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1. Introduction

The compressible Navier-Stokes-Korteweg (N-S-K) equations have been studied extensively in
various fields due to its physical importance, complexity, rich phenomena and mathematical challenges.
In this paper, we consider the N-S-K equations with general pressure law in the form

∂t(ρu) + div(ρu ⊗ u) + ∇p(ρ) = div(µDu) + ∇(λdivu) + divK, (1.1)

∂tρ + div(ρu) = 0, (1.2)

with initial data

ρ|t=0 = ρ0(x), ρu|t=0 = ρ0(x)u0(x). (1.3)

Here ρ denotes the density, u the velocity, p(ρ) the general pressure, which will be specified later.
D = 1

2 [∇u + ∇T u] stands for the deformation tensor, where ∇u denotes the gradient matrix (∂iu j) of
u and ∇T u is transpose. The positive constants µ, λ stand for the viscosity coefficients. The Korteweg
stress tensor K is given by

K =

(
1
2

(ρκ′(ρ) + κ(ρ))|∇ρ|2 + ρκ(ρ)∆ρ
)
I − κ(ρ)∇ρ ⊗ ∇ρ,
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where κ = κ(ρ) > 0 is the coefficient of capillarity. The capillarity coefficient is a regular function
which describes the phase transition. I denotes the identity matrix and ∇ρ ⊗ ∇ρ stands for the tensor
product (∂ jρ∂kρ) jk. For the sake of simplicity, we will consider the periodic interval (0,T ) × Td for
some fixed time T > 0 in the dimensions two and three.

This compressible fluid model endowed with internal capillarity (Korteweg type) was first
theoretically proposed by Korteweg [1]. However, the rigorous mathematical analysis did not take
place until its modern form strictly from thermodynamics derived by Dunn-Serrin [2] in 1990s.
Systems of Korteweg type arise in the simulation of several physical phenomena, such as capillarity
phenomena in fluids with diffusing interfaces, in which the density undergoes a steep but still smooth
changes of value. Owing to its importance in mathematics and physics, there are numerous works
dedicated to the study of systems (1.1) and (1.2), involving local and global classical solutions [3, 4],
local strong solutions [5], global weak solutions [6, 7], global strong solutions [8], long-time
behavior [9–14] and blow-up results [15–17]. On the other hand, it is worth mentioning that
Dȩbiec et al. [18] obtained an Onsager-type sufficient regularity condition for the conservation of weak
solutions of the compressible Euler-Korteweg systems by using the strategies of Constantin et al. [19]
and Feireisl et al. [20].

When κ = 0, systems (1.1) and (1.2) reduces to the famous compressible Navier-Stokes equations.
There is a huge literature on the existence, blow-up and large-time behavior of the solutions (see [21–
27]). Concerning the energy equality of the incompressible or compressible N-S equations, there have
been a few results in recent years. More precisely, in the context of the incompressible N-S equations,
the pioneering work was done by Serrin [28]. He proved the energy equality for weak solutions under
the condition u ∈ Ls(0,T ; Lq(Td)) with 2

s + d
q ≤ 1, q > d and d is the dimension of space. Later,

Shinbrot [29] removed the dimensional dependence and improved the condition to 2
s + 2

q ≤ 1, q ≥ 4.
For the compressible N-S equations, Yu [30] proved that the energy is conserved if the velocity u
satisfies Lp

t Lq
x condition and the density ρ is bounded, meanwhile

√
ρ ∈ L∞(0,T ; H1). The results

of Akramov et al. [31] further supplemented Yu’s results [30] by assuming that ρ and u have some
differential regularity in time. Recently, by using a different approach, Nguyen et al. [32] obtained
the energy conservation under a different set of regularity conditions. The advantage of their approach
is that the temporal regularity of density can be avoided and milder conditions can be obtained. In
addition, it is worth pointing out that Liang [33] and Berselli-Chiodaroli [34] recently derived the
energy conservation criteria via the regularity of velocity and its gradient.

Regarding the study of energy equality for systems (1.1) and (1.2), only few results are available
in the literature since several mathematical difficulties appear in the analysis. The strong nonlinearity
in the higher order derivatives determined by the Korteweg term is the major difficulty. To get round
this difficulty, several regularities of density inevitably need to be required. In the current article,
we provide modest sufficient conditions on the regularity of weak solutions to ensure the energy
conservation. Inspired by the works of Nguyen et al. [32], Liang [33] and Leslie-Shvydkoy [35], a
suitable test function (ρu)ε

ρε
is used instead of uε, where the convolution is performed only in spatial

variable. So time regularity of the density could be ignored. However, to compensate, vacuum must
be excluded, or at least assume that the inverse density is inherently bounded. Our main result in this
paper can be listed as follows.
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Theorem 1.1. Let Ω = Td(d = 2, 3) and (ρ, u) be a weak solution of N-S-K with initial data (1.3).
Assume that 

0 < α ≤ ρ(t, x) ≤ β < ∞,∇ρ,∆ρ(t, x) ∈ L2((0,T ) × Td)),

p ∈ C1(0,∞), κ ∈ C2(0,∞),

u ∈ L∞((0,T ); L2(Td)) ∩ L2((0,T ); H1(Td)), u ∈ L4((0,T ) × (T3)).

(1.4)

where α, β are positive constants. Then the energy equality holds, i.e.,∫
Td

(
1
2
ρ|u|2 + h(ρ) +

1
2
κ(ρ)|∇ρ|2

)
(x, t)dx +

∫ t

0

∫
Td
µ|Du|2dxds +

∫ t

0

∫
Td
λ|divu|2dxds

=

∫
Td

(
1
2
ρ0|u0|

2 + h(ρ0) +
1
2
κ(ρ0)|∇ρ0|

2
)

dx, ∀ t ∈ (0,T ), (1.5)

where h(ρ) is defined by

h(ρ) = ρ

∫ ρ

1

p(r)
r2 dr. (1.6)

Remark 1.1. If we have

u ∈ Lp((0,T ); Lq(T3)) with


2
p + 2

q = 1, q ≥ 4,

1
p + 3

q = 1, 3 < q < 4,

then by interpolation, it follows that

‖u‖L4((0,T )×T3) ≤ C‖u‖1−a
Lp((0,T ); Lq(T3))‖u‖

a
L∞((0,T ); L2(T3))

for some a ∈ (0, 1). The result of Theorem 1.1 is also valid with the above assumption on the velocity.

Throughout the paper, C denotes generic constants, which may depend on d, T , ‖ρ‖L∞((0,T )×Ω),
‖ 1
ρ
‖L∞((0,T )×Ω) and other scalar parameters.
The rest of the paper is organized as follows. In Section 2, we fix some symbols and give the

definition of weak solutions of systems (1.1) and (1.2). Some useful estimates are collected for the
proofs of our result. Section 3 is devoted to proving Theorem 1.1.

2. Preliminaries

Let η: Rd → R denote the standard mollifying kernel in Rd. For any ε > 0, we set ηε(x) = 1
εd η

(
x
ε

)
.

For any function f ∈ L1
loc(Ω), its mollified version is defined as

f ε(x) = ( f ∗ ηε)(x) =

∫
Rd

f (x − y)ηε(y)dy, x ∈ Ωε,

where Ωε = {x ∈ Ω : d(x, ∂Ω) > ε}.
The definition of weak solution for systems (1.1) and (1.2) is as follows.
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Definition 1. (weak solution) We say that (ρ, u) is a weak solution to systems (1.1) and (1.2) with
initial data given in (1.3), if it satisfies

(1) ∫ T

0

∫
Ω

(∂tϕ · ρ + ρu · ∇ϕ)dxdt = 0

for any test function ϕ ∈ C∞0 (Ω × (0,T )).
(2) ∫ T

0

∫
Ω

(ρu · ∂tϕ + ρu ⊗ u : ∇ϕ + p(ρ)∇ · ϕ

− µDu : ∇ϕ − λ(∇ · u)(∇ · ϕ) − K · ∇ϕ)dxdt = 0

for any test vector field ϕ ∈ C∞0 (Ω × (0,T ))d.

(3) ρ(·, t) ⇀ ρ0 inD′(Ω) as t → 0, i.e.,

lim
t→0

∫
Ω

ρ(x, t)ϕ(x)dx =

∫
Ω

ρ0(x)ϕ(x)dx

for any test function ϕ ∈ C∞0 (Ω).
(4) (ρu)(·, t) ⇀ ρ0u0 inD′(Ω) as t → 0, i.e.,

lim
t→0

∫
Ω

(ρu)(x, t)ϕ(x)dx =

∫
Ω

(ρ0u0)(x)ϕ(x)dx

for any test vector field ϕ ∈ C∞0 (Ω)d.

Next, we introduce three lemmas about the properties of mollifiers.

Lemma 2.1. [32] Let 2 ≤ d ∈ N, 1 ≤ p, q ≤ ∞ and f : (0,T ) × Td → R.
(1) Assume f ∈ Lp(0,T ; Lq(Td)). Then for any ε > 0, there holds

‖ f ε‖Lp(0,T ;L∞(Td) ≤ Cε−
d
q ‖ f ‖Lp(0,T ;Lq(Td)),

‖∇ f ε‖Lp(0,T ;L∞(Td) ≤ Cε−1− d
q ‖ f ‖Lp(0,T ;Lq(Td)).

(2) Assume f ∈ Lp(0,T ; Lq(Td)). Then for any ε > 0, there holds

‖∇ f ε‖Lp(0,T ;Lq(Td) ≤ Cε−1‖ f ‖Lp(0,T ;Lq(Td)).

Moreover, if p, q < ∞ then

lim sup
ε→0

ε‖∇ f ε‖Lp(0,T ;Lq(Td) = 0.

(3) Assume f ∈ Lp(0,T ; Lq(Td)) and g : (0,T ) × Td → R with 0 < c1 ≤ g ≤ c2 < ∞. Then for any
ε > 0, there holds ∥∥∥∥∥∇ f ε

gε

∥∥∥∥∥
Lp(0,T ;Lq(Td))

≤ C(c1, c2)ε−1‖ f ‖Lp((0,T );Lq(Td)).
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Moreover, if p, q < ∞, then

lim sup
ε→0

ε

∥∥∥∥∥∇ f ε

gε

∥∥∥∥∥
Lp(0,T ;Lq(Td)

= 0.

(4) Assume f ∈ L2(0,T ; H1(T2)), then for any ε > 0, there holds

‖∇ f ε‖L2(0,T ;L∞(T2) ≤ Cε−1‖ f ‖L2(0,T ;H1(T2)).

Moreover, for any r ∈ [1, 2], it follows that

lim sup
ε→0

ε‖∇ f ε‖Lr(0,T ;L∞(T2) = 0.

Lemma 2.2. [32] Let p, p1 ∈ [1,∞) and p2 ∈ (1,∞] with 1
p = 1

p1
+ 1

p2
. Assume f ∈

Lp1((0,T ); W1,p1(Td)) and g ∈ Lp2((0,T ) × (Td)). Then for any ε > 0, there holds

‖( f g)ε − f εgε‖Lp((0,T )×Td) ≤ Cε ‖ f ‖Lp1 ((0,T ); W1,p1 (Td)) ‖g‖Lp2 ((0,T )×(Td)) .

Moreover, if p < ∞ then
lim sup
ε→0

ε−1 ‖( f g)ε − f εgε‖Lp((0,T )×Td) = 0.

Lemma 2.3. [33] Assume that 0 < α ≤ ρ(t, x) ≤ β < ∞ and u ∈ W1,p(Td) with p ∈ [1,∞]. Then∥∥∥∥∥∥∇
(
(ρu)ε

ρε

)∥∥∥∥∥∥
Lp(Td)

≤ C‖∇u‖Lp(Td).

By the same proof as the Lemma 2.3 in [18], we have

Lemma 2.4. Let 1 ≤ q ≤ ∞ and suppose υ ∈ Lq((0,T ) × Td) and f ∈ C1(0,∞), if sup
∥∥∥∂ f
∂υ

∥∥∥
L∞((0,T )×Td)

<

∞. Then there exists a constant C > 0 such that

‖ f (υε) − f ε(υ)‖Lq((0,T )×Td) ≤ C sup f ′ ‖υε(t, x) − υ(t, x))‖Lq((0,T )×Td) .

Moreover, if q < ∞, then
lim sup
ε→0

‖ f (υε) − f ε(υ)‖Lq((0,T )×Td) = 0. (2.1)

Proof. We observe by Taylor’s theorem that

| f (υε(t, x)) − f (υ(t, x))| ≤ | f ′(υ(t, x)) (υε(t, x) − υ(t, x))| , (2.2)

where the constant C can be chosen independently of x. Similarly,

| f (υ(t, y)) − f (υ(t, x))| ≤ | f ′(υ(t, x)) (υ(t, y) − υ(t, x))| . (2.3)

Applying the convolution with respect to y to (2.3), and then invoking Jensen’s inequality, we have

| f ε(υ(t, x)) − f (υ(t, x))| ≤ | f ′(υ(t, x)) (υε(t, x) − υ(t, x))| . (2.4)

Summing up (2.2) and (2.4), using Minkowski and Hölder inequalities, we conclude that

‖ f (υε(t, x)) − f ε(υ(t, x))‖Lq((0,T )×Td)

≤ 2
(∫

supp ηε
ηε(y)

∫
((0,T )×Td)

| f ′(υ(t, x))(υ(t, x − y) − υ(t, x))|qdxdtdy
) 1

q

≤ C sup f ′ ‖υε(t, x) − υ(t, x))‖Lq((0,T )×Td) ,

which implies (2.1) by density. This completes the proof of Lemma 2.4. �
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3. Proof of Theorem 1.1

By smoothing the momentum Eq (1.1) in space, we obtain

∂t(ρu)ε + div(ρu ⊗ u)ε + ∇pε(ρ) = div(µDu)ε + ∇(λdivu)ε + divKε(ρ,∇ρ,∆ρ) (3.1)

for any 0 < ε < 1. Here

K(ρ,∇ρ,∆ρ) =

(
1
2

(ρκ′(ρ) + κ(ρ))|∇ρ|2 + ρκ(ρ)∆ρ
)
I − κ(ρ)∇ρ ⊗ ∇ρ, (3.2)

and
Kε(ρ,∇ρ,∆ρ) = K(ρ,∇ρ,∆ρ) ∗ ηε.

Multiplying (ρu)ε

ρε
on both sides of (3.1) and then integrating on (τ, t) × Td, for 0 < τ < t < T , we have

0 =

∫ t

τ

∫
Td

(ρu)ε

ρε
∂t(ρu)εdxds +

∫ t

τ

∫
Td

(ρu)ε

ρε
div(ρu ⊗ u)εdxds +

∫ t

τ

∫
Td

(ρu)ε

ρε
∇pε(ρ)dxds

−

∫ t

τ

∫
Td

(ρu)ε

ρε
div(µDu)εdxds −

∫ t

τ

∫
Td

(ρu)ε

ρε
∇(λdivu)εdxds

−

∫ t

τ

∫
Td

(ρu)ε

ρε
divKε(ρ,∇ρ,∆ρ)dxds := A + B + D + E + F + G. (3.3)

In what follows, we are going to estimate them one by one.
Estimate of term A
We mollify the continuity Eq (1.2) as

∂tρ
ε + div(ρu)ε = 0. (3.4)

Using (3.4) and integration by parts, we compute that

A =
1
2

∫ t

τ

∫
Td
∂t

(
|(ρu)ε|2

ρε

)
dxds −

1
2

∫ t

τ

∫
Td

div(ρu)ε
|(ρu)ε|2

(ρε)2 dxds

:= A1 + A2.

We see that A1 is the desired term while A2 could be canceled with the term B3 later.
Estimate of term B

B =

∫ t

τ

∫
Td

(ρu)ε

ρε
div[(ρu ⊗ u)ε − (ρu)ε ⊗ uε]dxds +

∫ t

τ

∫
Td

(ρu)ε

ρε
div[(ρu)ε ⊗ uε]dxds

= −

∫ t

τ

∫
Td
∇

(
(ρu)ε

ρε

)
[(ρu ⊗ u)ε − (ρu)ε ⊗ uε]dxds +

∫ t

τ

∫
Td

(ρu)ε

ρε
div[(ρu)ε ⊗ uε]dxds

:= B1 +

∫ t

τ

∫
Td

divuε
|(ρu)ε|2

ρε
dxds +

1
2

∫ t

τ

∫
Td

uε

ρε
∇|(ρu)ε|2dxds
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= B1 +

∫ t

τ

∫
Td

divuε
|(ρu)ε|2

ρε
dxds −

1
2

∫ t

τ

∫
Td

div
(
uε

ρε

)
|(ρu)ε|2dxds

= B1 +
1
2

∫ t

τ

∫
Td

divuε
|(ρu)ε|2

ρε
dxds −

1
2

∫ t

τ

∫
Td

uε∇
(

1
ρε

)
|(ρu)ε|2dxds

= B1 +
1
2

∫ t

τ

∫
Td

div(ρεuε)
|(ρu)ε|2

(ρε)2 dxds

= B1 +
1
2

∫ t

τ

∫
Td

div[(ρεuε) − (ρu)ε]
|(ρu)ε|2

(ρε)2 dxds +
1
2

∫ t

τ

∫
Td

div(ρu)ε
|(ρu)ε|2

(ρε)2 dxds

= B1 −
1
2

∫ t

τ

∫
Td

[(ρεuε) − (ρu)ε]∇
(
|(ρu)ε|2

(ρε)2

)
dxds +

1
2

∫ t

τ

∫
Td

div(ρu)ε
|(ρu)ε|2

(ρε)2 dxds

:= B1 + B2 + B3.

It is obvious that A2 + B3 = 0. Next, we show that

lim sup
ε→0

lim sup
τ→0

|B1| = 0, and lim sup
ε→0

lim sup
τ→0

|B2| = 0.

For the term B1, by Hölder inequality, we arrive at

|B1| =

∣∣∣∣∣∣
∫ t

τ

∫
Td
∇

(
(ρu)ε

ρε

)
[(ρu ⊗ u)ε − (ρu)ε ⊗ uε]dxds

∣∣∣∣∣∣
≤

∥∥∥∥∥∇ (ρu)ε

ρε

∥∥∥∥∥
L4((0,T )×Td)

‖(ρu ⊗ u)ε − (ρu)ε ⊗ uε‖
L

4
3 ((0,T )×Td)

.

Let’s consider the case d = 2 firstly. Owing to the Gagliardo-Nirenberg inequality, we infer that

‖u‖L4((0,T )×T2) ≤ C‖u‖
1
2
L2((0,T ); W1,2(T2))‖u‖

1
2
L∞((0,T ); L2(T2)), (3.5)

which gives u ∈ L4((0,T ) × T2). Meanwhile, thanks to Lemma 2.1 (3) and Lemma 2.2, we deduce that

lim sup
ε→0

lim sup
τ→0

|B1| = 0. (3.6)

For the case d = 3, we have the assumption u ∈ L4((0,T ) × T3). In the same manner, we could also
deduce (3.6).

For the term B2, using Hölder inequality and Lemma 2.1 (3), we have

|B2| ≤ C

∥∥∥∥∥∥∇|(ρu)ε|2

(ρε)2

∥∥∥∥∥∥
L2((0,T )×Td)

‖ρεuε − (ρu)ε‖L2((0,T )×Td)

≤ Cε−1‖u‖L4((0,T )×Td) ‖(ρu)ε − ρεuε‖L2((0,T )×Td) ,

which, together with Lemma 2.2, gives

lim sup
ε→0

lim sup
τ→0

|B2| = 0.

AIMS Mathematics Volume 7, Issue 4, 5808–5820.



5815

Estimate of term D
First of all, by definition of h(ρ), we get

p(ρ) = ρh′(ρ) − h(ρ).

We compute D as

D =

∫ t

τ

∫
Td

(ρu)ε

ρε
∇[pε(ρ) − p(ρε)]dxds +

∫ t

τ

∫
Td

(ρu)ε

ρε
∇p(ρε)dxds

=

∫ t

τ

∫
Td

(ρu)ε

ρε
∇[pε(ρ) − p(ρε)]dxds +

∫ t

τ

∫
Td

(ρu)ε

ρε
∇(ρεh′(ρε) − h(ρε))dxds

= −

∫ t

τ

∫
T2

div
(
(ρu)ε

ρε

)
[pε(ρ) − p(ρε)]dxds +

∫ t

τ

∫
Td

(ρu)ε∇(h′(ρε))dxds

:= D1 + D2.

We show that D1 converges to 0, as ε, τ → 0 firstly. The term D2 could be estimated together with G2

later. For the term D1, by means of Hölder inequality and Lemma 2.3, we have

|D1| =

∣∣∣∣∣∣
∫ t

τ

∫
T2

div
(
(ρu)ε

ρε

)
[pε(ρ) − p(ρε)]dxds

∣∣∣∣∣∣
≤ C‖∇u‖L2((0,T )×Td)‖pε(ρ) − p(ρε)‖L2((0,T )×Td)

due to ρ ∈ L∞((0,T ) × Td). Since p ∈ C1(0,∞), it yields from Lemma 2.4 with f = p that

lim sup
ε→0

lim sup
τ→0

|D1| = 0.

Estimate of term E

E = −

∫ t

τ

∫
Td

(ρu)ε

ρε
div(µDu)εdxds

= −

∫ t

τ

∫
Td

(ρu)ε − ρεuε

ρε
div(µDu)εdxds −

∫ t

τ

∫
Td

div(µDu)εuεdxds

= −

∫ t

τ

∫
Td

(ρu)ε − ρεuε

ρε
div(µDu)εdxds +

∫ t

τ

∫
Td
µ|Duε|2dxds

:= E1 + E2.

E2 is our expected term. By Hölder inequality and Lemma 2.1 (2), E1 could be estimated as

|E1| ≤ C ‖div(µDu)ε‖L2((0,T )×Td)

∥∥∥∥∥ (ρu)ε − ρεuε

ρε

∥∥∥∥∥
L2((0,T )×Td)

≤ Cε−1‖∇u‖L2((0,T )×Td) ‖(ρu)ε − ρεuε‖L2((0,T )×Td) .
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Noting that ∇u ∈ L2((0,T ) × Td) and ρ ∈ L∞((0,T ) × Td) and using Lemma 2.2, we have

lim sup
ε→0

lim sup
τ→0

|E1| = 0.

Estimate of term F

F = −

∫ t

τ

∫
Td

(ρu)ε

ρε
∇(λdivu)εdxds

= −

∫ t

τ

∫
Td

(ρu)ε − ρεuε

ρε
∇(λdivu)εdxds −

∫ t

τ

∫
Td
∇(λdivu)εuεdxds

= −

∫ t

τ

∫
Td

(ρu)ε − ρεuε

ρε
∇(λdivu)εdxds +

∫ t

τ

∫
Td
λ|divuε|2dxds

:= F1 + F2.

F2 is the desired term. Similar to the estimate of E1, we check that

lim sup
ε→0

lim sup
τ→0

|F1| = 0.

Estimate of term G
Applying div to (3.2), one obtains

divK(ρ,∇ρ,∆ρ) = −ρ∇

(
1
2
κ′(ρ)|∇ρ|2 − div(κ(ρ)∇ρ)

)
, (3.7)

where we have used the fact divI = ∇. According to (3.7), the term G can be written as

G = −

∫ t

τ

∫
Td

(ρu)ε

ρε
divKε(ρ,∇ρ,∆ρ)dxds

= −

∫ t

τ

∫
Td

(ρu)ε

ρε
div[Kε(ρ,∇ρ,∆ρ) − K(ρε,∇ρε,∆ρε)]dxds

−

∫ t

τ

∫
Td

(ρu)ε

ρε
divK(ρε,∇ρε,∆ρε)dxds

=

∫ t

τ

∫
T2
∇

(
(ρu)ε

ρε

)
[Kε(ρ,∇ρ,∆ρ) − K(ρε,∇ρε,∆ρε)]dxds

+

∫ t

τ

∫
Td

(ρu)ε∇
(
1
2
κ′(ρε)|∇ρε|2 − div(κ(ρε)∇ρε)

)
dxds

:= G1 + G2.

Applying Lemma 2.3, the term G1 can be estimated similarly to D1, and thus we get

|G1| =

∣∣∣∣∣∣
∫ t

τ

∫
T2
∇

(
(ρu)ε

ρε

)
[Kε(ρ,∇ρ,∆ρ) − K(ρε,∇ρε,∆ρε)]dxds

∣∣∣∣∣∣
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≤ C‖∇u‖L2((0,T )×Td)‖Kε(ρ,∇ρ,∆ρ) − K(ρε,∇ρε,∆ρε)‖L2((0,T )×Td)

thanks to ρ ∈ L∞((0,T )× Td),∇ρ,∆ρ ∈ L2((0,T )× Td)). Since κ ∈ C2(0,∞), it yields from Lemma 2.4
with f = K that

lim sup
ε→0

lim sup
τ→0

|G1| = 0.

It remains to estimate the term G2. To this end, combining with D2, we obtain

D2 + G2 =

∫ t

τ

∫
Td

(ρu)ε∇
(
h′(ρε) +

1
2
κ′(ρε)|∇ρε|2 − div(κ(ρε)∇ρε)

)
dxds

= −

∫ t

τ

∫
Td

div(ρu)ε
(
h′(ρε) +

1
2
κ′(ρε)|∇ρε|2 − div(κ(ρε)∇ρε)

)
dxds

=

∫ t

τ

∫
Td
∂tρ

ε

(
h′(ρε) +

1
2
κ′(ρε)|∇ρε|2 − div(κ(ρε)∇ρε)

)
dxds

=

∫ t

τ

∫
Td
∂t

(
h(ρε) +

1
2
κ(ρε)|∇ρε|2)

)
dxds −

∫ t

τ

∫
Td

div (κ(ρε)∇ρε∂tρ
ε) dxds

=

∫ t

τ

∫
Td
∂t

(
h(ρε) +

1
2
κ(ρε)|∇ρε|2)

)
dxds.

Collecting the above estimates A1, E2, F2,D2,G2 and putting them into (3.3), we eventually deduce
that

lim sup
ε→0

lim sup
τ→0

∣∣∣∣∣ ∫ t

τ

∫
Td
∂t

(
1
2
|(ρu)ε|2

ρε
+ h(ρε) +

1
2
κ(ρε)|∇ρε|2

)
dxds

+

∫ t

τ

∫
Td
µ|Duε|2dxds +

∫ t

τ

∫
Td
λ|divuε|2dxds

∣∣∣∣∣ = 0.

This completes the proof of Theorem 1.1.

4. Conclusions

In this paper, we study the energy conservation of the compressible Navier-Stokes-Korteweg
equations with general pressure law in a periodic domain Td with d = 2, 3. By using the commutator
estimation to deal with the nonlinear terms, we obtain the sufficient conditions for the regularity of
weak solutions to conserve the energy. We extend the results of Nguyen et al. [32] and Liang [33] from
the compressible N-S equations to the N-S-Korteweg equations.
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1. D. Korteweg, Sur la forme que prennent les équations du mouvements des fluides si l’on tient
compte des forces capillaires causées par des variations de densité considérables mais connues
et sur la théorie de la capillarité dans l’hypothse d’une variation continue de la densité, Archives
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20. E. Feireisl, P. Gwiazda, A. Ś wierczewska-Gwiazda, Regularity and energy conservation
for the compressible Euler equations, Arch. Ration. Mech. Anal., 261 (2017), 1375–1395.
https://doi.org/10.1007/s00205-016-1060-5

21. J. Serrin, On the uniqueness of compressible fluid motion, Arch. Ration. Mech. Anal., 3 (1959),
271–288. https://doi.org/10.1007/BF00284180

22. J. Nash, Le problme de Cauchy pour leséquations différentielles d’un fluide général, B. Soc. Math.
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