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dimensional fuzzy variational-like inequality and optimality conditions related to n-dimensional
preinvex fuzzy number-valued functions are discussed.
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1. Introduction

It is well known that the convex analysis is closely linked with the development of optimization
theory. Meanwhile, there is often uncertainty of parameters or dates in the process of the mathematical
modeling of the specific optimization problems. In order to describe these uncertain parameters
or dates in a mathematical modeling, a straightforward and effective way to think about whether it
can be represented as fuzzy number in some sense. Therefore, fuzzy convex analysis theory and its
corresponding fuzzy optimization problems have been studied by many researchers. In 1992, Nanda
and Kar [14] set up a mapping from a vector space to the space of fuzzy numbers, and they introduced
the definitions of convex fuzzy mapping, strictly convex fuzzy mapping, quasiconvex fuzzy mapping,
strictly quasiconvex fuzzy mapping and logarithmic convex fuzzy mapping, and then applied their
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results to the problems of fuzzy convex optimization. Moreover, Furukawa [5] proposed the concepts
of convex fuzzy mapping and local Lischitz continuous fuzzy mapping by using “fuzzy-max” order,
and the basis theorem of fuzzy mapping local Lischitz continuity is given. In 1999, based on the
partial order relation of interval number, Syau [17, 18] introduced the definitions of the convex fuzzy
mapping and quasiconvex fuzzy mapping, and established characterization for convex fuzzy mapping.
In 2000, Yang and Teo [27] investigated pseudoconvexity, invexity, pseudoinvexity for fuzzy mappings
by considering the concept of ordering proposed by Goetsschel and Voxman [6], and discussed their
interrelations. Meanwhile, based on the same order relation, Yan and Xu [28] introduced another
concept of convex fuzzy mapping, and studied a kind of fuzzy convex optimization problems. In
2006, the operation of convex fuzzy mapping proposed by Nanda and Kar were investigated by Zhang
and Yuan, and the important concepts of positive homogeneous fuzzy mapping, infimal convolution,
convex hull were given, and the corresponding characterization theorem was presented by using the
parameter of fuzzy number [31]. In 2008, based on the concept of differentiability of fuzzy mapping,
Panigrahi and panda [16] gave the concepts of convexity, quasiconvexity, strictly quasiconvexity, strong
quasiconvexity and pseudoconvexity of fuzzy mappings from R" to the set of fuzzy numbers, and
derived the Karush-Kuhn-Tucker optimization condition for a constrained fuzzy optimization problem.
In 2013, Li and Noor [9] discussed the properties of the convex fuzzy mappings based on a linear
ordering of fuzzy numbers proposed by Goestschel and Voxman. Furthermore, they obtained the
judgement theorems of convex, strictly convex and semi-strictly convex fuzzy mapping under lower
and upper semicontinuity condition, respectively. In addition, convexity and other related problems
of the fuzzy mapping have been studied extensively [4, 10, 23, 25]. As a generalization of convex
fuzzy mapping, in 1994, Noor [15]introduced the concepts of preinvex fuzzy mapping and invex set,
and the minimization problem of preinvex fuzzy number-valued functions was described by using
variational inequality. In 1999, Syau in [19] showed that the preinvexity given by Noor is too
restrictive, redefined the preinvexity of 1 vector-valued functions, established two characterizations
for the preinvex fuzzy mappings, and applied their results to the optimization theory. After that
several investigators [1-3, 11, 12, 20, 21, 24, 30] also proposed and studied different types of the
preinvexity and the generalized preinvexity for fuzzy mappings. However, all of the above works
are discussed for 1-dimensional fuzzy number-valued functions. The main reason is that the partial
ordered relation in n-dimensional fuzzy number space, the difference between n-dimensional fuzzy
numbers, and convex analysis of high-dimensional fuzzy mapping have not been discussed. Until 2016,
Gong Zengtai et al. [7] first introduced the partially ordered relation on n-dimensional fuzzy number
space, the convexity of the n-dimensional fuzzy mapping, the differentiability, and the corresponding
optimization theory. Based on the partially ordered relation in n-dimensional fuzzy number space,
considering the convexity of vector-valued function, and combining with the characteristics of n-
dimensional fuzzy mappings, they proposed and investigated the convexity of n-dimensional fuzzy
number-valued functions, generalized convexity, upper semicontinuity, lower semicontinuity, and
discussed their interrelations, and pointed out the local minimum point of convex fuzzy mapping is
its global minimum point [8] . As a continuous research of [7, 8], in this paper, we introduce the
preinvexity of n-dimensional fuzzy number-valued functions based on the partial order relation in
n-dimensional fuzzy number space and some properties of them are discussed. In addition, some
counterexamples are given. Then we present criteria for n-dimensional preinvex fuzzy number-
valued functions under upper or lower semicontinuity conditions, respectively. Furthermore, the
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two-parameter optimization problem, n-dimensional fuzzy variational-like inequality problem and the
optimal conditions related to n-dimensional preinvex fuzzy number-valued function are discussed.

2. Preliminaries

Let R" denote the n-dimensional Euclidean space and F(R") denote the set of all fuzzy subset on R".
Fuzzy set u € F(R") is called a fuzzy number if « is a normal, convex fuzzy set, upper semi-continuous
and [u]° = {x € R",u(x) > 0}is compact. We denote E" as n-dimensional fuzzy number space [22,26].

Letu € F(R"). For r € (0, 1], we denote [u]” = {x € R",u(x) > r}. The addition and non-negative
scalar multiplication are defined as follows for fuzzy number u,v € E", @ € R, k, ki, k, € R, according
to the Zadeh’s extension principle:

(1) k(u +v) = ku + kv;

(2) ki(kou) = (kiko)u;

3)(k1 + kp)u = kyu + kou when k; > 0 and k, > 0.

Given u,v € E", the distance D : E" X E" — [0, +00) between u and v is defined by the equation

D(u,v) = sup d([ul’, [v]"),
ref0,1]

where d is the Hausdorff metric

d([u]", [v]") = inf{e : [u]” € N([v]', &), [v]' C N([ul’, &)}

= max{sup inf |la - b||, sup inf |la — bl|}.
aelu]” be[v] be[v]r a€lu r

For u € E", we denote the centroid of [u]", r € [0, 1] as

ff[u] xidxdxy - -+ dx, ff[u] Xodxidxy - -+ dx, ff[u] X dxidxy -+ dx,
(f---f[u],_ ldxidx, - - dx, ff[u] ldx\dx; - - dx, o f---f[u], ldx\dx; - -+ dx,

where [ [ ldxidx;---dx, is the solidity of [ul’, r € [0,1] and [--- [  xidxidx,---dx, (i =
1,2,---,n)is the multiple integral of x; on measurable sets [u]", r € [0, 1], refer to [7].
Let u € E", n-dimensional vector-valued function 7 denote the centroid of the fuzzy number,

f f[u], x1dxydxy---dx, 1 f f[u], Xodxidxy---dxy, 1 f f[M], Xpdxidxy---dx,

1
T(l/l) - (2 j(; r fmf[u]" ldxydxy---dx, dl’, 2 fO r f"'f[u]’ ldxydxy--dx, dl", T 2 f() r f“'f[u]r 1dx1dxz+dx, I")

1 f f[“J, xidx1dxy--dx,
where fo o —
1,2,--- ,n)on [0, 1], refer to [7].

f f[“J, xidx1dxy--dx,
f---f[u], ldxidxy--dxy

dr (i = 1,2,---,n) is the Lebesgue integral of r

Definition 2.1. (see [7]) Let u,v € E",C C R" be a closed convex cone with Q0 € C and C # R". We say
that u <. v (u precedes v) if
T(v) € 7(u) + C.

The order relation <. is reflexive and transitive, and <. is a partially ordered relation on E". For
u,v € E", if either u <. v, or v <. u, then we say u and v are comparable; otherwise, they are non-
comparable. If u,v € E', C = [0, +00) C R, then Definition 2.1 coincides with Definition 2.5 from [6].

AIMS Mathematics Volume 7, Issue 4, 6099-6127.



6102

Remark 2.1. (see [7].) Let u,v € E'. If we write t(u) = %fol r(u*(r) + u=(r))dr, then u <. v in the
sense of Goetschel [6] if and only if T(u) < 1(v), i.e., T(v) € T(u) + [0, +00). Furthermore,

T(u+ Av) = 411(w) + 4,7(v).

for Ay, A, > 0, where [u]” = [u”(r), u* (r)].

Based on Definition 2.1 and the vector-valued function 1, we say u <. v if u <. v and v(u) # 7(v).
Sometimes we may write v >, u(resp. v >. u) instead of u <. v(resp. u <. v).

Set-valued mappings F, : K — Py(R") are defined by F.(t) = [F(t)]’,r € [0, 1], where P(R")
denotes the power set of R".
Definition 2.2. (see [7].) Let F:K— E", 7r : K — R" is defined by Tp(t) = T(f(t))

_ (2 J(;l rf"'fFr(r) xidxydxy- dx,,d ) j(;l rf-"ﬁ,rm xadxydxy-- dx,1 2 j(; .. F L Xndx1dxa dx, d}")
I Jy o 1dx1dxa dxy I Jey 1dx1dicy- dx,, I Jiy o 1dx1doxa- dxy

Obviously, the fuzzy number-valued function F : E™ > E" is said to be increasing if F(u) <. F(),
whenever u,v € E™, and u <, v. N N
In this article, the epigraph of F, which is denoted by epi(F), is defined as

epi(F) = {(t,u) : t € K,u € E", F(t) <. u}.

The generalized difference (gH-difference for short, and refer to [8]) of two fuzzy numbers u,v € E"
is given by its level sets as

[0, V1" = cl(conv|_J([@f o 1)), Vr € [0, 1],
p=r

where the gH-difference ©,y is with interval operands [u}’ and [V

Definition 2.3. Let F : K — E" be a Sfuzzy number-valued function on an invex set K C R", K # 0,
with respect to (w.r.t.) a functionn : KX K — R". If for any x,y € K, there exists a 6 > 0, such that the
H-difference F(y + hn(x,y)) — F(y) exists for any real number h € (0,6), and u, € E" i=12,-n,
such that . .
F(y + hn(x,y)) — F(y)

A ;
then F is called fuzzy n-extended directionally differentiable at y. AV-fn(y)n(x, y) is called the fuzzy

VE,(n(x.y) = lim

n-extended directional derivative at y in the direction n(x, y)(denoted VF,(y) = (u,17, u,27, e up)).

The example 4.4 illustrates the notion of fuzzy n-extended directional differentiability.
3. n-dimensional preinvex fuzzy number-valued functions

Since the space of the n-dimensional fuzzy numbers is a partially ordered set, two n-dimensional
fuzzy numbers might not be comparable. For a fuzzy number-valued function F:K — E", Fissaid to
be a comparable fuzzy number-valued function if for each pair x,y € K and x # y, F(x) and F(y) could
be compared. In this paper, we assume that a fuzzy number-valued function F : K — E" involved is
comparable.

Refer to the definition of [29], a set K C R" is said to be an invex set w.r.t. a functionn : R"XR" — R"
if x,y € K implies that y + An(x,y) € K for 4 € [0, 1].
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Definition 3.1. Let K be an invex set of R" w.rt. n, and F:K > E'bea fuzzy number-valued function.
(1) F is said to be preinvex (p.) on K if

F(y + (x,y)) <. AF(x) + (1 = DF(y),

forany x,y € K and A € [0, 1].
(2) F is said to be weakly preinvex (w.p.) on K if there exists a A € (0, 1) such that

F(y + n(x,y)) <. AF(x) + (1 = DF(y),

forany x,y € K.
(3) F is said to be strictly preinvex (s.p.) on K if

F(y + 5(x,y)) <c AF(x) + (1 = DF(y),

forany x,y € K with x # y and A € (0, 1).
(4) F is said to be weakly strictly preinvex (w.s.p.) on K if there exists a A € (0, 1) such that

F(y + 5(x,y)) <. AF(x) + (1 = DF(y),

forany x,y € K with x # y.
(5) F is said to be prequasiinvex (q.p.) on K if

F(y + n(x,y)) <. max{F(x), F)},

forany x,y € K and A € [0, 1].
(6) F is said to be weakly prequasiinvex (w.q.p.) on K if there exists a A € (0, 1) such that

F(y + (x,y)) <. max{F(x), F)},

orany x,y € K.
Y X,y
(7) F is said to be strictly prequasiinvex (s.q.p.) on K if

F(y + An(x,y)) <. max{F(x), F(y)},

forany x,y € K with x # y and A € (0, 1).
(8) F is said to be weakly strictly prequasiinvex (w.s.q.p.) on K if there exists a A € (0, 1) such that

F(y+ n(x, ) <. max{F(x), F()),
forany x,y € K with x # y.
Remark 3.1. Let F : K — E" bea preinvex fuzzy number-valued function, then —F is preincave on K.

Remark 3.2. Let F : K — E" be a strictly preinvex fuzzy number-valued function, then —Fis strictly
preincave on K.

Remark 3.3. In Definition 3.1, taking n(x,y) = x —y, F is said to be convex, weakly convex, strictly
convex, weakly strictly convex, quasiconvex, weakly quasiconvex, strictly quasiconvex, and weakly
strictly quasiconvex on K, respectively [7].
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4. The relationships of n-dimensional preinvex fuzzy number-valued functions

Theorem 4.1. If F:K—>E'isa preinvex fuzzy number-valued function, then F is prequasiinvex on
K.

Proof. If Fis preinvex on K, then we obtain
F(y + An(x,) <c AF(0) + (1 = DF () = max{F()F ),

for any x,y € K and A € [0, 1], This completes the proof.

Theorem 4.2. If F:K > E'isa strictly preinvex fuzzy number-valued function, then F is strictly
prequasiinvex on K.
The proof is similar to the proof of Theorem 4.1.

Example 4.1. Let K = [1,2] U [3,4]. It is easy to prove that K is invex w.r.t. 1 : R?> X R?> — R? defined
by
x—y, (xy €[l,2]?U[3,47,
nxy) =q1-y, (xy €l[3,4]x[1,2],
3—-y, (x,y)€[l,2]x][3,4].

In fact, if (x,y) € [1,2]> U [3,41%, from the convexity of [1,2] and [3,4], we have
y+An(x,y) =y+Ax—y) €[1,2]U[3,4].

If (x,y) € [3,4] X [1,2], y+ An(x,y) =y + A1 —y) = (1 — D)y + A, we can choose A = 1 and 1 = 0, it
follows that 1 < (1 —=A)y+A<2,0e,y+ An(x,y) € [1,2] C K. Similarly, if (x,y) € [1,2] X [3,4], we
have y + An(x,y) € [3,4] C K.

Let the fuzzy number-valued function F:K — E? be defined by

B esns 0<ns %
O =1 #$<x<00< n< 2
Fé: X1, X2) = —3&x

—V%;f'f' 0< x; < 360< x, < 28,

0, otherwise.

and C = R** C R?, where R** = {(x1,x2) € R* : x; > 0,x, > 0}. Then
3
F (&) = {(x1,x2) : 3ér — 55 < x1 < 3E(1-7),0< x, < 28}, r€[0,1].
For any & € [1,2] U [3,4], from Definition 2.2, it follows that

T(F(£)) = (£,9).

Therefore, for any &,,&, € [1,2]1 U [3,4] and (¢, &) € 1,217 U [3,4)?, and for any A € [0, 1], we have
& + A, &) = & + AE — &). Thus,

T(F(& + (&1, 6))) = (& + (&1, &), & + (€1, E)) = (& + UE — &), &6 + UE — £))
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= (A& + (1 = Dér, Ay + (1= DE) = AELE) + (1 = D&, E) = W(F(ED) + (1 = DT(F(E)).
In particular, from [7], we get AT(F(£)) + (1 = DT(F(&)) = T(AF(&) + (1 — VF(&)). We find that, for
any &, & € [1,2]1 U [3,4] and (1, &) € [1,21* U [3,4]% 1 € [0, 1],
T(AF(E) + (1 - DF(&)) = ©(F(& + A1, £)) € T(F(E + (é1, &) + C,

i.e., F(é& + (), &) <. AF(E) + (1 = DF ().
Forany &,,& € [1,2] U [3,4] and (€1,&;) € [3,4] X [1,2],

&+ A€, &) =&+ (61, 6) = 6+ A1 - &),

and (&1,&) € (1,1) + C, it follows that
T(F(& + &, 6)) = (6 + A1 = &), 6 + A1 =) = AL, D) + (1 = D, &)

<. A(FED) + (1 = D(F(&)) = T(AF(£) + (1 = DF(£2)))

i.e., F(ty + (t1, 1)) <c AF(t7) + (1 = DF(1).
Forany &,,&, € [1,2] U [3,4], and(&1,&;) € [1,2] X [3,4],

S+ E,6)=6L+A8-8) =31+ (1 - D&

and (3,3) € (£1,&1) + C, it follows that
T(F(& + mMELE)) = (©+ A3 - £),& + A3 - £)) = A3,3) + (1 - V(&. &)

> AT(FED) + (1 = DT(F (&) = T(AF () + (1 — DF (&)

i.e, F(& + &), &) = AF(&) + (1 — DF(&). Above all, we denote K, = [1,2], K> = [3,4],K =
K, U K5, then

(1) Fis preinvex on K| w.r.t. 1, but it is not strictly preinvex.

(2) F is preinvex on K, w.r.t. n, but it is not strictly preinvex.

(3) Fis not preinvex on K w.r.t. n. Since F(fz +An(61,6)) = /Uz:(fl) +(1 - A)F(fz), foré&i, & € K,
or 1,6 € Ky, or & € Ky, & € Ky However, F(& + An¢1,8)) =z AF (&) + (1 — DF (&), for
& € Ky, & € K. Also, it is not strictly preinvex.

Example 4.2. Let K = [1,2] U [3,4]. It is an invexjet wrt. 7 R> x R* — R?, n(x,y) is the same as
Example 4.1. Let the fuzzy number-valued function F : K — E* be defined by

-7 0< x <In2),0< x <3,

otherwise,

F(&)(x1,x) = {
0,

and C = R* C R%. Then, F.(¢) = {(x1, %) : 0 < x; <In26V1—r2,0 < x, <3},r €[0,1]. It is not
difficult to calculate, for any & € [1,2] U [3,4],

In2¢ 3

w(F@) = (—=.2)
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Thus, if forany &,& € [1,2]U[3,4] and (£1, &) € [1,2]°U[3,4]%, we have &+An(€1, &) = £+A(E-E),
In addition, for any A € [0, 1],

In(2&; + A(2¢; — 2&,)) < max{ln 2&,,In 2&,}.

Without loss of generality, we assume that In(2&, + A(2&, — 2&,)) < max{In 2€,,In2&,} = In 2&,, Thus

11’12{;:1 _) (11’12{;:2 _)} (11’12.52

max{r(F(£))), 7(F(£,))} = max({( 2

In(2 A2 2 3
e (M2 ¥ (35‘ £2)) 3)+C = (FE + ne, &) + C.

ie., F(& + &L E)) <. max{F(&), F(&)). However, for any &,& € [1,2] U [3,4] and (£1,&) €
[1,2]% U [3,4]% A € [0, 1], we have In(2& + A(2&) — 2&)) = AIn2& + (1 — A)In2&,. Taking 2&, =
2,26, =e, A = % then

In(1 + %) §
3 2
i.e., F(& + A, &) = AF(&) + (1 = DF(&).

Ifé1,6 € [1,2]U[3,4] and (£1,&) € [3,4]1X[1,2], then &+ An(€1, &) = &+ A(1-6) < H+A(E—&).
In addition, for any A € [0, 1],

1 In2 3 11 3
)e 5(%,5) —(E 2)+C = ar(FE) + (1= )r(F(&) +C.

T(F(& + (€1, ) = (

In(2&, + A(2€, - 2&,;)) < max{ln2¢,,In2&,} = In2é,

Thus, max{t(F(£))), T(F(£))} € T(F(&, + (&1, &) + C. ice., F(& + An(é1, &) <. max{F (&), F(&)).
For any &,,& € [1,2]1 U [3,4] and (&1,&) € [3,4] X [1,2], for any A € [0, 1], In(2& + A2 — 2&,)) <
AIn2&; + (1 — A) In 2&,, it follows that,

L

A(F(€) + (1 = DT(F(&)) = /l( 3)

¢ (nC&+ A2 -28) 3
3
i.e., F(& + (€1, &) <. AF(E) + (1 = DF(&).

If&,6 € [1,2]U[3,4] and (§1, &) € [1,2]1 X [3,4], then & + An(§1,&2) = &+ A3 — §z) It is easy to
verify that F(g“z + An(é1, &) <. max{F(fl) F(fz)} However, when 2, = 2,2&, =7, = 3, we obtain

+e= T(F(& + n(é1,6)) + G,

1 In6 3 4 In2 3
)e 5(“7 D+ —(“— 2)+C = Ar(F ) + (1 - Dr(F(E) + C.

_ Ind 3
T(F(& + A1, 62)) = (T’ 3
i.e. F(& + (&1, &) = AF(&) + (1 - DF(&).

Above all, we denote K; = [1,2],K, = [3,4],K = Kl U K5, then F is prequaszmvex on K wrt. n,
but F is not preinvex on K w.r.t. n. Since we have F(fz + /ln(fl &) < /lF(fl) + (1 - /l)F(fz) for
& € K& € Ky and F(& + (&1, 6)) = AF(E) + (1 = DF(&), for 61 & € Ky, oré,6 € Ky, or
&1 €K, 6 €K
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Example 4.3. Let K = [-2,-1]U[1, 3]. It is easy to prove that K is an invex set w.r.t. 1 : R”* XR*> — R?
defined by

X=Y, (x’y)e[_za_l]zu[la3]2,
nxy) =4-2-y, (x,y €[l,3]x[-2,-1],
-y, (ny el-2,-11x[1,3]

Let a fuzzy number-valued function F:K — E?be defined by
eif VeX —x12—x2, 1<E<S3x2+x02<e¥,x20,x>0

, —2<é<-1,-1<x<0,-2<x <0

, otherwise.

F)(x1,x)) =

S ~

and C = R** C R%. Then,

F.(&) ={(x1,x) : =1 <x; £0,-2<x, <0}, when -2 < ¢ < -1,

F (&) ={(x1,x) i x2+ 02 <e¥(1 -7, x;, 20,x, >0}, when 1 < & < 3.
According to Definition 2.2, we obtain

T(F(&) = (=1, -1), when -2 < £ < —1;

T(F(&) = 32,59 when 1 < ¢ < 3.
Then, we have . . N

max{7(F (1)), T(F(£))} € T(F (& + An(&1, £2))) + C,

forany &1,& € [-2,-11U[1,3] and for any A € [0, 1]. i.e., F(& + (€1, £2)) = max{F (&), F(&2)}-

Above all, we denote K, = [-2,-1],K, = [1,3],K = K; U K, then F is prequasiinvex on K
w.rt. 1, but f is not strictly prequasiinvex on K w.r.t. n. In fact, since we have Fi (& + Aé, &) <.
max{F (&), F (&)}, for any & € K>, & € Ki,& + An(&1,6) € Ky or 1,6 € Ky, & + (&1, &) € K
oré € Ky, & € K2,~§2 + /ln(é,fz) € K,, with & # & and for any A € (0,1). However, T(F(& +
A1, &) = max{r(F(£1), T(F(&2))), for £1,& € Ky, & + (&1, &) € Ky with & # &.

In order to discuss the relationships of preinvex and prequasiinvex fuzzy number-valued functions,

we get the following special function n and the fuzzy number-valued functions according to the
discussion of [13].

Letn: R" X R" — R", we say that a function n satisfies the condition C if
Ci: nl,y+anx,y) = —an(x,y),

G nlx,y+ An(x,y) = (1 — Dn(x, y),

forany x,y € R", A € [0, 1] (refer to [13]).
A fuzzy number-valued function F : K — E" satisfies Condition D, if K C R" is an invex set w.r.t.
n:R"XR"— R forany x,y € K, we have

FOy+n(x,y) = F(2).
In order to include singletons in R" as an invex sets, we assume that for all x € R",
n(x,x) = 0,

where O being the origin of R".
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Example 4.4. Let K = [-1,1]U[3, 1]. It is easy to prove that K is invex w.r.t. n : R* X R* — R® defined
by
x-y, (oyel-LiPuU[3. 11
n,y)=1-1-y, (xy €z 1x[-1,3],
Loy, () e[-LiIx [ 10

In fact, if (x,y) € [-1, 31> U [3, 11 from the convexity of [-1, 1] and [}, 1], we have

1 1
y+Anxy) =y+Ax—y)el-1.7]1U17. 1]
If (x,y) € [%, 1] x[-1, %], y+An(x,y) =y+A(1 —y) = (1 -y + A, we can choose A = 1 and 1 = 0), it
follows that =1 < (1 = D)y + A < 1, ie, y+An(x,y) € [-1,1] € K. Similarly, if (x,y) € [-1, 3] x [4, 1],
we have y + An(x,y) € [i, 1] Cc K.

Let the fuzzy-number-valued function F:K — E?be defined as

e S - <0 20, -l < < e,
Il —x1+1
F@O(x) =y =0 0<x <1+, -l < x <),
0, otherwise.

Then, for any r € [0, 1],

F (&) {(x,x0) 0 (CL+ A+ D < xp < (1= + 18D, —Ié] < x2 < €]}

[(=1+ A +[&D, (1 = (L + [ED] < [-[€], €11

Since

[F(hn(x,y)) ©, F(0)]"

= [infgs, min{(=1 + B)lAn(x, y)I, (1 = B)lhn(x, y)I}, sups,, max{(—1 + B)lan(x, y)I, (1 — B)lAn(x, y)|}]
X[infp>, min{—|hn(x, y)l, |hn(x, y)I}, supg,, max{—|An(x, y)|, |An(x, y)|}]

= [(=1 + nlhn(x, I, (1 = nlhnCx, )1 X [=1hnx, y)l, 1inCx, y)I1.

Thus, [~-E22m0yr = TREROTOL = (1 4 1,1 = rlin(x, )| X [=1, HlnCx, )| for any r € [0, 11.

Assume that

x+1, —-1<x<0,-1<x<l1,
ﬁ(xl,xz): —)C1+1, OS)Cl <1, —1SX2S 1,
0, otherwise,

we have [u]” = [-1 +r,1 —r] X [-1, 1] for any r € [0, 1]. Then,

F(O + hn(x,y)) = F(0)
h

VE,0)n(x,y) = lim = n(x, Y

F is fuzzy n-extended directionally differentiable at 0, and VF, 2(0) is the fuzzy n-extended directional
derivative at 0 in the direction n(x, y)(denoted VF,(0) = (=1)u.
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Theorem 4.3. Let K C R" be an invex set w.r.t. n, i satisfy Condition C, and F:K— E"bea preinvex

fuzzy number-valued function. If F is weakly strictly preinvex on K, i.e., there exists a Ay € (0, 1) such
that

F(y+ 20m(x,y)) <c F () + (1 = 0)F (), 4.1)
forany x,y € K, with x # y, then Fis strictly preinvex on K.

Proof. Assume that F is not strictly preinvex on K, then x,y € K with x # y and for any 4 € (0, 1)
such that

F(y + An(x,y)) = AF(x) + (1 = DF(®). (4.2)

Choose 41, 4, € (0, 1) such that A = 4p4; + (1 — Ap)A, and by taking x = y + 4in(x, y),y = y + n(x, y),
from Condition C, we have

Y+ Aon(x,y) =y + An(x,y) + An(y + inx,y),y + n(x,y))
= y + /1277(?@ )’) + /10(/11 - /12)77(75, y)
=y + (dod; + (1 = A))n(x,y) =y + An(x, y).

From the preinvexity of F, we find that
FX) <. 1F(x)+ (1 = A)F(y), FO) <. LFx) + (1 - L)F().
From (4.1), it follows that
F(y + n(x,)) = FG + 40X, 7)) <c HF® + (1 = 10)F ()
< WU F@x) + (1 = A)FO] + (1 = )[LF(x) + (1 = 2)F ()]

= [ s + (1 = A)LIF(x) + [1 = 21 — (1 = A)L]F ()
= AF(x) + (1 = DF(y).

It is a contradiction to (4.2), i.e., F is strictly preinvex on K.

Lemma 4.1. Let K C R" be an invex set w.r.t. n, n satisfy Condition C, and F:K—> E" satisfy
Condition D. If there exists a a € (0, 1) such that

F(y + an(x,y)) 2 @F(x) + (1 = )F(y),
for any x,y € K, then the set
A={A€[0,1]: F(y + An(x,y) = AF(x) + (1 = DF(y)}
is dense in [0, 1].

Proof. It is obvious that 0 € A, from Condition D, it follows that 1 € A, i.e., A # @ and A is not a
single point set. Suppose that A is not dense in [0, 1], then there exists a 4y € (0, 1) such that UNA = 0,
and where U is a 6-neighborhood Nj(4y) of 4y. Now, we denote

Ay=inflAe A: 1> A}, Ay=supfdeA: A< Ay,
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then, we have 0 < 1, < 1; £ 1. Dueto a, (1 — @) € (0, 1), we can choose u;, u, € A such that
max{a(u; — u), (1 —a)(u; — up)} < Ay — Ay,
andtake u; > A, up < . Let A = o uy + (1 = @)uy, from Condition C, for any x,y € K, we have

Y+ um(x, ) + an(y + wn(x, y),y + un(x,y)) = y + (ua + a(u; — uz))n(x,y) = y + (x, y).

According to the fact that u;, u, € A, we find that

fO+n(x,y) = £+ uan(x,y) + an®y + uin(x,y), y + uon(x, y)))
=caf(y+un(x,y) + (1 —a)f(y + un(x, y))
<c a(u f(x) + (1 —u)) f) + (1 — a)(ua f(x) + (1 — u2) f())
= Af(x0) + (1 = Df ).

Then, it follows that 1 € A. If 1 > Ao, from the definition of 4;, we get 4; < A. In addition, we have
A=y = auy —up) < Ay — Ay,

moreover,
A>A—u+ A >2A—-L+A =41

It is a contradiction. Similar to that 2 < A. Thus, A is dense in [0, 1].

Theorem 4.4. Let K C R" be an invex set w.r.t. 1, 1 satisfy Condition C, F:K—>E" satisfy Condition
D, and F be a prequasiinvex fuzzy number-valued function. If F is weakly preinvex on K, i.e., there
exists a Ay € (0, 1) such that

F(y + 21(x,¥)) <c A0F(x) + (1 = 10)F(y) (4.3)

for any x,y € K, then Fis preinvex on K.
Proof. Assume that F is not preinvex on K, then for x,y € K, there exists a A € [0, 1] such that
F(y + n(x,) >¢ AF(x) + (1 = DF(y) (4.4)
If F(x) = F(y), then we have F(y + An(x,y)) >. F(x). Choose 1;,1, € [0,1], such that 1 =
ApA1+(1-29)A; and by taking X = y+Ain(x, ),y = y+An(x,y), from Condition C, we get y+An(x,y) =
y + Aon(x,y). From the prequasiinvexity of F, it follows that
F(¥) <. max{F(x), F(y)}, F() < max{F(x), F(y)).
From (4.3), we find that
F(y+ an(x,y)) = FG + An(x,3)) <c F &) + (1 = 10)F(F) = max{F(x), Fy)} = F(x),

which is a contradiction to (4.4), i.e., Fis preinvex on K.

AIMS Mathematics Volume 7, Issue 4, 6099-6127.



6111

Otherwise, let F (%) <, F (). Since F is weakly preinvex on K, then, according to Lemma 4.1, there
exists a A; € A with A; < A, such that
LF() + (1= A)F() <c F(y + An(x, ).
Thus, B _ _
F(y+ 4n(x,y) <. WF(x) + (1 = 2)F©) <. F(y + An(x, y)). (4.5)

Choose 1, = f:—j} and by taking x = x,y = y + 4;n(x, y), then from Condition C, we have

Y+ Ln(,y) =y + 4nx,y) + Lnx,y + 4n(x,y))
=y+ A4n(x,y)+ L0 = A)n(x,y) =y + An(x, y).

If F(X) <. F\ (y), then from the prequasiinvexity of F, we obtain

F(y + n(x,y)) = FG + L, 5) <. max{F®), FG)} = FG) = F(y + in(x, ),

which Js a congadiction to (4.9), i.e., Fis preinvex on l{ .
If F(x) >, F(y), then from the prequasiinvexity of F, we obtain

F(y + n(x,y)) = FG + 4n(%,y)) <. max{F(X), FG)} = FX) = F(x) <. AF(x) + (1 = HF().

which is a contradiction to (4.4), i.e., Fis preinvex on K.
According to Theorem 4.3 and Theorem 4.4, we have the following conclusion.

Theorem 4.5. Let K C R" be an invex set w.r.t. , n satisfy Condition C, F:K— E" satisfy Condition

D, and F be a prequasiinvex fuzzy number-valued function. If F is weakly strictly preinvex on K, i.e.,
there exists a Ay € (0, 1) such that

F(y+ 20n(x ) < AF @) + (1 = )F Q)
forany x,y € K with x #y, then Fis strictly preinvex on K.

Theorem 4.6. Let K C R" be an invex set w.rt. n, n satisfy Condition C, and F:K — E'"bea

prequasiinvex fuzzy number-valued function. If F is weakly strictly prequasiinvex on K, i.e., there
exists a Ay € (0, 1) such that

F(y + Aon(x,y)) < max{F(x), F()} (4.6)
forany x,y € K with x #y, then Fis strictly prequasiinvex on K.
Proof. Assume that F is not strictly prequasiinvex on K. Then for x,y € K with x # y, there exists a
A€ (0,1) such that _ L

F(y + An(x,y)) =, max{F(x), F(y)}. 4.7)

Choose 41, 4, € (0, 1), such that 4 = Ap4; + (1 — 4p)A, and by taking x = y+ 41n(x,y),y = y+ /lgn(x;y),

then, using Condition C, we have y + Aon(x,y) = y + An(x, y). According to the prequasiinvex of F, it
follows that

F(X) <. max{F(x), F()}, F@) <. max{F(x), F(y)}.
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From (4.6), we get
F(y + (x,y)) = FG + (X, ) <. max{F(X), F()} <, max{F(x), F)},

which is a contradiction to (4.7). i.e., F is strictly prequasiinvex on K.
It is similar to Theorem 4.5, we have the following result.

Theorem 4.7. Let K C R" be an invex set w.r.t. 1, n satisfy Condition C, F:K—>E" satisfy Condition
D, and F be a strictly prequasiinvex fuzzy number-valued function. If F is weakly strictly preinvex on
K, i.e., there exists a Ay € (0, 1) such that

F(y + 207(x,y)) <e A0F(x) + (1 = ) F(y)

forany x,y € K with x #y, then Fis strictly preinvex on K.

The above relationships of preinvexity, weak preinvexity, strict preinvexity, weakly strict preinvexity,
prequasiinvexity, weak prequasiinvexity, strict prequasiinvexity, weakly strict prequasiinvexity can be
summarized in the following diagram (D refers to Condition D, C refers to Condition C).

5. Properties of n-dimensional preinvex, prequasiinvex fuzzy number-valued functions

In this section, we introduce the properties of n-dimensional preinvex, prequasiinvex fuzzy number-
valued functions, and their applications in the fuzzy optimization problems.

Theorem 5.1. Let K be an invex set of R" w.r.t. n, and F:K— E"bea preinvex fuzzy number-valued
function. Then the epigraph

epi(F) = {(x,u) : x€ K,u€E",F(x) <, u} (5.1)
of F is an invex set of K X E" w.r.t. the function
n: epi(I::) X epi(f) — KX E",

defined by
' ((x,u), (v, v)) = (7(x, y), u + (=1)v) (5.2)

for (x,u),(y,v) € epi(F) with X,y € K and u,v € E". Here egi(ﬁ) is an invex set of K X E" means that
O, v) + A ((x, u), (v, v)) € epi(F) for any (x,u), (y,v) € epi(F) with x,y € K.

Proof. If epi(F) is the empty set or a singleton, then it is obvious that it is an invex set w.r.t. 77’. Let
(x,u), (y,v) € epi(F), where x,y € K and u,v € E". Then, from (5.1), we have

F(x) <. u and f(y) =<¢ V.
From the preinvexity of F, for any A € [0, 1], we have
Fy + (x, ) < AF(x) + (1 = DF(Y) <, du+ (1 = ),
which implies that for any 4 € [0, 1],
2 V) + A7 (%, 1), (7, ¥) = () + A@(x, ), 1 + (1)) = (v + Anx, y), A+ (1 = D) € epi(F).

This proves that epi(F) is an invex set of K X E" w.r.t. the function 7’ defined by (5.2).
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Theorem 5.2. Let F : K — E' be a preinvex fuzzy number-valued function.

(1)If G : E' - E"is convex and increasing, then GoF :K — E"isa preinvex fuzzy number-valued
function;

(2) If G:E > E'isa positively homogeneous, increasing and sub-addition, then GoF:K — E"
is a preinvex fuzzy number-valued function.

Proof. Let x,y € K, A € [0, 1], since F:K— Elisa preinvex, we have
F(y + (x,)) <. AF(x) + (1 = DF(y).
(1) Since G:E — E"isan increasing, it follows that
G(F(y + An(x, 7)) < GAF(x) + (1 = VF()).
In addition, since G is a convex fuzzy mapping, it follows that
GAF(x) + (1 = HF()) = AG(F(x) + (1 = HG(F ().
From the above arguments, we have for x,y € K and 4 € [0, 1],
G(F(y + n(x, ) Zc AGF () + (1 = HGF (),

which proves that GoF:K— E'isa preinvex mapping on K.
(2) Since G : E' — E" is a positively homogeneous, increasing and sub-addition fuzzy mapping, it
follows that
G(F(y + n(x, ) e GAF(x) + (1 = HF ()
< GAF(x) + G((1 = HF ()
= AG(F(0) + (1 = VG(FY)).

Theorem 5.3. Let F j o K > E"j = 1,2---1be preinvex fuzzy number-valued functions. For
ki, ko, -+ ,k; > 0, The fuzzy mapping F : K — E" defined by

1
F(x)= Y kFx), for each xeK (5.3)

j=1
is a preinvex fuzzy number-valued function.

Proof. Since fj : K — E",j=1,2---11is preinvex for each j = 1,2---1, we have for x,y € K and
A€[0,1], ~ _ N
Fi(y + n(x,y)) Zc AFj(x) + (1 = DF;(y).

From (5.3), it follows that for x,y € K and A € [0, 1],

l
Foy+ An(xy) = O kGF NG + An(x, )

J=1
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kiF( + An(x, )

M-

~.
Il
—

A

.MN

kj(AF (x) + (1 = DF (y))

—C

j=1
1 1

A KFi(x)+ (1= ) > kiF i)
j=1 j=1

J l B J l B

A KFN) + (1= DO kFHO)
Jj=1 J=1

= AF(x) + (1 = DF(y),

which proves that F:K— E'isa preinvex fuzzy number-valued function.

Theorem 5.4. Let F:K > E"bea Juzzy number-valued function. Then F is preinvex w.r.t. 1 if and
only if F(y + An(x,y)) <. Au + (1 — A)v for any x,y € K satisfying F(x) <. u, F(y) <. vand A € [0, 1].

Proof. Necessity is easy to prove. . N _ .
Conversely, let for any € >. 0, we have F(x) <. F(x) + ¢, F(y) <. F(y) + ¢, such that

F(y+ (x,)) <c AF(x) +2) + (1 = Y(F(y) + &)
= AF(x)+ (1 = DF(y) + .

Since € is an arbitrary positive fuzzy number, then for any A € [0, 1], we obtain
F(y+ an(x,y)) <c AF() + (1 = HF(Q),

This completes the proof.

Theorem 5.5. Let F : K — E" be a preinvex fuzzy number-valued function w.r.t. n. Then for u € E",
the lower u-level set N N
K,(F) = {xlx € K, F(x) = u}

of F is an invex set.

Proof. For any x,y € KM(I[7 ), we have Fi (x) <. u and F (v) < u. Then, by the preinvexity of F. , it
follows that, for any 4 € [0, 1],

F(y + An(x,y)) <. AF(x) + (1 = YF(y) < u,

which implies that N
y+An(x,y) € Ky (F).

Definition 5.1. Let S C R" X E", S is said to be G-invex set, if there exists a functionn : R* X R" — R",
forany (x,u), (y,v) €S, ¢+ An(x,y),Au+(1-)v)es, 0<A1<1.

Theorem 5.6. Assume K is an invex set, then F:K—>E'isa preinvex fuzzy number-valued function
on K if and only if epi(F) is G-invex set of R" X E".
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Proof. Assume that Fisa preinvex fuzzy number-valued function on K. For (x, u), (y,v) € epi(f ),
A € [0, 1], it follows that y + An(x,y) € K and

F(y + 0(x,)) <c AF(xX) + (1 = DF(y) ¢ Au+ (1 = )v.

Thus, N
(v + An(x,y), A + (1 — Dv) € epi(F),

which implies that epi(F) is G-invex set of R" x E" w.r.t. a given function 7 X 7,, where i, : E" X E" —
E", (u,v) > u—v.

Conversely, since epi(F ) is a G-invex set of R" X E", (x, F (x) € epi(I:: ) and (y, F ) € epi(F ) for
any x,y € K, 4 € [0, 1]. Thus we have

3 + (x,y), F) + Apo(F(x), () = (v + (x,y), AF(x) + (1 = DF(y)) € epi(F),

which implies that N N N
F(y + n(x,y)) < AF(x) + (1 = DF(y).

This shows that F is preinvex fuzzy number-valued function on K.

Theorem 5.7. Let {S;}ic; be a finite or infinite collection of G-invex sets of R" X E", where I is index
set. Then S = (e S is a G-invex set.

Proof. Let for any (x, u), (y,v) € S , we have, forany i € I, (x,u),(y,v) € S;, then
O+ Anx,y),Au+(1-v)yeS;, Vael0,l1].
Therefore, we obtain
o+ An(x,y), Au+(1-2Av) e ﬂielS,- =8, Vae[0,1].
That is, S = (,; S; 1s a G-invex set.

Theorem 5.8. Let K C R" be an invex set w.r.t. n, {Fi}ic; be a set of n-dimensional preinvex fuzzy
number-valued functions on K. If sup{F;(x)|i € I} exists in E" for any x € K, then F(x) = sup{Fi(x)|i €
I} is a n-dimensional preinvex fuzzy number-valued function on K.

Proof. Since each F(i € I) is n-dimensional preinvex fuzzy number-valued function on K, then by
Theorem 5.6, we know that

epi(Fy) = {(x,u) € k x E" : F(x) <. u}
is a G-invex set of R" X E". By Theorem 5.7, we have

(epi(Fy) = {(x,u) € kX E" : Fi(x) < u,¥i € I}

i€l
is a G-invex set of R"” X E". It is an easy matter to verify that

(M epitF) = {(x.u) € k x E" : Fi(x) <. u,Vi € I}

iel
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={(x,u) e kX E" : f(x) <. u}

= epi(F).
Thus, epi(if: ) is a G-invex set of R" X E". By Theorem 5.6, we find that F is a n-dimensional preinvex
fuzzy number-valued function on K.

Theorem 5.9. Let K C R" be an invex set w.r.t. n. Then F:K > E'isa prequasiinvex fuzzy
number-valued function on K if and only if the lower u-level set

L,(F) = {x|x € K, F(x) <. u}

ofF is an invex set w.r.t. n) for each u € E".

Proof. Necessity is easy to prove.

Conversely, assume that Lu(f ) is an invex set for each u € E". Let x,y € K, without loss of
generality, we may assume that F (x) =, F (v). Letu = F (), since <. is reflexive and transitive, we
have

f(x) <.u and F(y) <c U,

which implies that
x,y € Ly(F).

We have y + An(x,y) € Lu(f ), which implies that
F(y + An(x,) <. u = max{F(x), Fw)},

which completes the proof.

Theorem 5.10. Let F : K — E" be a prequasiinvex fuzzy number-valued function. Then tF is
prequasiinvex fuzzy number-valued function on K for any t > 0.

Proof.

kF(y + An(x,y)) = k(F(y + An(x,)))
<. kmax{F(x), F(y)}
= max{kF(x), kF(y)}.

Theorem 5.11. Let F : K — E" be prequasiinvex fuzzy number-valued function w.r.t. n, and x € K be
the global minimizer of F on K. Then, the set

Q={xeK:F(x) =F®)
is an invex set w.r.t. 1.

Proof. If Q is the empty set or singleton, then it is obvious an invex set. Assume that x, y € Q, then
F(x)= F(X) and F(y) = F(X).
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Since F : K — E"isa prequasiinvex fuzzy number-valued function w.r.t. , we have
F(y+ an(x,y) < max{(F(x), F()} = F(3)
for any A € [0, 1]. Consider x € K is a global minimizer of F. , it follows that
F(y+ an(x,y) = F(®)

for A € [0, 1]. It implies that y + Anp(x,y) € Q for 4 € [0, 1]. Thus, Q is an invex set w.r.t. 1. This
completes the proof.

Theorem 5.12. Let F:K— E"be preinvex fuzzy number-valued function w.r.t. 11, and x € K satisfying
F(X) = min,cx F(x). If u = min,cg F(x), then the set
Q={xeK:F(x)=u)

is an invex set W.r.t. 1.
6. Semicontinuity and preinvexity of fuzzy number-valued functions

In this section, we present several practical criteria for preinvex fuzzy number-valued functions
under the lower or upper semicontinuity conditions.

Definition 6.1. (see [7].) Let F:K—> E'bea Sfuzzy number-valued function
(1) F is said to be lower semicontinuous(l.c.) at xo € K if for any € >. 0, a neighborhood U of x,

exists when x € K, and we have
F(xo) <. F(x) + €.

(2) F is said to be upper semicontinuous(u.c.) at xo € K if for any '€ >. 0, a neighborhood U of x
exists when x € K, and we have N N
F(x) <. F(xg) + €.

A fuzzy number-valued function F : K —> E" is continuous at xy € K if it is both l.c. and u.c. at x,
and that it is continuous at every point of K.

Theorem 6.1. Let K C R" be an invex set w.r.t. n, n satisfy Condition C, F : K > E" be a lower
semicontinuous fuzzy number-valued function, and F satisfy Condition D. If F is weakly preinvex on
K, i.e., there exists a Ay € (0, 1) such that

F(y + 207(x,)) <e A0F(x) + (1 = ) F(y)

forany x,y € K, then Fis preinvex on K.

Proof. Assume that F is not preinvex on K, then, x,y € K and there exists a 4 € [0, 1] such that
F(y + n(x,)) >¢ AF(x) + (1 = DF(y). (6.1)

By the weak preinvexity of F and Lemma 4.1, we can choose a sequence 4, € A(n = 1,2,---) with
A, = A(n — o) and _ _ _
F(y+ A4n(x,y) 2. L,F(x)+ (1 = ,)F(y). (6.2)
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From the lower semicontinuity of F, for any € >, 0, an N > 0 exists when n > N and we have

F(y+ n(x,)) <c Fy + 4,(x,)) + . (6.3)

Since € is an arbitrary positive fuzzy number, by taking the limit as n — oo, and by combining with
(6.2) and (6.3), we have . N -
F(y + an(x,y)) 2 AF(x) + (1 - DF(y).

This contradicts the fact that (6.1), i.e., F is preinvex on K.

Theorem 6.2. Let K C R" be an invex set w.r.t. n, 1 satisfy Condition C, F:K — E"bea upper
semicontinuous fuzzy number-valued function, and F satisfy Condition D. If F is weakly preinvex on
K, i.e, there exists a Ay € (0, 1) such that

F(y + An(x,y)) Zc F(x) + (1 — )F(y)
forany x,y € K, then Fis preinvex on K.
Proof. Assume that F is not preinvex on K, then, x,y € K and there exists a 4 € [0, 1] such that
F(y + An(x,y)) >c AF(x) + (1 = DF(). (6.4)

By the weak preinvexity of F and Lemma 4.1, we can choose a sequence A, € A(n = 1,2, ---) with
A, = A(n — o0) and . N .
F@ + (X, i)) =4 F(f) + (1 = A)F(Q). (6.5)

—hup(x,y) € K, using Condition C

-y

_ __ - A A=,
y+ X,y =y + 06 Y) + (X, y + 7——=1(%, )

=4,
YT, =
=y +An(x, y).

and y — y(n — o). According to the upper semicontinuity of F, for any € >, 0, there exists an N > 0
when n > N and we get N N
F(y) <. F(y) +&. (6.6)

Since € is an arbitrary positive fuzzy number, and by combining with (6.5) and (6.6), we have
F(y + n(x,y) = FG + 4n(X, )
< L,F®) + (1 = 4)F Q)
< L,F) + (1= L)F().

By taking the limit as n — oo, we have

F(y + An(x, y)) <. AF(x) + (1 = DF(y).

This contradicts the fact that (6.4), i.e., Fis preinvex on K.
By combining Theorem 6.1 and Theorem 6.2, we have the following result.
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Corollary 6.1. Let K C R" be an invex set w.r.t. 1,  satisfy Condition C, F:K—>E" satisfy Condition
D, and F be a lower semicontinuous or upper semicontinuous fuzzy number-valued function. Then F
is preinvex on K if and only if F is weakly preinvex on K.

Theorem 6.3. Let K C R" be an invex set w.r.t. 1, 1 satisfy Condition C, F:K—>E" satisfy Condition
D, and F be a lower (resp. an upper) semicontinuous fuzzy number-valued function. If F is weakly
strictly preinvex on K, i.e., there exists a Ay € (0, 1) such that

F(y + An(x,y)) < AF(x) + (1 = 2)F(y)

forany x,y € K with x #y, then Fis strictly preinvex on K.
By combining Definition 3.1 and Theorem 6.3, we have the following result.

Corollary 6.2. Let K C R" be an invex set w.r.t. 1, 1 satisfy Condition C, F:K—E" satisfy Condition
D, and F be a lower semicontinuous or upper semicontinuous fuzzy number-valued function. Then F
is strictly preinvex on K if and only if F is weakly strictly preinvex on K.

Lemma 6.1. Let K C R" be an invex set w.r.t. n, n satisfy Condition C, and F:K—> E" satisfy
Condition D. If there exists a a € (0, 1) such that

F(y + an(x, y)) <. max{F(x), F(y)}
for any x,y € K, then the set
A={2€[0,1]: F(y + an(x,)) <. max{F(x), F(y)}}

is dense in [0, 1].
This proof is similar to the proof of Lemma 4.1.

Theorem 6.4. Let K C R" be an invex set w.rt. n, and n satisfy Condition C, F : K - E"
satisfy Condition D, and F be an upper semicontinuous fuzzy number-valued function. If F is weakly
prequasiinvex on K, i.e., there exists a Ay € (0, 1) such that

F(y + aogn(x, ) <. max{F(x), F(y)

forany x,y € K, then F is prequasiinvex on K.

Proof. Assume that F is not prequasiinvex on K. Then, for any x,y € K and there exists a 4 € [0, 1]
such that _ L
F(y + An(x,y)) > max{F(x), F(y)}. (6.7)

By the weak prequasiinvexity of F and Lemma 6.1, we can choose a sequence 4, € A(n = 1,2,--+)
with 4, = A(n — o) and B o
FQy + A4n(x,y)) <. max{F(x), F()}. (6.8)

/I_An
1-4,

y+ An(x,y) =y + 4,n(x,y), and y — y(n — o). From the upper semicontinuity of F, for any € > 0,
there exists an N > 0 when n > N and we obtain

for any X,y € K, by taking x = x € K, andy = y + n(x,y) € K, using Condition C, we have

F() <. F(y) + . (6.9)
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Since € is an arbitrary positive fuzzy number, and by combining with (6.8) and (6.9), it follows that

F(y + n(x,y) = FG + 4,0, 7))
<. max{F(X), F»)}
<, max{F(x), Fy)}.

This contradicts to the fact that (6.7), i.e., F is prequasiinvex on K.
According to Theorem 4.6 and Theorem 6.4, we have the following result.

Theorem 6.5. Let K C R" be an invex set w.rt. 1, and n satisfy Condition C, F K — E satisfy
Condition D, and F be an upper semicontinuous fuzzy number-valued function. If F is weakly strictly
prequasiinvex on K, i.e., there exists a Ay € (0, 1) such that

F(y + aon(x,y)) <. max{F(x), F(y)

for any x,y € K with x # y, then F is strictly prequasiinvex on K.
7. Two-parameter optimization problem

In this section, two types of the parameter optimization problems are investigated. They are widely
applied in the optimization theory of consumers and producers. In which the optimal value of objective
function depends on the values of the parameters. Therefore, the optimal solution and optimal values
are all functions of parameters. The central task of economic analysis is to clarify the character of these
functions. Two-parameters optimization problems is shown as follows.

P(a) : maxf(x), xES:{xeXCR":G(x,a)ﬁcﬁ} a€ACR"Y

P(B): minF(x,f), x€S={xeXCR":G(x) <0} BeBCR"

where X,A, B C R" are invex sets w.r.t. 7 : R* X R" — R", F:X > E", G : X — E" Inthe
problem P(a), the parameter appear in the fuzzy constraint function, and the parameter appear in the
fuzzy objective function in the problem P(8). We always assume that the problems P(«a) and P(5) have
the optimal solution for any fixed parameters a, 8 respectively, and write Z(a) and ¥(B) as the optimal
objective values for P(a) and P(B) respectively.

Theorem 7.1. Consider the problem P(), if G(x, @) is a n-dimensional preincave fuzzy number-valued
function on Aw.rt. n: R"XR" — R", then Z(a) is a n-dimensional prequasiinvex fuzzy number-valued
function on A w.r.t. the same function n.

Proof. For aj,a, € A and for any A € [0, 1], let x,; be a optimal solution for P(a; + An(a;, @;)). From
the preincavity of G w.r.t. @, we obtain

0 2. Gxp, ay + Ay, @) = AG(xz, @) + (1 = DG(xy, a2).

Since A and (1-2) are all non-negative, it follows that, (A}i(xﬁ, ay) and E(xﬁ, a») at least one non-positive.
Without loss of generality, we assume that

5(XA’ ap) 2. 6,
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it follows that x;, is a feasible solution for P(a) and Z(al) > F (x2). Then, we have, for any A € [0, 1],
max{Z(a), Z(@2)} ze Z(@1) ze F(x) = Z(as + An(a, @)

i.e., Z(a) is a n-dimensional prequasiinvex fuzzy number-valued function on A w.r.t. the same function

n.

Theorem 7.2. Consider P(B), if F(x, B) is a n-dimensional preincave fuzzy number-valued function on
Bw.rt. parameter S andn : R"XR" — R", then y(B) is a n-dimensional preincave fuzzy number-valued
function on B w.r.t. the same function n.

Iiroo f. Fgr a1,a; € B and for any 4 € [0, 1], let x, be a optimal solution for P(8, + An(B;,5,2)). Since
G(x,) <. 0, it follows that, x, is the feasible solution to P(8,) and P((3,), which implies

F(x,80) = 4(B) and  F(x,,5) = ¥(Bo).

From the preincavity of F w.rt. [, we obtain

W(Ba + (B1,B2)) = Fx1, B2 + (B, 52))
> AF(x,81) + (1 = DF (x1,82)
>c AWB1) + (1 = DY(Ba),

1.e., ;17(,8) is a n-dimensional preincave fuzzy number-valued function on B w.r.t. the same function 7.

Example 7.1. The optimization problem in consumer theory. A consumer is an economic entity that
uses available resources (income) to purchase goods and obtains satisfaction from the consumption
of goods. The problem of the consumer is how to select the consumption bundle so that the consumer
can get the maximum satisfaction from his consumption under the constraint that the total expenditure

is not greater than the income of the consumer. Let p = (py,---,py)! be the price vector, where
pi > 0(i = 1,--- ,n) is the price of the good i, and let x = (x;,--- ,x,)! be the consumption bundle,
where x; > 0(i = 1,--- ,n) is the quantity of the good i consumed. If the total expenditure p* x is not

greater than the consumer’s income m, there must be a constraint p* x < m, which is the consumer’s
budget constraint. The set S = {x € R" : p"x <. m} of all feasible consumption bundles is called
the budget set. The consumer has different satisfaction for different consumption bundles, which is
called consumer preference. We use utility functions to describe this preference. The quantity is only
an estimated quantity, then using a fuzzy-valued function to express the quantity is more appropriate
than using a crisp quantity. Specifically, a utility function U: R} — E" is a nonnegative fuzzy-valued
function satisfying the following specification: Ux) > U (v) means that consumption bundle x is
better than consumption bundle y; Ux)=U (v) means that consumption bundle x equals consumption
bundle y; U (%) = U (v) means that consumption bundle x is not worse than consumption bundle Yy.
The utility maximization problem of consumers can be formalized into the following optimization

model.: _
max U(x),
(M) .
st. x€S ={xeR}:p x =, mj

where p >, 0, m > 0. Obviously, this is a P(a) type optimization problem, where the parameters
(p, m) appear in the fuzzy constraint function. Let v(p,m) = U(x(p, m)) for every p > +c0 and m > 0,
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and v(p,m) is said to be an indirect utility function. Notice that the function g(x;p,m) = p'x — m
is a preincave fuzzy number-valued function w.r.t. (p,m) and n = x — y. According to Theorem 7.1,
v(p,m) = U (x(p,m)) a n-dimensional prequasiinvex fuzzy number-valued function on R} w.rt. the
same function 1.

8. n-dimensional fuzzy variational-like inequality

Here, we present the fuzzy variational-like inequality and discuss the relationships between the
fuzzy variational-like inequality problem and the unconstrained fuzzy vector optimization problem.

Let K C R",n(x,x): KX K — R", F : K — E" be a n-dimensional fuzzy number-valued function.
Then the fuzzy variational-like inequality problem is to be found x € K, u € E", such that

(FVLD) un(x,%) >0, VYxeKk.
Consider the unconstrained fuzzy vector optimization problem

(P)  minF(x)
xekK
where K C R" is an invex set w.r.t. 7, F : K — E" is a n-dimensional fuzzy number-valued function.

A point x; € K is called a local minimum of F if xo € K and there exists a 6-neighborhood Ns(x)
around x, such that for any x € K N Ns(xp), F (xo) <. F (x) Similarly, if xy € K and there exists a
o-neighborhood Ny(xy) around xj, such that for any x € K N Ns(xp), with x # xo, F (xo) <. F (x), then
X 1s called a strict local minimum point of F.

Theorems 8.1-8.3 show the relationship between the fuzzy variational-like inequality problem and
the preinvexity of n-dimensional fuzzy number-valued function.

Theorem 8.1. Let K be an invex set of R" w.r.t. , x € K, F:K—>E'a preinvex fuzzy number-valued
function w.r.t. n and F fuzzy n-extended directionally differentiable on K. If (X, VF, 2(X)) is a solution of
(FVLI), then x is a strict local optimal solution of (P).

Proof. Let (X, VF, »(x)) be a solution of (FVLI). Suppose that there exists an x* € K N Ns(x), such that
F(x") <, F(%). (8.1)
Since F is a preinvex fuzzy number-valued function, it follows that

F(X + n(x*, %) — F(%)
A

<. F(x)-FX VYae[0,1].

From the n-extended directionally differentiability of F,and taking the limit as 4 — 0", we find that
VE,®n(x*, %) <. F(x") — F(). (8.2)
According to (8.1) and (8.2), we obtain
VF,®n(x*,%) <. 0.

This contradicts the fact that (&, VF, (X)) is a solution of (FVLI).
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Theorem 8.2. Let K be an invex set of R" w.rt. n, x € K, F:K—E'a preincave fuzzy number-valued
function w.rt. n and F fuzzy n-extended directionally differentiable on K. If X be a strict local optimal
solution of (P), then (x, VF,(x)) is a solution of (FVLI).

Proof. Let x be a strict local optimal solution of (P). Suppose that there exists an x* € K, such that
VE,®n(x*,%) <. 0.
Since F is a preincave fuzzy number-valued function, it follows that

F(X + n(x*, %) — F(%)

F(x*) — F(X) <, -

YA e[0,1].

By the n-extended directionally differentiability of F, and taking the limit as 4 — 0", we obtain
F(x") = F,® 2. VF,@n(x",%).
Therefore, we have . .
F(x*) <. F(X).
This contradicts the fact that X is a strict local optimal solution of (P).

Theorem 8.3. Let K be an invex set of R" w.rt. 1, X € K, F:K—> E"bea strictly preincave fuzzy
number-valued function w.r.t. n and F be fuzzy n-extended directionally differentiable on K. If x be an
optimal solution of (P), then (x, VF,(x)) is a solution of (FVLI).

Proof. Let x be an optimal solution of (P). Suppose that there exists an x* € K, such that
VE,®n(x*,%) <. 0.
Since F is a strictly preincave fuzzy number-valued function, it follows that

F(X + n(x*, %) — F(%)
1

F(x") - F(®) <. Yae[o,1].

From the n-extended directionally differentiability of F. Taking the limit as 4 — 0", we obtain
F(x*) = Fy(X) <. VF@n(x", ).
Therefore, we have . .
F(x*) <. F().
This contradicts the fact that X is a optimal solution of (P).

9. Kuhn-Tucker conditions for a multiobjective fuzzy programming problem

Consider a multiobjective fuzzy programming problem,

minf(x)
(P){ ~ =
xeS={xeX: Gx)=<.0, i=12,---m}
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where F : K — E", 5,- K-> E" (i=1,2,---m), X C R"is an invex set w.r.t. 1.
Let S be the set of the feasible solution for (P), x, is a feasible point for (P). For a feasible point x,
we denote
I(x0) = {i € {1,2,--m} : Gi(xo) = O},

I'(xo) = {i€{1,2,---m}: Gi(xo) <. O}.

Then,
I(xp) U TI'(xo) = {1,2,---m}.

Let F be a n-dimensional fuzzy number-valued function defined on X and G be a m-dimensional
fuzzy number-valued function defined on X, X C R" is an invex set w.r.t. . (5 = (5,-);’; |» means 5, is
a n-dimensional fuzzy number-valued function, foreachi = 1,2, --m).

Define the n-dimensional lagrangian fuzzy function as

L(x, ) = F(x) + 1'G(x).

The Kuhn-Tucker stationary point of a n-dimensional fuzzy optimal problem is to finda x € X, 4 =
(A1, A, - -+, Ay) € R™, if they exists, such that

V.L(x, ) = VF,(x) + A'VG,(x) = 0,

é(x) <. 6,
XG(x) = 2", 4,G(x) = 0,
1> 0.

In what follows, we show the connection between the Kuhn-Tucker stationary point for a n-
dimensional fuzzy optimal problem and the optimal solution of (P).

Theorem 9.1. Let x( be a feasible solution of (P), and let F:K— E"bea preinvex fuzzy number-
valued function at xo w.r.t. n and F be fuzzy n-extended directionally differentiable at xy on K. Let
G;:K— E"1,2,---m)bea prequasiinvex fuzzy number-valued function at xo w.r.t. the same function
n and 5,-(1, 2,---m) be fuzzy n-extended directionally differentiable at x, on K. Moreover, if there exist
A; > 0(1,2,---m), such that

VF,(x0) + 2, AVGy(x0) = 0

4Gi(x) =0  1,2,---m
Then, xg is the global minimum point of (P).

Proof. Assume that x; is not a global minimum point of (P). Then, there exists x € S such that
F(®) <. F(xo).

Since F is a preinvex fuzzy number- valued function at x,, and F is n-extended directionally
differentiable at x,, we have

VE, (x0)n(X, Xo) <c F(X) — F(xo) <. 0.
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Also, since é(}) =< 0= éi(xo), i € I(xp) and the n-extended directionally differentiability of 5,- at xp,
for any A € [0, 1], we get

Gi(xo + An(X, X)) — 'Gi-(xo)'

VGiy(xo)n(x, xo) = lim 1 9.1)
G;isa prequasiinvex fuzzy number-valued function at x, w.r.t. the same function 7, then
Gi(xo + N, %)) < max{Gi(x0), Gi®)} = Gilxo) i € I(xo). 9.2)

By combining (9.1) and (9.2), we find that
VGiy(xon(% x0) < 0 i € I(xo).

According to Aiai(xo) = 6, it follows that, Vi € I'(xy), A; = 0.
From above discussion, we have

VE, (xo)n(%, Xo) + 7 AVG iy (x0)n(E, X0) <c O,

which is a contradiction to the condition
VF,(x0) + ", A,VG,(x0) = O.
It completes the proof.

10. Conclusions

In this paper, we first introduce the concept of the preinvexity of n-dimensional fuzzy number-
valued functions based on the partial order relation in n-dimensional fuzzy number space and
their properties are discussed. In addition, some counterexamples are given to show the proposed
concepts and their relationships. Then we present the criteria theorems for n-dimensional preinvex
fuzzy number-valued functions under the upper or lower semicontinuity conditions, respectively.
Furthermore, the two-parameter optimization problem, n-dimensional fuzzy variational-like inequality
problem, and the optimality conditions related to n-dimensional preinvex fuzzy number-valued
function are discussed. These results can be applied in many fields, such as fuzzy optimization, fuzzy
control, engineering science, fuzzy-making problems and so on.
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