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1. Introduction

In survey sampling, the appropriate use of auxiliary information is known to enhance the accuracy of
an estimator of the unknown population parameter. This information (auxiliary) can be used to select a
random sample using SRSWR or SRSWOR. Auxiliary information gives us a sort of technique in terms
of ratio, product, regression, and other methods, it is therefore necessary to have a representative part
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of the population, when the population of interest is more homogeneous, than simple random sampling
can be used to select units. A considerable amount of work was done on estimating the population
mean by simple random sampling, a number of important references include [2, 5,7, 11-13, 16-20,
22-24,26,27,30,32] and the references cited therein, have suggested different types of estimators to
estimate the population mean and population distribution function in the presence of non-response.

As a practical matter, one of the main problems with surveys is that they suffer from non-response,
non-response has a lot of ways to happen. Examples are language problems, non-availability of
response, incorrect return address and input from another person, censorship or clustering is a
problem across several data. The statistician has recognized for quite few time that ignoring the
stochastic nature of incompleteness or non-response may change the nature of the data. Several
factors affect the non-response rate for a survey, some of these factors are the type of information
collected, the official status of the investigating agency, the extent of the publicity, legal requirements
of respondents, the duration of the enumerator’s visit and the length of withdrawal period etc.

A great deal of work has been done on the estimation of the population mean to check non-response
bias and increase efficiency of estimators by different authors. The issue of non-response in sample
surveys is more common and prevalent in mail surveys than in special interview surveys. [10] was the
first to address the issue of incomplete samples in the postal or telephone surveys. For certain related
work, we refer to [1-3,12-15,17,18,20,21,23-26,28,31,32] and the references cited therein.

On the line of [11] a new family of estimators is proposed for the estimation of population mean in
the presence of non-response. We will prove theoretically and numerically that the proposed family of
estimators is more precise than the existing estimators.

The rest of the paper is set out as follows: In Section 2, some notations are introduced by SRS with
non-responding. In Section 3, the existing estimators examined for the two non-response situations. A
new family of estimators is presented in Section 4 under both non-response situations using simple
random sampling. The existing and proposed estimators are theoretically compared in Section 5. In
Section 6, the existing and proposed family of estimators are compared numerically. Section 7
condenses the principal discovery and culminate the document.

2. Notations

Suppose Q = {U,, U,, ..., Uy} denotes be a finite population of N distinct units that is bisect into
two groups, respondents and non-respondents, having sizes N; and N,, where N = Ny + N,. Thus we
denote Q; = {U,, Uy, ..., Uy, } for the response group and Q, = {U,, Uy, ..., Uy,} for the non-response
group. In order to estimate the population mean, a sample of » is taken from the underlying population
by simple random sampling without replacement (SRSWOR), and for which units n; are responding
and n, = n — n; are not responding. It is also assumed that the sample size n; is drawn from the
response group of Q; and n, is drawn from the non-response group of €2,. Moreover a sample of size
r = ny/k units, where k > 1 is drawn by simple random sampling without replacement from n,, and
the temporal response is obtained from all r units.

Let Y, X, Z, be the study, auxiliary and ranks of the auxiliary variable.
>N Yi/N, Y= >, Yi/n: The population and sample mean of Y.
>N Xi/N, X= >y Xi/n: The population and sample mean of X.

SN\ ZiN, Z

Y
X
Z

>y Zi/n: The population and sample mean of Z.
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Yo = Zl ) Y;/N,: The population mean of Y for non-response group.

Xo) = Z X;/N,: The population mean of X for non-response group.

Z(z) Z Z :/N>: The population mean of Z for non-response group.

Y(l) = X1, Yi/n; denote the sample mean based on n; responding units out of 7 units.

)2(( = Zf:ll X;/n; denote the sample mean based on n; responding units out of 7 units.

2(1) = Z? =, Zi/n, be the sample mean based on n; responding units out of 7 units.

IA/(Z,) = )i, Yi/r be the sample mean based on r reacting units out of n; non-response units.

)2((2,) = Yi_; X;/r be the sample mean based on r reacting units out of n, non-response units.

er) = )iy Z;/r denote the sample mean based on r reacting units out of 7, non-response units.

S = % Y=Y /(N-1),8% = IZV] X; = X)*/(N—-1). S% = IZV] (Z; — Z)*/(N — 1): The population

i=1 i=1 i=1

variance of Y, X, and Z.
Z (Y; = 1) /(N, = 1), S5, Z Xi = X)* /(N2 = 1), S5, = Z (Zi = 2,)* /(N5 = 1): The

populatlon variance of Y, X, and Z for non response group.

Cy =Sy/Y,Cx =Sx/X, C;, = S,/Z: The population coefficient of variation of ¥, X and Z.

Cy(z) =S y(z)/Y(z), CXQ) = Sx(g)/}_((g), CZ(Z) =S Y(z)/Z(z)Z Be the population coefficient of variation of
Y,Xand Z for non-response group.

N _ _
Syx = Z(Y V(X;-X)/(N-1),Syz = Z(Y Y)Zi-2)/(N-1),Sxz = X(X;—X)(Z;—=Z)/(N-1):

i=1

The populatlon covariance between (Y, X), (Y Z), and (X,2).
_ N2 _
Syx, = ;(Y,- - 1)(X; = X3)/(N2= 1), Sy,z, = ;(Yi —V)(Zi=2,)] (N, = 1), Sx,z, = ;(Xi - Xo)(Zi -

Z,)/(N, — 1): The population covariance between (Y, X), (¥, Z), and (X, Z) for non-response group.
orx = Syx/(SvSx), prz = Svz/(SvS2), pxz = Sxz/(SxSz): Be the population correlation
coeflicient between (Y, X), (¥, Z), and (X, Z).
Prx, = S1x,/(Sv,Sx.): Pz, = Sv,z,/(Sv,S2), Pz, = Sx,2,/(S x,S 7,): The population correlation
coeflicient between (Y, X), (Y, Z), and (X, Z) for non-response group.

R}, = (024 + P}, — 20vxprzpxz)/(1 — p%,): The population coefficient of multiple determination
of Y on X and Z.
RZYXZ(2) = %’X(Z) + pf,z(z) = 2pyx)PrzPxz) /(1 — P?(Z(z)): The population coefficient of multiple

determination of ¥ on X and Z for non-response group.
The population mean Y may be written as such

Y= W, ?(]) + WzY(Q), (21)
X = W1X(1) + Wz)_((z), (22)
Z= WIZ(I) + WzZ(z), (23)

where W; = N;/N, )_’j:Z 2\ Zi/N;, for j=1,2.,X; = Z (Xi/N;and Z; = ), ’Z/N Following [10,
12] have suggested an unbiased estimator of ¥ under non-response, Wthh is given by

Y = W1Y(1) + W2Y(2r)

AIMS Mathematics Volume 7, Issue 3, 4592-4613.



4595

and
Var (Y°) = 457 + 1,87, (2.4)

where w; = nj/nfor j=1,2, 1= (1/n—1/N)and 1, = W,(k - 1).
Similarly

X" =wi Xy + waXop and Z° = w1 Zy + waZy),

are unbiased estimators of X and Z respectively under non-response with corresponding variances

2
*

Var (X ) = AS3 + 1283,
Var (2*) = AS3 + 12830

respectively.

In order to obtain the properties of the proposed estimator, we consider the following relative error
terms. . . ) . A

Let& =Yy -0V, & =Xu—-X/X, 6 =Un-2)]2,& =Xy —X)/X, and & = (Zy - 2)/Z,
such that E(£7) = E(&) = 0 fori =0, 1, 2, and for i = 1, 2. Where E(-) represents the mathematical
expectation of (-). Let

_ r s t * *r %S _xt
Vi = Eleg €] 5] and Vi, = E ey €}’ &3],

where r, s,t,u = 0, 1,2. Here,
E(fsz) = (95% + 025%/2)/(172) = Vio»  E(&é€D) = OpyxSySx + 02pv,x, YZSXZ)/(YX) = Vi
E(E?) = (0S5 + 6:53)/(X) = Vipg,  E(&583) = OpyzSvSz + 001,28 v,S )/ (YZ) = V1,
E@&) =085+ 0:55)/(Z%) = Voo, EEE) = OpxzS xSz + 020x,2,8 x,8 )/ (XZ) = Vi,
E&) = (0S3)/(X?) = Yo, E(&561) = BoyxS ySx)/(YX) = Wiy,
E&) = (6S)/(Z%) = Yoo, E(&é) = (OpyzSvS2)/(YZ) = W o1,
E(&16) = OpxzS xS 2)/(XZ) = Pou1,

where 8 = (1/n—1/N) and 6, = Wr(k — 1)/n.

Usually in case of non-response, two situations are more likely to happen, namely non-response on
Y only (say Situation-I) and non-response on both Y, X and Z (say Situation-II).

3. Existing estimators

In this portion, some existing estimates of the population mean for non-response are briefly reviewed
for both situations.

3.1. Situation-1

When non-response occurs in only one study variable, say Y
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(1) The estimator of the typical ratio of the Y is given as:
2. 2. X
Yo=Yy, [T) . 3.1

The properties of IA/R, are given by:

Bias(Yg) = Y (Voao — Vi10) s
MSE(Y;) = ¥* (Vago + Voo — 2Vin0) s (3.2)

respectively.

(2) The typical product estimator Y is given as:

2. 2. )2(
Y, =Y [YH] (3.3)

The properties of f/*, are given as:

Bias(f/}i) =YV,
MSE(Y;) = YZ (V200 + V020 + 2V110) . (34)

(3) The typical difference estimator for the Y is given as:
Ye =Y+ dX - Xp). (3.5)

The minimal variance of f/l*) at dopry = (YV110)/(XVino) is given as:

Y2 (Voo Voo — Vi)

Varin(Y5) = - (3.6)
Here in (3.6) can be written as:
Varin(Y) = P Vago(1 - ply). (3.7)
(4) Following [27], a difference-type estimator of Y is
Vi, = kY + k(X - Xp). (3.8)
The properties of f/; p» are given by:
Bias(V; ) = V(ky — 1) (3.9)
and
MSE(Y;; ) = P2(ky = 1)> + P2 Vagok? + X2Viok3 — 27XV 10ki ko (3.10)
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By simplify Eq (3.10) the value of k; and k,, are given as:

Vozo
{Voro(1 + Vago) = Vi)
k2(opt) == Vit 5
X{Vo2o (1 + Vago) = Vi)

ki (opt) =

2

respectively. The minimal MSE of % =.p at the optimal values is given by:

Y2 (Voo Voo — Vi)

MSEuin(V5 ) = . 3.11)
BDZT (Voo (1 + Vago) — Vi
Equation (3.11) may be written as
N Y?Voo(1 = p3
MSE, (7 ) = — 20 7/ sz) . (3.12)
’ {1+ Vaoo(1 = py )}
(5) Following [4], is given as:
A A X - X
BT.R* — ;jl eXp ( — AH] , (313)
X+ Xy
- - Xy - X
Yirp=Y3 exp( — ] (3.14)
X+ Xy
The biases and MSEs of IA/ET’R and IA/ET’ p» Ar€ given as:
LA, _(3 1
Bias(Yzrr) = Y|5Voo — 5Vio|s
8 2
A y?
MSE(Yprr) = T (4Va00 + Voo — 4V110) » (3.15)
and
. L, _(1 1
Bias(Yzrp) = Y §V110 - gVozo ,
A Y?
MSE(Y;T’P) = Z (4V200 + V020 + 4V110) . (316)
(6) Following [29], a generalized ratio-type exponential estimator of Y is
- & X-X
Vi = ,’;exp( aX - Xu) | (3.17)
a(X + Xg) +2b

The properties of Y}, are given as:

. _(3 1
Bias(Y3) = Y(gezvozo - Eavm),

LT
MSE(Y;) = - (4Va00 + 67 Voro — 46V119) ,

where 6 = aX/(aX + b).
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(7) Following [8], a generalized class of ratio-type exponential estimators of Y is given as:

a(X - Xy)
a(X + Xpy) + 2b

2

Yor = [k ¥y + k(X - Xpp)] exp(

The properties of Y/, are given as:

N _ 3 . 1 1 -
BiaS(YéK) EY(kl - 1) + g@ZYVQ()Okl + EHXV()z()kQ - EHYVH(),
MSE(?;;K) =V (k; — 1)? + Y*Vaok? + X*Vipovs + 62V Vipov?
. 3 . .
+ 20Y X Virok ko — Zezyzvozokl — Y X Vooks

+ HYZVH()]C] - 29?2‘/110\/% - ZYXVU()klkz.
The optimum values of k; and k, determined by simplifying (23), are given as:

Kicopy = o (8 -’ V020)
8{Voao(1 + Vago) — V3,,}
Y [0V, — 4Vi10(=2 + V110) — 8Vono(d + 6V110 — 4Vag)]
8X{Voo(1 + Vano) — V2)} '

b

k2(opt) =

The simplified minimum MSE of Iéfg  at the optimum values of k; and k; is given by

)

- Y
MSEin (Vi) = 6_4 (64 — 166*Vyyo —

Voro(—8 + 6*Vino)? )
Voro(1 + Vago) = Vi,

Here (3.20) may be written as
Y2(92V§20 - 8V1210 + 8V02()V200)2

64‘/320{1 + VZOO(1 _p%/)()}

MSEmin(?:;K) = Varmin(?B) -

3.2. Situation-I11

When non response is occur in both study and auxiliary variables, say Y and X.

(1) The traditional ratio estimator of Y is given as:
g ok kK X
Y =Yy = |
H

Bias(Yz") = ¥ (Woa0 — Wi10)
MSE(Y;") = Y2 (Vago + Po20 — 2%110) -

>

The properties of Y, are given as:

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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(2) The traditional product estimator of Y is given as:
ol B (3.24)
P — " H )—( . .

The properties of IA/;‘,* are given as:
Bias(Y:") = Y%,
MSE(Y;*) = YZ (V200 + \POZO + 2?110) . (325)

(3) The traditional difference estimator of Y is

A

=V d(X - X)), (3.26)

The minimal variance of IA_’;* at the optimal value d(opy = (Y¥110)/(X¥020) is

5 Y2 (VaooPor0 — P2
Vaty(75) = (V200020 110). (327)
Wo20
Equation (3.27) may be written as:
Varmin(Y5) 2 ¥ Vao(1 = pyxey)- (3.28)
(4) Following [27], a difference-type estimator of Y is
i, = kY + k(X - X)), (3.29)
The properties of % = p» Are given as:
Bias(Yy) = Yk —1)
and
MSE(f/;;fD) = Y2k — 1)* + V2 Vogokt + X*WPorok; — 2V X110k ks (3.30)
The optimal values of k; and k,, determined by minimizing (3.30), are given as:
P oo
1(opt) — ) s
{Wo20(1 + Vago) — ¥}
- Y%
200pt) — o R
X{Po2o (1 + Vago) = ¥7{,0}
The minimal MSE of ¥ = p at the optimal values is given by:
A Y2(Vago P20 — P2
MSE,in(¥35) = (VaooFozo “g) . (3.31)
’ {Wo20 (1 + Va00) — ¥1,}
Equation (3.31) may be written as:
A Y*Vaoo(1 = Py
MSEin(Yi) = e (3.32)

{1 + VZOO(1 _pix(g))}.
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(5) Following [4], the ratio and product-type exponential estimators of Y, are given by:

A** A** X - i}‘;k
Yprgr =Yy expl —=_| (3.33)
X+ X5
2** C** i;i]* - X
Yprp =Yy exp| ———|. (3.34)
X+ X5
The biases and MSEs of IQ/E*T’R and ffg*T p» are given by:
. A** \/ 3 1
Bias(Y; ) = ¥ g‘Pozo - E‘Pno ;
A y?
MSE(Ypy z) = T (4Va00 + Po2o — 4%¥110) (3.35)
and
. ﬁ** "V 1 1
Bias(Yyrp) =Y E‘Pno - g‘Pozo ;
A y?
MSE(Yg7 p) = T (4Va00 + Wo20 + 4%¥110) - (3.36)
(6) Following [6], a generalized ratio-type exponential estimator of Y is given by:
2 2 a X - )A(**
Y = ;:,*exp[ _( _ ) ] (3.37)
aX +X5)+2b
The properties of f/** are given by:
. & s ¥ 3 2 1
BlaS( s ) =Y|-0 lPOZO - —9‘1’110 .
8 2
. 72
MSE(Yy") = — (4Va00 + 67 Woa0 — 46%110) , (3.38)
where 0 = aX/(aX + b).
(7) Following [8], estimators of Y is given by:
S S v Swx a()_( - )%}?)
Yo = k¥ + k(X = X;)exp| —— . (3.39)
aX +X;)+2b

The properties of IA/E}, are given by:

N _ 3, 1 . 1 _
Bias(Yih) = V(ky — 1) + gezyvmk1 + 50X ¥onks = S0V W10,
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MSE(Y:) = P2(ky — 1)? + T2Vagok? + X202 + 0272 01>
__ 3 - __
+ 20V X g0k 1 ky — Zez Y0k — OY X0k,
+ 9?2\1’110](1 — 29?2\11110\)% - ZYX\PU()]QIQ. (340)
The ideal values of k; and k; is expressing by (3.40),
Wo20 (8 - 92‘1’020)
kiopy = 2
8{Wo20(1 + Vano) — 71,0}
Y [93‘1’(2)20 —4%¥110(=2 + 0%¥110) — 0¥ 020(4 + 0¥ 110 — 4V200)]
8X{Wooo(1 + Vago) — ¥3,)} .

9

k2(0pt) =

The minimal MSE of f’GK at the optimal values of k; and &, is given by:

< 72 Po20(—8 + P Ppn0)?
MSE in(Yi) = — (64 1667 Wy — 2 020)2 ) (3.41)
64 Woo(l + Vaoo) — 140
Equation (3.41) may be written as:
. A P2(6P92,) — 8¥2,  + 8%20Va0o)?
MSEin(Y25) = Varmn(V:) — (6P 020 = 8%11p + 8Fo20Vao0)” (3.42)

64\P(2)20{1 + VZOO(I - p%x(z))}

4. Proposed estimator in non-response using simple random sampling

The proper use of ancillary variable improve the accuracy of estimator in the design and estimation
stages. Complete auxiliary information is frequently supplied along with the sample frame for social,
economic, and natural surveys. When the study variable and the auxiliary variable have a sufficient
amount of connection, the rankings of the auxiliary variable are also correlated with the values of
the auxiliary variable. Consequently, The categorised auxiliary variable (which includes the auxiliary
variable’s rank) can be treated as a new auxiliary variable, and this information can help an estimator
perform better. Because of We present an improved family of estimators for predicting the population
mean that requires additional information on the study and auxiliary variable sample means, as well as
the ranks of the auxiliary variable under non-response using simple random sampling.

4.1. Situation-1

When non-response occur only in study variable. On the lines of [11], the proposed improved

. X7 ° . X7 & . . .
estimator of ¥ in the presence of non-response using SRS, say Yg, ..., 1s given as:

a(X - Xp) )

v A
a(X + Xy) +2b

Suggested

= (w1 V2 + wo(X = Xp) + m(Z—Z,)}exp( 4.1

where wy, w;, and wj are unknown constant. The proposed estimator }_’Suggex,ed J can be rewritten as

7 Y, * C = 17 392§2
YSuggested = {W1Y(1 +§0) - W2X§1 - W3Z§2} {1 - ? + 3 1 + .- } .

4.2)
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Simplifying (4.2), we have

A* v v v v & 1 U v > 4
(YSWM, - Y) == Vtwi ¥+ wi Ve — “wibFé - wakés - wiZé,

3 _ 1 _ 1 _ 1 _
+ gwlezygf + szeng - Ewleygggl + EwﬁZflfz. (4.3)
The properties of % Suggested> ATC given as:
. A, _ 3 55 1 _ 1 - 1 -
BlaS( Suggested) = Y(W1 - 1) + gg YV020W1 + EHXVOZOWZ - EHYVHOWl + EGZVOH’
MSE( ﬁguggested) = Yz(wl - 1)2 + YZVZO()W% + XZV()ZQWZ + 22V002W3 + 02Y2V020W%

_ _ 3 _
—0Y XVpows + 20YXV020W1W2 — ZezYZV()zoW] + 9Y2V110W1
—ZHYZVHOW% — 2YXV110W1W2 - 2Y2V101W1W3 — HYZV011W3
+20YZV011W1W3 - 2XZV011W2W3. (44)
The optimal values of wy, w,, and w; determined by minimizing (4.4), are

(6°Vo20 — 8) (V310 — Vo2 Vo)

Wi(opt) = s

8 [—V020V1201 + 2Vo11 Viot Vito — Vi, (1 + Vago) + Vool =V5,o + Voro(1 + Vzoo)}]
_ [ 46V Vi, = Voi1Vioi (=8 + 6* Voo + 80Vi10) + Vool =6 Vg + 4Vi10(—2 + Qvllo)l
+ OVia0(4 + OVy10 — 4Vago)} + V5, (=4 + 67 Vo + 4Vag0)
Wo(opt) = — _
8X [—Vozovlzm + 2Vo11 Viort Vit = V3, (1 + Vago) + Vooo{=V3, + Voro(1 + Vzoo)}]
B Y(6*Vino — 8) (Voo Vior — VioVorr)
W3(opt) - =

82[—‘/020‘/1201 + 2Vo11 Vit Vito = V(1 + Vago) + Vool =V7,, + Voo(1 + Vzoo)}]

The minimal MSE of ¥ ;uggeste , at optimal values of wy, w, and w3 is given by:

A Y? (6"Woo0 — 8)* (W3, — Yooz Po20)
MSE( Suggested) = 6_4 04 - 1602\}1020 + 5 oIl 5 5 4.5
- \P()zoqjl()l + 2\Il()lllPlOl\PllO - \11011(1 + \112()0)
+ Yoo {_lllflo + Yoo (1 + ‘ono)}
Equation (4.5) me be written as
MSEuin (¥ ggesed) = Vatmin(V3) = Ay = As, (4.6)
where
= Y2(02V§20 - 8V1210 + 8V()2()V2()0)2, @7

64V, {1 + Vago(1 — p3,)}
_ Y2(6* Voo — 8 (Voo Vior — Vor1Vino)?
64V Voor (1 = px M1 + Vago(1 = py ) H1 + Vago(1 = R 1))}

Az
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4.2. Situation-I11

When non-response are in both study and auxiliary variable. Taking motivation on the lines of [11],

we proposed a family of estimators of Y in the presence of non-response say Y;’; ggested® is given by:
A** A** v A** —~ A** a(X - )?;1*)
a(X + X57) +2b

where w;, w», and ws are unknown constants. The proposed estimator Y. ;j;ggeste , can be rewritten as:

- 'V, * V& 7 &% Hé:T 302§T2
YSuggested ={w YA + &) —w,XE —w,ZE ST - > + 2 +ee 2 4.9)
Simplifying (4.9), we can write
2** W W vV &k 1 Vo VP 7 &k
(YSuggmd) = =V wn ¥ 4w V& — Sw V€] — woXé] - wiZ&;
3 = 1 - 1 _ 1 -
+§w192Y§72 + szengz —~ EW19Y§E§§T + Ewgez.ﬁg;. (4.10)
The properties of % Suggested> ATC given by:
LA - 3 55 1 I - 1 -
BlaS(YSuggested) = Y(W] - 1) + g@ YTOZOW] + EQX‘POZOWZ - EQY\PHOWI + EQZ\POH’ and
MSE(?;Zggested) = Yz(wl — 1)2 + ?ZVZOOW% + XZ\P()z()Wz + ZZlP002W3 + HZYZ\POQ()W%

_ _ 3 .- _
—QYXlP()zQWZ + 29YX‘I’020W1W2 - ZQZYZ“POZ()W] + QYZlPl]()Wl

—29?2\P110W% - 2YXT110W1W2 - ZYZlP]()lWIWB - QYZ\P()“W3
+29YZ\P011W1W3 - 2XZ‘P011W2W3. (411)

The optimal values of w;, w,, and w3 determined by minimizing (4.11), are given as:

(6°Wo20 — 8)(W7,o — Y002 Po20)

Wi(opt) = s
8 [—‘Pozoq’%m + 2W011¥ 101110 — 5, (1 + Vago) + oo =5, + Poo(1 + V200)}]
_[46%020¥30; — Wor1'W101(=8 + 87 Poa0 + 80¥110) + Wool =6 Php0 + 4¥110(=2 + 9‘1’110)]
+ 0W0(4 + 0¥ 110 — 4Va00)} + 0¥ (—4 + 67 Woa0 + 4Vag0)
Woopt) = — —
8X | —Poa0'P2y, + 2%o11 Wi Wiio — W3, (1 + Vano) + Woorl =92, + Woao(1 + Vano)}]
_ Y(6*Wo20 — 8)(Po20¥ 101 — W110Wor1)
W3(opt) = —

8Z [—‘{’020‘1'?01 + 2%011 101110 — W5, (1 + Vago) + Pooa{—F7,o + Poo(1 + V200)}] ,
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The minimal MSE of the ¥:* g At optimal values of wy, w, and wj is given by:

Sugges
MSE (75 ggevred) = g—: 64~ 166" ¥ + — \(522 T‘foz\_yg)z\f%”&: \P_Ooimsl) | 412
020 T 101 011 101 X110 011 200
+ Yo2o {_\P%IO + Wooo (1 + Vzoo)}
Here (4.12) me be written as:
MSEumin(Vs g ose) = Varmn(Yy) = By = Bs, (4.13)

where

_ Y2673, — 87, + 8¥020Vo00)? 4.14)
642, (1 + Vaoo(1 — ply)} |

_ Y2(6*Wo20 — 8)*(Po20¥101 — Po11P110)°

643 Pon(l = przo )1+ Vaoo(1 = Pl ) M1+ Vaoo(1 = R0}

In Table 1, we put some members of the [8,29], and proposed families of estimators with selected
choices of a and b.

B,

Table 1. Components of our proposed and existing estimates.

a b ?S ? GK fIS uggested
1 o vy Yok Vymgested
1 B vy Yok Ve
B2 Cx vy Yok Y Suggested
C. B vy Yok Ve
1 Py vy Yok Y gogesea
C. Py vy Yok Y e
Py o vy T Yy genta
B> Pyx ? ;8) ? (GS)K cégu)ggested
Pyx B2 vy Yok ¥ gesed
I NX v Yoy Yy ested

5. Efficiency comparisons for both condition

5.1. Situation-1

In this section, we performed a comparison of the adapted and proposed estimators, when non-
response is available in the study variable.
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(1) By taking (2.3) and (3.21),

2
*

MSE, i, (Y

Suggested

) < Var(¥ips) if ¥2V30l, +Aj + Ay > 0.

(i1) By taking (2.4) and (3.21),

MSEuin (V2 ggesea) < MSE(¥7) if %; (Vooo = Vino)® + Ay + Ay > 0.
(iii) By taking (3.2) and (3.21),
MSEuin (¥5 yecenea) < MSE (V) if %; (Voo + Viro)? + A; + Ay > 0.
(iv) By taking (3.5) and (3.21),
MSEuin (¥ uegesea) < MSEmin (Vi) if A1 +A; > 0. (5.1)

(v) By taking (3.10) and (3.21),
Y26* Vo {92V020 + 16V500 (1 - Pix)}
64 {1 + V200 (1 —p}zx)}

MSEuin (Y3 ggesred) < MSEuin (Vi p) if +A; > 0.

(vi) By taking (3.12) and (3.21),

P
) < MSE(F;) if W00(

oV, g
;20 - VllO) +A;+A, > 0.

MSEqin (Ys

uggested
(vii) By taking (3.16) and (3.21),
MSEuin (¥ gcesea) < MSEwin (V2 ) if A2 > 0.

5.2. Situation-I1

In this section, we made efficiency comparison of all estimator, when non-response occur in both
the study and auxiliary variables.
(i) By taking (2.3) and (3.21),

MSE, i, (Y

P\ i p212 o2
Suggested) < Var( SRS) if Y VZOOpyx(Z) + Bl + B2 > 0.

(i1) By taking (2.4) and (3.21),

c** 2** . Yz
MSEmin (YSuggested) < MSE( RI) if _V (‘P()z() - T]]())z + B+ B, > 0.
200
(i11) By taking (3.2) and (3.21),
Sk S . )_,2 2
MSEmin( Suggested) < MSE( P ) if _V (111020 + lPllO) + Bl + Bz > 0.
200
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(iv) By taking (3.5) and (3.21),
MSEnin (¥5igesea) < MSEmin (Vie,) if By + By > 0.
(v) By taking (3.10) and (3.21),
Y26*W 0o {92‘1’020 + 16Van9 (1 - Pix(z))}

MSEq, (Y2 MSEnn (Vi) if
( )< ( R,D) ! 64{1 +Vzoo(1 —Pix(z))}

Suggested

+ B, > 0.

(vi) By taking (3.12) and (3.21),

A R V2
MSEmin (Y;:;ggested) < MSE ( _;*) if Y_ (Hl};(,)zo

2
_\PIIO) + B+ By > 0.
Vaoo

(vii) By taking (3.16) and (3.21),
MSE i (

2
*

STAggested) < MSEmin(Ang) if B, > 0.

6. Numerical investigation

In this section, the mathematical result is shown to verify the effectiveness of all estimators as
compared to existing estimators. Four data sets are under consideration. The data description and
mean square error are listed in Tables 2 and 3. The percent efficiency of estimator ¥; w.r.t Ysgs:

AR Var(f/SRs)
PRE (Yl, YSRS) = m x 100,

where i = R, P,...,Sugeested.
The MSEs and PREs of mean estimators, computed from two populations, are given in Tables 4—11.
Population 1. (Source: [9]) Y: The egg assemble in 1990, X: Value per dozen in 1991.

Table 2. Description for Population I.

Parameter Value Parameter Value

N 50 Sy 1661.242

n 15 Sy 22.18052

A 0.046670 \Y; 14.57598

Y 1357.622 Orx —0.3022287

X 75.8720 Prz —0.2662075

V4 25.5000 Pxz 0.9574204

Non-response

Parameter Value Parameter Value

N2 12 PYX(2) 1.0000000

%} 0.240000 PYz2) -0.3376224

A> 0.016000 Px2(2) 0.9871019
Sy 940.7629
A ) 19.53920
Sz 3.605551
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Population II. (Source: [9]) Y: Eggs assemble in 1990, X: Value per dozen in 1990.

Table 3. Description for Population II.

Parameter Value Parameter Value
N 50 Sy 1661.242
n 15 Sy 21.31747
A 0.046670 \Y; 14.57563
Y 1357.622 Orx —0.2888328
X 78.29000 Prz —0.2469467
V4 25.50000 Pxz 0.9467713
Non-response
Parameter Value Parameter Value
N, 12 Prx) 1.0000000
Wy 0.240000 Prz) —-0.2066633
A> 0.016000 Pxz(2) 0.9795199
Sy 940.7629
S x) 18.25925
Sz 3.605551

Table 4. MSEs using Population I Situation-I.

Estimator ~ Value = Estimator =~ Value  Estimator =~ Value  Estimator = Value

Ysrs 1429478 V" 1484295 Y(, 1311852 Y{) ... 1093487
Ye 1579538 VY 1480933  YS, 1311978 VO . 109370.1
Yoo 1439041 VY 1484490  YG, 1311844 YO . 1093475
Y 1414020 Y 1473140 ¥, 1312260 Y . 1094175
Yep 1313268 ¥ 1484833 Y, 1311830 YO . 1093453
YE 1485589 Y, 1311802 ¥ . 1093404

Y 1485472 ¥ 1311807 YY) 1093411

YE 1484624 YS, 1311839 ¥P . 109346.6

YQ 1501740 ¥Y§, 1311153 YO, . 109230.8

YO 1430174 YUY 1313268 YO 109586.3

Suggested

AIMS Mathematics
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Table 5. MSEs using Population I Situation-II.

Estimator ~ Value  Estimator =~ Value  Estimator =~ Value  Estimator  Value

Ysrs 1429478 VY 1531137 Y(, 1224770 Y 0 1131732
Ye 1665499 VY 1525813 ¥, 1224865 ¥ . 1131908
Yo 1320998 VY 1531444 YG, 1224765 YO . 1131722
Yeee 1313162 ¥ 1513203 ¥$, 1225075 Y 1132298
Yep 1225827 Y 1531983 ¥$, 1224755 Y5 .. 1131704
Y 1533170 Y9, 1224734 YO 1131663

YQ 1532986 YO, 1224737 YY) . 113167.0

Y 1531654 YS, 1224761 YO . 1131715

YO 1557851 ¥§y 1224250 Y5 .. 1130762

v{O 1431172 vgY 1225826 Y 1133692

Table 6. PREs using Population I Situation-I.

Estimator Value Estimator Value Estimator Value Estimator Value
Yses 10000 ¥ 9631 Y, 10897 ¥ 13073
Ye 90500  YP 9653 Y5 10896 Y . 13070
Yo 99340 ¥ 9629  YG, 10897 YO .. 13073
Yeee 10109 V9704 ¥, 10893 Y . 130.64
Yep 10885 YO 9627 Y5, 10897 VO . 13073
Y 9622 YY, 10897 YO . 13074

Y9 9623 YD, 10897 YY) . 130.74

Y 9629 ¥S, 10897 ¥Y® . 13073

Y9 9519 Y9, 10902 YY) . 130.87

v¢O 9995 YIY 10885 Y(O . 13044

AIMS Mathematics
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Table 7. PREs using Population I Situation-II.

Estimator Value Estimator Value Estimator Value Estimator Value
Yss 10000 ¥V 9336 ¥, 11671 Y 12631
Ye 85830 ¥ 9369 Y3 11670 YQ . 12629
Yoo 10821 Y9 9334 ¥S, 1671 YY) . 12631
Yee 10886 V¥ 9447 ¥ 11668 VY 12625
Yep 11661 YO 9331 Y9, 11672 YO ... 12631
YO 9324 VS 1672 YO 12632

vO 9325 v ne72 ¥ 12632

v 9333 vy, 167 ¥P 12631

YO 9116 v, 11676 YO 12642

v¢O 9988 ¥4y 11661 YV . 12609

Table 8. MSEs using Population II Situation-I.

Estimator ~ Value  Estimator ~ Value  Estimator =~ Value  Estimator  Value

Ysrs 1429478 VY 1492777 Y, 1309851 YD . 1117454
Ye o 160327.6 VY 1489166 Yo, 1309988 YO o 111769.0
Yo 1441815 VY 1493018 YG, 1309842 YO . 1117438
Yeee 1411970 Y 1481284 ¥$, 1310276 Y . 1118188
Yep 1311500 ¥ 1493458 YO, 1309825 YO 1117408
YO 1494315 Y9, 1309792 YO 1117351

YY) 1494236 Y, 1309795 YY) o 1117356

YE 1493205 Y, 1309834 ¥® 1117425

YO 1510418 YS, 1309144 YO o 111623.0

Y{O 1430278 Y 1311500 V(O 112028.6
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Table 9. MSEs using Population II Situation-II.

Estimator ~ Value  Estimator =~ Value  Estimator =~ Value  Estimator  Value

Ysrs 1429478 V) 1540349 Y(, 1223459 Y{) 1215027
Ye o 168897.1 VY 1534924 ¥, 1223560 Y .. 1215229
Yo 1317004 VY 1540710 YG, 1223452 YO . 1215014
Ve 1311841 Y 1522863  ¥S, 1223773 ¥ . 1215654
Yep 1224675 YY) 1541366  Yg, 1223440 ¥§) . 1214989
YO 1542643 Y9, 1223416 YO 1214940

YQ 1542525 YO, 1223418 YY) . 1214944

YE 1540988 Y, 1223447 ¥P 1215003

YY) 1566101 Yy 1222939 YY) 1213984

Y{O 1431308 YSY 1224675 Y 1217452

Table 10. PREs using Population II Situation-I.

Estimator Value Estimator Value Estimator Value Estimator Value
Yses 10000 ¥ 9576 Y, 10903 ¥ 12792
Ye 8960  YP  9599  ¥S 10912 Y2 127.90
Yoo 99040 VY 9574 ¥G, 1093 YO . 12792
Yeee 10124 VY 9650 ¥, 109.00 ¥ 127.84
Yep 10900 YO 9572 VS, 10904 VO 127.93
Ye 9566 VY, 10904 YO 127.93

Y9 9567 YD, 10914 ¥ 127.93

Y 9573 ¥S, 10913 ¥Y® 12793

YO 9464 VS 10919 YO 128.06

v¢O 9904 ¥IY 10900 YO 127.60
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Table 11. PREs using Population II Situation-II.

Estimator Value Estimator Value Estimator Value Estimator Value

Yses 10000 ¥ 9280 ¥, 11684 Y . 117.65
Ye 84640 VY 9313 Y5, 11683 YD . 117.63
Yo 10854 Y9 9278 Y5, 11684 YY) . 11765
Yee 10897 ¥V 9387 ¥, 11681 Y 11759
Yep 11672 YO 9274 ¥, 11684 YO . 117.65
YO 9266 VY, 11684 YO o 117.66
YO 9267 Y 1684 ¥ 117.66
Ye 276 VS, 11684 ¥YE 0 117.65
Y 9128 Y, 11689 YO . 11775
v¢O 9987 vSY 1672 ¥ 11742

7. Conclusions

In this paper, a new family of estimators for estimating the population mean with information on the
auxiliary variable in the form of the sample mean and ranks of the auxiliary variable in the presence
of non-response has been devised. The suggested family of estimators a mathematical expressions for
biases and minimum MSEs have been generated up to the first order of approximation and compared
both theoretically and numerically with the [6,10,22], the conventional difference, [8,27,29] estimators
under Situation-I and Situation-II. It has been observed that the proposed family of estimators is more
efficient in both non-response situations.
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