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1. Introduction and preliminaries

The proof of the existence and uniqueness theorem is due to Picard (1856-1941), who used an
iteration scheme that guarantees a solution under the conditions specified. In fact, Picard’s iteration
scheme was the first method to solve analytically nonlinear differential equations. The Picard
procedure is actually a practical extension of the Banach fixed point theorem, which is applicable to
continuous contractible functions. Since any differential equation involves an unbounded derivative
operator, the fixed point theorem is not suitable for it. To bypass this obstacle, Picard suggested
applying the (bounded) inverse operator D! to the first derivative D. Recall that the inverse D!
called in the mathematical literature is the antiderivative.

In 1967, Diaz and Margolis proved the alternative fixed point theorem (FPT) for any contraction
mapping 7 on a generalized complete metric space X. The conclusion of the theorem, speaking in
general terms, asserts that: either all consecutive pairs of the sequence of successive approximations
(starting from an element x, of X) are infinitely far apart, or the sequence of successive
approximations, with initial element x, converges to a fixed point of 7" (what particular fixed point
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depends, in general, on the initial element x;). The present theorem contains as special cases both
Banach’s contraction mapping theorem for complete metric spaces, and Luxemburg’s contraction
mapping theorem for generalized metric spaces.

In 2007, Cédariu and Radu, through the Céddariu-Radu method (CRM) derived from the Diaz—
Margolis theorem, discussed the generalized Ulam-Hyers stability for functional equations in a single
variable, including nonlinear functional equations, linear functional equations, and a generalization of
functional equation for the square root spiral.

One of the applicable branches of mathematical analysis is Fractional Calculus which considers
integrals and derivatives of arbitrary order [1] so is an extension of integer-order calculus i.e., it unifies
and generalizes the notions of integer-order differentiation and n-fold integration; for more details
see [2—4].

Wang and et al. [21,24], studied the following A-Hilfer fractional differential equation (FDE)

2 DIEAD) = uL, D), PM))), £ € (0, pl, W
I;.5%00) = Jo, Jo € R, '

I (I)I ﬂ*‘;A(.) is the Riemann-Liouville fractional integral of order 1 — A3, A3 = 4; + A,(1 — 4;) with respect
to the function A ( [22]), and x : (0, p] Xx R> — R is a given function.

Consider [£, 7](0 < £ < j < o0) and the continuous functions space C[¢, j] which includes all
continuous functions 7 : [£, 7] — R such that

in which % D1"#*(.) is the A-Hilfer fractional derivative of order 0 < 4; < 1 and type 0 < A, < 1,

||T]||C[€,J] = sup [7(0)|.

<0<y

The weighted space C_,,.a[¢, j] of continuous 77 on (£, j] is defined by (see [23])
Ciynll, J1 = {77 L (4, 71 — R (A®) — A(0)!4n(0) € C[¢, J]}, 0<A;<1

with norm

||77||C17,1;;A[[,J] = Sup
- o€, )]

(A®) - A(é’))1“3n(6)|.

Definition 1.1 ( [26]). Consider the interval (£, j)(—oc0 < € < j < +o00) and A; > 0. In addition,
consider the increasing monotone map A(6) > 0 on (¢, j] which has a continuous derivative A’(3) on
(¢, j). For the mapping n, we define the fractional integrals w.r.t A, on [¢, j] as

. 1 0
T0®) = w5 [ M Oe® - A0 e

Definition 1.2 ([26]). Letn—1 < 4; <n(n € N),0 < A, < 1 and u, A € C"[¢, j] be mappings such that
A is non-decreasing and A’(0) # O for any 0 € [£, j]. We define the A-Hilfer fractional derivative as

) . 1 dyV .
I qyl1.42;A _ gAm-4)A (1-22)(n—11);A
DIAAE) = T (—A,@ _d6) 1! n(d).

Theorem 1.3 ( [26]). Letn € C'[0, j], and A, € [0, 1]. Then
7 DAL N(®) = ().
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Theorem 1.4 ( [26]). Let n € C'[0, j] and A, € [0,1]. Then
(A(®) — A'(0))"!

T3 D (®) = n(d®) - TR0 ),

I'(23)
Lemma 1.5 ( [26]). Let ay,a; > 0. If f(£) = (A() — A(€)*"". Then
TE () = o (A = AP (12)
We study the FDE
7 DD = p(L, D), D)), £ €(0,p], (1.3)
I,.550(0") = Jy, Jo €R, (1.4)

where u € C((0, p] x R?,R) and 6 > 0 and consider the inequality

P DEAP) - u(, PQ), ‘P(n(f)))‘ <O E,((AQ) - A0, ¢ €(0,p], (1.5)

where 5, is the Mittag-Leffler function (see [22]) defined by

Mz

—
(=)
— ]

F(mll e ZeC, Ry >0. (1.6)

n=0
Definition 1.6 ( [21]). Equations (1.3) and (1.4) have UHML stability with respect to =, ((A({) —
A0))M) if there exists ¢ > 0 such that, for each § > 0 and each solution ¥ € C;_,,.4(0, p] to (1.5) and
I35 W(0%) = Jj, there exists a solution @ € Cy_4,.4(0, p] to (1.3)-(1.4) with

[¥(0) = (DI < ¢ 024 (A —AOYY), ¢ €(0,pl.

Remark 1.7. A mapping ¥ € C;_,,.4[0, p] is a solution of (1.5) iff we can find a mapping hy €
Ci-1:4(0, p] such that

() [R(Q)] < 0Z,, (A - AO)™), £ € (0, pl,

(iD) 7D = W YO Y @OO) + ), ¢ €O, pl.

Lemma 1.8 ( [23]). Consider the continuous map u : (0, p] X R X R — R. Then (1.3) and (1.4) are
equivalent to

A — A©0))"!
o) = ¢ (om; DA

Tl f A E(AQ) — MO (&, D), D((&)))dE. (1.7)

Remark 1.9 ([24]). Let ¥ € Cy_1,.4(0, p] be a solution of (1.5) and 7, "**¥(0*) = J,. Then ¥ satisfies
the following integral inequality:

A@Q) — A(0))5™! 1
w0 - SO~ 2 [ N0 - M) e, ), Y@

['(23)
< OEL((AQ) = AO)Y™).
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Remark 1.10. There are some slight mistakes and typos in [24]. In Definition 2.5 and Remark 2.6
in [24], the space C[—h, d] should be C[—h,0] N C|_,.4[0, d]. For the precise definition needed in [24],
see Definition 1.6 and Remark 1.9 above. We note that the statement (some typos) and proof of
Theorem 3.1 in [24] is fine once X = C[—h,d] in [24] is replaced by C[-h,0] N Ci_,.4[0, d] with the
norm (there was accidently a typo in relation to the norm in [24]) max{]|.|lcj—n01> |Illc; oy 10.a1}-

Theorem 1.11 ( [9]). Consider the complete [0, co]-valued metric space (M,d) and L : Y — Y satisfy
d(Ly, Lt) < kd(t,y), k€ (0,1).
Fory € Y, there are two ways
(D d(L"y, L"'y) = 00, Vm €N,

or
(1I) there is my € N such that:
(D) d(LMy, L™y) < oo, Vm 2 my;
(2) L™y — t* as fixed point of L;
(3) t* isunique in V ={t € Y | d(L™y, 1) < oo},
@ (1 = x)d(t,t*) < d(t, L) for everyt € Y.

2. Existence, uniqueness and approximation

In this section, we consider existence, uniqueness and approximation of (1.3). Some linear
fractional equations and nonlinear fractional integro-differential equations were studied in [5-8] and
for results on Ulam stability of fractional integro-differential equations see [9, 11-17]. Note Ulam
stability of differential equations was considered in [18-20,25,27-37]. Using a new method, CRM,
based on Theorem 1.11, we get a better stability and approximation (which improves an estimate
in [24]). We assume the following conditions hold:

(F1) w e C(0, p] x R%,R),n € C([0, p1. [0, p]), n(€) < & for every £ > 0.

(2) There exists 0 < ® < % such that

1L, 01, ) — u(d, k1, k2)

2
<@ ) [~ k)| foreach {€(0,pl 0k €R,j=12.
j=1

Theorem 2.1. Assume that (1) and (F3) are satisfied and suppose ¥ in C,_,,:a(0, p] satisfies (1.5)
and I (1): 13;A‘I’(O+) = Jo. Then, there exists a unique function ® satisfying (1.3), (1.4) such that

24 ((AQ) = AO)™M), 2.1)

0
[P~ ¥l < 7—55E

forevery { € (0, p].
Proof. Set B = Ci_»,.A(0, pl and let A : B x B — [0, +o0] be given by

A(p,0) = inf{C >0 p(0) = o)l < COZ4 (A — AO)Y) for ¢ € (O, p]}- (2.2)
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First we prove (8,A) is a [0, +oo]-valued metric space and then we prove the completeness. Let
A(p,0) > A(p,v) + A(v,0), for some p, 0 and v € B. Then, there exists {, € (0, p] such that

p(£o) = 0(Zo)l > (Alp, V) + A(v, 0))6E,, (A(L:) = A(O)™.

Thus

lo(Zs) = o(Zo)l
> |p(§o) - V(go)l + |(V(§o) - Q(§0)|7

a contradiction. For the completeness of (B, A), consider the Cauchy sequence w, in (8, A). Then, for
any € > 0 there exists an integer N, such that A(w,,, w,) < € for all m,n > K. In view of (2.2), we have

|wn(Q) = wa(O < €0 E,, (A — AO))" for every ¢ € (0, pl. (2.3)

Let £ € (0, p] be arbitrary and fixed, from (2.3) we can conclude in the reals that the sequence {w,({)}
is Cauchy and convergence. Then there is a w € 8 such that

w(f) = lim w,(5), (£ € (0, p). (2.4)
Using (2.3) and let m tend to oo, and we get
() — W] < €60y (A — AWO). (2.5)
Considering (2.2), we get
A(w, w,) <€,

i.e., w, = win (B, A) and shows the completeness of (B, A).
Letp € B. Define] : 8 — B as

J(p() (2.6)

(AQQ) — A0))s~! 1, 2l
T I+ Fos fo N E(AQ) = A (&, p&), p(1(£)))dE,

for each ¢ € (0, p]. Thus

00 — Tpo)
A _ A 0 A3—-1 1 e
(B@) a0 - fo N EDQ) — MO (&, plE). pnE))dé

I'(15) I'a
(A(Zo) — AO)Yb! 1 f“ , P
Jo — A A - A ! , , d
) "~ (O(AL) — AE)" (€, p(&), p((E)))dé

soJ : 8 — Bis continuous.
Next, we show that JJ is a contraction. Suppose p, 0 € Ci_4,:a(0, p], k € [0, +c0] and A(p({), 0({)) <
k. Thus

() = o) < kO E, ((AQ) = AO)™M).
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Using Remark 1.9 (see Remark 2.10 of [24]), for all { € (0, p], we have

56000 - S0t

1 e
< faﬁl:N@XMO—A@»“*m&mamm@m—u@@@xmmaw@f

IA

® 4
——ifN@M@—M&“%ﬁ%dﬂﬂWﬁ»&W@W&
) Jo

20 [k6] (¢
[{[N@MQ—MQMEMM@—MWM#
') Jo

< 20k0E,, (AQ) — AO)M).

<

Then we have

AJ(p), J(0) <20 Alp,0).

Now, () implies the contractively property of J.
Let ¥ € 8. Since J(¥) € B, we have that

(@) - o)

(AQ) - A
< F@*' L)

< 0E,(AQ) - AO)™"

1 4
Jo — f N (EAQ) — AOY" (&, (&), Y () dé
') Jo

A

for £ € (0, p], which implies that

AJY),¥P) < 1. 2.7)

and hence for every n € N we have A(J"(¥),J"*!(¥)) < +oco. From Theorem 1.11, option two,
De{ecB:AJY,0) < oo} is unique and JO = ®. Then

A@Q) - A0)"! 1 ([
() = LEO 2O, Olgw®mqrﬂgwﬂmauamm@m@ 2.8)

I'(43) I'(4

for every ¢ € (0, p], where I, é:MA(D(O*) =Jy €R.
Using Theorem 1.11 and (2.7), we have

IA

A(D, V) AJ(P),Y)

1-20
1

1-20°

which implies (2.1).
O
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3. Application

Example 3.1. Consider the following fractional system

{ A PPBOTSE Q1) = 0,25 arctan(D()) + 0.25 sin (cp (g)) SICRTR

13554 9(07) = B,

and the inequality

7 D700 - (600, 0(5))| < 0 Z0as(e - 10
Let ; =0.25,4, = 0.75, Then A3 = A; + 1,(1 = 1;) = 0.8125,p = 1, A(0) = €5, 1(0) = g,,u({, K1, K2) =
0.25 arctan(k;) + 0.25 sin (k;) for k1, k, € R, and ® = 0.25.

Now (%) follows since

'0.25 arctan (k;) + 0.25 sin (k) — 0.25 arctan (k) — 0.25 sin («5)

IA

'0.25 arctan (k1) — 0.25 arctan (x})

|

+ ‘0.25 sin (k) — 0.25 sin («5)

IA

K1 — K| + |k2 — K&

0.25 [

for every ki, k2, k], k5 € R.
Now, Theorem 2.1 implies that, problem (3.1) has a unique solution and also is UHML stable with

[P(0) — D) < 20E0,5((e" = 1)), £ €(0,1].

4. Concluding remarks

We applied the CRM to investigate the UHML stability of a class of A-Hilfer FDEs. Our method is
shorter and faster in comparison with the Picard method presented in [24] to obtain the existence and
uniqueness of the mentioned A-Hilfer FDE.
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