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1. Introduction

According to [1], by a semiring we mean that an algebra (S, +, -) of type (2, 2) satisfies the identities:

x+y)+z=x+(Q+2), (1.1)
(xy)z = x(y2), (1.2)

x(y +2) = xy + xz, (1.3)
(x+y)z=xz+yz (1.4)

We write just S instead of (S, +,-) for the sake of simplicity. The semigroup (S, +) (resp., (S, "))
is called additive (resp., multiplicative) reduct of S. A semiring S is called an additively (resp.,
a multiplicatively) idempotent semiring if (S, +) (resp., (S,-)) is idempotent, i.e., if it satisfies the
identity x + x ~ x (resp., x> ~ x). And S is called an idempotent semiring if both (S, +) and (S, -) are
idempotent, i.e., if it satisfies the identities x + x ~ x and x*> = x (see [2]).

A variety of algebras is a class of algebras of the same type that is closed under the formation of
subalgebras, homomorphic images and direct products (see [3]). It is well known (Birkhoff’s theorem)
that a class of algebras of the same type is a variety if and only if it is an equational class. Thus, all
semirings form a variety. From [4], all idempotent semirings also form a variety, denoted by 1.
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By the definition of semiring, we know that a semiring can be regarded as two semigroups connected
by distributive law over same nonempty set. So Green’s relations on semigroups are usually used to

. +
study semirings, especially idempotent semirings. It is necessary to note that £ and L denote /[-
relation on (S, ) and (S, +), respectively. The same remark applies to other Green’s relations. Pastijn

and Petrich [5] studied the Varrety of 1demp0tent drstrrbutlve semirings and showed that both Z)
and D are congruences and Z)DZ) Z)\/Z) Z)Z)Z) for such a semiring. Pastijn and Zhao [6]

proved that idempotent semirings where Dis the congruence form a subvariety of / and gave various

characterizations for idempotent semirings where Dis the least lattice congruence. Zhao [7] introduced
a congruence p on the power semiring (P(S), U, o) of a semigroup S and proved that P(S)/p is an
idempotent semiring if S is a band. Pastijn and Guo [8] showed that for a semiring S whose additive

reduct is a completely regular semigroup, every 7+{ -class is the maximal subring of S and hence S is the
disjoint union of these maximal subrings. Pastijn and Zhao [9] proved that S in S+£ belongs to (NB)D§€
if _l: and R are congruences on S or Dis the congruence on S. Wang et al. [10] showed that the additive
reduct of a band semiring is a regular band. Ghosh et al. [11] proved that Z+) is the least S+€ -congruence

Y
for a idempotent semiring and the multiplicative reduct of § is a regular band if SeS¢. Pastijn [12]
studied the variety U of idempotent semirings satisfying the additional identity xy + yx ~ yx + xy

and showed that ZJr)ﬂZ) is the least U-congruence on any idempotent semiring. In general, Green’s
relations on reducts of a semiring are not congruences on the semiring [13]. Damljanovi¢ et al. [2]
obtained the congruence openings of Green’s relations on the additive reduct of a semiring and studied
the variety of additively idempotent semirings. Cheng and Shao [14, 15] defined and studied several
varieties of multiplicative idempotent semirings by means of congruence openings of multiplicative
Green'’s relations on a semiring. Zhao et al. [13] defined and studied some subvarieties of / by the join
and meet of Green’s L relation and other Green’s relations. Zhao et al. [16] defined and studied some
subvarieties of I by the join and meet of Green’s D relation and other Green S relatrons and proved that

D is the congruence on an idempotent semiring if and only if both Z)ﬁi) and Z)\/Z) are congruences
on the idempotent semiring.

In this paper, we use COSJ to denote the variety of semirings satisfying the following additional
identities:

3x = x, (1.5)
X, (1.6)
2x+ 2y = 2(x + ). (1.7)

Obviously, COSJ contains / in [13], R, o Din [11] and 2% in [1]. Thus, COS] can be regarded as
the generalization of these varieties of semirings. Suppose S € COS;. Then the additive reduct of S is
a completely regular sermgroup and the multrphcatrve reduct of § is a band.

We call L R ‘7—( Z) and J (resp., L R ‘7—( Z) and J ) additive (resp multlphcatlve) Green’s

relations on S. By Theorem II 4.5 in [17], we have that if S€ COS], then Z) j and Z) j Thus,
we only need to consider one of them. It follows from [18] that for all a,besS

+
albe Ap,qgeSYa=p+b, b=q+a;
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a;%b(z) Ap,qeSYa=b+p, b=a+gq;
a.[b(:) (Hp,qul)a = pb, b = qa;
a?’éb:} (Ap,qeSYHY a =bp, b = aq.
Thus, 7+{ = zﬁ;% and Z+) = 2V7+€ = 2073 = 7+Q of:. In this paper, we omit the sign o and write it directly

+ + + +
as LR or RL. The same is true of multiplicative Green’s relations. Moreover, by Theorem I 3.6 in [17],

if §€ COS;, then we have that for all a, be S,

aZb:}a:ab,b:ba; (1.8)
aRb e a=ba, b= ab; (1.9)
a Db e a=aba, b= bab; (1.10)
aZb:}a:a+2b,b:b+2a; (1.11)
aRb e a=2b+a,b=2a+b. (1.12)
By (1.11) and (1.12) it follows that
aH b —> 2a = 2b. (1.13)
. .

According to [8], H is the least /-congruence on S and every FH-class is the maximal subring of S.
Thus, S is the disjoint union of these maximal subrings. To go a step further, S is the disjoint union of
Boolean rings.

+ . + .
The content is arranged as follows: In Section 2 we give characterizations for HNZL (resp., HNR,
+

H OZ)) as a congruence on S and prove that the class of semlrmgs defined by thls congruence is
+

a subvariety of COS}. In Section 3 we give characterizations for ‘H VL (resp., 7{ \/R H v@) as a
congruence on S and prove that the class of semirings defined by this congruence is a subvariety
of COS3. These conclusions are further extensions of several results in [13, 16]. Throughout this
paper, unless otherwise stated, S always belongs to COS] when we refer to S. Let Con(S) denote
the collection of all congruences on S, A the equality relation on §, and v the universal relation on S'.

+ -+ + .
2. Some subvarieties related to HN.L, HNR and HND

+ . + . + .
In this section, we prove that the classes of semirings related to HNL, HNR and HND are all
subvarieties of COSJ, and give equational bases.

+ . . .
We have the characterizations for H, £, R and D by (1.8)—(1.10) and (1.13), respectively.
Lemma 2.1. Suppose S €COS3. Then for all a, beS,
+
€)) aﬂbﬁ (Ju,veS)a=u+2v, b=2u+v;

(i) a Lb << (du,veS) a = uvu, b = vu,
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(it)) a R b (Au,veS) a = uvu, b = uv;
(v) aD b Ju,veS)a =uv, b =vu.
+
Proof. We only prove (i), and in a similar manner, we can also prove (ii)—(iv). If a H b and let u = a
andv=>b,thenu+2v=a+2b=aby(l.11) and 2u + v = 2a + b = b by (1.12). Conversely, if u, veS
+
and leta = u + 2v and b = 2u + v, then 2a = 2u + 2v = 2b. Thus, by (1.13), a H b. |

The conclusions with respect to join and meet between above Green’s relations are given by the
following lemma.

Lemma 2.2. Suppose S €COS3. Then for all a, beS,

0) a(?t{ﬂ.t)b — (du,veS) a = uvu + 2vu, b = 2uvu + vu,
(i1) a(?t(rﬂé)b — (du,veS) a = uvu + 2uv, b = 2uvu + uv;
(ii7) a(?t(ﬂf))b — (Au,veS)a = uv + 2vu, b = 2uv + vu.

+ .
Proof. We now prove (i), and the others can be proved similarly. If a(HNL)b and let u = ab and
v = ba. Then

uvu + 2vu = ab + 2bab (by (1.6))
=a+2b (by (1.8))
=a, (by (1.11))

2uvu + vu = 2ab + bab (by (1.6))
=2a+b (by (1.8))
= b. (by (1.12))

.
Conversely, if u, veS and let a = uvu + 2vu and b = 2uvu + vu. Then a H b and

ab = (uvu + 2vu) 2uvu + vu)

= 2uvu + 2vu + uvu + 2vu (by (1.5), (1.6))
= uvu + 2vu (by (1.5))
=a,

ba = Quvu + vu)(uvu + 2vu)

= 2uvu + vu + 2uvu + 2vu (by (1.5), (1.6))
= 2uvu + vu (by (1.5))
= b.
. + .
i.e.,a Lb. Thus, a(HNL)b. O

By replacing above Green’s relations with other Green’s relations, we can deduce more similar
characterizations, just as Lemma 2.1 in [13] and Lemma 1.3 in [16].
Now we can establish the following theorem.
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Theorem 2.3. Suppose S€COS]. Then
+ .
(i) HNLeCon(S) if and only if S satisfies the identities

Z(xyx + 2yx)z(2xyx + yx) = z(xyx + 2yx), 2.1
(24 xyx + 2yx)(Z + 2xyx + yX) = 7 + xyx + 2yx, (2.2)
(xyx +2yx + 2)2xyx + yx + 2) = xyx + 2yx + z; (2.3)

+ .
(i) HNReCon(S) if and only if S satisfies the identities

(2xyx + xy)z(xyx + 2xy)z = (xyx + 2xy)z, (2.4)
(z 4+ 2xyx + xy)(z + xyx + 2xy) = 7 + xyx + 2xy, (2.5)
2xyx + xy + 2)(xyx + 2xy + 2) & Xyx + 2xy + 25 (2.6)

+ .
(fii) HNDeCon(S) if and only if S satisfies the identities

(24 xy+2yx)(z + 2xy + yx)(z + xy + 2yx) = 7+ xy + 2yx, 2.7)
(xy +2yx + 2)Rxy + yx + 2)(xy + 2yx + 2) = xy + 2yx + 2. (2.8)

+ .
Proof. Here we prove (i), and the proofs of (ii) and (iii) are similar. If HNLeCon(S), then, by (i)
+ . .
in Lemma 2.2, (aba + 2ba)(HNL)(2aba + ba) for all a, b, ceS . Hence c(aba + 2ba) L c(2aba + ba),
(¢ + aba + 2ba) L (¢ + 2aba + ba) and (aba + 2ba + ¢) L Qaba + ba + ¢), i.e.,

c(aba + 2ba)c(2aba + ba) = c(aba + 2ba),
(¢ + aba + 2ba)(c + 2aba + ba) = ¢ + aba + 2ba,
(aba + 2ba + c¢)(2aba + ba + ¢) = aba + 2ba + c.
Thus, S satisfies (2.1)—(2.3).

+ .
Conversely, if S satisfies (2.1)—(2.3), let a, beS and a(HNL)b. Then, by (i) in Lemma 2.2, there
exist u, veS such that a = uvu + 2vu and b = 2uvu + vu. Thus, for all ceS,

c(uvu + 2vu)cQuvu + vu) = c(uvu + 2vu),
(¢ + uvu + 2vu)(c + 2uvu + vu) = ¢ + uvu + 2vu,
(uvu + 2vu + ¢)Quvu + vu + ¢) = uvu + 2vu + c.
1.e., (ca)(cb) = ca, (c+a)(c+b) = c+a and (a+c)(b+c) = a+c. Dually, (¢b)(ca) = cb, (c+b)(c+a) = c+b
and (b + ¢)(a + ¢) = b + c. That is to say, ca £ cb, (¢ + a)L(c + b) and (a + ¢)L(b + ¢). Hence £ is
the left congruence on (S, -) and the congruence on (S, +). Since L is the right congruence on (S, -), it
. +

follows that £ is the congruence on S. Thus, HNLeCon(S). O

By replacing above Green’s relations with other Green’s relations, we can deduce more similar
conclusions, just as Lemma 2.2 in [13] and Theorem 2.6 in [16].

+ . + .
From Theorem 2.3, the classes of semirings {S €COSJ: HNLeCon(S)}, {S €COSS: HNReCon(S )}

+ .
and {S €COS;: HNDeCon(S )} are all varieties.
A useful further specialization of this result is provided by the following corollary.
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Corollary 2.4. Suppose S €COS;. Then

@) 7J:(ﬁ£ =A if and only if S satisfies the identity xyx + 2yx = 2xyx + yx;
(iM) 7t(ﬂ7€ =A if and only if S satisfies the identity xyx + 2xy =~ 2xyx + xy;
(iii) 7J:( ND =2 if and only if S satisfies the identity xy + 2yx ~ 2xy + yx.

+ . + .
Thus, the classes of semirings {S€COS;: HNL =a}, {§eCOS]: HNR =} and {S€COS]:

+ .
HND =a} are all varieties.
We can immediately deduce the following corollary by (1.8)—(1.10) and (1.13).

Corollary 2.5. Suppose S€COS;. Then

(@) 7+{ =V ifand only if S satisfies the identity 2x ~ 2y;
(iM) L =V ifand only if S satisfies the identity xy = x;
(iii) R = V ifand only if S satisfies the identity yx = x;
(iv) D=v if and only if S satisfies the identity xyx ~ x.

+

Thus, the classes of semirings {S€COSt: H = v}, (SECOS!: £ = v}, (S€COS:: R = v} and

{§€COS;: Z) = v} are all varieties. According to [4, 8], these varieties happen to be R,, Lz, Rz and R,
respectively

Since WmL = Vv (resp., 7—(07% =v, 7{01) = V) means that 7—( L = v (resp., 7—( R = v,
7’( D= V), it follows the following corollary.
Corollary 2.6. Suppose S€COS;. Then
@) 7t(ﬂL = V if and only if S satisfies the identities 2x = 2y, xy = x;
(iM) 7'(073 = V if and only if S satisfies the identities 2x =~ 2y, yx = x;
(iii) 7{ ND=v if and only if S satisfies the identities 2x = 2y, xyx ~ X.

. + .
Thus, the classes of semirings {§€COS]J: 7—(ﬂ.£ = v}, {§€COS]: HNR = v} and {S€COS]:

+ .

HND = v} are all varieties.

+ -+ +
3. Some subvarieties related to HV.L, HVR and HVD

+ . + . + .
In this section, we prove that the classes of semirings related to HVL, HVR and HVD are all
subvarieties of COS7 and give equational bases.

We first show the characterizations for 7+{ VZ, 7+{ VR and 7+{ \/i), respectively.
Lemma 3.1. Suppose §€COS;3. Then
(@) 7—( VL= 7-([7—(
(iM) 7-(V7€ WR?‘(
(iii) 7{ VD = 7‘( 1)7-(
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Proof. We only prove (z) and the proofs of (ii) and (zu) are 51m11ar It is obvious that ?{ \/L 2 ﬂﬁ?{

To show that 7{ VL C 7’1137‘( we need verify that L?-{ L C 7‘(.57—( If a, beS and a LWL b, then there

exist c deS such that a L c 7—( d £ b. Certainly, a = ac 7—( ad and b = bd 7—( bc, and so a = ac 7{ adc

by a 7{ ad. Since L is the right congruence on (S, ), 1t follows that adc L cdcbya L c and bc L dc by

b L d Thereby a ‘H ade £ cde L de L bc 7{ b.ie.,a WL‘H b. ThlS 1mp11es that L?{L C 7{1:7{ Since

7-(£7-{ is the equivalence containing 7—( and L and so 7—(V.£ - 7-(1:7-( Thus, 7{ VL= 7-(£7-{ m]
Further characterizations are available.

Lemma 3.2. Suppose SECOS+ Thenfor a,bes,

(1) a(?-(VL)b = 7—(ab = 7-(a, 7-{;,a 7-(h,

(if) a(WVR)b = 7-(ba 7‘(a, Wab = 7—(1,,

(iii) a(HVDYb &= Hopo = Ho, Hiuy = Hy,

Proof We only prove (i), and in a similar manner, we can also prove (i) and (ii). If a, bES and

a(?—(VL)b then, by (i) in Lemma 3 1, there eX1st c, deS such that a 7—( c L d 7—( b. So ab 7—( cb and

c=cd 7{ cbh. These 1mply that a ‘H c =cd 7{ cb 7{ ab. Thus ?{ ?{ab, and s1m11ar1y 7{ b= 7{ ba-

Conversely, if Wab = 7-( and 7-( ba = 7{1,, then a 7{ ab L bab 7-( b by bab 7‘( b.,ie.,a WLW b. Thus,

by (i) in Lemma 3.1, a(?—( V.£)b O

. . + .
In the case where 7—( VL, 7—( VR and HVD are congruences on S, the arguments can be made by the
following lemma.

Lemma 3.3. Suppose S€COS;. Then
+ - . +
(i) HVLeCon(S) if and only ifLS/J{ is the congruence on S |H;

+ - . +
(i) HVReCon(S) if and only if RS/(;{ is the congruence on S |H;

+

+ -
(iity HVDeCon(S) if and only if Z)S/(;( is the congruence on S |'H.

The equational characterization for L (resp., 7%, Z)) are given by the following lemma.

Lemma 3.4. Suppose S€COS;. Then
(i) LeCon(S) if and only if S satisfies the identities:

2(xyx)z(yx) = z(xyx), (3.1
(z+ xyx)(z + yx) = 7 + xyXx, (3.2)
(xyx +2)(yx +2) = xyx + z; 3.3)

(if) ReC on(S) if and only if S satisfies the identities:
(xy)z(xyx)z = (xyx)z, (3.4)
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(z+ xy)(z + xyx) = 7 + xXYX, 3.5
(xy + 2)(xyx +2) = xyx + z; (3.6)

(iii) DECon(S ) if and only if S satisfies the identities:

(z+ xy)z+yx)(z+ xy) = 2+ xy, (3.7)
(xy +2)(yx + 2)(xy + 2) ~ xy + 2. (3.8)

Proof. We now prove (i), and the others can be proved similarly. By (ii) in Lemma 2.1, aba L ba for

all a,b € S. If LeCon(S), then c(aba) L c(ba), (¢ + aba) L (¢ + ba) and (aba + ¢) L ba + c for all
cesS, i.e.,

c(aba)c(ba) = c(aba),

(¢ + aba)(c + ba) = ¢ + aba,
(aba + c)(ba + ¢) = aba + c.

Thus, S satisfies (3.1)—(3.3).

Conversely, if S satisfies (3.1)—(3.3), let a, b€S and a £ b, then, by (ii) in Lemma 2.1, there exist
u, veS such that a = uvu and b = vu. Also, for all ceS,

c(uvu)c(vu) = c(uvu),
(¢ + uvu)(c + vu) = ¢ + uvu,

(uvu + c)(vu + ¢) = uvu + c.

1.e., (ca)(ch) = (ca), (c+a)c+b) = c+aand (a + c)(b+c) = a+ c. Dually, (chb)(ca) = cb,
(c+b)(c+a) =c+band (b+c)a+c) = b+ c. Thatis to say, caZcb, (c+a)£(c+b) and
(a+c) L (b + ¢). Hence .E is the left congruence on (S, -) and the congruence on (S, +). Since .E is the
righ congruence on (S, -), it follows that L is the congruence on S. O

Interestingly, Lemma 3.4 also holds for S €/ in [16].
In view of Lemma 3.4, the classes of semirings {S €COSJ: LeCon(S)}, {S €COS;: ReCon(S)} and

{§e€COS;3: @ECon(S )} are all varieties.
By Lemmas 3.3 and 3.4, we obtain the following theorem.

Theorem 3.5. Suppose S€COS]. Then
+ .
(1) HVvLeCon(S) if and only if S satisfies the identities:

2z(xyx)z(yx) = 2z(xyx), (3.9)
2(z + xyx)(z + yx) = 2(z + xyx), (3.10)
2(xyx + 2)(yx + 2) = 2(xyx + 2); (3.11)

+ .
(i) HVReCon(S) if and only if S satisfies the identities:

2(xy)z(xyx)z = 2(xyx)z, (3.12)
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2(z + xy)(z + xyx) = 2(z + xyx), (3.13)
2(xy + 2)(xyx + 2) = 2(xyx + 2); (3.14)

+ .
(i) HVDeCon(S) if and only if S satisfies the identities:

2(z + xy)(z + yx)(z + xy) = 2(z + xy), (3.15)
2(xy + 2)(yx + 2)(xy + 2) = 2(xy + 2). (3.16)

Proof. We only prove (i), and we can also prove (zz) and (iii) in a similar manner If 7‘[ VLECon(S ),
then, by (i) in Lemma 3.3, ﬂc(aba)c(ba) = Wc(aba)’ W(c+aba)(L+ba) = 7_{(c+abu) and W(aba+c)(ba+c) = W(abc&c)
forall a, b, ceS, i.e.,
2c(aba)c(ba) = 2c(aba),
2(c + aba)(c + ba) = 2(c + aba),
2(aba + c)(ba + ¢) = 2(aba + ¢).

Thus, S satisfies (3.9)—(3.11).

Conversely, 1f S satisfies (3.9)—(3.11), then ?{C(abmc(ba) = ?Jr{(;(aba), H crabaycibay = W(C+aba) and
ﬂ(abaﬂ)(baﬂ) = W(abaﬂ) for all a, b, ceS. Hence, by (i) in Lemma 3.4, L is the congruence on S /7—(
Also, by (i) in Lemma 3.3, WVLGC on(S). O

4
By replacing H with Z) we can deduce similar conclusmn Just as Theorem 2.7 in [16]

From Theorem 3.5, the classes of semirings {S €COS;: 7—( \/LECon(S )}, {S €COS3: ?{ VRECon(S )}

and {§ €COS;: 7{ VDECon(S )} are all varieties.
Considering that the universal relation is a special congruence, we immediately have the
following corollary.

Corollary 3.6. Suppose S €COS;. Then

() 7+{V£ =V ifand only if S satisfies the identity 2xy =~ 2x;
(iM) 7{ VR = v if and only if S satisfies the identity 2yx ~ 2x;
(@ii) 7-(\/1) Vv if and only if S satisfies the identity 2xyx ~ 2x.

N
Proof. We only prove (z) and in the same manner, we can also prove (ii) and (iii). If H \/L = v, then,

+
by (i) in Lemma 3.2, a(?{ VL)b for all a, beS and Wub =H,, . e 2ab = 2a. Thus S satisfies identity
2xy 2x. Conversely, if S satlsﬁes the former identity, then a 7-( ab L bab 7{ b for all a, beS, and so

a(?—(VL)b by Lemma 3.1. Thus, 7—(V£ v. |

+ - + -
Thus, the classes of semirings {S€COS]: HV.L = v}, {§eCOS;: HVR = v} and {S€COS]:

+ .
HVD = v} are all varieties.
The following corollary now follows directly from Lemma 2.1.
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Corollary 3.7. Suppose S €COS;. Then

@) 7J:( =A if and only if S satisfies the identity x + 2y =~ 2x + y;
(iM) L =A if and only if S satisfies the identity xyx =~ yx;

(@ii) R =4 if and only if S satisfies the identity xyx ~ xy;

@iv) D=a if and only if S satisfies the identities xy =~ yx.

+

Thus, the classes of semirings {S€COS]: H =a}, {S€COS;: L =a}, {S€COS3: R =A} and

{§€COS;: D =A} are all varieties. According to [13], the first variety of semirings happens to be I.
+ . + . + . + . + .
Since HVL =a (resp., HVR =a, HVD =A) means that H = L =A (resp., H = R =4,

+

H=D =A), it follows the following corollary.

Corollary 3.8. Suppose S€COS;. Then

(@) WVL =A if and only if S satisfies the identities x + 2y ~ 2x +y, Xyx = yx;

(iM) 7—(VR =A if and only if S satisfies the identities x + 2y =~ 2x +y, Xyx = Xy,
(iii) 7-(\/2) =A if and only if S satisfies the identities x + 2y =~ 2x +y, Xy = yx.

+ . + -
Thus, the classes of semirings {S€COS]: HVL =a}, {SeCOS;: HVR =a} and {S€COS]:

v o .
HVD =} are all varieties. According to [8], these varieties happen to be Rr, Lr and S ¢, respectively.
4. Conclusions

In this paper, we consider a semiring variety COSJ, which is determined by additional identity

x*> ~ x. We first give the sufficient and necessary conditions for some equivalences to be semiring

congruences. Then we prove that the semiring classes defined by these congruences are subvarieties
of COS]J. In the future, we will consider COS;, which denotes the semiring variety determined by
additional identity x" ~ x. And we will extend the results in this paper.
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