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1. Introduction and preliminaries

The proof of the existence and uniqueness theorem is due to Picard (1856–1941), who used an
iteration scheme that guarantees a solution under the conditions specified. In fact, Picard’s iteration
scheme was the first method to solve analytically nonlinear differential equations. The Picard
procedure is actually a practical extension of the Banach fixed point theorem, which is applicable to
continuous contractible functions. Since any differential equation involves an unbounded derivative
operator, the fixed point theorem is not suitable for it. To bypass this obstacle, Picard suggested
applying the (bounded) inverse operator D−1 to the first derivative D. Recall that the inverse D−1

called in the mathematical literature is the antiderivative.
In 1967, Diaz and Margolis proved the alternative fixed point theorem (FPT) for any contraction

mapping T on a generalized complete metric space X. The conclusion of the theorem, speaking in
general terms, asserts that: either all consecutive pairs of the sequence of successive approximations
(starting from an element x0 of X) are infinitely far apart, or the sequence of successive
approximations, with initial element x0 converges to a fixed point of T (what particular fixed point
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depends, in general, on the initial element x0). The present theorem contains as special cases both
Banach’s contraction mapping theorem for complete metric spaces, and Luxemburg’s contraction
mapping theorem for generalized metric spaces.

In 2007, Cădariu and Radu, through the Cădariu-Radu method (CRM) derived from the Diaz–
Margolis theorem, discussed the generalized Ulam-Hyers stability for functional equations in a single
variable, including nonlinear functional equations, linear functional equations, and a generalization of
functional equation for the square root spiral.

One of the applicable branches of mathematical analysis is Fractional Calculus which considers
integrals and derivatives of arbitrary order [1] so is an extension of integer-order calculus i.e., it unifies
and generalizes the notions of integer-order differentiation and n-fold integration; for more details
see [2–4].

Wang and et al. [21, 24], studied the following ∆-Hilfer fractional differential equation (FDE){
HD

λ1,λ2;∆
0+ Φ(ζ) = µ(ζ,Φ(ζ),Φ(η(ζ))), ζ ∈ (0, p],

I
1−λ3;∆
0+ Φ(0+) = J0, J0 ∈ R,

(1.1)

in which HD
λ1,λ2;∆
0+ (.) is the ∆-Hilfer fractional derivative of order 0 < λ1 ≤ 1 and type 0 ≤ λ2 ≤ 1,

I
1−λ3;∆
0+ (.) is the Riemann-Liouville fractional integral of order 1− λ3, λ3 = λ1 + λ2(1− λ1) with respect

to the function ∆ ( [22]), and µ : (0, p] × R2 −→ R is a given function.
Consider [`, ](0 ≤ ` <  < ∞) and the continuous functions space C[`, ] which includes all

continuous functions η : [`, ] −→ R such that

‖η‖C[`, ] = sup
`≤ð≤ 

|η(ð)|.

The weighted space C1−λ3;∆[`, ] of continuous η on (`, ] is defined by (see [23])

C1−λ3;∆[`, ] =

{
η : (`, ] −→ R; (∆(ð) − ∆(`))1−λ3η(ð) ∈ C[`, ]

}
, 0 ≤ λ3 < 1

with norm
‖η‖C1−λ3;∆[`, ] = sup

ð∈[`, ]

∣∣∣∣∣(∆(ð) − ∆(`))1−λ3η(ð)
∣∣∣∣∣.

Definition 1.1 ( [26]). Consider the interval (`, )(−∞ ≤ ` <  ≤ +∞) and λ1 > 0. In addition,
consider the increasing monotone map ∆(ð) > 0 on (`, ] which has a continuous derivative ∆′(ð) on
(`, ). For the mapping η, we define the fractional integrals w.r.t ∆, on [`, ] as

I
λ1;∆
`+ η(ð) =

1
Γ(λ1)

∫ ð

`

∆′(ζ)(∆(ð) − ∆(ζ))λ1−1η(ζ)dζ.

Definition 1.2 ( [26]). Let n−1 < λ1 < n(n ∈ N), 0 ≤ λ2 ≤ 1 and µ,∆ ∈ Cn[`, ] be mappings such that
∆ is non-decreasing and ∆′(ð) , 0 for any ð ∈ [`, ]. We define the ∆-Hilfer fractional derivative as

HD
λ1,λ2;∆
`+ η(ð) = I

λ2(n−λ1);∆
`+

( 1
∆′(ð)

d
dð

)n

I
(1−λ2)(n−λ1);∆
`+ η(ð).

Theorem 1.3 ( [26]). Let η ∈ C1[0, ], and λ2 ∈ [0, 1]. Then

HD
λ1,λ2;∆
0+ I

λ1;∆
0+ η(ð) = η(ð).
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Theorem 1.4 ( [26]). Let η ∈ C1[0, ] and λ2 ∈ [0, 1]. Then

I
λ1;∆
0+

HD
λ1,λ2;∆
0+ η(ð) = η(ð) −

(∆(ð) − ∆′(0))λ3−1

Γ(λ3)
I

(1−λ2)(1−λ1);∆
0+ η(0).

Lemma 1.5 ( [26]). Let α1, α2 > 0. If f (ζ) = (∆(ζ) − ∆(`))α2−1. Then

I
α1;∆
`+ f (x) =

Γ(α2)
Γ(α2 + α1)

(∆(ζ) − ∆(`))α1+α2−1. (1.2)

We study the FDE

H
D

λ1,λ2;∆
0+ Φ(ζ) = µ(ζ,Φ(ζ),Φ(η(ζ))), ζ ∈ (0, p], (1.3)

I
1−λ3;∆
0+ Φ(0+) = J0, J0 ∈ R, (1.4)

where µ ∈ C((0, p] × R2,R) and θ > 0 and consider the inequality∣∣∣∣∣HDλ1,λ2;∆
0+ Ψ(ζ) − µ(ζ,Ψ(ζ),Ψ(η(ζ)))

∣∣∣∣∣ ≤ θ Ξλ1((∆(ζ) − ∆(0))λ1), ζ ∈ (0, p], (1.5)

where Ξλ1 is the Mittag-Leffler function (see [22]) defined by

Ξλ1(Z) :=
∞∑

n=0

Zn

Γ(nλ1 + 1)
, Z ∈ C, <(λ1) > 0. (1.6)

Definition 1.6 ( [21]). Equations (1.3) and (1.4) have UHML stability with respect to Ξλ1((∆(ζ) −
∆(0))λ1) if there exists c > 0 such that, for each θ > 0 and each solution Ψ ∈ C1−λ3;∆(0, p] to (1.5) and
I

1−λ3;∆
0+ Ψ(0+) = J0, there exists a solution Φ ∈ C1−λ3;∆(0, p] to (1.3)-(1.4) with

|Ψ(ζ) − Φ(ζ)| ≤ c θ Ξλ1((∆(ζ) − ∆(0))λ1), ζ ∈ (0, p].

Remark 1.7. A mapping Ψ ∈ C1−λ3;∆[0, p] is a solution of (1.5) iff we can find a mapping h̃Ψ ∈

C1−λ3;∆(0, p] such that
(i) |h̃(ζ)| ≤ θΞλ1((∆(ζ) − ∆(0))λ1), ζ ∈ (0, p],
(ii) HD

λ1,λ2;∆
0+ Ψ(ζ) = µ(ζ,Ψ(ζ),Ψ(η(ζ))) + h̃(ζ), ζ ∈ (0, p].

Lemma 1.8 ( [23]). Consider the continuous map µ : (0, p] × R × R −→ R. Then (1.3) and (1.4) are
equivalent to

Φ(ζ) =
(∆(ζ) − ∆(0))λ3−1

Γ(λ3)
J0 +

1
Γ(λ1)

∫ ζ

0
∆′(ξ)(∆(ζ) − ∆(ξ))λ1−1µ(ξ,Φ(ξ),Φ(η(ξ)))dξ. (1.7)

Remark 1.9 ( [24]). Let Ψ ∈ C1−λ3;∆(0, p] be a solution of (1.5) and I 1−λ3;∆
0+ Ψ(0+) = J0. Then Ψ satisfies

the following integral inequality:∣∣∣∣∣Ψ(ζ) −
(∆(ζ) − ∆(0))λ3−1

Γ(λ3)
J0 −

1
Γ(λ1)

∫ ζ

0
∆′(λ1)(∆(ζ) − ∆(ξ))λ1−1µ(ξ,Ψ(ξ),Ψ(η(ξ)))dξ

∣∣∣∣∣
≤ θ Ξλ1((∆(ζ) − ∆(0))λ1).
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Remark 1.10. There are some slight mistakes and typos in [24]. In Definition 2.5 and Remark 2.6
in [24], the space C[−h, d] should be C[−h, 0] ∩C1−α;ψ[0, d]. For the precise definition needed in [24],
see Definition 1.6 and Remark 1.9 above. We note that the statement (some typos) and proof of
Theorem 3.1 in [24] is fine once X = C[−h, d] in [24] is replaced by C[−h, 0] ∩ C1−α;ψ[0, d] with the
norm (there was accidently a typo in relation to the norm in [24]) max{‖.‖C[−h,0], ‖.‖C1−α;ψ[0,d]}.

Theorem 1.11 ( [9]). Consider the complete [0,∞]-valued metric space (Y, d) and L : Y → Y satisfy

d(Ly,Lt) ≤ κd(t, y), κ ∈ (0, 1).

For y ∈ Y, there are two ways

(I) d(Lmy,Lm+1y) = ∞, ∀m ∈ N,

or
(II) there is m0 ∈ N such that:
(1) d(Lmy,Lm+1y) < ∞, ∀m ≥ m0;
(2) Lmy→ t∗ as fixed point of L;
(3) t∗ is unique in V = {t ∈ Y | d(Lm0y, t) < ∞};
(4) (1 − κ)d(t, t∗) ≤ d(t,Lt) for every t ∈ Y.

2. Existence, uniqueness and approximation

In this section, we consider existence, uniqueness and approximation of (1.3). Some linear
fractional equations and nonlinear fractional integro-differential equations were studied in [5–8] and
for results on Ulam stability of fractional integro-differential equations see [9, 11–17]. Note Ulam
stability of differential equations was considered in [18–20, 25, 27–37]. Using a new method, CRM,
based on Theorem 1.11, we get a better stability and approximation (which improves an estimate
in [24]). We assume the following conditions hold:

(F1) µ ∈ C((0, p] × R2,R), η ∈ C([0, p], [0, p]), η(ξ) ≤ ξ for every ξ ≥ 0.
(F2) There exists 0 < Θ < 1

2 such that∣∣∣∣∣µ(ζ, ϑ1, ϑ2) − µ(ζ, κ1, κ2)
∣∣∣∣∣ ≤ Θ

2∑
j=1

|ϑ j − κ j| for each ζ ∈ (0, p], ϑ j, κ j ∈ R, j = 1, 2.

Theorem 2.1. Assume that (F1) and (F2) are satisfied and suppose Ψ in C1−λ3;∆(0, p] satisfies (1.5)
and I 1−λ3;∆

0+ Ψ(0+) = J0. Then, there exists a unique function Φ satisfying (1.3), (1.4) such that

|Φ(ζ) − Ψ(ζ)| ≤
θ

1 − 2Θ
Ξλ1((∆(ζ) − ∆(0))λ1), (2.1)

for every ζ ∈ (0, p].

Proof. Set B = C1−λ3;∆(0, p] and let A : B × B → [0,+∞] be given by

A(ρ, %) = inf
{
{ ≥ 0 : |ρ(ζ) − %(ζ)| ≤ {θΞλ1((∆(ζ) − ∆(0))λ1) for ζ ∈ (0, p]

}
. (2.2)
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First we prove (B,A) is a [0,+∞]-valued metric space and then we prove the completeness. Let
A(ρ, %) > A(ρ, ν) + A(ν, %), for some ρ, % and ν ∈ B. Then, there exists ζ◦ ∈ (0, p] such that

|ρ(ζ◦) − %(ζ◦)| > (A(ρ, ν) + A(ν, %))θΞλ1(∆(ζ◦) − ∆(0))λ1 .

Thus

|ρ(ζ◦) − %(ζ◦)|
> |ρ(ζ◦) − ν(ζ◦)| + |(ν(ζ◦) − %(ζ◦)|,

a contradiction. For the completeness of (B,A), consider the Cauchy sequence ωn in (B,A). Then, for
any ε > 0 there exists an integer ℵε such that A(ωm, ωn) ≤ ε for all m, n ≥ ℵε . In view of (2.2), we have

|ωm(ζ) − ωn(ζ)| ≤ ε θ Ξλ1(∆(ζ) − ∆(0))λ1 for every ζ ∈ (0, p]. (2.3)

Let ζ ∈ (0, p] be arbitrary and fixed, from (2.3) we can conclude in the reals that the sequence {ωn(ζ)}
is Cauchy and convergence. Then there is a ω ∈ B such that

ω(ζ) := lim
n→∞

ωn(ζ), (ζ ∈ (0, p]). (2.4)

Using (2.3) and let m tend to∞, and we get

|ω(ζ) − ωn(ζ)| ≤ ε θ Ξλ1(∆(ζ) − ∆(0))λ1 . (2.5)

Considering (2.2), we get

A(ω,ωn) ≤ ε,

i.e., ωn → ω in (B,A) and shows the completeness of (B,A).
Let ρ ∈ B. Define J : B −→ B as

J(ρ(ζ)) (2.6)

=
(∆(ζ) − ∆(0))λ3−1

Γ(λ3)
J0 +

1
Γ(λ1)

∫ ζ

0
∆′(ξ)(∆(ζ) − ∆(ξ))λ1−1µ(ξ, ρ(ξ), ρ(η(ξ)))dξ,

for each ζ ∈ (0, p]. Thus

|J(ρ(ζ)) − J(ρ(ζ0))|

=

∣∣∣∣∣ (∆(ζ) − ∆(0))λ3−1

Γ(λ3)
J0 +

1
Γ(λ1)

∫ ζ

0
∆′(ξ)(∆(ζ) − ∆(ξ))λ1−1µ(ξ, ρ(ξ), ρ(η(ξ)))dξ

−
(∆(ζ0) − ∆(0))λ3−1

Γ(λ3)
J0 −

1
Γ(λ1)

∫ ζ0

0
∆′(ξ)(∆(ζ0) − ∆(ξ))λ1−1µ(ξ, ρ(ξ), ρ(η(ξ)))dξ

∣∣∣∣∣
so J : B −→ B is continuous.

Next, we show that J is a contraction. Suppose ρ, % ∈ C1−λ3;∆(0, p], k ∈ [0,+∞] and A(ρ(ζ), %(ζ)) ≤
k. Thus

|ρ(ζ) − %(ζ)| ≤ kθ Ξλ1((∆(ζ) − ∆(0))λ1).
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Using Remark 1.9 (see Remark 2.10 of [24]), for all ζ ∈ (0, p], we have∣∣∣∣∣J(ρ(ζ)) − J(%(ζ))
∣∣∣∣∣

≤
1

Γ(λ1)

∫ ζ

0
∆′(ξ)(∆(ζ) − ∆(ξ))λ1−1

∣∣∣∣∣µ(ξ, ρ(ξ), ρ(η(ξ))) − µ(ξ, %(ξ), %(η(ξ)))
∣∣∣∣∣dξ

≤
Θ

Γ(λ1)

∫ ζ

0
∆′(ξ)(∆(ζ) − ∆(ξ))λ1−1

[
|ρ(ξ) − %(ξ)| + |ρ(η(ξ)) − %(η(ξ))|

]
dξ

≤
2Θ [kθ]
Γ(λ1)

∫ ζ

0
∆′(ξ)(∆(ζ) − ∆(ξ))λ1−1Ξλ1((∆(ξ) − ∆(0))λ1)dξ

≤ 2ΘkθΞλ1((∆(ζ) − ∆(0))λ1).

Then we have

A(J(ρ), J(%)) ≤ 2Θ A(ρ, %).

Now, (F2) implies the contractively property of J.
Let Ψ ∈ B. Since J(Ψ) ∈ B, we have that∣∣∣∣∣J(Ψ(ζ)) − Ψ(ζ)

∣∣∣∣∣
≤

∣∣∣∣∣Ψ(ζ) −
(∆(ζ) − ∆(0))λ3−1

Γ(λ3)
J0 −

1
Γ(λ1)

∫ ζ

0
∆′(ξ)(∆(ζ) − ∆(0))λ1−1µ(ξ,Ψ(ξ),Ψ(η(ξ)))dξ

∣∣∣∣∣
≤ θ Ξλ1(∆(ζ) − ∆(0))λ1

for ζ ∈ (0, p], which implies that

A(J(Ψ),Ψ) ≤ 1. (2.7)

and hence for every n ∈ N we have A(Jn(Ψ), Jn+1(Ψ)) < +∞. From Theorem 1.11, option two,
Φ ∈ {σ̃ ∈ B : A(JΨ, σ̃) < ∞} is unique and JΦ = Φ. Then

Φ(ζ) =
(∆(ζ) − ∆(0))λ3−1

Γ(λ3)
J0 +

1
Γ(λ1)

∫ ζ

0
∆′(ξ)(∆(ζ) − ∆(ξ))λ1−1µ(ξ,Φ(ξ),Φ(η(ξ)))dξ, (2.8)

for every ζ ∈ (0, p], where I 1−λ3;∆
0+ Φ(0+) = J0 ∈ R.

Using Theorem 1.11 and (2.7), we have

A(Φ,Ψ) ≤
1

1 − 2Θ
A(J(Ψ),Ψ)

≤
1

1 − 2Θ
,

which implies (2.1).
�
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3. Application

Example 3.1. Consider the following fractional system HD
0.25,0.75;eζ

0+ Φ(ζ) = 0.25 arctan(Φ(ζ)) + 0.25 sin
(
Φ

(
ζ

2

))
, ζ ∈ (0, 1],

I
0.8125;eζ

0+ Φ(0+) = Φ0,
(3.1)

and the inequality ∣∣∣∣∣HD0.25,0.75;eζ

0+ Φ(ζ) − µ
(
ζ,Φ(ζ),Φ

(
ζ

2

)) ∣∣∣∣∣ ≤ θ Ξ0.25((eζ − 1)0.25)

Let λ1 = 0.25, λ2 = 0.75, Then λ3 = λ1 + λ2(1− λ1) = 0.8125, p = 1,∆(ζ) = eζ , η(ζ) =
ζ

2
, µ(ζ, κ1, κ2) =

0.25 arctan(κ1) + 0.25 sin (κ2) for κ1, κ2 ∈ R, and Θ = 0.25.
Now (F2) follows since∣∣∣∣∣0.25 arctan (κ1) + 0.25 sin (κ2) − 0.25 arctan

(
κ′1

)
− 0.25 sin

(
κ′2

) ∣∣∣∣∣
≤

∣∣∣∣∣0.25 arctan (κ1) − 0.25 arctan
(
κ′1

) ∣∣∣∣∣ +

∣∣∣∣∣0.25 sin (κ2) − 0.25 sin
(
κ′2

) ∣∣∣∣∣
≤ 0.25

[∣∣∣∣∣κ1 − κ
′
1

∣∣∣∣∣ +

∣∣∣∣∣κ2 − κ
′
2

∣∣∣∣∣] ,
for every κ1, κ2, κ

′
1, κ
′
2 ∈ R.

Now, Theorem 2.1 implies that, problem (3.1) has a unique solution and also is UHML stable with

|Ψ(ζ) − Φ(ζ)| ≤ 2θΞ0.25((eζ − 1)0.25), ζ ∈ (0, 1].

4. Concluding remarks

We applied the CRM to investigate the UHML stability of a class of ∆-Hilfer FDEs. Our method is
shorter and faster in comparison with the Picard method presented in [24] to obtain the existence and
uniqueness of the mentioned ∆-Hilfer FDE.
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