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Abstract: In this paper, we develop a method for numerical differentiation of two-dimensional
scattered input data on arbitrary domain. A Hermite extension approach is used to realize the
approximation and a modified implicit iteration method is proposed to stabilize the approximation
process. For functions with various smooth conditions, the numerical solution process of the method is
uniform. The error estimates are obtained and numerical results show that the new method is effective.
The advantage of the method is that it can solve the problem in any domain.
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1. Introduction

In the application of many mathematical physics problems, we need to estimate derivatives of an
unknown function from given noisy data. It turns out to be an ill-posed problem, which means, the
small errors in the measurement data can induce huge errors in its computed derivatives. Many
methods and techniques have been proposed regarding this topic [1-17]. According to type of
regularization techniques, these methods can be classified into finite difference methods, mollification
methods, differentiation by integration method and Tikhonov methods. Most of these methods are for
one-dimensional case, but only a few are for high-dimensional cases [18-20]. These methods of
dealing with two-dimensional problems are basically aimed at the regular region, and there are few
methods that can deal with the numerical differentiation problem on the irregular domain. For
example, if the data are given at scatter points of the domain in Figure 1, numerical implementation of
most existing methods is difficult.
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Figure 1. Irregular region.

By the extension theorem [21], any function on sub-domain of R? can be extended to R? without
losing its smoothness. There are many work of extension problem has been developed since Whitney’s
seminal work [22-25]. And it is well known that functions with high smoothness can be approximated
very precisely by their Hermite expansion. So in this paper, we consider a Hermite extension method
to deal with the numerical differentiation problem on the irregular domain. That is to say, we take
a function defined on any domain as part of a function on R%. For the one-dimensional case, the
numerical differentiation method along the line of this method has been given in [26]. The numerical
process of extension is usually unstable, so regularization technology is needed. As an alternative
regularization method, we use a modified implicit iteration method in this paper. Compared with
Tikhonov method which is used in [17], the implicit iteration method can select larger regularization
parameters in each iteration, which makes the calculation process more stable. In [27], Jin has given
the detailed theory and numerical implementation of implicit iteration method in Hilbert scales. But the
application of the method to our problem still needs some improvement. The existing implicit iterative
method can only deal with the problem of finite smoothness, and the numerical implementation of the
algorithm is inconsistent for different smoothness. In this paper, we will present a modified form of
implicit iteration method. It can deal with numerical differentiation of functions with any smoothness
and the solution process is uniform.

This paper is organized as follows: In the next section, we introduce some preliminary materials. In
Section 3, we describe the modified implicit iteration method for numerical differentiation problem and
give some auxiliary results. The convergence estimate of the approximation solution can be founded
in Section 4. In Section 5, some numerical examples are given. Conclusion is then given in the final
Section 6.

2. Preliminaries

In this section, we introduce some notations and preliminaries that will be used throughout the paper.
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2.1. Hermite functions in R?

Letx = (x1,x), [x| = /x7 + x%. Let

n 1 .
fw) = ZL70) = - f PR
JT R2

be the 2-dimensional Fourier transform of the function f(x) € L*(R?). The corresponding inverse

Fourier transform of the function f (w) is
1 A iox
fx) = e f flw)edw.
T JR2

And || - ||, denotes the norm of the Sobolev space HP(R?) with p > 0 defined by

11, = ( [as |w|2>P|f<w>|2dw) |
RZ

Particularly, for p = 0 we can recover the L>(R?) norm, i.e.,

171l = ( fR 2 |f<w>|2dw)2 .

2.1)

Let £ = (¢4, (), €i(i = 1,2) being non-negative integers. Set |£]; = €; + ¢, and € - x = {1x; + Orx;5.

The normalized 2-dimensional Hermite function is defined by
H(x) = He, (x1)H,(x2),

where
Ho(x;) = m ' exp(—(1/2)x7),

Hi(x;) = n7/* V2x; exp(—(1/2)x3),
Hy () = 255 e () = [ Hema (), 6> 1.

We know that the Fourier transform of the Hermite functions can be given as [28]:

Hy(w) = (-)" Hy(w).

The set of Hermite functions satisfy the orthogonality relations
f i H(X)Hm(X)dX = 6 m-
R

The Hermite expansion of a function f € L*>(R?) is as

fx) = Z feH (),

1€11=0

with the Fourier-Hermite coefficients

fe= | fOHMX)dx, £, =0,1,....
R2

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)
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2.2. Problem description

Suppose that A is a subdomain of R2. For any two-tuples @ = (a;, @) € N2, |a|; = a; + . The
notation 9; stands for % and D*f = 0%'d%. f. For any positive integer g, we define DYf =: {D°f :
oy = g} and |

12
DUfl=| > 1D P (2.8)
lali=q
The norm || - ||;.4 in Sobolev space H*(A) is defined as
12
1 fllsa = ( f If* +|D°f Ide) , (2.9)
A

where s = 0 and || - [|o.o denotes the L*(A) norm.
Suppose that g(x) € H”(R), p > 2 and we only know its approximate function g° on A such that

g’ — glloa <6, (2.10)

where 6 > 0 is a given constant called the error level. Our problem is to calculate approximate
derivatives of g on A from the noisy data g°, or, equivalently, to construct a function f°(x) from g°(x)
which is close to g(x) in the sense that

%irrolllf‘s —8&lla=0, r=1 (2.11)
3. Implicit iteration method for numerical differentiation

For any vector f= {fg}l"t‘,’h:0 e I, if we let
HT = )" fiH(x), 3.1)
=

then the process of constructing an approximation function f° from data g° can be transformed to

solving the following equations
Hf=g°. (3.2)

In this paper, we present an modified implicit iteration method to solve the above equations. For
this purpose, we introduce the following operator:

R = H T [e'w'wF(w)] . (3.3)
It is obvious that R is unbounded self-adjoint strictly positive definite operator. Then we choose
fo=HR, (3.4)

as the approximation of g, where fi‘i is determined by the following implicit iteration process

0,

ﬁ B, 3.5
P = (HH + BRI H(HE_ — g, k=1,2,...,n, )

~SSE
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where S, > 0 are properly chosen real numbers. For reference [27], the positive number

o, = l 3.6)
= B

plays the role of the regularization parameter and we will chosen it as the solution of the
nonlinear equation
d(o,) := I1HT, = ’lloa = €3, (3.7)

with a constant C > 1. If we let 7 = HR™!, then 1?2 possesses the representation [27]

_ . . 1 N B
P =R s (T*T)T*¢  with =—|1-]] . :
=R su( )T g’ with  s,(1) 1 ( | ) +,3k) (3.8)

Remark 3.1. If we use the operator B = (Zlah:q D“) with some a constant q instead of R, then we
return to the framework in [27] and the convergence results can be obtained accordingly. When p
and q satisfy a certain relation, the result is order optimal. It should be noticed that for large q, the
numerical process of the method is difficult. We will point that the method is always order optimal
when we use the operator R and the numerical process is uniform for any p.

The following lemma holds for s,,(1).

Lemma 3.1. [27] The function s, : (0,c] — (0,00) with ¢ = ||[T||* and the corresponding residual
function r,(A) := 1 — As,(A) obey the properties

$p(A) S0y As(D) <1

Ary(A) < 0',;1, r,(1) < 1. (3.9)
From above lemma, we can deduce the following results.
Lemma 3.2.
Vs, (1) < Nou, V) < o, (3.10)
Proof. For A < o7,
Vs, () < Vo, < o, (3.11)
and
Var,(D) < VA < {Jol. (3.12)
Moreover, for A > o !,
A A
VAsu(d) = %Asn(/l) < % < \Tn (3.13)

and

-1
VaAr, () < #ﬂm(ﬂ) < T/Z < ot (3.14)

O

AIMS Mathematics Volume 7, Issue 4, 5991-6015.



5996

4. Error estimate

Owing to g € H?(R), we suppose that

lgll, < E, (4.1)
where E is a constant. Set the vector § contains all Fourier-Hermite coefficients of g, i.e.,
g(x) = (Hg)(x). VxeR”. (4.2)
Let
gy =Pnd and gy = Hgy. 4.3)
We define the vector f; as
f, = R s (T*T)T " gw» (4.4)
then we have
HE ~ 1) = Tsu( T THT" (" - gw), (4.5)
H(G - ) = Tr(T TRy, (4.6)
g —HE = r(TT ), 4.7)
R~ 1) = su T THT (" - ), (4.8)
R(G ) = r(T"T)RGy. (4.9)
In our further analysis, we shall make use of the following lemmas.
Lemma 4.1. [fthe condition (4.1) holds, then
lg—gnl < NPE and ||RGwllp < CNE, (4.10)
where
eV
Cy :max(l,m). (4.11)
Proof. From (2.1) and (3.3), we can obtain
llg — gnll? = f 2@ do < N f (1 +1wPY 2P dw < N?|iglf3 (4.12)
lw|>N lw|>N
and
Ravle = [ g do
flw (1t ol )i d 4.13
= — (1 +|w o) dw )
oz (L DY § 19
2N )
< max 1, = llglly-
O

AIMS Mathematics
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Lemma 4.2. [f the condition (4.1) holds, we have
IH® = Gwlloa < (C+ 16+ N7E,

IR® - Gu)llz < Vou(6 + NPE) + CyE

and
|HP = ¢°lloa <6+ NPE + o, CyE.
Proof. From (2.10), (3.7), (4.10) and the triangle inequality

IHE = Glloa < IIHE = &llon + 118° — gllo + llg — glloa < (C + 1)6 + NPE.

And by using the triangle inequality, (2.10), (3.10) and (4.8)—(4.10)

IRE - Gulle < IIRE = Flle + IRE, — Gl
(T *TT*(g° = gl + lIrn(T*TIRGw 2

< Vollg® = gmlloa + 1RGNl
< TS + NPE) + CyE.

Moreover, in terms of the triangle inequality, (2.10), (3.9), (3.10) and (4.7), we have

IHP = g%loa = (T T g0

< Nr(TT )& = @loa + (T T*)g = gm)lloa + 17a(TT *)gnllo.a

< +lIg = gnlloa + I (TTHT - IRGw
<6+ NPE+ Jo,;'CyE.

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

O

Lemma 4.3. [2]] Let Q be a domain in R? satisfying the cone condition. There exists a constant K

depending on € and j, s, such that forany0 < e < egand0 < j<s

Il < K(ellfllsa + €77 fllo.g)-

(o8]

Lemma 4.4. Suppose that the vector sequence h? = {h‘5

satisfies
4 } 1£11=0 fi

1
— — -5
[HBlloa < K16, IRl < ko™’ "6, 6—0,
then for any Q C A satisfying the cone condition, there exists a constant M

|HR| 0 < M.

Proof. 1t is easy to deduce that there exist a constant ¢, such that

kP
PACIEES 33, V6 < 6.

And for simplicity, we prove the theorem with ¢ < dy. Let

No = ks677,

(4.20)

4.21)

(4.22)

(4.23)

(4.24)
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and we have

[#6], = 7 (P ¢ [ =20

(4.25)
=1 + L.
By Parseval’s formula, we can see that the second term /, satisfies
|7 [T - PNO)h‘S < || |7 - Pa)? H
= (1 +|w*)” IWh‘S(w)Izdw
|w|>N0
1 +|w)” -
- f (d+ wf) 2';"' Y PR ()P deo
o, € 4.26)
Ny + 1)? - (4.
< Qor D7 f | H R (w)Pdw
e 0
lw|>No
2p
%0)
1
—2k217 6 k252 _2k§pk§.
Hence
L < 2¢'kks. (4.27)
So all we need is to prove there exist a constant M, such that
I, < My, 0 — 0. (428)
Note that
I1H (Pyob®) b < IHPllog + IH |(Z = Pr )R] llog (4.29)
and
[ W
No 0Q ANO
= [HP () dw
ll>No 1 (4.30)
- . |e“‘"7—(h‘5(w)|2dw
|w|>Ny e wl
< m||7eh5||lzs K367,
Therefore
1 (Pyoh%) oo < (ki + 2k2). 4.31)

Now we prove (4.28) by using reduction to absurdity, if (4.28) does not hold, then for any ¢ > p
there exist a sequence ¢; such that

P—q
p

5.
1 (P,0®) Il > 2kak; (kp) , 6;—0. (4.32)

If not, 3g forany 6 — 0

- 0
1H (P,0°) 1l < 2Kk (k—p) : (4.33)

AIMS Mathematics Volume 7, Issue 4, 5991-6015.
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q-p
then (4.28) can be derived by 4.29 and Lemma 4.3 with € = (ﬁ) "s= g and j = p. Then

p
k3

Yo 1ol 252 (ZN_O M)z s P2
D [HA ) do = 2R 4 PV [HA (w)| de
wl<no \ k! wl<ny (1 + Jw[?)No
(2t 5) o
=0 &! >
> f W(H@P)Nv Hh (w)| dw
|w|<N0
k
iy % =N
> f %(H@F)% Hh (w)| dw
|w|<No
(" ) — P 434)
> f TNO'(HW)NO Hh (w)| dw
lw|<Nop 0
(2 4 :
k=0 k! 5,
N(%No H?‘{ (PNOh ) No
_1\ky2
No (k36i p)
>k 57
2 £ k' i
Therefore
— P No() wl) | 2
erle Hh (w)| dw = lim Z — | Hh (w)| dw
R2 320 Jiolengon | S k!
_1\ky2
No (k36i p)
S k% 5 (4.35)
P k!
= 13 lim 0" 52,
So there exists a ¢ such that
N — 2 — 2 1
IRRPIZ = f 2ol 'Whé(w)' do > f ! ‘7—(h5(w)‘ do > KR §, (4.36)
R? R?
which contradicts the assumptions of the Lemma. O

Theorem 4.1. Suppose that the conditions (2.10) and (4.1) hold, f?° is defined by (3.4) and (3.7) then
for any Q C A satisfying the cone condition and 0 < j < p,

nﬁ—wm:OGV) (4.37)
Proof. Let
2F »
Ny = ((C — 1)6) (4.38)
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Then from Lemma 4.2, we have

. 3C+1
IHE = Gvollon < =53, (4.39)
S C+1 2252
IRE — Gyl < ST (4.40)
Thus, by using Lemma 4.4, there exists a constant M
IH® - Gxlloa < M. (4.41)
Then . .
IHE - gll,o < IHE = Gvp)llow + g — gnllpo
< IHE = dw)lloq + llgll, (4.42)
<M+E.

Moreover, by using (2.10), (3.7) and the triangle inequality
IHE, = glloa < IHT, - &lloa + lIg° = gloa < IHE, - &lloa +1lg° - glloa < (C+ 15 (4.43)

The assertion of theorem follows from (4.42), (4.43) and Lemma 4.3.

5. Numerical realization

The data are usually given at scatter points in practical applications. Let x; € A(i = 1,2,...,m) be
the given points and

9’ = (g°(x1), £°(X2), ..., & (x)"

be the noisy data vector. Let ¥ = (oUV,0?),(0 < j,j» < n) being the Hermite-Gauss type

interpolation points and p“ are the corresponding Hermite-Gauss weights. For f,g € L*(R?), we
define the discrete inner product

o= ) D PP @),

J1=1 ja=1

and
Hy(w) := (-DN e Hy(w).

Let
= span{H ,)(X), H1 0)(X), H1,1)(X), . . ., Hpn—1)(X), Hi iy (X)},

then we glVe the matrlces A(n+l)2><(n+l)2’ R(n+1)2><(n+1)2, me(n+l)2 as

Ay sk +1 = ey He(Xi)Hi(X)), R sk, e1 = (He, Hidns
Hijo,o1 = He(xp), i=12,...,m;l€|;,lkl; =0,1,...n.

With these preparations, the discrete form of the implicit iteration method can be given as

=0,

fi =t — (HTH+ BRTHIHE —g%), k=1.2....n G-

AIMS Mathematics Volume 7, Issue 4, 5991-6015.



6001

Suppose that
m 1/2
[Z(g‘f(x» - g(x»z] <. (5:2)
i=1

Similar to what is done in [27], we take 8, = 1,5; = ¢"~'8; with some ¢ < 1 and choose 7 as the
first integer for which
IHE -l < Cié < IHE =g, 0<k<n, (5.3)

and then adjust the parameter 8, such that
C26 < |HE2 - ¢°ll < G0, (5.4)
where C;, C, are two constants that obey 1 < C; < (.

Remark 5.1. It should be noted that the Hermite-Gauss points are only used to calculate the matrix
R, regardless of the location of the noisy data.

6. Numerical tests

In this section, we give some numerical tests to verify the effect of the new method. All tests
are realized on Windows 10 system with Memory 16GB, CPU Intel(R) Core(TM)i7-8550U by using
Matlab 2017b. Let X = (X;,Xa,...,X,,)! and the perturbed data are generated by

g°(x) = g(x) + randn(size(X)) - €, (6.1)

where € is the error level and randn(size(-)) is Matlab functions. In all cases we choose the parameter
n=064,g=1/2and C = 1.01. We have tested these parameters with other values, and the results
are similar. In order to adapt to the characteristic of Hermite function approximation, the scaling
factor [29] is used in the numerical processing.

Example 6.1. [I8] Let A = {(x1,x2) | x% + x% < 1} is a disk and scatter nodes are given as Figure

2a. We choose the exact function as g(x) = (xf + x% —2)} and set € = 0.01. The numerical results are
exhibited in Figures 2c—3h.

Example 6.2. [18] Let A = {(x1,x) |0 < x; <1, 0 < x, < 7} is a rectangle and scatter nodes are
given as Figure 3i. We choose the exact function as g(X) = (xf + x% —2)? and set € = 0.01. We have
shown the numerical results in Figures 3k—4h.

Example 6.3. [19] Let A = {(x;,x) | —1 < x; <3, =1 < x, £ 3}, the data are given at
the equidistant nodes whose sampling step was 0.1 X 0.1. The exact function is chosen as g(X) =
sin (%xf + ‘—ltxg + 3) cos(2x; + 1 — exp(x,)). We have shown the numerical results in Figures 4i—5h with

e =0.01

Example 6.4. Now we let A is a irregular domain and scatter nodes are given as Figure 5i. We
choose the exact function as g(X) = cos(x; - xp) and set € = 0.01. The numerical approximations and
corresponding errors are shown in Figures 5k—6h.

All the above numerical results show that the proposed method is effective.

AIMS Mathematics Volume 7, Issue 4, 5991-6015.
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a A and nodes b the exact function g

¢ the constructed function of g d the constructed error function of g

e the constructed function of g, f the constructed error function of g,

Figure 2. Example 1.
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a the constructed function of g, b the constructed error function of g,

¢ the constructed function of g,

d the constructed error function of g,

Figure 2. Continued.
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e the constructed function of gy, f the constructed error function of gy,

g the constructed function of g, h the constructed error function of g,

Figure 2. Continued.
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i A and nodes j the exact function g

k the constructed function of g 1 the constructed error function of g

m the constructed function of g, n the constructed error function of g,

Figure 3. Example 2.
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a the constructed function of g, b the constructed error function of g,

¢ the constructed function of g, d the constructed error function of g,

Figure 3. Continued.
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e the constructed function of gy, f the constructed error function of gy,

g the constructed function of g, h the constructed error function of g,

Figure 3. Continued.
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i the constructed function of g j the constructed error function of g

k the constructed function of g, 1 the constructed error function of g,

Figure 4. Example 3.
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a the constructed function of g, b the constructed error function of g,

¢ the constructed function of g, d the constructed error function of g,

Figure 4. Continued.
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400

200

-200

-400

-

e the constructed function of gy, the constructed error function of g,

g the constructed function of g, h the constructed error function of g,

Figure 4. Continued.
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i A and nodes j the exact function g

k the constructed function of g 1 the constructed error function of g

02+

015+

m the constructed function of g, n the constructed error function of g,

Figure 5. Example 4.
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02+~

015+

b the constructed error function of g,

¢ the constructed function of g, d the constructed error function of g,

Figure 5. Continued.
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e the constructed function of gy, f the constructed error function of gy,

g the constructed function of g, h the constructed error function of g,

Figure 5. Continued.
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7. Conclusions

In this paper, we present a Hermite extension method with an implicit iteration process for numerical
differentiation of two-dimensional functions. Because the method can directly deal with the data given
on any domain, it is more convenient than other methods in practical application. The theoretical
results show that the convergence rates of the method is self-adaptive.
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