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Abstract: Few results seem to be known about the stability with general decay rate of nonlinear
neutral stochastic function differential equations driven by G-Brownain motion (G-NSFDEs in short).
This paper focuses on the G-NSFDEs, and the coeflicients of these considered G-NSFDEs can be
allowed to be nonlinear. It is first proved the existence and uniqueness of the global solution of a
G-NSFDE. It is then obtained the trivial solution of the G-NSFDE is mean square stable with general
decay rate (including the trivial solution of the G-NSFDE is mean square exponentially stable and
the trivial solution of the G-NSFDE is mean square polynomially stable) by G-Lyapunov functions
technique. In this paper, auxiliary functions are used to dominate the Lyapunov function and the
diffusion operator. Finally, an example is presented to illustrate the obtained theory.
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1. Introduction

Stochastic dynamical systems are often depicted by stochastic differential equations (SDEs in short),
which have been widely used in many areas of science and engineering (see, e.g. [2,16,23,31]). In
reality, these stochastic dynamical systems depend not only on the present and past states but also
on derivatives with functionals. For such systems, neutral stochastic functional differential equations
(NSFDEs in short) are used to described them [12, 14]. In the study of stochastic dynamical system:s,
stability analysis is a hot topic and has attracted lots of attention, see [1, 13] and the references therein.
So far, there are numerous literature on the stability of NSFDEs, we list [11, 15, 17,22], for instance.

Motivated by describing measuring finance risk and volatility uncertainty, Peng [20] has developed
a theoretical framework of G-expectation. Based on the framework of G-expectation, Peng [20, 21]
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introduced the G-Brownian motion and set up its [td integral. Hu et al. [8] found that a weakly compact
family of probability measures can be used to represent the G-expectation. Under the G-framework,
many efforts have been made to study the stability of SDEs driven by G-Brownian motion (G-SDEs
in short), see [3, 10, 26,27, 29] and the references therein. Zhu et al. [30] derived the exponential
stability and quasi sure exponential stability of the solutions to G-NSFDEs by variation-of-constants
formula. Faizullah et al. [5] studied the mean square exponential stability of nonlinear G-NSFDE:s.
Pan et al. [18] derived the p-th moment exponential stability and quasi sure exponential stability of
impulsive stochastic functional differential systems driven by G-Brownian motion using G-Lyapunov
functions technique.

As we know, there are many results on the stability (e.g. moment exponential stability, almost
sure exponential stability, almost sure polynomial stability) of SDEs. The concepts of these stability
have been generalized to the stability with general decay rate, please refer to [9, 19,24,25,28] and the
references therein. Therein, Wu et al. [25] studied the almost sure stability of NSFDEs with infinite
delay with general decay rate. Along this line, Hu et al. [9] investigated the stochastic stability of a class
of unbounded delay neutral stochastic differential equations with general decay rate. Shen et al. [24]
investigated the almost sure stability with general decay rate of neutral stochastic functional hybrid
differential equations with Lévy noise. However, few results on the stability with general decay rate
for G-SDEs, not to speak of the results on the stability with general decay rate for G-NSFDEs, which
motivates the present research.

It is also known that the study of the stability is based on the existence and uniqueness of the global
solution. In general, a unique global solution can be guaranteed by the local Lipschitz condition and
the linear growth condition. But, in reality, the linear growth condition is somewhat restrictive. In this
paper, we guarantee the existence and uniqueness of a global solution to the G-NSFDE by the local
Lipschitz condition and a weaker condition. Moreover, a kind of A-type function is defined in this
paper. By applying G-Lyapunov functions technique, we can acquire a kind of mean square A-type
stability, including mean square exponential stability and mean square polynomial stability.

The rest of the paper is organized as follows. In Section 2, some preliminaries are presented. In
Section 3, the existence and uniqueness of the global solution and the sufficient conditions for A-type
stability are shown, respectively. Finally, an example is presented to illustrate the obtained results.

2. Preliminaries

In this section, we briefly recall some preliminaries in G-framework. More relevant details can be
found in [4,7,20,21].

Let R = (—co0, +0), R* = [0, +o0). For Ya € R, denote by |a| = VaTa. For Ya,b € R, a V b
and a A b represent the largest and smallest of a and b, respectively. For Ya € R, a* = %MI and
a = '“'T_“ On a non-empty basic space Q, one can define a linear space H of real-valued functions.
We suppose that H satisfies C € H for each constant C and if X € H, |X| € H. If X;, X5,--- , X, € H,
then ¢(X;, X,,---,X,) € H for each ¢ € C;1;,(R"), where C;1;,(R") is the space of linear function

¢:R'"—>R:
CiLip(R") = {¢l AC € R, m € N s.t. |p(b) = ¢(c)] < C(1 + [bI" + |c|")Ib = cl},

for Vb,c € R".
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Definition 2.1. [21] A functional E : H — R is called a sublinear expectation. If for all X,Y € ‘H,
C € Rand A > 0, it satisfies the following properties:

(i) Monotonicity: If X > Y, then E[X] > E[Y].
(ii) Constant preserving: E[C] = C.
(iii) Sub-additivity: E[X + Y] < E[X] + E[Y].
(iv) Positive homogeneity: E[AX] = AE[X].

Also, if E[X] = E[-X] = 0, then E[C + AX + Y] = C + E[Y].

The triple (QQ, H, E) is called a sublinear expectation space. If (i) and (ii) are satisfied, E[]is called
a nonlinear expectation and the triple (Q, H, E) is relevantly called a nonlinear expectation space.

For the details of G-normal distribution, G-expectation, G-conditional expectation and G-Brownian
motion, please see Chapter 3 and Chapter 4 of Peng [21].

Denote by Q7 = {w(- AT) : we Q}, VT > 0. For T € R*, a partition ur of [0, T] is a finite ordered
subset ur = {tg,t1,--- ,ty}suchthat 0 =t < t; <t < --- <ty =T, n(ur) = max{|ti, — 4| : i =
0,1,---,N—1}. Let

Lip(Q7) = {p(w(t1), w(tr), -+ ,w(ty) : ti,ta, - .1, € [0, T], ¢ € Cr1;p(R")}

and its countably many union L;,(Q) = |,~, L;,(£2,). Denote by LZ(QT) by the completion of L;,(Qr)
under the norm || X]||, = (E(lel’))l/P, for any p > 1. Besides, the space is defined by

N-1
Mg’o([o, T]) = {nt = Zé‘:jl[l_,',l‘j+])(t) : é‘:] € LZ(QI/)} s p 2 13
J=0

and its completion M[.([0, T']) equipped with the norm

1 (7. g
||77||Mg([0,T]) = (Tf E[|77t|p]dl) )
0

where £ stands for the G-expectation.
We now show the representation lemma of G-expectation as follow.

Lemma 2.1. [6,8] Let E be the G-expectation on (Q, L;(Q)). Then there is a weakly compact family
of probability measures P on (Q, B(Q)) such that E[X] = Suppep Ep[X], VX € LIG(Q). Moreover, P is
called a set that represents the G-expectation E.

From Lemma 2.1, the weakly compact family of probability # characterizes the degree of Knightian
uncertainty. If ? is singleton, that is {P}, then the model has no ambiguity, the G-expectation E is the
classical expectation. Then define G-upper capacity V(-) and G-lower capacity v(-) by

V(A) = sup P(A), YA € B(Q),
Pep

v(A) = inf P(A), YA € B(Q).
PeP

Definition 2.2. A set A € B(Q) is called polar if V(A) = 0. A property is said to hold quasi-surely (g.s.)
if it is true outside a polar set.
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#-q.s. means that it holds P-almost surely (P-a.s.) for each P € P. If an event A satisfies V(A) = 1,
then we claim that the event A occurs V-a.s.

Let (w(1));o be a 1-dimensional G-Brownian motion with G(a) = 3 E[a*(1)] = 3(5%a* ~g?a )(Va €
R), where E[w*(1)] = %, —E[-w?*(1)] = 0, 0 <0 < & < . And ¥, represents a filtration generated
by G-Brownian motion (a)(t))tzo. In the following, we next carry out the stochastic integral with respect
to the quadratic variation of G-Brownian motion.

Definition 2.3. The stochastic integral with respect to the quadratic variation of G-Brownian motion
(w)(1)iz0 is given by

N-1

f nd(w)(®) = > & (W)ter) = w)(1)) . ¥, € MM([0, TY),

j=0
where {(w)(t) = hm Z ((w)( j+1) — (cu)(tﬁ.\’))2 =) -2 fot w($)dw(s).

3. Main results

In this section, mean square stability with general decay rate of nonlinear G-NSFDE:s is provided.
We further give the following notations. Let 7 > 0, denote by C([—7, 0]; R) the family of continuous
functions ¢ : [-7,0] — R with the norm ||¢|| = sup_,_,, [#(0)|. For ¢ € C([-,0]; R), define D(¢) =
SUP_,<g<0 [#(0) — ¢(0)|. Let U([—7,0]; R") be the family of all Borel measurable bounded nonnegative
functions n(6) defined on —7 < 6 < 0 such that f_ OT 7(0)dé = 1. Denote by L'(R*; R") the family of all
continuous nonnegative functions a(-) : R* — R such that fow a(s)ds < oco. Let Iy be the indicator

function of a set B. Fort > 0, let (Q, H,{Q/}:>0, E, V) be a generalized sublinear expectation space.
Let (w(?)):»0 be a 1-dimensional G-Brownian motion defined on the sublinear expectation space.
Consider the following G-NSFDE

d[x(t) = N(p1(x;, 1), D] =f(x(0), p2(x;, 1), Dt + g(x(1), p3(x;, 1), Hd{w)(7)
+ h(x(1), pa(x;, 1), )dw(t), t > 0 3.1

with the initial value

X0 =@ ={p0) : =t < 0 < 0} is Fo — measurable, C([-,0]; R) — valued random variable

such that ¢ € MA([-T,01; R). (3.2)

Here, x(7) is the value of stochastic process at time ¢ and x, = {x(t + ) : —7 < 6 < 0}, p1, p2, p3 and
P4 C([-7,0;R) X R" > R,N:RXR" >R, f,g,h: RXRXR" — R are continuous functions.

In the following, the mean square stability with general decay rate is investigated. Next, the
definition of A-type function is first presented (see [24]).

Definition 3.1. The function A : R — (0, o) is said to be A-type function if the function satisfies the
following three conditions:

e [t is continuous and nondecreasing in R and differentiable in R*;
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e 1(0) =1, A(c0) = 00 and A* = sup,,, [%’;] < ooy
o A(t) < A(s)A(t — ) for any s,t > 0.

Definition 3.2. The trivial solution of the G-NSFDE (3.1) with the initial value (3.2) is said to be mean
square stable with general decay rate A(t) of order € if

log E|x(1)]?
hmsupog—lx()|<_

e log A(1) G-

Remark 3.1. For any t € R, when A(t) is €', 1 + t*, respectively, it follows from Definition 3.2 that the
definitions of the mean square exponential stability and the mean square polynomial stability can be
obtained, respectively.

In order to prove the mean square stability with general decay rate of the G-NSFDE (3.1) with any
given initial value (3.2), the following conditions are imposed.

(C1) (Local Lipschitz condition) Assume that for each k = 1,2, ..., there exists a positive constant
l; such that for any ¢ > 0,

£ (¢(0), p2(ep, 1), 1) = f((0), po(, 1), D] V [g((0), p3(, 1), 1) — g((0), p3(¢, 1), D)
V |h(@(0), pa(@, 1), 1) = h((0), pa(, 1), ] < Il = ¢,

for all p,¢ € C([-7,0];R) and ||¢|| V ||| < k. To discuss the stability, we assume that £(0,0,7) =
g(0,0,1) = h(0,0,7) = O(Vt > 0).

(C2) Assume that for any t > 0 and each i = 1,2,3,4, ¢,¢ € C([-7,0];R) and ||¢|| V ||¢l| < k,
loi(p, 1) — pi(@, D] < |l — ¢ll and |pi(¢, 1) — p(0)] < D(¢p).

Remark 3.2. From (C2), we can observe that for all t > 0, p1(0,1) = p2(0,1) = p3(0,1) = p4(0,1) = 0.

(C3) (Contractility condition) For any ¢ > 0, N(0,¢) = 0 and there exists a constant § € [0, 1) such
that for all ¢ € C([-7,0]; R),

IN(o1(¢, 1), )| < 6llll- (3.4)

Under conditions (C1)—(C3), we cannot ensure that the G-NSFDE (3.1) with any given initial
value (3.2) admits a unique global solution (see [6]). In order to further advance the work, another
condition is also imposed and more notations are given. Define X(¢) = x(¢) — N(p(x;, 1), t). Denote by
C>!(RxR*; R*) the family of all functions V(x, f) on Rx R* which are continuously twice differentiable
in x and once in t. Given any V € C*!(R x R*;R"), for G-NSFDE (3.1), we define the function
LV:RXRXR" —> R,

LV(x,y,) = Vi(%,1) + V(& D f (5, 3,1) + G (28(x, 7, DV, 1) + Vi (& D (2,3, 1))

where

oVix,t
Vt(xat) = ;t )

_0V(x, 1)
0

2
Vo) = _ VD

) Vxx(xa t) - axz

Another condition can be stated as follow.
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(C4) Assume that there are functions V € C>' (R x R*;R*), a € L'(R*;R*), W, € C(R X R*;R*),
W, € C(R X [-T,00);R"), n € U([-,0]; R") and positive constants y;, ¥, such that for (¢(0), ¢, 1) €
R x C([-1,0];R) X R*,

0

LV(¢(0), ¢, 1) < a(t) — y1Wi(e(0),7) + 2 f nO)Wa(e(6),t + 0)do, (3.5
where y; > ¥, and Wi (x, 1) > W,(x, ). Moreover,
lim [inf V(X,1)] = oo. (3.6)

|¥]—>oc0 teR*

Theorem 3.1. Let conditions (C1)—(C4) hold. Then, there exists a unique global solution x(t)ont > —1
to the G-NSFDE (3.1) with any given initial value (3.2).

Proof. For any given initial value (3.2), it follows from (C1)—(C3) that the G-NSFDE (3.1) admits a
unique maximal local solution x(¢) on ¢t € [T, p.], where p, is the explosion time. If we can prove
that p, = oo q.s., then we can illustrate that solution x(¢) is global. Let m, be a sufficiently large
integer such that |[xo|| = [l¢ll = sup_,.,.o x(s) < my. For each integer m > m, define the stopping time
om = inf{t € [0,p,) : |x(¢)] = m}. As usual we set inf() = co with @ is an empty set. Obviously, the
sequence p,, 1s increasing as m — oo, and p, = lim,—c P < pe. By G-Itd’s formula, we can get that
for V¢ > 0,

V(x(®) = N(p1(x;, 1), 1), 1) =V(x(0) = N(p1(17(=7),0),0),0) + fot LV(x(s), x5, $)ds
+ fo t Vi(x(s) = N(p1(xs, 5), 5), Hh(x(5), pa(xy, 5), $)dew(s)
+ fo t Vi(x(s) = N(p1(xs, 5), 5), $)8(x(5), p3(xy, 5), $)d{w)(s)
+ % fo t Viulx(s) = N(p1(x,, 5), 8), I (X(5), pa(xs, 8), $)dw)(s)
- f t G(28(x(s), p3(x5, 5), $)Vi(x(5) = N(p1(xs, 5), 5), 5)
0 + 12 (x(5), Pa(xs, 8), $)Viax(X(5) = N(p1(xy, 5), ), 5))dls
=V(x(0) = N(p:1(n(-7),0),0),0) + ‘fo‘t LV(x(s), x5, s)ds + Gy, (3.7)
where
G, = j(; l Vi(x(s) = N(p1(x;, 5), 5), Yh(x(5), pa(xy, 5), $)dew(s)
+ j(; t Vi(x(s) = N(p1(xs, 5), 5), $)8(x(5), p3(xs, 5), $)d{w)(s)
+ % fo t Virl(2(s) = N(p1(xs, 5), 8), I (X(5), pa(xs, 8), $)d(w)(s)

- fo G(28(x(s), p3(x5, 5), H)Vi(x(s) = N(p1 (x5, 5), 5), )
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+ WP (x(5), pa(Xs, 8), $)Vir(X(5) = N(p1 (x5, 8), 5), 5))ds

is a G-martingale (see [21]). Taking expectation on the both sides of (3.7), we can get

IAPm
EV(E(t A pp),t A pw) = EV(X(0),0) + E f LV(x(5), xy, s)ds. (3.8)
0
By (3.5) we gain
EV(EE A pu)st A i)
R ! R IAOm
<EV(x(0),0) + f a(s)ds —y1E Wi(x(s), s)ds
0 0
. ! APm 0
+ 72Ef f nOYWr(x(s + 6), s + 0)dods. 3.9
0 -T

Noting that via f_OT n(6)dd = 1, we obtain

tAPm 0
f f nO)Wa(x(s + 0), s + 6)dOds
0 -7

:f . fs n(u — s)Wh(x(u), u)duds
0 s—T

tAOm (U+T)AANOM)
_ f f (i — s)ds) Wa(x (), )i

T V0

sf " fu Tn(u — s)ds) Wo(x(u), u)du

tAOm 0
f f n(@)d@) Wa(x(s), s)ds

tAOm

Wo(x(s), s)ds. (3.10)

Substituting (3.10) into (3.9), we have

tAOm 0
EV(X(t A pu).t A pw) <EV(X(0),0) + f a(s)ds —yiE | Wi(x(s), )ds
0

-7

0 tAPm
+yE f Wa(x(s), s)ds + y,E Wa(x(s), s)ds. (3.11)
-7 0
For Wi(x(s), s) > W1(x(s), s) and y; > y,, we can further get
EV(E(1 A pw)st A Pm)
N ! el [
<EV(%(0),0) + f a(s)ds + y2E | Wa(x(s), s)ds — (y1 — y2)E Wa(x(s), s)ds
0 -7 0
t 0
<EV(3(0),0) + f a(s)ds + y,E f Wa(x(s), s)ds. (3.12)
0 -7
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Let V,, = inf|gzmer+ V(X, 1) with m > my. Thus, for each P € P,

t 0
P(py < DV, < EV(Z(0m A 1), pm A 1) < EV(3(0),0) + f a(s)ds + y,E f Wa(x(s), s)ds.
0 -7
Let m — oo, we can obtain

P(pe < 1) = lim P(p,, < 1)

EV(3(0),0) + fot a(s)ds + 72E f_OT Wa(x(s), s)ds 0
= 1m =

m— oo Vi

Namely,
Plpo > 1) =1.

Then, for the arbitrariness of 7, we can obtain V(ps = 00) = suppep P(Pes = 0) = 1, which implies that
P = 00 Q.S..
Next, we will present the result of the mean square stability with general decay rate.

Theorem 3.2. Let (C1)—(C3) hold. Assume that there are functions V. € C*'(R x R*;R*), W, €
C(RXR*;R"), W, € C(R X [-T,);R"), n € U([-,0]; R") and positive constants a,, a,, @z, B1, B>
such that for (¢(0), ¢, t) € R X C([-1,0]; R) X R™,

0
LV(@(0), ¢, 1) < =B1Wi(¢(0), 1) + > f n(O)W2(e(0), 1 + 6)db, (3.13)

-7

where 81 > B, and Wy(x,t) > Wy(x,t). Moreover,

1l¢(0) = N(pi (e, 1), DI (3.14)

<V(p(0) = N(pi(p, 1), 1), 1) (3.15)
0

<, Wi(¢(0), 1) + a3 f n(O)Wa(e(0), 1 + 6)d6. (3.16)

Then for any initial value (3.2), the trivial solution of the G-NSFDE (3.1) is said to be mean square
stable with general decay rate.

Proof. Note that (3.13) and (3.14) satisfy (3.5) and (3.6), respectively. So (C4) is true. Together with
conditions (C1)—(C3), then it follows from Theorem 3.1 that we can assert that the G-NSFDE (3.1)
admits a unique global solution with the given initial value (3.2). Set h;(x) = 81 — A" apx —az A" A (1) x —
BoA*(t) and hy(x) = 1 —6%22%(7) for Yx > 0, where A(-) denotes the A-type function and A*(t) represents
that A(7) raised to the power of x. Obviously, /;(x) and h,(x) are continuous in x. Since h(0) =
Bi — B> > 0and hy(0) = 1 — 6% > 0, by the local sign preserving property of a continuous function,
there is a sufficiently small positive number & such that h;(g) = 8| — ed*a; — ez A" A°(1) — $,4°(7) > 0
and hy(g) = 1 — 6°2°(r) > 0. For Yt > 0, applying the 1t6’s formula to A°(£)V(%(1), 1), we get

A'(s)
A(s)

AV (E(@), 1) = V(%(0),0) + f & A(s)V(X(s), s)ds + f A°(s)LV(x(s), xy, s)ds + M,, (3.17)
0 0
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where

M, = fo A($)VAX(5), H(x(s), pa (X5, 5), $)dw(s) + fo A()V(X(s), $)8(x(s), p3(xs, 5), $)d{w)(s)

1 !
+2 f )V F5), SICH(8), P, 5), @) (5)
0

- f ()G (28(X(5), p3(X;, 8), )VF(5), 8) + h*(X(5), pa(Xss 8), $)Vix(X(5), 5))dls
0

is also a G-martingale. By (3.14), we can get

f oY) pe o Vi(r(s), $)ds < ot f (V). s
o A(s) 0

< sﬂ*azf A2()Wi(x(s), s)ds
0

! 0
+ el as f A%(s) (f n@OWy(x(s + 0), s + G)de) ds.
0 -7

By the property of A(f), we can obtain
fo t A5(s) ( f O (@)W (x(s + 6), s + e)de) ds
= f 0 n(6)do fo t X(5)Wa(x(s + 0), s + O)ds
= f 0 n(6)do fe " A5 (u = O)Ws(x(u), u)du
< f 0 n(0)do f t A5(u)A° (O Wa(x(u), u)du

t

< A%(7) A2()Wa(x(s), s)ds

-7

0 t
< A%(7) f A2()Wa(x(s), 8)ds + /lg(T)f A2()Wa(x(s), s)ds.
r 0

Substituting (3.19) into (3.18), one can gain

f(; S%AS(S)V(X(S), s)ds

< S/l*ozgf A2()Wi(x(s), s)ds
0

0 t
+ el* a3 A°%(7) f A2()Wa(x(s), $)ds + eA*a3A°(T) f A2()Wr(x(s), s)ds.
-7 0

Applying (3.13), one can also compute

(3.18)

(3.19)

(3.20)
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fo t X($)LV(X(s), X, $)d's
< -B fo t X)W, (x(s), $)ds + B fo t A5(s) ( f 0 nO)Wa(x(s +6), s + e)de) ds. (3.21)
Employing (3.19), we gain
fo l A(S)LV(x(s), x5, s)d's
< B fo l ()W (x(s), $)ds + BoA°(7) f 0 A (5)Wa(x(s), s)ds
+ BoA°(7) fo l/lg(S)Wz(X(S), s)ds. (3.22)
Substituting (3.20) and (3.22) into (3.17), and by W, (x,7) > W,(x, 1), we have

LV (x(@), 1)

<V(X(0),0) + £’ fo t X)Wy (x(s), s)ds
+ A" @3 A°(7) f 0 2(5)Wa(x(s), $)ds + X" a3 0°(1) fo t X(5)Wa(x(s), s)ds
- B fo l ()W (x(s), s)ds + 2 A(7) I f A (s)Wa(x(s), s)ds
+BrA%(7) fo t A (s)Wa(x(s), s)ds + M,

<V(X(0),0) + [eA°3°(7) + Br (7)) f o X(5)Wa(x(s), s)ds
— [B1 — &X'y — X 3 (1) — BodE(T)] fo A (Walx(s), s)ds + M,

Due to hy(€) = B — eX°, — e 3 45(7) — BoA(7) > 0. Thus,

AV (X1, 1)

0
< V(X(0),0) + [eA*a3A°(T) + B2A°(7)] f A2 (s)Wa(x(s), s)ds + M,

=C+ M, (3.23)

where C; = V(X(0), 0) + [eA"a34°(T) + 24A°(7)] f_ OT A2(s)W,(x(s), s)ds. Further, we can compute for any
constanty € (0, 1),

1 5
O < 1—/1€(t)|56(t)|2 + =)l (3.24)
-y Y
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Then, for any T > 7, we obtain

sup A°(0)lx()]*

0T

1 & ~ 2 62 & 2
< 1 sup A°(0)|X(1)|” + — sup A°()|x(t + 6)|

— 7Y o<i<T Y o<i<T

1 5 &%
< I sup @O + —2=0)Inl* + sup 2°(@)|x ()]
— 7Y o<i<T Y 0<t<T

1 & ~ 2 62 & 2 62 £ & 2
<7 sup (OO + —A°(@)lIll” + —2°(1) sup A°(D)lx(D)]".

=Y 0<i<T Y Y 0<t<T

For hy(g) > 0, let y € (6°4°(1), 1), we can get

52 & & 2 1 & ~ 2 52 & 2
1 - ;/1 (1) | sup L°(OIx(I" < I sup A°(D|X(0)|" + ;/1 Olinll*.

0<t<T =Y o<e<T

So

o y Y e T e
Sup AONDOF S G536 sy o A OO+ ey

For any T > 7, (3.25) is true. Therefore, by (3.14) and (3.23), we have

(3.25)

o y Ci+M, S
TOROE < 50— @) @ | y—oa@

for any ¢ > 0. Taking the expectation of both sides of (3.26), we gain

(3.26)

¥Ci L EX@IP
a1 =)0y = FX@) ¥ - x[)

@l
Y0225 (7)

LOEx(D]? <

25

YCi

where G = o505 rm)

. Then it follows that

+

log E|x(1)?
limsupog—bc()'<—8

3.27
" P T og 1) (327)

And then according to Definition 3.2, we can obtain the trivial solution of the G-NSFDE (3.1) is mean
square stable with general decay rate A(f) of order &. The proof is completed.

Corollary 3.1. Let (C1)—(C3) hold. Denote X = x(t) — N(01(x,, 1), t). Assume that there exist constant
6 € [0, 1), positive constants 01, 0>, and constants 1., 0, such that for V(x,y,t) € R X R x R*,

0
IN(o1(y, 1), )| < 6 f |x(t + 0)|d6 (3.28)

with N(0,t) = 0,
0
if (3,0 < —01x@F + 0 f lx(t + 0)[*df (3.29)
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and

0
2%g(x,y, 1) + B (x,y,1) < mi|x(0)* + nzf |x(z + O)1°d6. (3.30)

If o1 — %5‘2% >0, + %5’217; Then for any initial value (3.2), the trivial solution of the G-NSFDE (3.1)
is said to be mean square stable with general decay rate.

Proof. Let V(i(1), 1) = |%(t)]>. By (3.28), we can get
0
X)) = |x(t) = N(o1(x, 1), D> < 2lx(0)1> + 2IN(o1(x;, 1), D> < 2|x(0)]> + 26° f Ix(z + 9)]’d6. (3.31)

According to the definition of LV and G(a) =
can compute

1Elaw®(D] = Y(&%a* - d?a")(Ya € R), we
LV (x(1), x1, 1) =Vi(X(10), 1) + Vo (5(Q@), ) f (x(1), X, 1)
+ G (28(x(1), X, OV(X(1), 1) + Ve E(D), DR (x(0), x,, 1)

=25(0) f(x(0), ., 1) + G (4Z()(x(0), x;, 1) + 20 (x(0), ., 1))
0 0
< =201Ix(OP + 20, | |x(t+6)do +2G (m|x(t)|2 + 10 f Ix(r + 9)|2d9)

-7

1
< =201 x(O)]* + 20, f |x(7 + O)*dO + 2 - 5&2 (m|x(z)|2 + 10 f |x(r + 9)|2d9)
1 _ 0 - _
-2. Egz (mlx(t)lz + 1 f |x(r + 9)|2d9)
0 1 0
< =2011x(®))* + 20, f |x(z + 0)]*dO + 2 - 5&2 (nﬂx(mz +nh f |x(t + 8)|2d9)

1 1 0
<-2 (Q1 -~ 5&%7;) Ix())* + 2 (92 + E&Zn;) f |x(t + 6)]*d6. (3.32)

Thus, according to o; — 36777 > 0, + 36773, we can acquire that (3.31) and (3.32) satisfy (3.13)
and (3.14), respectively. Therefore, it follows from Theorem 3.2 that we can get the trivial solution of
the G-NSFDE (3.1) is mean square stable with general decay rate.

4. An example

In this section, an example is given to illustrate the obtained results. Let w(f) be a 1-dimensional
G-Brownian motion with w(1) ~ N (0;[1/2,1]). Lett =1 and n(6) = 1 for 8 € [-1,0].

Example 4.1. Consider the following scalar nonlinear G-NSFDE:

0 0
d [x(t) - % f |x(t + 9)|d9] = (—2x(t) + f |x(t + 0)|d9) dt
-1 -1

- %x(t)d(a))(t) + sin(x(?))dw(t), t > 0. 4.1)
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Take V(x, 1) = x%, it is easy to check that § = % We also can compute

2

0
V(% 1) = 3 = |x(r) - % f Ix(t + 6)ld6
-1

0
< 2x(n)P + % f lx(t + O)Pde), (4.2)
-1

0 0
V(&0 f(x,y,t) =2 (x(t) - % f |x(r + 9)|d9) (—Zx(t) + f [x(t + G)IdH)
_(1) 2 _1
< =220 + ( f |x(t + 9)|d0)
-1

0
< =2x%(1) + f |x(t + 6)|>de (4.3)
-1
and

2V(X,Dg(x,y, 1) + Voo (X, DR (x, y, 1)

0
_ 4(—%x(t)) (x(t) -5 | e 0)|d9) +28in°(x(0)
1

0
= =2x(1) (x(t) 1 f |x(t + 9)|d6) + 2 sin®(x(?))

| 2
Ex 2(t) + = (f |x(t + H)IdH)

%x (1) + = f |x(7 + 0)]>d6. (4.4)

It follows from (4.3) and (4.4) that we gain
7, 5 5
LV(x(1), x;, 1) < —Zx (1) + 1 |x(t + 6)|°d6. 4.5)
-1

Therefore, Wi(x,t) = Wao(x,t) = x*, @y = 1, a0 = 2, a3 = 1/2, B; = ZI and B, = 45‘1- According
to Theorem 3.2 (or Corollary 3.1), we can assert that the trivial solution of (4.1) is A-type mean

square stable.
5. Conclusions

As we known, few results seem to be known about the stability with general decay rate of G-
NSFDEs, which motivates this paper to study this problem. This paper first proves that the existence
and uniqueness of the global solution for this kind of equations by the local Lipschitz condition and
a weaker condition. A kind of A-type function is also given in this paper. By applying G-Lyapunov
function technique, a kind of mean square A-type stability, including mean square exponential stability
and mean square polynomial stability are obtained. Results in this paper enrich the conclusions on the
stability of G-NSFDE:s.
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