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1. Introduction

In recent years, because higher-order Hopfield neural networks are superior to lower order Hopfield
neural networks in many aspects, higher-order Hopfield neural networks have attracted more and more
attention, and their dynamics have been widely studied [1–6].

Because time delay is inevitable, the neural network system described by functional differential
equation is closer to reality than that described by ordinary differential equation. At the same time, due
to the complexity of the interaction between neurons, the state change rate of neurons may be related
to the state change rate in the history of neurons. Therefore, many neural networks are described by
neutral functional differential equations. Neutral functional differential equations can be divided into D
operator type and non operator type. As an important type of neutral functional differential equations,
neutral functional differential equations of D operator type not only have relatively complete basic
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theory, but also have important applications in many fields [7]. As pointed out in [8–16] and references
therein, in many practical applications of neural networks, neural networks with D operator have more
practical significance than neural networks non-operator-based ones.

On the one hand, Clifford-valued neural networks are a generalization of real-valued,
complex-valued and quaternion-valued neural networks. At the same time, it has more advantages
than real-valued and complex-valued neural networks in dealing with multi-layer data and problems
involving spatial transformation. Therefore, Clifford-valued neural network has attracted more and
more attention [17–21]. However, the multiplication of Clifford numbers does not satisfy the
commutative law. At present, it is rare to study the dynamics of Clifford-valued neural networks by
non decomposition method [22–24]. Meanwhile, almost all papers on the dynamics of
Clifford-valued neural networks assume that their self feedback coefficients are real numbers.

On the other hand, it is well known that the existence of almost periodic solutions is an important
dynamics of differential equations and neural networks, and almost automorphic function is a natural
generalization of almost periodic function. Therefore, it is of great theoretical and practical
significance to study the existence of almost automorphic solutions of differential equations and
neural networks. However, due to the fact that f , σ : R → R are almost automorphic does not imply
that f (t − σ(t)) is almost automorphic. As a result, generally speaking, we cannot study the existence
of almost automorphic solutions for differential equations and neural networks with time-varying
delays. But, fortunately, if f , σ : R → R are compact almost automorphic, then f (t − σ(t)) is also
compact almost automorphic. In other words, we can study the compact almost automorphic
oscillation of neural networks with time-varying delays. Nevertheless, up to now, the results on the
compact almost automorphic oscillation of neural networks are still very rare.

Inspired by the above discussion, the main purpose of this paper is to study the existence and
global exponential stability of compact almost automorphic solutions of Clifford-valued higher-order
Hopfield neural networks with D operator and whose self feedback coefficient is also Clifford number.
As far as we know, this is the first paper to study the compact almost automorphic solution of Clifford-
valued neural networks with D operator by direct method. Therefore, our research is innovative and
meaningful.

This paper is organized as follows. In Section 2, we introduce some basic definitions and lemmas
and give a model description. In Section 3, we study the existence of compact almost automorphic
solutions for Clifford-valued high-order Hopfield neutral neural networks with D operator. In Section 4,
we investigate the global exponential stability of compact almost automorphic solutions. In Section 5,
we give two examples to show the feasibility of the results. In Section 6, we have a brief conclusion.

2. Model description and preliminaries

The real Clifford algebra over Rm is defined as

A =

{∑
A∈Ω

xAeA, xA ∈ R
}
,

where Ω =
{
φ, 1, 2, · · · , A, · · · , 12, · · · ,m

}
, eA = eh1eh2 · · · ehv , with A = h1h2 · · · hv, 1 ≤ h1 < h2 < · · · <

hv ≤ m. Moreover, eφ = e0 = 1, and eh, h = 1, 2, · · · ,m are said to be Clifford generators and satisfy
ep = 1, p = 0, 1, 2, · · · , s, e2

p = −1, p = s + 1, s + 2, · · · ,m, where s < m, and epeq + eqep = 0, p ,
q, p, q = 1, 2, . . . ,m.
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For x =
∑

A xAeA, we define ‖x‖A = max
A

{∣∣∣xA
∣∣∣} and for y = (y1, y2, · · · , yn)T ∈ An, let ‖y‖An =

max
1≤i≤n
{‖yi‖A}, then

(
A, ‖ · ‖A

)
and

(
An, ‖ · ‖An

)
are Banach spaces.

We define the derivative of u(t) =
∑

A uA(t)eA is u̇i(t) =
∑

A u̇A(t)eA. For x =
∑

A xAeA, we define
xc =

∑
A,∅

xAeA and x∅ = x − xc. For readers interested in Clifford algebra, see [25].

In this paper, we are concerned with the following Clifford-valued high-order Hopfield neutral
neural networks involving D operator:[

xi(t) − ai(t)xi
(
t − τi(t)

)]′
= − bi(t)xi(t) +

n∑
j=1

µi j(t)J j
(
x j(t)

)
+

n∑
j=1

vi j(t)F j
(
x j

(
t − σi j(t)

))
+

n∑
j=1

n∑
l=1

θi jl(t)R j
(
x j

(
t − ηi jl(t)

))
Rl

(
xl
(
t − γi jl(t)

))
+ Ii(t), (2.1)

where i = 1, 2, · · · , n, xi(t) ∈ A corresponds to the state of the ith unit at time t; A is a real Clifford-
algebra; bi(t) ∈ A represents the self feedback coefficient at time t; µi j ∈ A denotes the strength of the
jth unit at time t; θi jl(t) ∈ A is the second-order synaptic weight of the neural network; ai(t), µi j(t),
vi j(t), θi jl(t) ∈ A are the connection weights; J j, F j, R j : A → A are the activation functions; Ii(t) ∈ A
is the external input to the ith unit; τi(t), σi j(t), ηi jl(t), γi jl(t) ∈ R+ denote the transmission delays.

For convenience, we introduce the following notations:

b̄φi = sup
t∈R

bφi (t), bφi = inf
t∈R

bφi (t), b̄c
i = sup

t∈R
‖bc

i (t)‖A, a+
i = sup

t∈R
‖ai(t)‖A,

µ+
i j = sup

t∈R
‖µi j(t)‖A, v+

i j = sup
t∈R
‖vi j(t)‖A, θ+

i jl = sup
t∈R
‖θi jl(t)‖A, τi

+ = sup
t∈R

τi(t),

σi j
+ = sup

t∈R
σi j(t), ηi jl

+ = sup
t∈R

ηi jl(t), γi jl
+ = sup

t∈R
γi jl(t), ρ = max

1≤i, j,l≤n

{
τ+

i , σ
+
i j, η

+
i jl, γ

+
i jl
}
.

The initial values of system (2.1) are given by

xi(s) = ϕi(s) ∈ A, s ∈
[
−ρ, 0

]
,

where ϕi ∈ BC
(
[−ρ, 0],A

)
.

Throughout the rest of this paper, BC(R,An) denotes the set of all bounded continuous functions
from R toAn. Note that

(
BC(R,An), ‖ · ‖0

)
is a Banach space with the norm:

‖ f ‖0 = max
1≤i≤n

{
sup
t∈R
‖ fi(t)‖A

}
,

where f =
(
f1, f2, . . . fi

)T
∈ BC

(
R,An).

Definition 2.1. [26] A function f ∈ BC
(
R,An) is said to be almost periodic if and only if for every

sequence of real numbers
(
α′n

)
n∈N there exist a subsequence

(
αn

)
n∈N and a function f ∗ such that

f
(
t + αn

)
→ f ∗

(
t
)

uniformly on R as n→ ∞. The collection of all such functions will be denoted by AP(R,An).
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Definition 2.2. [27, 28] A function f ∈ BC
(
R,An) is said to be almost automorphic, if for every

sequence of real numbers
(
α′n

)
n∈N there exists a subsequence

(
αn

)
n∈N such that

f ∗(t) = lim
n→∞

f
(
t + αn

)
is well defined for each t ∈ R, and

lim
n→∞

f ∗
(
t − αn

)
= f (t)

for each t ∈ R.
If the above limits hold uniformly in compact subsets of R, then f is said to be compact almost

automorphic. We denote by AA
(
R,An) the space of all almost automorphic functions and by

KAA
(
R,An) the space of all compact almost automorphic functions.

Lemma 2.1. [29] A function f is compact almost automorphic if and only if it is almost automorphic
and uniformly continuous.

From the above definition, similar to the proofs of the corresponding results in [22], when T = R,
one can easily prove the following four lemmas.

Lemma 2.2. [22] If λ ∈ R and f ∈ KAA(R,An), then λ f ∈ KAA(R,An).

Lemma 2.3. [22] If f , g ∈ KAA(R,An), then f + g, f g ∈ KAA(R,An).

Lemma 2.4. [22] If x ∈ KAA(R,A), τ ∈ KAA(R,R+), then x
(
· − τ(·)

)
∈ KAA(R,A).

Lemma 2.5. [22] Let f ∈ C(A,A) and satisfy the Lipschitz conditions. Through that x ∈ KAA(R,A),
then f

(
x(·)

)
∈ KAA(R,A).

The assumptions used in this paper are as follows:

(H1) For i, j, l = 1, 2, · · · , n, bφi ∈ KAA(R,R+) with bφi > 0, bc
i , ai, µi j, vi j, θi jl ∈ KAA(R,A).

(H2) For j = 1, 2, · · · , n, J j, F j, R j, I j ∈ C(A,A) and there exist positive constants LJ
j , LF

j , LR
j , LI

j, MR
l

such that for any x, y ∈ A,
‖J j(x) − J j(y)‖A ≤ LJ

j‖x − y‖A, ‖F j(x) − F j(y)‖A ≤ LF
j ‖x − y‖A,

‖R j(x) − R j(y)‖A ≤ LR
j ‖x − y‖A, ‖I j(x) − I j(y)‖A ≤ LI

j‖x − y‖A,
‖Rl(x)‖A ≤ MR

l and J j(0) = F j(0) = R j(0) = I j(0) = 0.
(H3) There are a positive function: b̃φi ∈ BC(R,R) and a constant Ki > 0 satisfying

e−
∫ t

s bφi (u)du ≤ Kie−
∫ t

s b̃φi (u)du

for all s, t ∈ R, t − s ≥ 0.
(H4) There exist constants βi > 0 and ∧i > 0 such that

sup
t∈R

{ 1

b̃φi (t)
Ki

[
b̄φi a+

i + b̄c
i + β−1

i

n∑
j=1

µ+
i jL

J
jβ j + β−1

i

n∑
j=1

v+
i jL

F
j β j

+ β−1
i

n∑
j=1

n∑
l=1

θ+
i jl(L

R
j MR

l β j + LR
l MR

j βl)
]}
< ∧i, (2.2)
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sup
t∈R

{
−b̃φi (t)+Ki

[
b̄φi a+

i
1

1 − a+
i

+ b̄c
i

1
1 − a+

i

+ β−1
i

n∑
j=1

µ+
i jL

J
jβ j

1
1 − a+

j
+ β−1

i

n∑
j=1

v+
i jL

F
j β j

1
1 − a+

j

+ β−1
i

n∑
j=1

n∑
l=1

θ+
i jl

(
LR

j MR
l β j

1
1 − a+

j
+ LR

l MR
j βl

1
1 − a+

l

)]}
< 0 (2.3)

and r = max
1≤i≤n

{
a+

i + ∧i
}
< 1, i = 1, 2, · · · , n.

Remark 2.1. In fact, condition (H1) implies condition (H3). For example, because
e−

∫ t
s bφi (u)du ≤ e−bφi (t−s), so, we can take Ki = 1 and b̃φi (t) ≡ bφi . But in order to make condition (H4) less

conservative, we still give condition (H3).

3. The existence of compact almost automorphic solutions

Let X =
{
ϕ ∈ BC(R,An)

∣∣∣ϕ ∈ KAA(R,An)
}
. For any ϕ ∈ X, we define the norm of ϕ as ‖ϕ‖0 =

max
1≤i≤n

{
sup
t∈R
‖ϕi(t)‖A

}
, then

(
X, ‖ · ‖0

)
is a Banach space.

Let ϕ0 =
(∫ t

−∞
e−

∫ t
s bφi (u)duI1(s)ds,

∫ t

−∞
e−

∫ t
s bφi (u)duI2(s)ds, · · · ,

∫ t

−∞
e−

∫ t
s bφi (u)duIn(s)ds

)T
and take a

positive constant W > ‖ϕ0‖0. Define

X0 =

{
ϕ ∈ X

∣∣∣‖ϕ − ϕ0‖0 ≤
rW

1 − r

}
.

Then, for every ϕ ∈ X0, we have

‖ϕ‖0 ≤ ‖ϕ − ϕ0‖ + ‖ϕ0‖0 ≤
rW

1 − r
+ W =

W
1 − r

.

Lemma 3.1. If Gi(t) =
∫ t

−∞
e−

∫ t
s bφi (u)duHi(s)ds, where bφi (t) ∈ KAA(R,R+) with bφi > 0 and Hi(s) ∈

KAA(R,A), then Gi(t) ∈ KAA(R,A), i = 1, 2, · · · , n.

Proof. Let
(
α′n

)
n∈N be a sequence of real numbers, since bφi ∈ KAA(R,R+) and Hi(t) ∈ KAA(R,A), we

can extract a subsequence (αn)n∈N of
(
α′n

)
n∈N such that for each compact subset Ω of R

lim
n→∞

bφi (t + αn) = bφ∗i (t), lim
n→∞

bφ∗i (t − αn) = bφi (t),

lim
n→∞

Hi(t + αn) = Hi
∗(t), lim

n→∞
Hi
∗(t − αn) = Hi(t).

Set Gi
∗(t) =

∫ t

−∞
e−

∫ t
s bφi

∗
(u)duHi

∗(s)ds, then we have

‖Gi(t + αn) −G∗i (t)‖A

=
∥∥∥∥∫ t+αn

−∞

e−
∫ t+αn

s bφi (u)duHi(s)ds −
∫ t

−∞

e−
∫ t

s bφi
∗
(u)duHi

∗(s)ds
∥∥∥∥
A

=
∥∥∥∥∫ t+αn

−∞

e−
∫ t

s−αn
bφi (u+αn)duHi(s)ds −

∫ t

−∞

e−
∫ t

s bφi
∗
(u)duHi

∗(s)ds
∥∥∥∥
A
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=
∥∥∥∥∫ t

−∞

e−
∫ t

s bφi (u+αn)duHi(s + αn)ds −
∫ t

−∞

e−
∫ t

s bφi
∗
(u)duHi

∗(s)ds
∥∥∥∥
A

≤

∥∥∥∥∫ t

−∞

e−
∫ t

s bφi (u+αn)duHi(s + αn)ds −
∫ t

−∞

e−
∫ t

s bφi (u+αn)duHi
∗(s)ds

∥∥∥∥
A

+
∥∥∥∥∫ t

−∞

e−
∫ t

s bφi (u+αn)duHi
∗(s)ds −

∫ t

−∞

e−
∫ t

s bφi
∗
(u)duHi

∗(s)ds
∥∥∥∥
A

≤

∫ t

−∞

e−
∫ t

s bφi (u+αn)du
∥∥∥Hi(s + αn) − Hi

∗(s)
∥∥∥
A

ds

+
∥∥∥∥∫ t

−∞

(
e−

∫ t
s bφi (u+αn)du − e−

∫ t
s bφi

∗
(u)du

)
Hi
∗(s)ds

∥∥∥∥
A
.

By the Lebesgue dominated convergence theorem, we obtain that lim
n→∞

Gi(t + αn) = Gi
∗(t) for

each t ∈ Ω, i = 1, 2, · · · , n. Similarly, one can prove that lim
n→∞

Gi
∗(t − αn) = Gi(t) for each t ∈ Ω,

i = 1, 2, · · · , n. Hence, Gi ∈ AA(R,A), i = 1, 2, · · · , n.
On the other hand, noting that

sup
t∈R
‖G′i(t)‖A = sup

t∈R

∥∥∥∥∥Hi(t) − bφi (t)
∫ t

−∞

e−
∫ t

s bφi (u)duHi(s)ds
∥∥∥∥∥
A

≤ sup
t∈R
‖Hi(t)‖A + b̄φi

∫ t

−∞

e−bφi (t−s) sup
s∈R
‖Hi(s)‖Ads

≤ sup
t∈R
‖Hi(t)‖A +

b̄φi
bφi

sup
t∈R
‖Hi(t)‖A < ∞,

we have Gi(t) is uniformly continuous on R. Consequently, by Lemma 2.1, we have
Gi ∈ KAA(R,A), i = 1, 2, · · · , n. The proof is complete. �

Theorem 3.1. Assume that (H1)-(H4) hold. Then system (2.1) has a unique compact almost
automorphic solution in X0.

Proof. From (H4) we can choose a constant λ ∈
(
0, min

1≤i≤n

{
inf
t∈R
‖b̃φi (t)‖

A

})
such that a+

i eλτ
+
i < 1,

sup
t∈R

{ eλ

b̃φi (t)
Ki

[
b̄φi a+

i + b̄c
i + β−1

i

n∑
j=1

µ+
i jL

J
jβ j + β−1

i

n∑
j=1

v+
i jL

F
j β j

+ β−1
i

n∑
j=1

n∑
l=1

θ+
i jl(L

R
j MR

l β j + LR
l MR

j βl)
]}
< ∧i. (3.1)

Let yi(t) = β−1
i xi(t), Yi(t) = yi(t) − ai(t)yi

(
t − τi(t)

)
, i = 1, 2, · · · , n, then, system (2.1) turns into

Yi
′(t) = − bφi (t)Yi(t) − bφi (t)ai(t)yi

(
t − τi(t)

)
− bc

i (t)yi(t)

+ β−1
i

n∑
j=1

µi j(t)J j
(
β jy j(t)

)
+ β−1

i

n∑
j=1

vi j(t)F j(β jy j(t − σi j(t)))

+ β−1
i

n∑
j=1

n∑
l=1

θi jl(t)R j(β jy j(t − ηi jl(t)))Rl(βlyl(t − γi jl(t)))
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+ β−1
i Ii (t) , i = 1, 2, · · · , n. (3.2)

Multiplying both sides of (3.2) by e
∫ s

0 bφi (u)du, and integrating it on (−∞, t], we get

yi(t) =ai(t)yi
(
t − τi(t)

)
+

∫ t

−∞

e−
∫ t

s bφi (u)du
[
−bφi (s)ai(s)yi

(
s − τi(s)

)
− bc

i (s)yi(s) + β−1
i

n∑
j=1

µi j(s)J j
(
β jy j(s)

)
+ β−1

i

n∑
j=1

vi j(s)F j
(
β jy j

(
s − σi j(s)

))
+ β−1

i

n∑
j=1

n∑
l=1

θi jl(s)R j
(
β jy j

(
s − ηi jl(s)

))
Rl

(
βlyl

(
s − γi jl(s)

))
+ β−1

i Ii(s)
]
ds.

It is easy to see that if y∗ = (y∗1(t), y∗2(t), . . . , y∗n(t)) is a solution of (3.2), then x∗ = (x∗
1
(t), x∗

2
(t), . . . ,

x∗
n
(t)) = (β1y∗1(t), β2y∗2(t), . . . , βny∗n(t)) is a solution of system (2.1).
Define an operator T : X → BC

(
R,An) by Tϕ = (T1ϕ,T2ϕ, · · · Tnϕ)T , where

(Tiϕ)(t) = ai(t)ϕi
(
t − τi(t)

)
+

∫ t

−∞

e−
∫ t

s bφi (u)duHi(s)ds

and

Hi(s) =−bφi (s)ai(s)ϕi
(
s − τi(s)

)
− bc

i (s)ϕi(s)

+ β−1
i

n∑
j=1

µi j(s)J j
(
β jϕ j(s)

)
+ β−1

i

n∑
j=1

vi j(s)F j
(
β jϕ j

(
s − σi j(s)

))
+ β−1

i

n∑
j=1

n∑
l=1

θi jl(s)R j
(
β jϕ j

(
s − ηi jl(s)

))
Rl

(
βlϕl

(
s − γi jl(s)

))
+ β−1

i Ii(s).

Then by Lemmas 2.2–2.4, we have Hi ∈ KAA(R,A), i = 1, 2, · · · , n. Therefore by Lemma 3.1, for
ϕ ∈ KAA(R,An), we get Tϕ ∈ KAA(R,An). In order to finish the proof of this theorem, we will divide
the rest of the proof into the following two steps.

Step 1. We will prove that the mapping T is a self-mapping from X0 to X0. In fact, for each ϕ ∈ X0,
we have

‖Tϕ − ϕ0‖0

≤max
1≤i≤n

{
sup
t∈R

[
‖ai(t)ϕi

(
t − τi(t)

)
‖
A

+

∫ t

−∞

e−
∫ t

s bφi (u)du
(
‖−bφi (s)ai(s)ϕi

(
s − τi(s)

)∥∥∥
A

+
∥∥∥−bc

i (s)ϕi(s)
∥∥∥
A

+

∥∥∥∥∥β−1
i

n∑
j=1

µi j(s)J j
(
β jϕ j(s)

)∥∥∥∥∥
A

+

∥∥∥∥∥β−1
i

n∑
j=1

vi j(s)J j
(
β jϕ j

(
s − σi j(s)

))∥∥∥∥∥
A

+

∥∥∥∥∥β−1
i

n∑
j=1

n∑
l=1

θi jl(s)R j
(
β jϕ j

(
s − ηi jl(s)

))
Rl

(
βlϕl

(
s − γi jl(s)

))∥∥∥∥∥
A

)
ds

]}
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≤max
1≤i≤n

{
a+

i +

∫ t

−∞

e−
∫ t

s b̃φi (u)duKi

[
b̄φi a+

i + b̄c
i + β−1

i

n∑
j=1

µ+
j i

LJ
jβ j

+ β−1
i

n∑
j=1

v+
i jL

F
j β j + β−1

i

n∑
j=1

n∑
l=1

θ+

i jl
LR

j MR
l β j

]
‖ϕ‖0ds

}
≤max

1≤i≤n

{
a+

i + ∧i

∫ t

−∞

e−
∫ t

s b̃φi (u)du 1
eλ

b̃φi (s)ds
}
‖ϕ‖0

≤max
1≤i≤n

{
a+

i +
1
eλ
∧i

}
‖ϕ‖0

<
rW

1 − r
, (3.3)

which implies that ϕ(X0) ⊂ X0.
Step 2. We will prove that T is a contracting mapping. Indeed, for any ϕ, ψ ∈ X0, we have that

‖Tϕ − Tψ‖0

≤max
1≤i≤n

{
sup
t∈R

[∥∥∥ai(t)
(
ϕi

(
t − τi(t)

)
− ψi

(
t − τi(t)

))∥∥∥
A

+

∫ t

−∞

e−
∫ t

s bφi (u)du

×

(∥∥∥−bφi (s)ai(s)
(
ϕi

(
s − τi(s)

)
− ψi

(
s − τi(s)

))∥∥∥
A

+
∥∥∥−bc

i (s)
(
ϕi(s) − ψi(s)

)∥∥∥
A

+

∥∥∥∥∥β−1
i

n∑
j=1

µi j(s)
(
J j

(
β jϕ j(s)

)
− J j

(
β jψ j(s)

))∥∥∥∥∥
A

+

∥∥∥∥∥β−1
i

n∑
j=1

vi j(s)
(
F j

(
β jϕ j

(
s − σi j(s)

))
− F j

(
β jψ j

(
s − σi j(s)

)))∥∥∥∥∥
A

+

∥∥∥∥∥β−1
i

n∑
j=1

n∑
l=1

θi jl(s)
[
R j

(
β jϕ j

(
s − ηi jl(s)

))
Rl

(
βlϕl

(
s − γi jl(s)

))
−R j

(
β jψ j

(
s − γi jl(s)

))
Rl

(
βlψl

(
s − γi jl(s)

))]∥∥∥∥∥
A

)
ds

]}
≤max

1≤i≤n

{
a+

i +

∫ t

−∞

e−
∫ t

s b̃φi (u)duKi

(
b̄φi a+

i + b̄c
i + β−1

i

n∑
j=1

µ+
i jL

J
jβ j

+ β−1
i

n∑
j=1

v+
i jL

F
j β j + β−1

i

n∑
j=1

n∑
l=1

θ+
i jl
(
LR

j MR
l β j + LR

l MR
j βl

))
ds‖ϕ − ψ‖0

}
≤max

1≤i≤n

{
a+

i + ∧i

∫ t

−∞

e−
∫ t

s b̃φi (u)du 1
eλ

b̃φi (s)ds
}
‖ϕ − ψ‖0

≤max
1≤i≤n

{
a+

i +
1
eλ
∧i

}
‖ϕ − ψ‖0

<r‖ϕ − ψ‖0,

which combined with the fact that r = max
1≤i≤n

{
a+

i + ∧i
}
< 1 implies that the mapping T possesses a unique

fixed point y∗ =
{
y∗

i
(t)

}
∈ KAA(R,An). Consequently, x∗ = (x∗

1
(t), x∗

2
(t), . . . , x∗

n
(t)) = (β1y∗1(t), β2y∗2(t),

. . . , βny∗n(t)) is a compact almost automorphic solution of system (2.1). The proof is complete. �
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4. Global exponential stability

Theorem 4.1. Assume that (H1)–(H4) hold. Then system (2.1) has a unique compact almost
automorphic solution that is gllobally exponentially stable.

Proof. From (H4) we can choose a constant λ ∈
(
0, min

1≤i≤n

{
inf
t∈R
‖b̃φi (t)‖

A

})
such that a+

i eλτ
+
i < 1,

sup
t∈R

{
λ−b̃φi (t) + Ki

[
b̄φi a+

i
eλτ

+
i

1 − a+
i eλτ+

i
+ b̄c

i
1

1 − a+
i eλτ+

i

+ β−1
i

n∑
j=1

µ+
i jL

J
jβ j

1

1 − a+
j eλτ

+
j

+ β−1
i

n∑
j=1

v+
i jL

F
j β j

eλσ
+
i j

1 − a+
j eλτ

+
j

+β−1
i

n∑
j=1

n∑
l=1

θ+
i jl

(
LR

j MR
l β j

eλη
+
i jl

1 − a+
j eλτ

+
j

+
eλγ

+
i jl

1 − a+
l eλτ

+
l

LR
l MR

j βl

)]}
< 0. (4.1)

Let x∗ = (x∗1, x
∗
2, . . . , x

∗
n) be the compact almost automorphic solution of system (2.1) with initial value

φ = (φ1, φ2, . . . , φn) and x = (x1, x2, . . . , xn) be an arbitrary solution of system (2.1) with initial value
ϕ = (ϕ1, ϕ2, . . . , ϕn).

Denote yi(t) = β−1
i xi(t), y∗i (t) = β−1

i x∗i (t), zi(t) = yi(t) − y∗i (t), Zi(t) = zi(t) − ai(t)zi
(
t − τi(t)

)
, i =

1, 2, · · · , n. Then we have

Zi
′(t) = − bφi (t)Zi(t) − bφi (t)ai(t)zi

(
t − τi(t)

)
− bc

i (t)zi(t)

+ β−1
i

n∑
j=1

µi j(t)
(
J j

(
β jy j(t)

)
− J j

(
β jy∗j(t)

))
+ β−1

i

n∑
j=1

vi j(t)
(
F j

(
β jy j

(
t − σi j(t)

))
− F j

(
β jy∗j

(
t − σi j(t)

)))
+ β−1

i

n∑
j=1

n∑
l=1

θi jl(t)
(
R j

(
β jy j

(
t − ηi jl(t)

))
− R j

(
β jy∗j

(
t − ηi jl(t)

)))
×

(
Rl

(
βlyl

(
t − γi jl(t)

))
− Rl

(
βly∗l

(
t − γi jl(t)

)))
. (4.2)

Without loss of generality, let

‖ϕ − φ‖ξ

= max
1≤i≤n

{
sup

t∈(−ρ,0]
β−1

i

∥∥∥ϕi(t) − ai(t)ϕi
(
t − τi(t)

)
−

[
φi(t) − ai(t)φi

(
t − τi(t)

)]∥∥∥
A

}
> 0

and M be a constant such that

M >

n∑
i=1

Ki + 1, i = 1, 2, · · · , n. (4.3)

Consequently, for any ε > 0, it is obvious that

‖Z(t)‖An < M
(
‖ϕ − φ‖ξ + ε

)
e−λt, t ∈

(
−ρ, 0

]
.
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We claim that

‖Z(t)‖An < M
(
‖ϕ − φ‖ξ + ε

)
e−λt, for all t > 0. (4.4)

In the contrary case, there must exist a certain t1 > 0 such that

‖Z(t1)‖An = M
(
‖ϕ − φ‖ξ + ε

)
e−λt1 , (4.5)

‖Z(t)‖An < M
(
‖ϕ − φ‖ξ + ε

)
e−λt, for all t ∈

(
−ρ, t1

)
. (4.6)

Therefore, we obtain

eλv‖z j(v)‖A
≤eλv‖z j(v) − a j(v)z j(v − τ j(v))‖A + eλv‖a j(v)z j(v − τ j(v))‖A
≤eλv‖Z j(v)‖A + a+

j eλτ
+
j eλ(v−τ j(v))‖z j(v − τ j(v))‖A

≤M(‖ϕ − φ‖ξ + ε) + a+
j eλτ

+
j sup

s∈(−ρ,t]
eλs‖z j(s)‖A, (4.7)

for all v ∈
(
−ρ, t

]
, t ∈

(
−ρ, t1

)
, j = 1, 2, · · · , n, which implies that

eλt‖z j(t)‖A ≤ sup
s∈(−ρ,t]

eλs‖z j(s)‖A ≤
M(‖ϕ − φ‖ξ + ε)

1 − a+
j eλτ

+
j

. (4.8)

Multiplying both sides of (4.2) by e
∫ s

0 bφi (u)du and integrating it over the interval [0, t], we get

Zi(t) =Zi(0)e−
∫ t

0 bφi (u)du +

∫ t

0
e−

∫ t
s bφi (u)du

[
−bφi (s)ai(s)zi

(
s − τi(s))

− bc
i (s)zi(s) + β−1

i

n∑
j=1

µi j(s)
(
J j

(
β jy j(s)

)
− J j

(
β jy j

∗(s)
))

+ β−1
i

n∑
j=1

vi j(s)
(
F j

(
β jy j

(
s − σi j(s)

))
− F j

(
β jy j

∗(s − σi j(s)
)))

+ β−1
i

n∑
j=1

n∑
l=1

θi jl(s)
(
R j

(
β jy j

(
t − ηi jl(s)

))
− R j

(
β jy∗j

(
s − ηi jl(s)

)))
×

(
Rl

(
βlyl

(
s − γi jl(s)

))
− Rl

(
βly∗l

(
s − γi jl(s)

)))]
ds, t ∈ [0, t1], i = 1, 2, . . . , n.

This, with the help of (4.1), (4.3), (4.5) and (4.8), for i = 1, 2, . . . , n, we have

‖Zi(t1)‖A ≤‖Zi(0)‖Ae−
∫ t1

0 bφi (u)du

+

∫ t1

0
e−

∫ t1
s bφi (u)du

[
‖−bφi (s)ai(s)zi(s − τi(s)) − bc

i (s)zi(s)‖
A

+

∥∥∥∥∥β−1
i

n∑
j=1

µi j(s)
(
J j

(
β jy j(s)

)
− J j

(
β jy∗j(s)

))∥∥∥∥∥
A
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+

∥∥∥∥∥β−1
i

n∑
j=1

vi j(s)
(
F j

(
β jy j

(
s − σi j(s)

))
− F j

(
β jy∗j

(
s − σi j(s)

)))∥∥∥∥∥
A

+

∥∥∥∥∥β−1
i

n∑
j=1

n∑
l=1

θi jl(s)
(
R j

(
β jy j

(
s − ηi jl(s)

))
Rl

(
βlyl

(
s − γi jl(s)

)))
×
(
R j

(
β jy∗j

(
s − ηi jl(s)

))
Rl

(
βly∗l

(
s − γi jl(s)

)))∥∥∥∥∥
A

]
ds

≤
(
‖ϕ − φ‖ξ + ε

)
Kie−

∫ t1
0 b̃φi (u)du

+

∫ t1

0
e−

∫ t1
s b̃φi (u)duKi

[
b̄φi a+

i ‖zi(s − τi(s))‖A + b̄c
i ‖zi(s)‖A

+ β−1
i

n∑
j=1

µ+
i jL

J
jβ j‖z j(s)‖A + β−1

i

n∑
j=1

v+
i jL

F
j β j‖z j(s − σi j(s))‖A

+ β−1
i

n∑
j=1

n∑
l=1

θ+
i jl
(
LR

j MR
l β j‖z j(s − ηi jl(s))‖

A
+LR

l MR
j βl‖z j(s − γi jl(s))‖

A

)]
ds

≤
(
‖ϕ − φ‖ξ + ε

)
e−λt1 Kie−

∫ t1
0 [b̃φi (u)−λ]du

+

∫ t1

0
e−

∫ t1
s b̃φi (u)duKi

[
b̄φi a+

i

M(‖ϕ − φ‖ξ + ε)

1 − a+
i eλτ+

i
e−λ(s−τi(s))

+ b̄c
i

M(‖ϕ − φ‖ξ + ε)

1 − a+
i eλτ+

i
e−λs + β−1

i

n∑
j=1

µ+
i jL

J
jβ j

M(‖ϕ − φ‖ξ + ε)

1 − a+
j eλτ

+
j

e−λs

+ β−1
i

n∑
j=1

v+
i jL

F
j β j

M(‖ϕ − φ‖ξ + ε)

1 − a+
j eλτ

+
j

e−λ(s−σi j(s))

+ β−1
i

n∑
j=1

n∑
l=1

θ+
i jl

(
LR

j MR
l β j

M(‖ϕ − φ‖ξ + ε)

1 − a+
j eλτ

+
j

e−λ(s−ηi jl(s))

+ LR
l MR

j βl
M(‖ϕ − φ‖ξ + ε)

1 − a+
l eλτ

+
l

e−λ(s−ηi jl(s))
)]

ds

≤
(
‖ϕ − φ‖ξ + ε

)
e−λt1 Kie−

∫ t1
0 [b̃φi (u)−λ]du

+ M(‖ϕ − φ‖ξ + ε)
∫ t1

0
e−

∫ t1
s b̃φi (u)duKie−λs

[
b̄φi a+

i
eλτ

+
i

1 − a+
i eλτ+

i
+ b̄c

i
1

1 − a+
i eλτ+

i

+ β−1
i

n∑
j=1

µ+
i jL

J
jβ j

1

1 − a+
j eλτ

+
j

+ β−1
i

n∑
j=1

v+
i jL

F
j β j

eλσ
+
i j

1 − a+
j eλτ

+
j

+ β−1
i

n∑
j=1

n∑
l=1

θ+
i jl

(
LR

j MR
l β j

eλη
+
i jl

1 − a+
j eλτ

+
j

+
eλγ

+
i jl

1 − a+
l eλτ

+
l

LR
l MR

j βl

)]
ds

≤
(∥∥∥ϕ − φ∥∥∥

ξ
+ ε

)
e−λt1 Kie−

∫ t1
0 [b̃φi (u)−λ]du

+ M(‖ϕ − φ‖ξ + ε)e−λt1

∫ t1

0
e−

∫ t1
s [b̃φi (u)−λ]duKi

[
b̄φi a+

i
eλτ

+
i

1 − a+
i eλτ+

i
+ b̄c

i
1

1 − a+
i eλτ+

i
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+ β−1
i

n∑
j=1

µ+
i jL

J
jβ j

1

1 − a+
j eλτ

+
j

+ β−1
i

n∑
j=1

v+
i jL

F
j β j

eλσ
+
i j

1 − a+
j eλτ

+
j

+ β−1
i

n∑
j=1

n∑
l=1

θ+
i jl

(
LR

j MR
l β j

eλη
+
i jl

1 − a+
j eλτ

+
j

+
eλγ

+
i jl

1 − a+
l eλτ

+
l

LR
l MR

j βl

)]
ds

≤M
(∥∥∥ϕ − φ∥∥∥

ξ
+ ε

)
e−λt1

(Ki

M
e−

∫ t1
0 [b̃φi (u)−λ]du +

∫ t1

0
e−

∫ t1
s [b̃φi (u)−λ]du

[
b̃φi (s) − λ

]
ds

)
≤M(‖ϕ − φ‖ξ + ε)e−λt1

(Ki

M
e−

∫ t1
0 [b̃φi (u)−λ]du + 1 − e−

∫ t1
0 [b̃φi (u)−λ]du

)
≤M(‖ϕ − φ‖ξ + ε)e−λt1

[
1 −

(
1 −

Ki

M

)
e−

∫ t1
0 [b̃φi (u)−λ]du

]
<M(‖ϕ − φ‖ξ + ε)e−λt1 ,

thus,

‖Z(t1)‖An < M(‖ϕ − φ‖ξ + ε)e−λt1 .

This, according to (4.5), is a contradiction. Hence, (4.4) holds. Letting ε→ 0+, we obtain

‖Z(t)‖An ≤ M‖ϕ − φ‖ξe
−λt, for all t > 0. (4.9)

Then, using a similar derivation in the proofs of (4.7) and (4.8), with the help of (4.9), we can see that

eλt‖z j(t)‖A ≤ sup
s∈(−ρ,t]

eλs‖z j(s)‖A ≤
M‖ϕ − φ‖ξ
1 − a+

j eλτ
+
j
, i = 1, 2, . . . , n.

Consequently, we arrive at

‖z(t)‖An ≤ M0‖ϕ − φ‖ξe
−λt, for all t > 0,

where M0 = max
1≤i≤n

{
M

1−a+
j e
λτ+j

}
, which means that the solution x∗ is globally exponentially stable. The

proof is completed. �

5. Numerical examples

Example 5.1. In system (2.1), let n = m = 2, s = 0, and for i, j, l = 1, 2, take

xi(t) =e0x0
i (t) + e1x1

i (t) + e2x2
i (t) + e12x12

i (t),

J j(x j) =
1

100
e0 sin(x0

j) +
1

70
e1 sin(x1

j) +
1

20
e2 tanh(x2

j) +
1

40
e12 sin(x12

j ),

F j(x j) =
1

20
e0 sin(x0

j) +
1

25
e1 sin(x1

j) +
1

50
e2 sin(x2

j) +
1

40
e12 sin(x12

j ),

R j(x j) =
1

50
e0 sin(x0

j) +
1

60
e1 sin(x1

j) +
1

70
e2 tanh(x2

j) +
1

90
e12 sin(x12

j ),

I1(t) =I2(t) = 0.49e0 sin t + 0.51e1 sin
√

2t + 0.56e2 sin t + 0.49e12 sin
√

2t,
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τ1(t) =1 − sin t, τ2(t) = 1.4 + 0.2 cos t,

a1(t) =(0.01 + 0.004 cos t)e0 + (0.01 + 0.001 sin
√

6t)e1,

+ (0.01 + 0.001 cos
√

3t)e2 + (0.01 + 0.002 cos
√

5t)e12,

a2(t) =(0.01 + 0.002 sin t)e0 + (0.01 + 0.001 sin
√

3t)e1

+ (0.01 + 0.001 cos
√

2t)e2 + (0.01 + 0.001 cos
√

7t)e12,

b1(t) =(0.5 + 0.07 sin t)e0 + (0.3 + 0.08 cos
√

2t)e1

+ (0.3 + 0.01 sin t)e2 + (0.3 + 0.01 sin
√

3t)e12,

b2(t) =(0.5 + 0.01 cos
√

3t)e0 + (0.3 + 0.01 sin t)e1

+ (0.3 + 0.01 cos t)e2 + (0.3 + 0.01 cos
√

5t)e12,

(
µ11 (t) µ12 (t)
µ21 (t) µ22 (t)

)
=

( 1
100e0 sin

√
2t + 1

50e1 sin t 3
100e2 sin

√
3t + 1

20e12 cos t
1

20e1 sin
√

3t + 2
25e2 cos t 7

100e0 sin t + 2
25e12 cos

√
5t

)
,(

v11 (t) v12 (t)
v21 (t) v22 (t)

)
=

( 1
100e0 cos t + 1

100e1 sin t 1
25e2 sin t + 3

100e12 sin t
1

25e1 cos t + 1
50e2 sin

√
2t 1

100e0 sin t + 1
25e12 cos

√
5t

)
,(

θ111 (t) θ112 (t)
θ121 (t) θ122 (t)

)
=

(
1

100e0 sin t + 3
100e1 cos

√
2t 1

20e1 sin
√

2t + 3
100e2

7
100e2 sin t + 9

100e12 cos t 2
25e0 cos t + 1

25e12 sin t

)
,(

θ211 (t) θ212 (t)
θ221 (t) θ222 (t)

)
=

( 1
100e0 sin

√
2t + 1

50e1 sin t 7
100e2 sin

√
7t + 9

100e12 cos
√

5t
1
50e1 cos

√
3t + 3

100e2 sin t 1
25e0 sin t + 1

100e12 cos
√

7t

)
,(

σ11 (t) σ12 (t)
σ21 (t) σ22 (t)

)
=

(
1 − 0.5 sin t 0.5 + 0.2 sin 3t

1.1 + 0.2 cos
√

5t 1.2 + 0.7 sin t

)
,(

η111 (t) η112 (t)
η121 (t) η122 (t)

)
=

(
1 − 0.2 sin t 0.01 sin

√
6t + 0.07

1 − 0.08 sin
√

5t 1.5 − 0.3 cos t

)
,(

η211 (t) η212 (t)
η221 (t) η222 (t)

)
=

(
1.3 − 0.2 sin t 0.11 sin

√
6t + 0.7

1 − 0.08 sin
√

5t 1.2 − 0.8 cos t

)
,(

γ111 (t) γ112 (t)
γ121 (t) γ122 (t)

)
=

(
0.13 + 0.02 cos t 0.7 + 0.5 cos

√
2t

0.5 − 0.07 sin
√

5t 0.9 − 0.8 sin t

)
,(

γ211 (t) γ212 (t)
γ221 (t) γ222 (t)

)
=

(
0.4 + 0.02 sin t 0.5 + 0.2 cos

√
3t

0.7 − 0.07 sin
√

7t 0.9 − 0.6 cos t

)
.

Then we have

LJ
j = 0.05, LF

j = 0.05, LR
j = 0.02, MR

l = 0.02, a+
1 = 0.014, a+

2 = 0.012, b̄φ1 = 0.57,

b̄φ2 = 0.51, b̄c
1 = 0.38, b̄c

2 = 0.31, µ+
11 = 0.02, µ+

12 = 0.05, µ+
21 = 0.08, µ+

22 = 0.08,
v+

11 = 0.01, v+
12 = 0.04, v+

21 = 0.04, v+
22 = 0.04, θ+

111 = 0.03, θ+
112 = 0.05, θ+

121 = 0.09,
θ+

122 = 0.08, θ+
211 = 0.02, θ+

212 = 0.09, θ+
221 = 0.03, θ+

222 = 0.04, β1 = β2 = 1,

K1 = 0.95, K2 = 1, b̃φ1(t) = 0.5, b̃φ2(t) = 0.5, r ≈ 0.762942 < 1,
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sup
t∈R

{
−b̃φi (t)+Ki

[
b̄φi a+

i
1

1 − a+
i

+ b̄c
i

1
1 − a+

i

+ β−1
i

n∑
j=1

µ+
i jL

J
jβ j

1
1 − a+

j
+ β−1

i

n∑
j=1

v+
i jL

F
j β j

1
1 − a+

j

+ β−1
i

n∑
j=1

n∑
l=1

θ+
i jl

(
LR

j MR
l β j

1
1 − a+

j
+ LR

l MR
j βl

1
1 − a+

l

)]}
< −0.121.

So (H1), (H2), (H3) and (H4) are satisfied. Hence, by Theorem 4.1, we see that system (2.1) has a
unique compact almost automorphic solution that is globally exponentially stable (see Figures 1–4).
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Figure 3. Global exponential stability of states x0
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Figure 4. Global exponential stability of states x0
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2 of (2.1) with different initial

values.

Example 5.2. In system (2.1), let m = 3, n = 2, s = 0, and for i, j, l = 1, 2, take

xi(t) =e0x0
i (t) + e1x1

i (t) + e2x2
i (t) + +e3x3

i (t) + e12x12
i (t) + e13x13

i (t) + e23x23
i (t) + e123x123

i (t),

J j(x j) =
1

100
e0 sin(x0

j) +
1

150
e1 sin(x1

j) +
1

125
e2 tanh(x2

j) +
1

175
e3 sin(x3

j)

+
1

140
e12 sin(x12

j ) +
1

170
e13 sin(x13

j ) +
1

120
e23 sin(x23

j ) +
1

160
e123 sin(x123

j ),

F j(x j) =
1

100
e0 sin(x0

j) +
1

200
e1 sin(x1

j) +
1

150
e2 sin(x2

j) +
1

120
e3 sin(x3

j)

+
1

135
e12 sin(x12

j ) +
1

150
e13 sin(x13

j ) +
1

120
e23 sin(x23

j ) +
1

140
e123 sin(x123

j ),

R j(x j) =
1

120
e0 sin(x0

j) +
1

110
e1 sin(x1

j) +
1

100
e2 tanh(x2

j) +
1

130
e3 sin(x3

j)
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+
1

160
e12 sin(x12

j ) +
1

170
e13 sin(x13

j ) +
1

150
e23 sin(x23

j ) +
1

180
e123 sin(x123

j ),

I1(t) =I2(t) = 0.49e0 sin t + 0.51e1 sin
√

2t + 0.50e2 sin t + 0.49e3 sin
√

2t

+ 0.49e12 sin
√

2t + 0.49e13 sin
√

2t + 0.49e23 sin
√

2t + 0.49e123 sin
√

2t,

τ1(t) =1 − sin t, τ2(t) = 1.4 + 0.2 cos t,

a1(t) =(0.01 + 0.004 sin t)e0 + (0.01 + 0.001 sin
√

6t)e1

+ (0.01 + 0.001 cos
√

3t)e2 + (0.01 + 0.002 sin
√

5t)e3

+ (0.01 + 0.003 sin t)e12 + (0.01 + 0.002 cos t)e13

+ (0.01 + 0.002 cos
√

2t)e23 + (0.01 + 0.002 sin
√

6t)e123,

a2(t) =(0.01 + 0.002 sin t)e0 + (0.01 + 0.002 cos 3t)e1

+ (0.01 + 0.001 sin
√

2t)e2 + (0.01 + 0.001 sin
√

7t)e3

+ (0.01 + 0.001 sin
√

5t)e12 + (0.01 + 0.002 cos t)e13

+ (0.01 + 0.002 cos
√

5t)e23 + (0.01 + 0.001 sin
√

3t)e123,

b1(t) =(0.5 + 0.05 sin t)e0 + (0.3 + 0.01 cos
√

2t)e1

+ (0.3 + 0.02 sin t)e2 + (0.3 + 0.07 sin
√

3t)e3

+ (0.3 + 0.06 sin 3t)e12 + (0.3 + 0.05 sin 2t)e13

+ (0.3 + 0.01 sin t)e23 + (0.3 + 0.01 cos
√

3t)e123,

b2(t) =(0.5 + 0.01 cos
√

3t)e0 + (0.3 + 0.02 sin t)e1

+ (0.3 + 0.07 cos t)e2 + (0.3 + 0.05 cos
√

5t)e3,

+ (0.3 + 0.01 sin
√

5t)e12 + +(0.3 + 0.02 cos
√

5t)e13

+ (0.3 + 0.01 sin t)e23 + +(0.3 + 0.01 sin 7t)e123,

µ11(t) =
1
50

e0 sin
√

2t +
1

70
e1 sin t +

1
80

e3 sin
√

3t,

µ12(t) =
1
20

e0 cos
√

2t +
1

40
e13 sin t +

1
60

e123 sin
√

5t,

µ21(t) =
2
25

e0 cos
√

2t +
7

100
e12 sin t −

1
100

e23 sin t,

µ22(t) =
2
25

e0 sin 2t +
3

100
e2 cos t +

7
100

e23 sin
√

2t,

v11(t) =
1

100
e0 cos

√
2t +

1
120

e1 cos 2t +
1

110
e3 sin

√
6t,

v12(t) =
1
25

e0 sin
√

2t +
3

100
e13 sin t +

1
50

e123 sin
√

6t,

v21(t) =
1
25

e0 cos
√

7t +
3

100
e12 sin 3t −

1
25

e23 sin
√

6t,

v22(t) =
1
25

e0 sin 2t +
1

50
e2 sin 3t +

1
75

e23 cos
√

7t,
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θ111(t) =
3

100
e0 sin

√
2t +

1
50

e1 cos t +
1
90

e3 sin 5t,

θ112(t) =
1
20

e0 sin
√

2t +
1

25
e13 cos t +

1
85

e123 cos
√

3t,

θ121(t) =
7

100
e0 cos

√
2t +

3
50

e12 sin t −
1

25
e23 cos t,

θ122(t) =
2
25

e0 sin 2t +
7

100
e2 sin

√
7t +

3
100

e23 sin t,

θ211(t) =
1
50

e0 sin t +
1

60
e1 sin t +

1
80

e3 cos
√

3t,

θ212(t) =
9

100
e0 sin

√
2t +

7
100

e13 cos t +
1

50
e123 cos

√
3t,

θ221(t) =
3

100
e0 cos

√
2t +

1
50

e12 sin
√

3t −
1

75
e23 sin

√
3t,

θ222(t) =
1
25

e0 sin
√

2t +
1

50
e2 sin t +

1
100

e23 sin
√

7t,

σi j =1.1 + 0.1 sin
√

7t, ηi jl = 1.3 − 0.9 sin t, γi jl = 1.2 − 0.2 cos t

Then we have

LJ
j = 0.01, LF

j = 0.01, LR
j = 0.01, MR

l = 0.01, a+
1 = 0.014, a+

2 = 0.012, b̄φ1 = 0.55,

b̄φ2 = 0.51, b̄c
1 = 0.37, b̄c

2 = 0.37, µ+
11 = 0.02, µ+

12 = 0.05, µ+
21 = 0.08, µ+

22 = 0.08,
v+

11 = 0.01, v+
12 = 0.04, v+

21 = 0.04, v+
22 = 0.04, θ+

111 = 0.03, θ+
112 = 0.05, θ+

121 = 0.09,
θ+

122 = 0.08, θ+
211 = 0.02, θ+

212 = 0.09, θ+
221 = 0.03, θ+

222 = 0.04, β1 = β2 = 1,

K1 = 1, K2 = 1, b̃φ1(t) = 0.5, b̃φ2(t) = 0.5, r ≈ 0.7719 < 1,

sup
t∈R

{
− b̃φi (t) + Ki

[
b̄φi a+

i
1

1 − a+
i

+ b̄c
i

1
1 − a+

i

+ β−1
i

n∑
j=1

µ+
i jL

J
jβ j

1
1 − a+

j
+ β−1

i

n∑
j=1

v+
i jL

F
j β j

1
1 − a+

j

+ β−1
i

n∑
j=1

n∑
l=1

θ+
i jl

(
LR

j MR
l β j

1
1 − a+

j
+ LR

l MR
j βl

1
1 − a+

l

)]}
< −0.11575.

So (H1), (H2), (H3) and (H4) are satisfied. Hence, by Theorem 4.1, we see that system (2.1) has a
unique compact almost automorphic solution that is globally exponentially stable (see Figures 5–10).
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Remark 5.1. In Examples 5.1 and 5.2, since ai . 0 and bi is not a real number, no known results can
be used to draw the conclusions of Examples 5.1 and 5.2.

6. Conclusions

In this paper, the existence and global exponential stability of compact almost automorphic solutions
for a class of Clifford-valued higher-order Hopfield neural networks with D operator are established by
direct method. It is worth mentioning that the self feedback coefficients of this class of neural networks
are also Clifford numbers. The results of this paper are new. The method in this paper can be used
to study the compact almost automorphic oscillation of other types of Clifford-valued neural networks
with D operator.
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