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Abstract: In this paper, we investigate the problem of energy equality of the two and three dimensional
compressible Navier-Stokes-Korteweg equations with general pressure law. By using the commutator
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1. Introduction

The compressible Navier-Stokes-Korteweg (N-S-K) equations have been studied extensively in
various fields due to its physical importance, complexity, rich phenomena and mathematical challenges.
In this paper, we consider the N-S-K equations with general pressure law in the form

0,(pu) + div(pu ® u) + Vp(p) = div(uDu) + V(Adivu) + divk, (1.1)
0,0 + div(pu) = 0, (1.2)

with initial data
Pli=o = po(x), puli=o = po(X)ug(x). (1.3)

Here p denotes the density, u the velocity, p(p) the general pressure, which will be specified later.
D = %[Vu + VTu] stands for the deformation tensor, where Vu denotes the gradient matrix (9;u’) of
u and V' u is transpose. The positive constants u, A stand for the viscosity coefficients. The Korteweg
stress tensor K is given by

1
K= E(pk'(p) + k(E)IVpI* + pr(p)Ap | T~ k(p)Vp ® Vp,
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where k = k(p) > 0 is the coefficient of capillarity. The capillarity coefficient is a regular function
which describes the phase transition. I denotes the identity matrix and Vp ® Vp stands for the tensor
product (8;00p) x. For the sake of simplicity, we will consider the periodic interval (0,7T) x T¢ for
some fixed time 7" > 0 in the dimensions two and three.

This compressible fluid model endowed with internal capillarity (Korteweg type) was first
theoretically proposed by Korteweg [1]. However, the rigorous mathematical analysis did not take
place until its modern form strictly from thermodynamics derived by Dunn-Serrin [2] in 1990s.
Systems of Korteweg type arise in the simulation of several physical phenomena, such as capillarity
phenomena in fluids with diffusing interfaces, in which the density undergoes a steep but still smooth
changes of value. Owing to its importance in mathematics and physics, there are numerous works
dedicated to the study of systems (1.1) and (1.2), involving local and global classical solutions [3, 4],
local strong solutions [5], global weak solutions [6, 7], global strong solutions [8], long-time
behavior [9-14] and blow-up results [15-17]. On the other hand, it is worth mentioning that
Debiec et al. [18] obtained an Onsager-type sufficient regularity condition for the conservation of weak
solutions of the compressible Euler-Korteweg systems by using the strategies of Constantin et al. [19]
and Feireisl et al. [20].

When « = 0, systems (1.1) and (1.2) reduces to the famous compressible Navier-Stokes equations.
There is a huge literature on the existence, blow-up and large-time behavior of the solutions (see [21-
27]). Concerning the energy equality of the incompressible or compressible N-S equations, there have
been a few results in recent years. More precisely, in the context of the incompressible N-S equations,
the pioneering work was done by Serrin [28]. He proved the energy equality for weak solutions under
the condition u € L*(0, T; LY(T%)) with 2 + ? < 1, g > d and d is the dimension of space. Later,
Shinbrot [29] removed the dimensional dependence and improved the condition to % + %] <1,q=>4
For the compressible N-S equations, Yu [30] proved that the energy is conserved if the velocity u
satisfies L} L? condition and the density p is bounded, meanwhile jp € L¥(0,7;H'). The results
of Akramov et al. [31] further supplemented Yu’s results [30] by assuming that p and u have some
differential regularity in time. Recently, by using a different approach, Nguyen et al. [32] obtained
the energy conservation under a different set of regularity conditions. The advantage of their approach
is that the temporal regularity of density can be avoided and milder conditions can be obtained. In
addition, it is worth pointing out that Liang [33] and Berselli-Chiodaroli [34] recently derived the
energy conservation criteria via the regularity of velocity and its gradient.

Regarding the study of energy equality for systems (1.1) and (1.2), only few results are available
in the literature since several mathematical difficulties appear in the analysis. The strong nonlinearity
in the higher order derivatives determined by the Korteweg term is the major difficulty. To get round
this difficulty, several regularities of density inevitably need to be required. In the current article,
we provide modest sufficient conditions on the regularity of weak solutions to ensure the energy
conservation. Inspired by the works of Nguyen et al. [32], Liang [33] and Leslie-Shvydkoy [35], a
suitable test function 22 is used instead of u®, where the convolution is performed only in spatial
variable. So time regularity of the density could be ignored. However, to compensate, vacuum must
be excluded, or at least assume that the inverse density is inherently bounded. Our main result in this
paper can be listed as follows.
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Theorem 1.1. Let Q = T¢(d = 2,3) and (p,u) be a weak solution of N-S-K with initial data (1.3).
Assume that

0<a<p(t,x) <B < oo, Vp,Ap(t,x) € L*((0,T) x T%),
p € C(0,00),k € C*(0, ), (1.4)
u € L2((0,T); L*(T%) N L*((0, T); H'(T%),u € L*((0, T) x (T%)).

where a, B are positive constants. Then the energy equality holds, i.e.,

1 1 ! !
f (§p|u|2+h(p)+EK(p)|Vp|2)(x,t)dx+ f f ulDu*dxds + f f Aldivu|*dxds
Td 0 Td 0 Td

1 1
= f ) (5P0|M0|2+h(/00)+EK(PO)|VP0|2)C1X, Vie(0,T), (1.5)
T

where h(p) is defined by

¥
h(p) = p fl %dn (1.6)

Remark 1.1. If we have
u e LP((0,T); LY(T?)) with

then by interpolation, it follows that

1-
||u||L4((O,T)XT3) < C”u”LpEl(O,T);Lq(T3))||M||Z°°((O,T);LZ(T3))

for some a € (0, 1). The result of Theorem 1.1 is also valid with the above assumption on the velocity.

Throughout the paper, C denotes generic constants, which may depend on d, T, l|pllz~(0.r)x),
”é”L“’((O,T)XQ) and other scalar parameters.

The rest of the paper is organized as follows. In Section 2, we fix some symbols and give the
definition of weak solutions of systems (1.1) and (1.2). Some useful estimates are collected for the
proofs of our result. Section 3 is devoted to proving Theorem 1.1.

2. Preliminaries
Let 7: RY — R denote the standard mollifying kernel in R?. For any & > 0, we set 7°(x) = ﬁn (i) .
1

1o (£2), 1ts mollified version is defined as

For any function f € L

0= e = [ fe-pron, xeq.

where Q. = {x € Q : d(x,0Q) > &}.
The definition of weak solution for systems (1.1) and (1.2) is as follows.
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Definition 1. (weak solution) We say that (p, u) is a weak solution to systems (1.1) and (1.2) with
initial data given in (1.3), if it satisfies

ey

T
ff(5z¢-p+pu-Vgo)dxdt:O
0o Ja

for any test function ¢ € C°(2 X (0, 7).
(2)

T
f f(pu‘(?tgo+pu®u:Vgo+p(p)V~go
0 Ja
—uDu : Vo — AV -u)(V-¢)— K- Vep)dxdt =0
for any test vector field ¢ € C7(Q x (0, T))“.
B) p(, 1) = ppin D'(Q)ast — 0, i.e,

lim f p(x, D) = f po(Xp()dx
=0 Ja Q

for any test function ¢ € C7°(Q).
4) (pu)(-, 1) = poug in D'(Q) ast — 0, i.e.,

lirg f (ou)(x, Dp(x)dx = f (pouto)(x)p(x)dx
=0 Ja Q

for any test vector field ¢ € Cy(Q)%.
Next, we introduce three lemmas about the properties of mollifiers.

Lemma2.1. [32]Let2<deN,1<p,g<coand f:(0,T)xT¢ — R.
(1) Assume f € LP(0, T; LY(T¢)). Then for any & > 0, there holds

_d

N ero.r:rocrey < C& 4l fllLro. 120974y,
—1-4

IVl o rioey £ Ce™ "l fllro,r:racrey)-

(2) Assume f € LP(0, T; LY(T¢)). Then for any & > 0, there holds

-1
IV £l oo.7:00cxey < C& N fllLro.r:19cT4y)-
Moreover, if p, g < co then

lim sup SllvfgllLP(O,T;Lq(Td) =0.
-0
(3) Assume f € LP(0,T; LY(T9)and g : (0,T) x T¢ — Rwith 0 < ¢; < g < ¢, < 0. Then for any
g > 0, there holds

fe »
E < C(er, e N fllro.ry:zacray)-

LP(0,T;L4(T9))
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Moreover, if p, g < oo, then

vl -0,

8% lLro.1:La(74)
(4) Assume f € L*(0, T; H'(T?)), then for any £ > 0, there holds

limsup

e—0

-1
IV N2 me0my < Ce N fll2o.r:m 12))-
Moreover, for any r € [1, 2], it follows that
hm Sup 8||Vf8||Lr(0,T;Loo(T2) = 0

-0
Lemma 2.2. [32] Let p,p; € [l,00) and p, € (1,o0] with % = p% + piz. Assume f €
LP1((0,T); Whri(T9)) and g € LP2((0, T) x (T%)). Then for any & > 0, there holds
||(fg)‘9 - fggglle(((),T)XTd) <Ce ||f||L171 ((0,T); WhpP1(TdY) ||g||Lpz((0,T)><(Td)) .
Moreover, if p < oo then

lim sup g I(fe) — fsgSHLP((O,T)XT”’) = 0.

e—0

Lemma 2.3. [33] Assume that 0 < & < p(t, x) < 8 < oo and u € W'P(T?) with p € [1, oo]. Then

< Cl|Vullppray.-
LP(T9)

By the same proof as the Lemma 2.3 in [18], we have

&

Lemma 2.4. Let 1 < g < oo and suppose v € L((0,T) x T¢) and f € C'(0, o), if sup g—f L0y <
co. Then there exists a constant C > 0 such that
If(®) - fa(v)”L’I((O,T)de) < Csup f|[v°(t, x) — v(t, X))l aqo.1)erey -
Moreover, if g < oo, then
tim sup 1/ @) = F*@llzso.rpexs) = 0- 2.1)
Proof. We observe by Taylor’s theorem that
lf @@, %) — f(u@, )| < |z, ) @@, x) = vz, ), (2.2)
where the constant C can be chosen independently of x. Similarly,
|f @, y) = f@, ) < |f W, x)) (i, y) - v(t, 0)l . (2.3)
Applying the convolution with respect to y to (2.3), and then invoking Jensen’s inequality, we have
|/, %) = fu@, )] < |, 0) @, x) - v, X))l (2.4)

Summing up (2.2) and (2.4), using Minkowski and Holder inequalities, we conclude that

If@°(, X)) = £t )| pa0.7)574)

1

<2 ( f () L (u(t, 0)((t, x —y) — v(t, X))quxdtdy)q
supp n° ((0,7)xT?)

< Csup f |lv*(2, x) — v(t, X))l ao.ryxre) »
which implies (2.1) by density. This completes the proof of Lemma 2.4. O
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3. Proof of Theorem 1.1
By smoothing the momentum Eq (1.1) in space, we obtain
0,(pu)® + div(pu @ u)® + Vp®(p) = div(uDu)® + V(Adivu)® + divK®(p, Vo, Ap) 3.1

for any 0 < & < 1. Here

1
K(p,Vp,Ap) = (E(pk'(p) + k()| Vpl* + PK(,O)AP)JI — k(p)Vp ® Vp, (3.2)
and
K*(p, Vp, Ap) = K(p, Vp, Ap) = 11°.
Multiplying (p”) on both sides of (3.1) and then integrating on (7,1) X T¢, for 0 < 7 < t < T, we have

0= f (Z)gat(pu)gdxds + f (ou )sdlv(pu®u)8dxds + f f o )SVP “(p)dxds
T JT¢

- f (pu) div(uDu)*dxds — f (pu) V(Adivu)®dxds
T JT4 p T JT¢ p

t £
_ f f U ivK#(p. Vp. Ap)dxds := A+ B+ D+ E+F +G. (3.3)
T Td pg

In what follows, we are going to estimate them one by one.
Estimate of term A
We mollify the continuity Eq (1.2) as

0,0° + div(pu)® = 0. (3.4)
Using (3.4) and integration by parts, we compute that

1 l(ow)*|? L low?
_Efrfwat( e )dxds—il‘fwdlv(pu) ) dxds

=A + A,

We see that A; is the desired term while A, could be canceled with the term B later.
Estimate of term B

B = f f (/Z?gdiv[(pu Q u)® — (pu)°® ® uldxds + f (/70 u)® div(pu)® ® u*]dxds
T JT e e

— f f \Y ((pi)g) [(ou ® u)® — (ou)® @ u®]dxds + f ('DL?S div[(pu)® ® u®]dxds
T JTd T4

12
—Bl+ff l(p)ldd+ ff — Vl(ou)*I*dxds
Td
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£12
_Bl+ff I(pu) | ———dxds ——ffdlv( )|(pu) *dxds
Td Td
=B + ! ftf divusl(pu)slzdxds ! ftf u°v (i)l(pu)slzdxds
2 T JTd p° 2 T JTd o
t g2
=B + %j; de diV(pgus)l(g?)zl dxds
1 t ) . . 8 |(p ).9|2 t €|(P )8|2
:Bl+iﬁﬁddlv[(pu)—(pu) (p)zdd +2‘£fd v(ou) ToE

a1 e (7o) 1 o lew?P
=B zl fw[(p u®) — (pu) ]V( o) )dxds+ ZI ﬁddlku) ) dxds

:= By + B, + Bs.

dxds

It is obvious that A, + B; = 0. Next, we show that

limsup limsup |B;| = 0, and limsup limsup |B,| =

e—0 -0 -0 -0

For the term B;, by Holder inequality, we arrive at

! &
IB)| = f f v ((’”3 ) [(ou ® u)® — (o)’ ® u]dxds
T JT¢ Y
(pu)8 & 5 8
= ”V LA((0,T)xT4) Wu @ u) (pu)” @ ”L3 (0,1)xT?) *

Let’s consider the case d = 2 firstly. Owing to the Gagliardo-Nirenberg inequality, we infer that

||u||L4((O T)xT?) < C||u||L2((0 T), W Z(Tz))”u“L“((O T); L2(T2))’ (3'5)
which gives u € L*((0, T) x T?). Meanwhile, thanks to Lemma 2.1 (3) and Lemma 2.2, we deduce that

lim sup lim sup |B;| = 0. (3.6)

e—0 70

For the case d = 3, we have the assumption u € L*((0,T) x T°). In the same manner, we could also
deduce (3.6).
For the term B,, using Holder inequality and Lemma 2.1 (3), we have

|(pw)°?
(p°)?

-1
<Ce ||M||L4((0,T)><Td) ll(ou)® — PsMSHLz((o,T)XTd) s

|By| < C ||V ||p8bt8 - (Pu)sllLZ((o,T)de)

L2((0,T)xT9)

which, together with Lemma 2.2, gives

lim sup lim sup |B,| = 0

-0 -0
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Estimate of term D
First of all, by definition of h(p), we get

p(p) = ph'(p) = h(p).

We compute D as

:ftf (pu)gV[pg(p)—p(pg)]dxds+ff (pM)SVp(pg)dxds
v Jre p° ¢ Jre p°

- [ [ B - peasas+ [ [ Lwn ) - hpsds
r Jdrd P r Jrd P

- f | f diV((’ZZ)S)[p€<p>—p<p£>]dxds+ f t f (pu)* V(K (p))dxds
T JT2 T JTd

= D1 + D2.

We show that D; converges to 0, as &,7 — 0 firstly. The term D, could be estimated together with G,
later. For the term D, by means of Holder inequality and Lemma 2.3, we have

|Dy| =

: u © & &
le((p 8) )[p (p) — p(p*)ldxds
T2 P
< ClIVull 20,11 1P° (0) = PO 20, 1)%74)

due to p € L¥((0,T) x T%). Since p € C'(0, o), it yields from Lemma 2.4 with f = p that

lim sup limsup |Dy| = 0

-0 -0

Estimate of term £

f f O div(uDuyedxds
f f (p”)g— u le(,UDI/t)SdXdS_ f f div(uDu)u®dxds
Td
f f (Pu)s p dlv(,u]]D)u)‘gdxdsJr f f pIDu°dxds
T JT¢

=E +E,.

E, is our expected term. By Holder inequality and Lemma 2.1 (2), E; could be estimated as

(pu)s _ psus

|IE\| < C ||diV(#DM)€||L2((o,T)de) 0F

L2((0,T)xT9)

-1
< Ce  |IVullp2o,7yxre) lI(ow)® — pEMEHLZ((O,T)de) .
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Noting that Vu € L*((0,T) x T¢) and p € L*((0, T) x T¢) and using Lemma 2.2, we have

lim sup lim sup |E;| = O.

-0 -0

Estimate of term F

4 &
F=- f f O G Adivieydxds
¢t Jme p°

¢ & _ &8 4
— _f f (pu)—puV(/ldivu)gdxds —f f V(Adivu)®u®dxds
T Td p&‘ T Td

1 E _ NE4E !
- _ f MV(,{divu)sdxds+ f f Aldivu®[*dxds
r Je p° r J1d

=F, + F,.

F is the desired term. Similar to the estimate of E;, we check that

lim sup lim sup |F;| = O.

-0 -0

Estimate of term G
Applying div to (3.2), one obtains

divK(p, Vp, Ap) = —pV (%K'(}O)IV;OI2 - diV(K(p)Vp)) :

where we have used the fact divl = V. According to (3.7), the term G can be written as

! &
G=- f f OO v K= (p. V. Ap)dxds
¢ Jrd p°

t &
—= [ [ B vk . Vo, 00 - K Vo o s
T JTd

! &
- f OU) K (p°. V", Ap®)dixds
r Jm p?f

[ L

+ f f (pu)EV(%K’(pg)nglz—diV(K(pg)Vpg))dxds
T JTd

) [K®(p, Vo, Ap) — K(p®, Vp®, Ap®)]dxds

=G + G,

Applying Lemma 2.3, the term G, can be estimated similarly to D, and thus we get

1G1l =

f f V(%) [K*(p, Vo, Ap) — K(o°, Vp?, Ap?)]dxdss
T JT?

(3.7)
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< C||VM||L2((0,T)de)||KS(P, Vp, Ap) — K(p°, Vp©, A/08)||L2((0,T)><1rd)

thanks to p € L¥((0, T) x T%), Vp, Ap € L*((0, T) x T%)). Since k € C*(0, c0), it yields from Lemma 2.4
with f = K that

lim sup lim sup |G| = 0.

-0 70

It remains to estimate the term G,. To this end, combining with D,, we obtain
! 1
D, + G, = f f (ou)°V (h'(ps) + zk’(p's)w,o'sl2 - diV(K(pS)VpS)) dxds
T JTd
! 1
= — f f div(pu)® (h’(p‘g) + EK’(pa)|Vp8|2 - diV(K(p‘g)Vp‘S)) dxds
T JTd
! 1
- f f d,p° (h'(pg) + EK'(pE)IVp€|2 - diV(K(pg)Vpg)) dxds
T JT¢
t 1 t
= f f 0, (h(pg) + EK(pS)IVp‘EF)) dxds — f f div (k(p®°)Vp®0,0%) dxds
T JT9 T JT9
! 1
_ f f 0, (h(pg) + —K(p's)|Vp'S|2)) dxds.
T JTd 2

Collecting the above estimates Ay, E,, F», D,, G, and putting them into (3.3), we eventually deduce

that
' 1 |(ou)°? 1 )
0| = + h(p®) + =k(p®)|Vo°|" | dxds
T JTd 2 o 2

! !
+ f f uDufPdxds + f f Aldivu®*dxds
T JTd T JTd

This completes the proof of Theorem 1.1.

lim sup lim sup

e—0 -0

=0.

4. Conclusions

In this paper, we study the energy conservation of the compressible Navier-Stokes-Korteweg
equations with general pressure law in a periodic domain T¢ with d = 2,3. By using the commutator
estimation to deal with the nonlinear terms, we obtain the sufficient conditions for the regularity of
weak solutions to conserve the energy. We extend the results of Nguyen et al. [32] and Liang [33] from
the compressible N-S equations to the N-S-Korteweg equations.
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