

j=1 I=1

—R;(B (s = yiu())Ri(Bp(s — %jz(S)))]Hﬂ)ds]}

‘ n
i =g - -
< max {a;r + f e (”)d”Ki(b?a;r + b + ;! Z HiLiB;
—00 j=1

1<i<n

B Z LI B Y D O (LA + LM sl vl

j=1 I=1

t "' ~
< max {a;' + A f e N E (”)d”e—ﬂbf’(s)ds}llga —Yllo

1<i<n

1
<max{a +—/\}||90 ulo

1<i<n

<rlle = llo,

which combined with the fact that r = max {al + A;} < 1 implies that the mapping T possesses a unique
<i<n

fixed point y* = {y’(1)} € KAA(R, A"). Consequently, x* = (x7(2), x;(?), ..., x()) = (B1y; (1), Boy5 (1),
., Buy; (1)) is a compact almost automorphic solution of system (2.1). The proof is complete. O
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4. Global exponential stability

Theorem 4.1. Assume that (H,)—(H,) hold. Then system (2.1) has a unique compact almost
automorphic solution that is gllobally exponentially stable.

Proof. From (H,) we can choose a constant A € (O, 1m.in {inﬂ{ ||13f(t)|| y{}) such that a;e <,
<i<n \t€

~ _ e/hr _ 1
sup{ =5(1) + K,-[b‘i’af B
te]lg { ) R - a;re’“i ‘1-are'
i :
+ﬁ ZMU j ﬁ ZVUL] ate /1T
An Ayt
e ijl e ijl
+ o (LRMR 4 _LFME )]} <0. 4.1
’8 JZ; ; ijl a;.“e/lT./’ 1 — a;'e/lT i

Let x* = (x], x5, ..., x,,) be the compact almost automorphic solution of system (2.1) with initial value
¢ = (P1,¢2,...,¢,) and x = (x1, x2,...,X,) be an arbitrary solution of system (2.1) with initial value
e =(¢1, 02, ¢n).

Denote yi(1) = B;'x(1),yi(t) = B;'x;(0), z:(1) = yi(t) = y;(0), Zi(t) = z(t) — ai(Dz(t = 7:(0)), i =
1,2,---,n. Then we have

Z/ (1) = = bY(1)Zi(t) - b (Dai(t)zi(t — 7)) — b (Dz:(2)

+ B OBy 0) = 1By 0))
j=1

7 v OF By (e = 03j()) = Fi(Biy e — o))
j=1

B 0 OR Byt = mia()) = Ri(Byi(e = (1))

=1 =

X (Ri(Byi(t = vin(@®)) = Ri(Bry, (t = yiju(1))). 4.2)

Without loss of generality, let

llp — &l
1
=max{ sup 57l ~ a0~ i0) = [60) ~ @@t = 7)o} > 0

and M be a constant such that

M>> Ki+1,i=12,n (4.3)

Consequently, for any € > 0, it is obvious that
1ZOlla < M(lle = ¢l + )e™, 1 € (=p, 0],

AIMS Mathematics Volume 7, Issue 4, 6182-6203.
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We claim that
IZOlla < M(ll@ — ¢l + €)™, for all £ > 0.

In the contrary case, there must exist a certain #; > 0 such that

NZ(#)la = M(lle = @l + g)e M,

IZD)lla < M(llp = @l + €)e™, for all t € (—p, 1y).

Therefore, we obtain

2
e”llzj()lla
bl 2
<e V||Zj(V) - aj(V)Zj(V - Tj(V))”SH t+e V||aj(V)Zj(V - Tj(v))”ﬂ
<e"IZiWla + ae' Tz (v = 7,00l

At A
<M(llp = ¢ll; + &) +aje”™ sup e”llzj(s)llz,
SE(=pyt]

forallv € (—p,t], t € (-p,11), j = 1,2, -+ ,n, which implies that

M(llg - dll; + &)

Art
j

p 1
e"llzjlla < sup e”llzj(s)lla <
se(—=p.t] - a}re

Multiplying both sides of (4.2) by el bl wdn apq integrating it over the interval [0, 7], we get

Zi(t) =Z;(0)e™ b b f e‘fs’bf(")d“[—bﬁ’(s)ai(s)zi(s—n(s))

0

= D)) + B Y i) By i(9)) = T By (s)

=

7 v F By (s = 0ii(9)) = FiByy, (s — 03(5)))
j=1

+B; Z Z 01 ()R By (1 = miju(5))) = R;(B;y; (s — miju())))

j=1 I=1

X (Ri(Biyi(s = yiju(s))) = Ri(Bry: (s — yiu(9))))|ds, t € [0,1],i=1,2,...

This, with the help of (4.1), (4.3), (4.5) and (4.8), fori =1,2,...,n, we have
— M p®du
IZi(tD)lla <IIZi(0)|| 7™ b" 774

N f o n b‘f(u)du[||—b?(s)a,-(s)z,-(s - T1i(s)) — bf(S)Zi(S)”ﬂ
0

¥ H’B"_l jz:;ﬂij(S)(Jj(ﬁjyj(S)) - Jf'(ﬁfyj(s)))”ﬂ

4.4)

4.5)

(4.6)

4.7)

(4.8)
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+

Hﬁ"_] i vif(S)(F 1By (s = () = Fj(B;v(s = Uij(s))))"m

+ Hﬁ Z Z 01 ()R ;(Bjy (s — miji($))Ri(Bryi(s — ¥iu(5))))

j=1 I=1
X(RYB)(s = maMRB s~ v Jas

- ~¢u u
(lp = @l + £)Kie™h' 24

IA

1]
- [l wdu g | 7, -
+ f e B ”Ki[bfafllzi(s—Ti(S))llﬂ+b§||zi(S)|Im
0
n

+ﬁ;12u5L§ e+ B > VELIBlIzi(s = ai()lla

=
+B; Z Z 9,,1(L§M1R illzi(s — Uijl(S))Hﬂ"‘LfoﬁzHZj(S — Vi)l z) |ds
j=1 I=1

<(llp - Bl + £)e Ko™ b -
75
+ fl e_ f;’l l;f’(u)duKll:E¢ +M(||QO ¢||.{:—' + 8) /l(S—Tl‘(S))
4
0

1 - a+ e/l-rl

LMl tlere) Z - M(Ilso Heto)

"o l—afe'™ HisLih ~al e
'3 Vit gy
—aje’
M(lle - &l + &)
+ﬁzz%wm 0
+
pergy 1- aie’
M(lle - ¢l + &)
+ LRMEg, €77 A= T],z(s)))]ds
1 —are'
< A g o ot 1Y (wy-A1du
<(llp = ¢ll; + £)e™ " Kie l
| o At} 1
_ —fsl b;p(u)du L—As| 7o+ € 7.c
+ M(||p ¢||§+8)f e K;e biail a+ehz + T a*ehr
Aot
fr F e
+B Z'ul/ ate +ﬁ ZVUL/ 1 _a+e/l‘l';-
j Jj=1 J
At Ayt
e ijl e ijl
+ (7 RagR RasR
+'B Z ZGUZ(L M + AT + 1= atet™ Ll Mjﬁl)]ds
=1 =1 —ae '/ !
-2 — [ B (w)-2d
(e - ol + g i
| - At 1
_ —t - [ -Adu g |7+ € e
+ M(||¢ ¢||§ +&)e f(; e K;i|b;a; - a;re/”f + b; - a*e“z
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e/la'l.*j
+7J +1F
+ﬁ Z/‘luLJ +ﬁ Z lJL] ﬁ
e ) I —aje™
Ant Ayt
e ijl e ijl
+ R agR RagR
+ B ZZQU,(L M — L M] 1)]6!’
1—ate"i 1-afe
=1 I=1 j !

t 7] oo~ .
<M(||¢ - ¢||§ + 8)6_/111( i B -2du f I [bf’(u)—/l]du[b;zﬁ(s) B /l]ds)
0
<M - + —/”1( i —f (5! (u)—A)du +1— - [Ef(u)—/l]du)
(”90 ¢“§ 8)6 M e
<M(lle - Il + S)e_”“[l ( _) - [l - /l]du]
<M(llp - ¢, + £y,
thus,

IZ(t)llw < Ml — Bl + £)e ™.

This, according to (4.5), is a contradiction. Hence, (4.4) holds. Letting £ — 0", we obtain
IZ(D)ll7n < Mll@ — ¢ll.e™, for all 1> 0. (4.9)

Then, using a similar derivation in the proofs of (4.7) and (4.8), with the help of (4.9), we can see that

Milp - &l

A A ¢

ellzj(Olla < sup e”llzj(s)lla < —— i=12,...,n
se(=p,] 1- a;fe j

Consequently, we arrive at

lz@lla < Mollg — pllze™, for all £ > 0,

where M, = max{ }, which means that the solution x* is globally exponentially stable. The

-
1<i<n o™

l-ate’"i
J

proof is completed. O
5. Numerical examples

Example 5.1. In system (2.1), letn =m = 2,5 = 0, and for i, j,l = 1,2, take
xi(1) =egx} (1) + e1x; (1) + exx; (1) + epax; (1),

1 1 1 1
Ji(x;) =—=e sm(x )+ —e; sm(x )+ —e; tanh(x )+ —epn sin(x}z),

100 70 20 20
Fi(x)) = 20 sin(x}) + 751 sin(x}) + 5© sin(x?) + oen sin(x12),
1 1 1 1
R(x;) = 500 sin(x?) + 0 sin(x}) + 76 tanh(x}) + 5512 sin(x'?),

1,(9) :Iz(t) = 0.49¢, sinz + 0.51e; sin V2t + 0.56e, sin ¢ + 0.49¢,, sin V2t,

AIMS Mathematics Volume 7, Issue 4, 6182-6203.
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T71(t) =1 —sint, 15(f) = 1.4 + 0.2 cos ,
a1(f) =(0.01 + 0.004 cos )eg + (0.01 + 0.001 sin V61)e;,
+(0.01 + 0.001 cos V31)es + (0.01 + 0.002 cos V5t)er,
ax(t) =(0.01 + 0.002 sin 1)ey + (0.01 + 0.001 sin V31)e,
+(0.01 + 0.001 cos V2)e; + (0.01 + 0.001 cos V7t)er,
bi(t) =(0.5 + 0.07 sint)eg + (0.3 + 0.08 cos \/Et)el
+ (0.3 +0.01 sin e, + (0.3 + 0.01 sin V30)ey,
by(r) =(0.5 + 0.01 cos V31)ey + (0.3 + 0.01 sin r)e,
+ (0.3 +0.01 cost)e; + (0.3 +0.01 cos \/gt)elz,

Ha1 (1) poa (7) (
Vit () via (0) ](I)Oeo COSI+ qsersint  zepsint + 100612 sin ¢

Va1 (1) var (0) el cost + 5062 sin V21 10060 sint + 25612 cos V5t
0111 (1) O112(0)
6121 (1) 0122 (1) 100
611 (1) 6212 (1) 10060 sin \/_t + €1 sin ¢ 10062 sin \/_l + 100612 cosS \/_l
021 (1) G220 (1) 25€] CoS V3t + 10082 sint yceqsint + rge2 cos Vit )

on® o) _ 1-0.5sint 05+0.2 Sin 3t
o (@) 0@ ]\ 1.1+02cos V5t 1.2 +0.7sint

M1 (D) 2 (D) )

1 . 1 . .
T5€0 sin V2t + 25—0e1 sint 10062 sin V3t + 55€12 COS 1 )
1 .

e sin V3t + Zeycost 1oo€0 sint + 25e12 cos V51

. 1 .
( 1oo€0 sint + 100‘31 cos V2t 35€1 8in V2t + 2 T05€ )

€SNt + 5512 COST  o=eg COS T + pzepp sint

100

111 (I) 12 (l) _ 1-0.2sint 0.01 sin \/gl + 0.07
Mo () Mm@ |~ 1-0.08sin V5¢ 1.5-0.3cost

i () mn () ) 1.3-02sinz  0.11sin V6t + 0.7
M2 () 1722@) ]\ 1-0.08sin V5t 1.2 —0.8cos¢

Y111 () Y112 (r) _ 0.13+0.02cost 0.7+ 0.5cos \/El
Y21 () yin(@® )\ 05-0.07sin V5t 0.9 —0.8sin¢

Y211 () Y212 ) _ 0.4 +0.02sint 0.5+ 0.2cos \/gl
Y1 () Yo @) ]~ \ 0.7-0.07sin VIt 09-0.6cost |’

Then we have

=0.05, L} =0.05, L¥ =0.02, Mf =0.02, af =0.014, a3 =0.012, b} = 0.57,
b5 =051, b =0.38, b5 =031, yf, = 0.02, uj, =0.05, ui, = 0.08, 13, = 0.08,
vi; = 0.01, vi, = 0.04, v3, = 0.04, v, = 0.04, 6}, = 0.03, 6}, = 0.05, 6}, = 0.09,
K\ =095, K, =1, b{(r)=0.5, b(t) = 0.5, r ~0.762942 < 1,
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sup{—Ef(t)+K,~
teR

B?a;rll + b€ !

"1-af

+'Bi_12'uu 11811 +ﬁtlz Vij JIBJI

1
+ B Z Z egl(LRMR Tt LM )]} < —0.121,

j=1 I=1 a; l

So (Hy), (H,), (Hs) and (H,) are satisfied. Hence, by Theorem 4.1, we see that system (2.1) has a
unique compact almost automorphic solution that is globally exponentially stable (see Figures 1-4).

Figure 1. States x?, x|, x, x}* of (2.1) with different initial values.

Figure 2. States xJ, x3, x5, x,” of (2.1) with different initial values.

AIMS Mathematics Volume 7, Issue 4, 6182-6203.
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x}(5)=08,5<[-2,0]
xl(s)=1.5,5€[-2,0]

x|(s)=-1.2,5€[-2,0]
x!(s)=-0.3,5€[2,0]

x0(s)=0.6,5€[-2.0]
x)(s)=1.35€[2.0]

X0(s)=-15,5€-2,0]
x)(s)=-05,5€[-2.0]

1 -1
15 L L L L L L L L L 15 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
t t
15 15 T

x12(s)=1.2,55[-2,0] x1%(s)=0.7,55[-2,0]

X{2(s)=-0.1,5¢[-2,0]

¥4(5)=0.2,5¢[-2,0]
x3(s)=1.35€[-2,0]

¥é(s)=-1.4,55[-2,0]
x3(s)=-0.7,5€[-2,0]

xI(s)=15,5¢[-2.0]

Figure 3. Global exponential stability of states x?, x;, x7, x;* of (2.1) with different initial

values.

X3(8)=0.6,5[-2,0]
x;(s):‘ 3,5¢[-2,0]

x;(s>=~| 5,5€[-2,0]
x;(s):d’) 5,5¢[-2,0]

x2(s)=0.9,5€[2.0]
x5(s)=1.4.56[-20]

xg(s)=-1 5,5¢[-2,0]
x3(s)=-0.8,5¢[-2,0]

Sw
1 El
15 . . . . . . . . . 45 . . . . . . . . .
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
t t
15 T T T T 1.5 T T T T T
; *2(s)=13,5€[2,0] x2(5)=05,5¢1-2,0] ] ; x42(s)=-1.1,5€[-2,0] X12(5)=0.7 5€[-2,0] ]
x2(5)=-03,5¢[-2,0] X2(s)=1.35€[-2,0] x32(5)=1.3,56[-2,0]
& S
%

X2

0 10

Figure 4. Global exponential stability of states x2, x}, x5, x3* of (2.1) with different initial

values.

Example 5.2. In system (2.1), let m =3,n=2,s =0, and for i, j, | = 1,2, take
x;() :eox?(t) + elx} (r) + ezxiz(t) + +egxi3(t) + elle!z(t) + e13x}3(t) + 623xl-23(l) + 6123X;23(l),

—e sm(x )+ —en tanh(x )+ ——es sm(x )

1
Ji(x)) —100e0 s1n(x )+ 150

125 175

~-~€123 sm(x )

160

20 —e3 s1n(x )

120e23 sm(x ) 4+

] 50e2 sm(x )+

7 0613 sm(x 13y +

200e1 s1n(x )+

140612 sm(x 3+

e s1n(x )+

1
Fitx) =159

—€123 SIH(X )

140

—e3 sm(x )

120e23 sm(x By 4+

1
h
——ejtan (x )+ 30

150613 sm(x 13y +

110e1 s1n(x )+

135612 sm(x 3+

Ri(x;) = eo s1n(x )+

100

AIMS Mathematics
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1 1 1 "
+ @612 sin(x}z) + mem Sin(x}3) + ﬁeB Sin(x?S) + @3123 sin(x}23),

1, (t) =1(t) = 0.49¢; sint + 0.51e; sin V2r + 0.50¢; sint + 0.49¢;5 sin V21

+0.49¢,, sin V2t + 0.49¢,5 sin V2t + 0.49¢,5 sin V2¢ + 0.49¢,,5 sin V2¢,
71(t) =1 —sint, 7(t) = 1.4+ 0.2cost,

a1 (1) =(0.01 + 0.004 sin )¢ + (0.01 + 0.001 sin Vér)e;

+(0.01 + 0.001 cos V3t)e, + (0.01 + 0.002 sin V5¢)e;
+(0.01 + 0.003 sin £)es + (0.01 + 0.002 cos )e; 3

+(0.01 + 0.002 cos V2£)es + (0.01 + 0.002 sin V6r)ey,s,
ax(t) =(0.01 + 0.002 sin #)ey + (0.01 + 0.002 cos 3¢)e;

+(0.01 + 0.001 sin V21)e, + (0.01 + 0.001 sin V71)es

+ (0.01 + 0.001 sin \/gt)elg + (0.01 + 0.002 cos t)eq3

+(0.01 + 0.002 cos V51)ess + (0.01 + 0.001 sin V31)e1os,
bi(£) =(0.5 + 0.05 sin ey + (0.3 + 0.01 cos V20)e,

+(0.3 +0.02sinf)ey + (0.3 + 0.07 sin V31)es
+ (0.3 + 0.06 sin 3)e;, + (0.3 + 0.05 sin 21)e; 3

+ (0.3 +0.01 sin )eps + (0.3 + 0.01 cos V31)ens,
by(t) =(0.5 + 0.01 cos V31)ey + (0.3 + 0.02 sin r)e,
+ (0.3 +0.07 cos f)e + (0.3 + 0.05 cos V5t)es,

+ (0.3 +0.01 sin V50)eqn + +(0.3 + 0.02 cos V51)ey3
+ (0.3 +0.01 sin ey + +(0.3 + 0.01 sin 7t)e;03,

1 1 1
,Ll]l(l) :EEO sin \/El + %61 sint + %83 sin \/gf,

1 1 1
Hi2(F) :%eo cos V2t + Eem sint + @em sin \/51,

2 7 1
/121(l) :560 coS \/il + melz sint — Eezg, sin ¢,

2 3 7
0] =g€0 sin 2t + mez cost + ﬁezg sin \/it,

1 1 1
v11(0) :meo cos \/zl' + Eoe] cos 2t + 1—1063 sin \/61',

1 3 1
vi2(t) =ge0 sin V2t + ﬁem sint + %em sin \/Et,

1 3 1
vo1() :560 cos ﬁl‘ + melz sin 3¢ — gezg sin \/gl,

1 1 1
Voo (1) :geo sin 2t + %ez sin 3¢ + %623 Ccos \/71‘,

AIMS Mathematics Volume 7, Issue 4, 6182-6203.
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Then we have

3 1 1
Qlll(t) :meo sin \/Et + —e;cost + 9—063 sin 5S¢,

50
6112(0) :%eo sin V2t + %613 cost + %em cos \/_t
6121(1) :%eo cos V21 + 53—0612 sint — %623 CcosSt,
6122(1) :%eo sin 2t + 13062 sin V7t + 1(?;—0623 sin ¢,
6>11(1) :%eo sint + %el sint + %q cos \/_t
6>12(1) :%eo sin V2t + %613 cost + %em cos \/_t
021(2) = (S)Oeo cos V21 + —elz sin V3r - —823 sin \/_t
625(1) =%e0 sin V2t + %ez sint + ﬁezg sin \/_t

o;; =1.1+0.1sin V76,7, = 1.3 - 0.95sint,y;; = 1.2 - 0.2 cos

L} =001, LY =0.01, L¥ =0.01, Mf =0.01, a} =0.014, a; = 0.012, b} = 0.55,
b = 0.51, b5 =0.37, b5 = 0.37, uj, = 0.02, uf, = 0.05, 3, = 0.08, 13, = 0.08,

v; = 0.01, v}, = 0.04, v}, = 0.04, V;Z = 0.04, 9;11 = 0.03, 6}, = 0.05, 65, = 0.09,

K =1, K2 =1, b‘f(t) = 0.5, bg’(t) = 0.5, rx 0.7719 <1,

I
Sup{ () + K[b¢ L

teR

! ’1 "1-af
+B; Z/ltj ]:3]1 +,B Z Vij J

1 1
+B; Z Z ejj,(LRMR T LM )]} < -0.11575.

j=1 I=1 l

So (Hy), (H,), (Hs) and (H,4) are satisfied. Hence, by Theorem 4.1, we see that system (2.1) has a
unique compact almost automorphic solution that is globally exponentially stable (see Figures 5—10).
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Figure 5. States x9, x

Figure 6. States xJ, x), x

25 T T T T T T
2+ x§(s)=-1.5,5¢[-2,0] x3(s)=0.7,5<[-2,0]
= 15 x](8)=-0.5,5¢[-2,0] x3(s)=1.3,8[-2,0]

3

1

(X

2

(0]

0

1

X

t
2
x1%(s)=-1.5,5[-2,0] x2%(5)=0.7,5€[-2,0]
= 155 x13(s)=-0.5,5¢[-2,0] x]2%(s)=1.3,5¢[-2,0] 7
<
S0
5. 05
>
& 0
o
= -05
o
S
15 . . . . . . . . .
o 10 20 30 40 50 60 70 80 90
t

XD X X X X, X

of (2.1) with different initial values.

x5(s)=-1.5,€[-2,0]

%3()=-0.5,5€[-2,0]

x3(s)=0.7,5¢(-2,0) ’,

x3(s)=1.5,5€(-2,0]

0 10 20 30 40 50 60 70 80 90 100
t
2 T
x}2(s)=-1.5,5¢[-2,0] x2(5)=0.7,5[-2,0]
x}3(s)=-0.5,5¢[2,0] x12(s)=1.5,55[-2,0]
15 I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100
t

20 X0 X7 X7 X537, Xy

of (2.1) with different initial values.

2
2 XJ(s)=-1.5.5[-2,0] x%(s)=0.6,5¢[-2,0] | x}(s)=-1.5,5¢[-2,0] x}(s)=0.4,5¢[-2,0]
x9(s)=-0.5,5€[-2,0] x0(s)=1.3,5€[-2,0] 1 x1(s)=-0.4,5¢[-2,0] x}(s)=1.5,5€[-2,0]
1 ]
< =
oH
Al
0 10 20 30 40 50 60 70 80 9 100 0 10 20 30 40 50 60 70 80 90
t t
2
2 2 2 3 3 1
x2(s)=-1.5,5¢[-2,0] x2(5)=0.4,5€[-2,0] x§(s)=-1.3,5¢[-2,0] x3(s)=0.7,5€[-2,0]
1 x3(s)=-0.4,5¢[-2,0] x3(s)=1.5,5¢[-2,0] | | | x3(s)=-0.6,5¢[-2,0] x3(s)=1.3,5¢[-2,0]
<

Figure 7.
values.
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2 T T T r r r r r T T T r r r r r r
X1%(s)=-1.5.5¢(-2.0] x12(s)=0.6.5¢[-2.0] 2 x1%(s)=-1.5.5¢(-2,0] xP(e)=04.5¢2.0]|
1 x}%(s)=-0.5,5¢[-2,0] x12(s)=1.3,5¢[-2,0] | 4 ——— x}%(s)=-0.4,5¢[-2,0] x}3(s)=1.5,¢[-2,0]
° J
4 ]
o 10 20 30 40 50 60 70 80 920 100 o 10 20 30 40 50 60 70 80 920 100
t t
2r x23(s)=-1.5,5¢[-2,0] x23(s)=0.4,5¢[-2,0] | ] 2
$(e)=-1.5,5c[-2, 7 (8)=0-4.8<[-2, x123(s)=-1.3,5[-2,0] x12%(5)=0.7,5[-2,0]
23(6)-0.4,5¢[- 23(g)= -
, x23(s)=-0.4,5¢[-2,0] x3s)=15.5c-2.0] | | B x123(5)=-0.6,5<[-2,0] x123(s)=1.3,55[-2,0] | |
Ho "o \/V\/\/\’\/\/\/\/\/\/\'\/\/
4 ]
1 1

o 10 20 30 40 50 60 70 80 90 100 o 10 20 30 40 50 60 70 80 90 100
t t

Figure 8. Global exponential stability of states x;?, x°, x3°, x;* of (2.1) with different initial
values.

x3(s)=-1.5,5¢[-2,0]
x3(s)=-0.5.5[-2,0]

)
x(s)=0.6.5[-2,0] | | x}(s)=0.6,5€[-2,0]

x3(s)=1.8.,5€[-2,0]

x}(s)=1.3,5¢[-2,0] | |

x2(s)=-1.5,5¢[-2,0]
x2(s)=-0.5,5<[-2,0]

x2(5)=0.6,5¢[-2,0] 2r
*2(s)=1.3,5¢[-2,0] | |

x3(s)=-1.5,5¢[-2,0] x3(5)=0.6,5¢[-2,0] |
x3(s)=-0.5,5€[-2,0] x3(s)=1.3,5¢[-2,0]
1 1

Figure 9. Global exponential stability of states x3,x), x3, x5 of (2.1) with different initial
values.

x}2(s)=-1.5,5€[-2,0]
x}32(s)=-0.5,5€[-2,0]

x}2(5)=0.6,5€[-2,0]
x}%(s)=1.3,5€[-2,0] | | 1

x33(s)=-1.5,5¢[-2,0]
x}5%(s)=-0.5,5<[-2,0]

x13()=0.6,5¢[-2,0]
x}%(s)=1.3,5€(-2,0] |

x323(s)=-1.5,5€[-2,0]

x2%(s)=-1.5,5€[-2,0]

x23%(5)=0.6,5<[-2,0]

123
x23(s)=-0.5,5€[-2,0] x12%(s)=1.8,s€[-2,0]

x42%(5)=0.6,5¢[-2,0]
x23(s)=1.3,5¢[-2,0] | | 1 x123(5)=-0.5,5€[-2,0]

Figure 10. Global exponential stability of states x, x°, x3°, x3* of (2.1) with different initial
values.
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Remark 5.1. In Examples 5.1 and 5.2, since a; # 0 and b; is not a real number, no known results can
be used to draw the conclusions of Examples 5.1 and 5.2.

6. Conclusions

In this paper, the existence and global exponential stability of compact almost automorphic solutions
for a class of Clifford-valued higher-order Hopfield neural networks with D operator are established by
direct method. It is worth mentioning that the self feedback coefficients of this class of neural networks
are also Clifford numbers. The results of this paper are new. The method in this paper can be used
to study the compact almost automorphic oscillation of other types of Clifford-valued neural networks
with D operator.
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