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Abstract: The importance of convex and non-convex functions in the study of optimization is 

widely established. The concept of convexity also plays a key part in the subject of inequalities due 

to the behavior of its definition. The principles of convexity and symmetry are inextricably linked. 

Because of the considerable association that has emerged between the two in recent years, we may 

apply what we learn from one to the other. In this study, first, Hermite-Hadamard type inequalities 

for LR-𝑝-convex interval-valued functions (LR-𝑝-convex-I-V-F) are constructed in this study. 

Second, for the product of p-convex various Hermite-Hadamard (𝐻𝐻) type integral inequalities are 

established. Similarly, we also obtain Hermite-Hadamard-Fejér (𝐻𝐻-Fejér) type integral inequality 

for LR-𝑝-convex-I-V-F. Finally, for LR-𝑝-convex-I-V-F, various discrete Schur’s and Jensen’s type 

inequalities are presented. Moreover, the results presented in this study are verified by useful 

nontrivial examples. Some of the results reported here for be LR-𝑝-convex-I-V-F are generalizations 

of prior results for convex and harmonically convex functions, as well as 𝑝-convex functions. 
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1. Introduction 

Convexity of function is a classic notion, as it is used in mathematical programming theory, 

game theory, mathematical economics, variational science, optimal control theory, and other domains. 

In the 1960s, a new branch of mathematics called convex analysis emerged. However, because the 

functions encountered in a large number of theoretical and practical economics problems are not 

classical convex functions, the generalization of function convexity has piqued the interest of many 

scholars in recent decades, such as h-convex functions [1–4], log-convex functions [5–9], log-h-convex 

functions [10], and especially coordinated convex functions [11]. Several authors [12–16] have 

proposed different expansions and generalizations of integral inequalities for different convex 

functions since 2001. 

Calculation error, on the other hand, has always been a problematic issue in numerical analysis. 

Because the accumulation of calculation errors can render the calculation results meaningless, interval 

analysis as a new important tool to solve uncertainty problems has attracted a lot of attention and has 

also yielded fruitful results; we refer the reader to the papers [17,18]. Many writers have merged 

integral inequalities with interval-valued functions (I-V-Fs) in recent decades, and many great findings 

have resulted. Costa proposed Opial-type disparities for I-V-Fs in [19]. Chalco-Cano used the 

generalized Hukuhara derivative to examine Ostrowski type inequalities for I-V-Fs in [20,21]. The 

Minkowski type inequalities and Beckenbach's type inequalities for I-V-Fs were developed by 

Roman-Flores in [22]. 

In literature review, we have noted that most of authors used inclusion relation to obtain 

different types of inequalities like in 2018. Zhao et al. [23] developed h-convex interval-valued 

functions (h-convex IVFs) and demonstrated the following 𝐻𝐻 type inequality for h-convex IVFs. 

Theorem 1. [23] Let 𝜓:  𝜇,𝓋 ⊂ ℝ → 𝒦𝐶
+  be an 𝘩 -convex IVF given by 

𝜓 𝜔 =  𝜓∗ 𝜔 ,𝜓
∗ 𝜔   for all 𝜔 ∈  𝜇,𝓋 ,  with 𝘩: [0, 1] → ℝ+  and 𝘩  

1

2
 ≠ 0,  where 𝜓∗ 𝜔  

and 𝜓∗ 𝜔  are 𝘩-convex and 𝘩-concave functions, respectively. If 𝜓 is Riemann integrable, then 

1

2 𝘩 
1

2
 

 𝜓  
𝜇+𝓋

2
 ⊇

1

𝓋−𝜇
 𝐼𝑅  𝜓 𝜔 𝑑𝜔

𝓋

𝜇
⊇  𝜓 𝜇 + 𝜓 𝓋   𝘩 𝛩 𝑑𝛩

1

0
,    (1) 

where 𝛩 ∈  0, 1 . Moreover, An et al. [24] took a step forward by introducing the class of 

 𝘩1 , 𝘩2 -convex IVFs and establishing interval-valued Hermite-Hadamard (𝐻𝐻) type inequality for 

 𝘩1 , 𝘩2 -convex IVFs. We suggest readers to [25–27] and the references therein for more 

examination of literature on the applications and properties of generalized convex functions and 𝐻𝐻 

type integral inequalities. 

Zhang et al. [28] introduced pseudo order relation on the space of intervals and proposed the 

new class of convex functions in interval-valued settings by using pseudo order relation, which is 

known as LR-convex interval-valued functions. By using this class, they established continuous 

Jensen’s inequalities and proved that Jensen’s inequality defined by Costa and Roman-Flores [29] is 

a special cases of these inequalities. Khan et al. went a step further by providing new convex and 

extended LR-convex I-V-F classes, as well as new fractional 𝐻𝐻 type and 𝐻𝐻 type inequalities for 

LR- 𝘩1 , 𝘩2 -convex I-V-F [30], LR-𝑝-convex I-V-F [31], and LR-log-𝘩-convex I-V-F [32]. We refer 

to the readers for further analysis of literature on the applications and properties of fuzzy Riemannian 

integrals, and inequalities and generalized convex fuzzy mappings, see [33–40] and the references 
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therein. 

Inspired by the ongoing research work, we have used the pseudo order relation to introduce a 

new class of convex I-V-Fs, which is known as LR-𝑝-convex for I-V-Fs. We derive certain novel 

Schur’s, Jensen’s and Hermite-Hadamard type inequalities for interval-valued LR- 𝑝 -convex 

functions via interval Riemannian integrals. We also provide several examples to demonstrate the 

applications of our key results. 

2. Preliminaries 

Let ℝ𝐼 the collection of all closed and bounded intervals of ℝ. We use ℝ𝐼
+ to represent the set 

of all positive intervals. The collection of all Riemann integrable real valued functions and Riemann 

integrable I-V-F is denoted by ℛ[𝜇 ,𝓋] and ℐℛ[𝜇 ,𝓋], respectively. For more conceptions on I-V⋅Fs, 

see [23]. Moreover, we have: 

For  𝔘∗,𝔘∗ ,  𝒵∗,𝒵∗ ∈ ℝ𝐼 , the inclusion " ⊆ " is defined by  𝔘∗,𝔘∗ ⊆  𝒵∗,𝒵∗ , if and only 

if, 𝒵∗ ≤ 𝔘∗, 𝔘
∗ ≤ 𝒵∗. 

Remark 2.1. [28] (i) The relation " ≤𝑝 " defined on ℝ𝐼 by  𝔘∗,𝔘∗ ≤𝑝  𝒵∗,𝒵∗  if and only if 

𝔘∗ ≤ 𝒵∗, 𝔘∗ ≤ 𝒵∗,  for all  𝔘∗,𝔘∗ ,  𝒵∗,𝒵∗ ∈ ℝ𝐼 , it is an pseudo order relation. The relation 

 𝔘∗,𝔘∗ ≤𝑝  𝒵∗,𝒵∗  coincident to  𝔘∗,𝔘∗ ≤  𝒵∗,𝒵∗  on ℝ𝐼 . 

(ii) It can be easily seen that " ≤𝑝 " looks like “left and right” on the real line ℝ, so we call " ≤𝑝 " 

is “left and right” (or “LR” order, in short). 

The concept of Riemann integral for I-V-F is defined as follow: 

Theorem 2.2. [37]. If 𝜓: [𝜇,𝓋] ⊂ ℝ → ℝ𝐼 is an I-V-F on such that 𝜓 𝜔 =  𝜓∗ 𝜔 ,𝜓
∗ 𝜔  . Then 

𝜓 is Riemann integrable over  𝜇,𝓋 , if and only if, 𝜓∗ and 𝜓∗ both are Riemann integrable over 

 𝜇,𝓋  such that 

 𝐼𝑅  𝜓 𝜔 𝑑𝜔
𝓋

𝜇
=   𝑅  𝜓∗ 𝜔 𝑑𝜔

𝓋

𝜇
,  𝑅  𝜓∗ 𝜔 𝑑𝜔

𝓋

𝜇
 . 

Definition 2.3. [38] Let 𝑝 ∈ ℝ with 𝑝 ≠ 0. Then the interval 𝐾𝑝  is said to be 𝑝-convex, if 

 𝛩𝜔𝑝 +  1 − 𝛩 𝓏𝑝 
1

𝑝 ∈ 𝐾𝑝 ,         (2) 

for all 𝜔,𝓏 ∈ 𝐾𝑝 ,𝛩 ∈  0, 1 , where 𝑝 = 2𝑛 + 1 and 𝑛 ∈ 𝑁. 

Definition 2.4. [38] Let 𝑝 ∈ ℝ with 𝑝 ≠ 0 and 𝐾𝑝 =  𝜇,𝓋 ⊆ ℝ. Then, the function 𝜓:  𝜇,𝓋 →

ℝ+ is said to be 𝑝-convex function if 

𝜓   𝛩𝜔𝑝 +  1 − 𝛩 𝓏𝑝 
1

𝑝 ≤ 𝛩𝜓 𝜔 +  1 − 𝛩 𝜓 𝓏 ,     (3) 

for all  𝜔,𝓏 ∈  𝜇,𝓋 ,𝛩 ∈  0, 1 .  If the inequality (3) is reversed then 𝜓  is called 𝑝 -concave 

function. 

Definition 2.5. [28]. The I-V-F𝜓: [𝜇,𝓋] → ℝ𝐼
+ is said to be LR-convex-I-V-F, if for all 𝜔,𝓏 ∈  𝜇,𝓋  

and 𝛩 ∈  0, 1  we have 

𝜓 𝛩𝜔 +  1 − 𝛩 𝓏 ≤𝑝 𝛩𝜓 𝜔 +  1 − 𝛩 𝜓 𝓏 .      (4) 
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If inequality (4) is reversed, then 𝜓 is said to be LR-concave on  𝜇,𝓋 . 

Definition 2.6. The I-V-F𝜓: [𝜇,𝓋] → ℝ𝐼
+  is said to be LR-𝑝 -convex-I-V-F, if for all  𝜔,𝓏 ∈

 𝜇,𝓋  and 𝛩 ∈  0, 1 , we have 

𝜓   𝛩𝜔𝑝 +  1 − 𝛩 𝓏𝑝 
1

𝑝 ≤𝑝 𝛩𝜓 𝜔 +  1 − 𝛩 𝜓 𝓏 ,     (5) 

If inequality (5) is reversed, then 𝜓 is said to be LR-𝑝-concave on  𝜇,𝓋 . 𝜓 is LR-𝑝-affine, if and 

only if, it is both LR-𝑝-convex and LR-𝑝-concave. The set of all LR-𝑝-convex (LR-𝑝-concave, 

LR-𝑝-affine) I-V-Fs is denoted by 

𝐿𝑅𝑆𝑋  𝜇,𝓋 ,ℝ𝐼
+,𝑝  𝐿𝑅𝑆𝑉  𝜇,𝓋 ,ℝ𝐼

+,𝑝 , 𝐿𝑅𝑆𝐴  𝜇,𝓋 ,ℝ𝐼
+, 𝑝  . 

Remark 2.7. If one takes 𝑝 = 1, then we obtain the Definitions 2.5. 

Theorem 2.8. Let 𝜓:  𝜇,𝓋 → ℝ𝐼
+  be an I-V-F defined by 𝜓 𝜔 =  𝜓∗ 𝜔 ,𝜓

∗ 𝜔  , for all 

𝜔 ∈  𝜇,𝓋 . Then 𝜓 ∈ 𝐿𝑅𝑆𝑋  𝜇,𝓋 ,ℝ𝐼
+,𝑝 , if and only if, 𝜓∗, 𝜓∗ ∈ 𝑆𝑋  𝜇,𝓋 ,  ℝ+,𝑝 . 

Proof. Assume that 𝜓∗,𝜓∗ ∈ 𝑆𝑋  𝜇,𝓋 ,  ℝ+,𝑝 . Then, for all 𝜔, 𝓏 ∈  𝜇,𝓋 ,𝛩 ∈  0, 1 , we have 

𝜓∗   𝛩𝜔
𝑝 +  1 − 𝛩 𝓏𝑝 

1

𝑝 ≤ 𝛩𝜓∗ 𝜔 +  1 − 𝛩 𝜓∗ 𝓏 , 

and 

𝜓∗   𝛩𝜔𝑝 +  1 − 𝛩 𝓏𝑝 
1

𝑝 ≤ 𝛩𝜓∗ 𝜔 +  1 − 𝛩 𝜓∗ 𝓏 . 

From Definition 2.6 and pseudo order relation ≤𝑝 , we have 

 𝜓∗   𝛩𝜔
𝑝 +  1 − 𝛩 𝓏𝑝 

1

𝑝 ,𝜓∗   𝛩𝜔𝑝 +  1 − 𝛩 𝓏𝑝 
1

𝑝   

≤𝑝  𝛩𝜓∗ 𝜔 +  1 − 𝛩 𝜓∗ 𝓏 ,𝛩𝜓
∗ 𝜔 +  1 − 𝛩 𝜓∗ 𝓏   

= 𝛩 𝜓∗ 𝜔 ,𝜓
∗ 𝜔  +  1 − 𝛩  𝜓∗ 𝓏 ,𝜓

∗ 𝓏  , 

that is 

𝜓   𝛩𝜔𝑝 +  1 − 𝛩 𝓏𝑝 
1

𝑝 ≤𝑝 𝛩𝜓 𝜔 +  1 − 𝛩 𝜓 𝓏 ,∀ 𝜔, 𝓏 ∈  𝜇,𝓋 ,𝛩 ∈  0, 1 . 

Hence, 𝜓 ∈ 𝐿𝑅𝑆𝑋  𝜇,𝓋 ,ℝ𝐼
+,𝑝 . 

Conversely, let 𝜓 ∈ 𝐿𝑅𝑆𝑋  𝜇,𝓋 ,ℝ𝐼
+,𝑝 . Then, for all 𝜔,𝓏 ∈  𝜇,𝓋  and 𝛩 ∈  0, 1 , we have 

𝜓   𝛩𝜔𝑝 +  1 − 𝛩 𝓏𝑝 
1

𝑝 ≤𝑝 𝛩𝜓 𝜔 +  1 − 𝛩 𝜓 𝓏 , 

That is, 
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 𝜓∗   𝛩𝜔
𝑝 +  1 − 𝛩 𝓏𝑝 

1

𝑝 ,𝜓∗   𝛩𝜔𝑝 +  1 − 𝛩 𝓏𝑝 
1

𝑝   

≤𝑝 𝛩 𝜓∗ 𝜔 ,𝜓
∗ 𝜔  +  1 − 𝛩  𝜓∗ 𝓏 ,𝜓

∗ 𝓏   

=  𝛩𝜓∗ 𝜔 +  1 − 𝛩 𝜓∗ 𝓏 ,𝛩𝜓
∗ 𝜔 +  1 − 𝛩 𝜓∗ 𝓏  . 

It follows that 

𝜓∗   𝛩𝜔
𝑝 +  1 − 𝛩 𝓏𝑝 

1

𝑝 ≤ 𝛩𝜓∗ 𝜔 +  1 − 𝛩 𝜓∗ 𝓏 , 

and 

𝜓∗   𝛩𝜔𝑝 +  1 − 𝛩 𝓏𝑝 
1

𝑝 ≤ 𝛩𝜓∗ 𝜔 +  1 − 𝛩 𝜓∗ 𝓏 . 

Hence, the result follows. 

Remark 2.13. If 𝜓∗ 𝜇 = 𝜓∗ 𝓋 , then, LR-𝑝-convex-I-V-F becomes 𝑝-convex function, see [38]. 

If 𝜓∗ 𝜇 = 𝜓∗ 𝓋  with 𝑝 = 1, then LR-𝑝-convex-I-V-F becomes the classical convex function. 

Example 2.14. We consider the I-V-F𝜓:  0,∞ → ℝ𝐼
+ defined by 𝜓 𝜔 =  3𝜔, 5𝜔𝑝 , where 𝑝 is 

an odd number. Since 𝜓∗,𝜓∗ ∈ 𝑆𝑋  𝜇,𝓋 ,  ℝ+,𝑝  and hence, 𝜓 𝜔  is LR-𝑝-convex-I-V-F. 

3. Interval Hermite-Hadamard inequalities 

In view of the classical 𝐻𝐻 and 𝐻𝐻-Fejér inequalities, we can obtain the following version of 

the 𝐻𝐻-inequalities for LR-𝑝-concave-I-V-Fs. 

Theorem 3.1. Let 𝜓:  𝜇,𝓋 → ℝ𝐼
+  be an I-V-F such that 𝜓 𝜔 =  𝜓∗ 𝜔 ,𝜓

∗ 𝜔  ,  for all 

𝜔 ∈  𝜇,𝓋 . If 𝜓 ∈ 𝐿𝑅𝑆𝑋  𝜇,𝓋 ,ℝ𝐼
+,𝑝  and 𝜓 ∈ ℐℛ  𝜇 ,𝓋  , then 

𝜓  
𝜇𝑝+𝓋𝑝

2
 

1

𝑝
 ≤𝑝

𝑝

𝓋𝑝−𝜇𝑝
 𝐼𝑅  𝜔𝑝−1𝜓 𝜔 𝑑𝜔

𝓋

𝜇
≤𝑝

𝜓 𝜇 + 𝜓 𝓋 

2
.    (6) 

If 𝜓 ∈ 𝐿𝑅𝑆𝑉  𝜇,𝓋 ,ℝ𝐼
+,𝑝 , then 

𝜓  
𝜇𝑝+𝓋𝑝

2
 

1

𝑝
 ≥𝑝

𝑝

𝓋𝑝−𝜇𝑝
 𝐼𝑅  𝜔𝑝−1𝜓 𝜔 𝑑𝜔

𝓋

𝜇
≥𝑝

𝜓 𝜇 + 𝜓 𝓋 

2
. 

Proof. Let 𝜓 ∈ 𝐿𝑅𝑆𝑋  𝜇,𝓋 ,ℝ𝐼
+, 𝑝 . Then, by hypothesis, we have 

2𝜓  
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 ≤𝑝 𝜓   𝛩𝜇
𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 + 𝜓    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 . 

Therefore, we have 
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2𝜓∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 ≤ 𝜓∗   𝛩𝜇
𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 + 𝜓∗  1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 ,

2𝜓∗  
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 ≤ 𝜓∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 + 𝜓∗  1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 .

 

Then 

2 𝜓∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 𝑑𝛩
1

0

≤  𝜓∗   𝛩𝜇
𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 𝑑𝛩
1

0

+  𝜓∗  1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 𝑑𝛩
1

0

,

2 𝜓∗  
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 𝑑𝛩
1

0

≤  𝜓∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 𝑑𝛩
1

0

+  𝜓∗  1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 𝑑𝛩
1

0

.

 

It follows that 

𝜓∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 ≤
𝑝

𝓋𝑝 − 𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝑑𝜔
𝓋

𝜇

,

𝜓∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 ≤
𝑝

𝓋𝑝 − 𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝑑𝜔
𝓋

𝜇

.

 

That is 

 𝜓∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 ,𝜓∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

  ≤𝑝

𝑝

𝓋𝑝 − 𝜇𝑝
  𝜔𝑝−1𝜓∗ 𝜔 𝑑𝜔

𝓋

𝜇

, 𝜔𝑝−1𝜓∗ 𝜔 𝑑𝜔
𝓋

𝜇

 . 

Thus, 

𝜓  
𝜇𝑝+𝓋𝑝

2
 

1

𝑝
 ≤𝑝

𝑝

𝓋𝑝−𝜇𝑝
 𝐼𝑅  𝜔𝑝−1𝜓 𝜔 𝑑𝜔

𝓋

𝜇
.     (7) 

In a similar way as above, we have 

𝑝

𝓋𝑝−𝜇𝑝
 𝐼𝑅  𝜔𝑝−1𝜓 𝜔 𝑑𝜔

𝓋

𝜇
≤𝑝

𝜓 𝜇 + 𝜓 𝓋 

2
.      (8) 

Combining (7) and (8), we have 

𝜓  
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 ≤𝑝

𝑝

𝓋𝑝 − 𝜇𝑝
 𝐼𝑅  𝜔𝑝−1𝜓 𝜔 𝑑𝜔

𝓋

𝜇

≤𝑝

𝜓 𝜇 + 𝜓 𝓋 

2
. 

Hence, the result is required. 

Remark 3.2. If 𝑝 = 1, then Theorem 3.1 reduces to the result for LR-convex-I-V-F, see [30]: 

𝜓  
𝜇+𝓋

2
 ≤𝑝

1

𝓋−𝜇
 𝐼𝑅  𝜓 𝜔 𝑑𝜔

𝓋

𝜇
≤𝑝

𝜓 𝜇 + 𝜓 𝓋 

2
.      (9) 
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If 𝜓∗ 𝜔 = 𝜓∗ 𝜔 , then Theorem 3.1 reduces to the result for classical 𝑝-convex function, see [39]: 

𝜓  
𝜇𝑝+𝓋𝑝

2
 

1

𝑝
 ≤

𝑝

𝓋𝑝−𝜇𝑝
 𝜔𝑝−1𝜓 𝜔 𝑑𝜔
𝓋

𝜇
≤

𝜓 𝜇 + 𝜓 𝓋 

2
.      (10) 

If 𝜓∗ 𝜔 = 𝜓∗ 𝜔  with 𝑝 = 1, then Theorem 3.1 reduces to the result for classical convex-I-V-F: 

𝜓  
𝜇+𝓋

2
 ≤

1

𝓋−𝜇
 𝜓 𝜔 𝑑𝜔
𝓋

𝜇
≤

𝜓 𝜇 + 𝜓 𝓋 

2
.        (11) 

Example 3.3. Let 𝑝  be an odd number and the I-V-F𝜓:  𝜇,𝓋 = [−1, 1] → ℝ𝐼
+  defined by, 

𝜓 𝜔 =  𝜔𝑝 , 𝑒𝜔
𝑝
 . Since end point functions 𝜓∗ 𝜔 = 𝜔𝑝  and 𝜓∗ 𝜔 = 𝑒𝜔

𝑝
are both 𝑝-convex 

functions. Hence 𝜓 𝜔  is LR-𝑝-convex-I-V-F. We now computing the following 

𝜓∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 ≤
𝑝

𝓋𝑝 − 𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝑑𝜔
𝓋

𝜇

≤
𝜓 𝜇 +  𝜓 𝓋 

2
. 

𝜓∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 = 𝜓∗ 0 = 0, 

𝑝

𝓋𝑝 − 𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝑑𝜔
𝓋

𝜇

=
1

2
 𝜔2𝑝−1𝑑𝜔

1

−1

= 0, 

𝜓∗ 𝜇 +𝜓∗ 𝓋 

2
= 0. 

This means 

0 ≤ 0 ≤ 0. 

Similarly, it can be easily shown that 

𝜓∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 ≤
𝑝

𝓋𝑝 − 𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝑑𝜔
𝓋

𝜇

≤
𝜓∗ 𝜇 + 𝜓∗ 𝓋 

2
, 

such that 

𝜓∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 = 𝜓∗ 0 = 1, 

𝑝

𝓋𝑝 − 𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝑑𝜔
𝓋

𝜇

=
1

2
 𝜔𝑝−1𝑒𝜔

𝑝
𝑑𝜔

1

−1

=
𝑒 − 𝑒−1

2
, 

𝜓∗ 𝜇 + 𝜓∗ 𝓋 

2
=
𝑒 + 𝑒−1

2
, 

From which, it follows that 

1 ≤
𝑒 − 𝑒−1

2
≤
𝑒 + 𝑒−1

2
, 

that is 
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 0, 1 ≤𝑝  0,
𝑒 − 𝑒−1

2
 ≤𝑝  0,

𝑒 + 𝑒−1

2
 . 

Hence, 

𝜓  
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 ≤𝑝

𝑝

𝓋𝑝 − 𝜇𝑝
 𝑅  𝜔𝑝−1𝜓 𝜔 𝑑𝜔

𝓋

𝜇

≤𝑝

𝜓 𝜇 +  𝜓 𝓋 

2
. 

Theorem 3.4. Let 𝜓:  𝜇,𝓋 → ℝ𝐼
+  be an I-V-F such that 𝜓 𝜔 =  𝜓∗ 𝜔 ,𝜓

∗ 𝜔  ,  for all 

𝜔 ∈  𝜇,𝓋 . If 𝜓 ∈ 𝐿𝑅𝑆𝑋  𝜇,𝓋 ,ℝ𝐼
+,𝑝  and 𝜓 ∈ ℐℛ  𝜇 ,𝓋  , then 

𝜓  
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 ≤𝑝⪧2≤𝑝

𝑝

𝓋𝑝 − 𝜇𝑝
 𝐼𝑅  𝜔𝑝−1𝜓 𝜔 𝑑𝜔

𝓋

𝜇

≤𝑝⪧1≤𝑝

𝜓 𝜇 + 𝜓 𝜗 

2
, 

where 

⪧1=

𝜓 𝜇 +𝜓 𝓋 

2
+ 𝜓  

𝜇𝑝+𝓋𝑝

2
 

1

𝑝
 

2
, 

⪧2=

𝜓   
3𝜇𝑝+𝓋𝑝

4
 

1

𝑝
  +  𝜓  

𝜇𝑝+3𝓋𝑝

4
 

1

𝑝
 

2
, 

and ⪧1=  ⪧1∗
,⪧1

∗ , ⪧2=  ⪧2∗
,⪧2

∗ . 

Proof. Taking  𝜇𝑝 ,
𝜇𝑝+𝓋𝑝

2
 , we have 

2𝜓  
𝛩𝜇𝑝 +  1 − 𝛩 

𝜇𝑝+𝓋𝑝

2

2
+
 1 − 𝛩 𝜇𝑝 + 𝛩

𝜇𝑝+𝓋𝑝

2

2
 

1

𝑝

  

≤𝑝 𝜓  𝛩𝜇
𝑝 +  1 − 𝛩 

𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 + 𝜓   1 − 𝛩 𝜇𝑝 + 𝛩
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 . 

Therefore, we have 

2𝜓∗  
𝛩𝜇𝑝 +  1 − 𝛩 

𝜇𝑝+𝓋𝑝

2

2
+
 1 − 𝛩 𝜇𝑝 + 𝛩

𝜇𝑝+𝓋𝑝

2

2
 

1

𝑝

 

≤ 𝜓∗   𝛩𝜇
𝑝 +  1 − 𝛩 

𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 + 𝜓∗   1 − 𝛩 𝜇𝑝 + 𝛩
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 ,

2𝜓∗  
𝛩𝜇𝑝 +  1 − 𝛩 

𝜇𝑝+𝓋𝑝

2

2
+
 1 − 𝛩 𝜇𝑝 + 𝛩

𝜇𝑝+𝓋𝑝

2

2
 

1

𝑝

 

≤ 𝜓∗   𝛩𝜇𝑝 +  1 − 𝛩 
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 + 𝜓∗    1 − 𝛩 𝜇𝑝 + 𝛩
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 .

 

In consequence, we obtain 
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1

2
𝜓∗   

3𝜇𝑝 + 𝓋𝑝

4
 

1

𝑝

 ≤
𝑝

𝓋𝑝 − 𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝑑𝜔

𝜇 𝑝+𝓋𝑝

2

𝜇

,

1

2
𝜓∗   

3𝜇𝑝 + 𝓋𝑝

4
 

1

𝑝

 ≤
𝑝

𝓋𝑝 − 𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝑑𝜔

𝜇 𝑝+𝓋𝑝

2

𝜇

.

 

That is 

1

2
 𝜓∗   

3𝜇𝑝 + 𝓋𝑝

4
 

1

𝑝

 ,𝜓∗   
3𝜇𝑝 + 𝓋𝑝

4
 

1

𝑝

   

≤𝑝

𝑝

𝓋𝑝 − 𝜇𝑝
  𝜔𝑝−1𝜓∗ 𝜔 𝑑𝜔

𝜇 𝑝+𝓋𝑝

2

𝜇

, 𝜔𝑝−1𝜓∗ 𝜔 𝑑𝜔

𝜇 𝑝+𝓋𝑝

2

𝜇

 . 

It follows that 

1

2
𝜓  

3𝜇𝑝+𝓋𝑝

4
 

1

𝑝
 ≤𝑝

𝑝

𝓋𝑝−𝜇𝑝
 𝜔𝑝−1𝜓 𝜔 𝑑𝜔
𝜇 𝑝+𝓋𝑝

2
𝜇

.    (12) 

In a similar way as above, we have 

1

2
𝜓  

𝜇𝑝+3𝓋𝑝

4
 

1

𝑝
 ≤𝑝

𝑝

𝓋𝑝−𝜇𝑝
 𝜔𝑝−1𝜓 𝜔 𝑑𝜔
𝓋
𝜇 𝑝+𝓋𝑝

2

.    (13) 

Combining (12) and (13), we have 

1

2
 𝜓  

3𝜇𝑝 + 𝓋𝑝

4
 

1

𝑝

 + 𝜓  
𝜇𝑝 + 3𝓋𝑝

4
 

1

𝑝

  ≤𝑝

𝑝

𝓋𝑝 − 𝜇𝑝
 𝜔𝑝−1𝜓 𝜔 𝑑𝜔
𝓋

𝜇

. 

By using Theorem 3.1, we have 

𝜓  
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 = 𝜓  
1

2
.
3𝜇𝑝 + 𝓋𝑝

4
+

1

2
.
𝜇𝑝 + 3𝓋𝑝

4
 

1

𝑝

 . 

Therefore, we have 

𝜓∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 = 𝜓∗   
1

2
.
3𝜇𝑝 + 𝓋𝑝

4
+

1

2
.
𝜇𝑝 + 3𝓋𝑝

4
 

1

𝑝

 ,

𝜓∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 = 𝜓∗   
1

2
.
3𝜇𝑝 + 𝓋𝑝

4
+

1

2
.
𝜇𝑝 + 3𝓋𝑝

4
 

1

𝑝

 ,

 

≤  
1

2
𝜓∗   

3𝜇𝑝 + 𝓋𝑝

4
 

1

𝑝

 +
1

2
𝜓∗   

𝜇𝑝 + 3𝓋𝑝

4
 

1

𝑝

  ,

≤  
1

2
𝜓∗   

3𝜇𝑝 + 𝓋𝑝

4
 

1

𝑝

 +
1

2
𝜓∗   

𝜇𝑝 + 3𝓋𝑝

4
 

1

𝑝

  ,
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=⪧2∗
,

=⪧2
∗,

 

≤
𝑝

𝓋𝑝 − 𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝑑𝜔
𝓋

𝜇

,

≤
𝑝

𝓋𝑝 − 𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝑑𝜔
𝓋

𝜇

,

 

≤

 
𝜓∗ 𝜇 +𝜓∗ 𝓋 

2
+ 𝜓∗   

𝜇𝑝+𝓋𝑝

2
 

1

𝑝
  

2
,

≤

 
𝜓∗ 𝜇 +𝜓∗ 𝓋 

2
+ 𝜓∗   

𝜇𝑝+𝓋𝑝

2
 

1

𝑝
  

2
,

 

=⪧1∗
,

=⪧1
∗,

 

≤
 
𝜓∗ 𝜇 +𝜓∗ 𝓋 

2
+

𝜓∗ 𝜇 +𝜓∗ 𝓋 

2
 

2
,

≤
 
𝜓∗ 𝜇 +𝜓∗ 𝓋 

2
+

𝜓∗ 𝜇 +𝜓∗ 𝓋 

2
 

2
,

 

=
𝜓∗ 𝜇 + 𝜓∗ 𝓋 

2
,

=
𝜓∗ 𝜇 + 𝜓∗ 𝓋 

2
,

 

that is 

𝜓  
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 ≤𝑝⪧2≤𝑝

𝑝

𝓋𝑝 − 𝜇𝑝
 𝐼𝑅  𝜔𝑝−1𝜓 𝜔 𝑑𝜔

𝓋

𝜇

≤𝑝⪧1≤𝑝

𝜓 𝜇 + 𝜓 𝓋 

2
, 

hence, the result follows. 

Example 3.5. Let 𝑝  be an odd number and the I-V-F𝜓:  𝜇,𝜗 = [−1, 1] → ℝ𝐼
+  defined by, 

𝜓 𝜔 =  𝜔𝑝 ,  𝑒𝜔
𝑝
 , as in Example 3.3, then 𝜓(𝜔) is 𝑝-convex I-V-F. 

We have 𝜓∗ 𝜔 = 𝜔𝑝and 𝜓∗ 𝜔 = 𝑒𝜔
𝑝
. We now compute the following 

𝜓∗ 𝜇 + 𝜓∗ 𝓋 

2
= 0,

𝜓∗ 𝜇 + 𝜓∗ 𝓋 

2
=
𝑒 + 𝑒−1

2
,
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⪧1∗
=

𝜓∗ 𝜇 +𝜓∗ 𝜗 

2
+ 𝜓∗   

𝜇𝑝+𝜗𝑝

2
 

1

𝑝
 

2
= 0,

⪧1
∗=

𝜓∗ 𝜇 +𝜓∗ 𝜗 

2
+ 𝜓∗   

𝜇𝑝+𝜗𝑝

2
 

1

𝑝
 

2
=
𝑒 + 𝑒−1 + 2

4
,

 

⪧2∗
=

1

2
 𝜓∗   

3𝜇𝑝 + 𝜗𝑝

4
 

1

𝑝

 + 𝜓∗  
𝜇𝑝 + 3𝜗𝑝

4
 

1

𝑝

  = 0

⪧2
∗=

1

2
 𝜓∗   

3𝜇𝑝 + 𝜗𝑝

4
 

1

𝑝

 + 𝜓∗  
𝜇𝑝 + 3𝜗𝑝

4
 

1

𝑝

  =
𝑒−

1

2 + 𝑒
1

2

2
,

 

𝜓∗   
𝜇𝑝 + 𝜗𝑝

2
 

1

𝑝

 = 0,

𝜓∗   
𝜇𝑝 + 𝜗𝑝

2
 

1

𝑝

 = 1.

 

Then we obtain that 

0 ≤ 0 ≤ 0 ≤ 0 ≤ 0,

1 ≤
𝑒−

1

2 + 𝑒
1

2

2
≤
𝑒 − 𝑒−1

2
≤
𝑒 + 𝑒−1 + 2

4
≤
𝑒 + 𝑒−1

2
,
 

Hence, Theorem 3.4 is verified. 

Now we derive some Hermite-Hadamard type inequalities for the product of two 

LR-𝑝-convex-I-V-F. 

Theorem 3.6. Let 𝜓,𝑔:  𝜇,𝓋 → ℝ𝐼
+  be two I-V-Fs, respectively, defined by 

𝜓 𝜔 =  𝜓∗ 𝜔 ,𝜓
∗ 𝜔   and 𝑔 𝜔 =  𝑔∗ 𝜔 ,𝑔

∗ 𝜔  , for all 𝜔 ∈  𝜇,𝓋 , respectively. If 

𝜓,𝑔 ∈ 𝐿𝑅𝑆𝑋  𝜇,𝓋 ,ℝ𝐼
+,𝑝 , and 𝜓𝑔 ∈ ℐℛ  𝜇 ,𝓋  , then 

𝑝

𝓋𝑝−𝜇𝑝
 𝐼𝑅  𝜔𝑝−1𝜓 𝜔 𝑔 𝜔 𝑑𝜔

𝓋

𝜇
≤𝑝

ℳ 𝜇 ,𝓋 

3
+

𝒩 𝜇 ,𝓋 

6
,     (14) 

whereℳ 𝜇,𝓋 = 𝜓 𝜇 𝑔 𝜇 +  𝜓 𝓋 𝑔 𝓋 ,𝒩 𝜇,𝓋 = 𝜓 𝜇 𝑔 𝓋 + 𝜓 𝓋 𝑔 𝜇 ,  and ℳ 𝜇,𝓋 =

 ℳ∗ 𝜇,𝓋 ,ℳ∗ 𝜇,𝓋   and 𝒩 𝜇,𝓋 =  𝒩∗ 𝜇,𝓋 ,𝒩∗ 𝜇,𝓋  . 

Proof. Since 𝜓,𝑔 ∈ 𝐿𝑅𝑆𝑋  𝜇,𝓋 ,ℝ𝐼
+, 𝑝  then, we have 

𝜓∗   𝛩𝜇
𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 ≤ 𝛩𝜓∗ 𝜇 +  1 − 𝛩 𝜓∗ 𝓋 ,

𝜓∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 ≤ 𝛩𝜓∗ 𝜇 +  1 − 𝛩 𝜓∗ 𝓋 .
 

Also 
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𝑔∗   𝛩𝜇
𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 ≤ 𝛩𝑔∗ 𝜇 +  1 − 𝛩 𝑔∗ 𝓋 ,

𝑔∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 ≤ 𝛩𝑔∗ 𝜇 +  1 − 𝛩 𝑔∗ 𝓋 .
 

From the definition of LR-𝑝-convex-I-V-Fs it follows that 𝜓 𝜔 ≥𝑝0 and 𝑔 𝜔 ≥𝑝0, so 

 

𝜓∗   𝛩𝜇
𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 𝑔∗   𝛩𝜇
𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 

≤  𝛩𝜓∗ 𝜇 +  1 − 𝛩 𝜓∗ 𝓋   𝛩𝑔∗ 𝜇 +  1 − 𝛩 𝑔∗ 𝓋  

= 𝜓∗ 𝜇 𝑔∗ 𝜇  𝛩.𝛩 + 𝜓∗ 𝓋 𝑔∗ 𝓋   1 − 𝛩  1 − 𝛩       

+𝜓∗ 𝜇 𝑔∗ 𝓋 𝛩 1 − 𝛩 + 𝜓∗ 𝓋 𝑔∗ 𝜇  1 − 𝛩 𝛩,            

𝜓∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 𝑔∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 

≤  𝛩𝜓∗ 𝜇 +  1 − 𝛩 𝜓∗ 𝓋   𝛩𝑔∗ 𝜇 +  1 − 𝛩 𝑔∗ 𝓋  

= 𝜓∗ 𝜇 𝑔∗ 𝜇  𝛩.𝛩 + 𝜓∗ 𝓋 𝑔∗ 𝓋   1 − 𝛩  1 − 𝛩       

+𝜓∗ 𝜇 𝑔∗ 𝓋 𝛩 1 − 𝛩 + 𝜓∗ 𝓋 𝑔∗ 𝜇  1 − 𝛩 𝛩,            

 

Integrating both sides of above inequality over [0, 1] we get 
 

 𝜓∗   𝛩𝜇
𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 𝑔∗   𝛩𝜇
𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 
1

0

=
𝑝

𝓋𝑝 − 𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝑔∗ 𝜔 
𝓋

𝜇

𝑑𝜔                     

≤  𝜓∗ 𝜇 𝑔∗ 𝜇 + 𝜓∗ 𝓋 𝑔∗ 𝓋   𝛩.𝛩
1

0

𝑑𝛩          

+ 𝜓∗ 𝜇 𝑔∗ 𝓋 + 𝜓∗ 𝓋 𝑔∗ 𝜇   𝛩 1 − 𝛩 𝑑𝛩,
1

0

 𝜓∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 𝑔∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 
1

0

=
𝑝

𝓋𝑝 − 𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝑔∗ 𝜔 
𝓋

𝜇

𝑑𝜔                      

≤  𝜓∗ 𝜇 𝑔∗ 𝜇 + 𝜓∗ 𝓋 𝑔∗ 𝓋   𝛩.𝛩𝑑𝛩
1

0

         

+ 𝜓∗ 𝜇 𝑔∗ 𝓋 + 𝜓∗ 𝓋 𝑔∗ 𝜇   𝛩 1 − 𝛩 𝑑𝛩.
1

0

 

It follows that, 
 

𝑝

𝓋𝑝 − 𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝑔∗ 𝜔 
𝓋

𝜇

𝑑𝜔 ≤
ℳ∗  𝜇,𝓋  

3
+
𝒩∗  𝜇,𝓋  

6
,

𝑝

𝓋𝑝 − 𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝑔∗ 𝜔 
𝓋

𝜇

𝑑𝜔 ≤
ℳ∗  𝜇,𝓋  

3
+
𝒩∗  𝜇,𝓋  

6
,

 

that is, 
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𝑝

𝓋𝑝 − 𝜇𝑝
  𝜔𝑝−1𝜓∗ 𝜔 𝑔∗ 𝜔 𝑑𝜔

𝓋

𝜇

, 𝜔𝑝−1𝜓∗ 𝜔 𝑔∗ 𝜔 
𝓋

𝜇

𝑑𝜔  

≤𝑝  
ℳ∗  𝜇 ,𝓋  

3
,
ℳ∗  𝜇 ,𝓋  

3
 +  

𝒩∗  𝜇 ,𝓋  

6
,
𝒩∗  𝜇 ,𝓋  

6
 . 

Thus, 

𝑝

𝓋𝑝 − 𝜇𝑝
 𝐼𝑅  𝜔𝑝−1𝜓 𝜔 𝑔 𝜔 𝑑𝜔

𝓋

𝜇

≤𝑝

ℳ 𝜇,𝓋 

3
+
𝒩 𝜇,𝓋 

6
, 

and the theorem has been established. 

Theorem 3.7. Let 𝜓,𝑔:  𝜇,𝓋 → ℝ𝐼
+  be two I-V-Fs, respectively, defined by 

𝜓 𝜔 =  𝜓∗ 𝜔 ,𝜓
∗ 𝜔   and 𝑔 𝜔 =  𝑔∗ 𝜔 ,𝑔

∗ 𝜔  ,  for all 𝜔 ∈  𝜇,𝓋 . If 

𝜓,𝑔 ∈ 𝐿𝑅𝑆𝑋  𝜇,𝓋 ,ℝ𝐼
+,𝑝  and 𝜓𝑔 ∈ ℐℛ  𝜇 ,𝓋  , then 

2 𝜓  
𝜇𝑝+𝓋𝑝

2
 

1

𝑝
 𝑔   

𝜇𝑝+𝓋𝑝

2
 

1

𝑝
 ≤𝑝

𝑝

𝓋𝑝−𝜇𝑝
 𝐼𝑅  𝜔𝑝−1𝜓 𝜔 𝑔 𝜔 𝑑𝜔 

𝓋

𝜇
+

ℳ 𝜇 ,𝓋 

6
+

𝒩 𝜇 ,𝓋 

3
,  (15) 

where 

ℳ 𝜇,𝓋 = 𝜓 𝜇 𝑔 𝜇 +  𝜓 𝓋 𝑔 𝓋 ,𝒩 𝜇,𝓋 = 𝜓 𝜇 𝑔 𝓋 +  𝜓 𝓋 𝑔 𝜇 , 

and 

ℳ 𝜇,𝓋 =  ℳ∗ 𝜇,𝓋 ,ℳ∗ 𝜇,𝓋   and 𝒩 𝜇,𝓋 =  𝒩∗ 𝜇,𝓋 ,𝒩∗ 𝜇,𝓋  . 

Proof. By hypothesis, we have 

𝜓∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 𝑔∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 ≤
1

4
 
𝜓∗   𝛩𝜇

𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 𝑔∗   𝛩𝜇
𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 

+𝜓∗   𝛩𝜇
𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 𝑔∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 
 

+
1

4
 
𝜓∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 

1

𝑝 𝑔∗   𝛩𝜇
𝑝 +  1 − 𝛩 𝓋𝑝  

1

𝑝 

+𝜓∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 𝑔∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 
 ,

𝜓∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 𝑔∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 ≤
1

4
 
𝜓∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 𝑔∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 

+𝜓∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 𝑔∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 
 

+
1

4
 
𝜓∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 

1

𝑝 𝑔∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 

+𝜓∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 𝑔∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 
 ,
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≤
1

4
 
𝜓∗   𝛩𝜇

𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 𝑔∗   𝛩𝜇
𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 

+𝜓∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 𝑔∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 
 

+
1

4

 
 
 
 
 
 𝛩𝜓∗ 𝜇 +  1 − 𝛩 𝜓∗ 𝓋  

  1 − 𝛩 𝑔∗ 𝜇 + 𝛩𝑔∗ 𝓋  

+  1 − 𝛩 𝜓∗ 𝜇 + 𝛩𝜓∗ 𝓋  

 𝛩𝑔∗ 𝜇 +  1 − 𝛩 𝑔∗ 𝓋   
 
 
 
 

,                                   

≤
1

4
 
𝜓∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 𝑔∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝  
1

𝑝 

+𝜓∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 𝑔∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 
 

+
1

4

 
 
 
 
 
 𝛩𝜓∗ 𝜇 +  1 − 𝛩 𝜓∗ 𝓋  

  1 − 𝛩 𝑔∗ 𝜇 + 𝛩𝑔∗ 𝓋  

+  1 − 𝛩 𝜓∗ 𝜇 + 𝛩𝜓∗ 𝓋  

 𝛩𝑔∗ 𝜇 +  1 − 𝛩 𝑔∗ 𝓋   
 
 
 
 

,                               

 

=
1

4
 
𝜓∗   𝛩𝜇

𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 𝑔∗   𝛩𝜇
𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 

+𝜓∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 𝑔∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 
 

+
1

2
 
 𝛩.𝛩 +  1 − 𝛩  1 − 𝛩  𝒩∗  𝜇,𝓋  

+ 2𝛩 1 − 𝛩  ℳ∗  𝜇,𝓋  
 ,                 

=
1

4
 
𝜓∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 𝑔∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 

+𝜓∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 𝑔∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 
 

+
1

2
 
 𝛩.𝛩 +  1 − 𝛩  1 − 𝛩  𝒩∗  𝜇,𝓋  

+  2𝛩 1 − 𝛩   ℳ∗  𝜇,𝓋  
 ,               

 

Integrating over  0, 1 , we have 
 

2𝜓∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 𝑔∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 ≤
𝑝

𝓋𝑝 − 𝜇𝑝
 𝑅  𝜔𝑝−1𝜓∗ 𝜔 𝑔∗ 𝜔 𝑑𝜔 

𝓋

𝜇

                                                 +
ℳ∗  𝜇,𝓋  

6
+
𝒩∗  𝜇,𝓋  

3
,

2𝜓∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 𝑔∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 ≤
𝑝

𝓋𝑝 − 𝜇𝑝
 𝑅  𝜔𝑝−1𝜓∗ 𝜔 𝑔∗ 𝜔 𝑑𝜔 

𝓋

𝜇

                                                  +
ℳ∗  𝜇,𝓋  

6
+
𝒩∗  𝜇,𝓋  

3
,

 

that is, 

2𝜓  
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 𝑔  
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 ≤𝑝

𝑝

𝓋𝑝 − 𝜇𝑝
 𝐼𝑅  𝜔𝑝−1𝜓 𝜔 𝑔 𝜔 𝑑𝜔 

𝓋

𝜇

+
ℳ 𝜇,𝓋 

6
+
𝒩 𝜇,𝓋 

3
, 

hence, the result is required. 

Example 3.8. Let 𝑝 be an odd number, and the LR-𝑝-convex I-V-Fs𝜓,𝑔:  𝜇,𝜗 = [2, 3] → ℝ𝐼
+ are, 
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respectively defined by, 𝜓 𝜔 =  2 − 𝜔
𝑝

2 , 2  2 − 𝜔
𝑝

2  , and 𝑔 𝜔 =  𝜔𝑝 , 2𝜔𝑝 . 

Since 𝜓∗ 𝜔 = 2 − 𝜔

 
𝑝

2 , 𝜓∗ 𝜔 = 2  2 − 𝜔
𝑝

2 , and 𝑔∗ 𝜔 = 𝜔𝑝 , 𝑔∗ 𝜔 = 2𝜔𝑝 , then we 

compute the following 

𝑝

𝜗𝑝 − 𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 × 𝑔∗ 𝜔 𝑑𝜔
𝜗

𝜇

= 1,

𝑝

𝜗𝑝 − 𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 × 𝑔∗ 𝜔 𝑑𝜔
𝜗

𝜇

= 4,

 

ℳ∗ 𝘶,𝜗 

3
=

1

2
 10 − 2 2 − 3 3 ,

ℳ∗ 𝘶,𝜗 

3
=  20 − 4 2 − 6 3 ,

 

𝒩∗ 𝘶,𝜗 

6
=  10 − 3 2 − 2 3 

1

2
,

𝒩∗ 𝘶,𝜗 

6
=  20 − 6 2 − 4 3 ,

 

that means, 

1 ≤  20 − 5 2 − 5 3 
1

2
,

4 ≤  40 − 10 2 − 10 3 .
 

Hence, Theorem 3.6 is demonstrated. 

For Theorem 3.7, we have 

2𝜓∗   
𝜇𝑝 + 𝜗𝑝

2
 

1

𝑝

 × 𝑔∗   
𝜇𝑝 + 𝜗𝑝

2
 

1

𝑝

 =
20 − 5 10

4
,

2𝜓∗   
𝜇𝑝 + 𝜗𝑝

2
 

1

𝑝

 × 𝑔∗   
𝜇𝑝 + 𝜗𝑝

2
 

1

𝑝

 = 20 − 5 10,

 

ℳ∗ 𝘶,𝜗 

6
=

1

2
 10 − 2 2 − 3 3 ,

ℳ∗ 𝘶,𝜗 

6
=  20 − 4 2 − 6 3 ,

 

𝒩∗ 𝘶,𝜗 

3
=

1

2
 10 − 3 2 − 2 3 ,

𝒩∗ 𝘶,𝜗 

3
=  20 − 6 2 − 4 3 ,

 

that means, 



4281 

AIMS Mathematics  Volume 7, Issue 3, 4266–4292. 

20 − 5 10

4
≤  1 +

20 − 5 2 − 5 3

2
 ,

20 − 5 10 ≤  1 +
20 − 5 2 − 5 3

2
 4.

 

Hence, Theorem 3.7 is verified. 

Theorem 3.9. (Second 𝐻𝐻-Fejér inequality for LR-𝑝-convex-I-V-F) 

Let 𝜓:  𝜇,𝓋 → ℝ𝐼
+  be an I-V-F with 𝜇 < 𝓋 , such that 𝜓 𝜔 =  𝜓∗ 𝜔 ,𝜓

∗ 𝜔   for all 

𝜔 ∈  𝜇,𝓋  and 𝜓 ∈ ℐℛ  𝜇 ,𝓋  . 

If 𝜓 ∈ 𝐿𝑅𝑆𝑋  𝜇,𝓋 ,ℝ𝐼
+,𝑝 , then  𝒲:  𝜇,𝓋 → ℝ,𝒲 𝜔 ≥ 0, 𝑝 -symmetric with respect to 

 
𝜇𝑝+𝓋𝑝

2
 

1

𝑝
, and 

𝑝

𝓋𝑝−𝜇𝑝
 𝐼𝑅  𝜔𝑝−1𝜓 𝜔 𝒲(𝜔)𝑑𝜔

𝓋

𝜇
≤𝑝 𝜓 𝜇 + 𝜓 𝓋   𝛩𝒲    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 

1

𝑝 𝑑𝛩
1

0
. (16) 

If 𝜓 ∈ 𝐿𝑅𝑆𝑉  𝜇,𝓋 ,ℝ𝐼
+,𝑝  then, inequality (16) is reversed. 

Proof. Let 𝜓 ∈ 𝐿𝑅𝑆𝑋  𝜇,𝓋 ,ℝ𝐼
+, 𝑝 . Then 

 

𝜓∗   𝛩𝜇
𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 𝒲   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 

≤  𝛩𝜓∗ 𝜇 +  1 − 𝛩 𝜓∗ 𝓋  𝒲   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 ,

𝜓∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 𝒲   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 

≤  𝛩𝜓∗ 𝜇 +  1 − 𝛩 𝜓∗ 𝓋  𝒲   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 .

     (17) 

Also 
 

𝜓∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 𝒲    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 

≤   1 − 𝛩 𝜓∗ 𝜇 + 𝛩𝜓∗ 𝓋  𝒲    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 ,

𝜓∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 𝒲    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 

≤   1 − 𝛩 𝜓∗ 𝜇 + 𝛩𝜓∗ 𝓋  𝒲    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 .

    (18) 

Adding (17), (18), and integrating over  0, 1 , we get 
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 𝜓∗   𝛩𝜇
𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 𝒲   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 
1

0

𝑑𝛩

+ 𝜓∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 𝒲    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 
1

0

𝑑𝛩                                              

≤   
𝜓∗ 𝜇  𝛩𝒲   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 +  1 − 𝛩 𝒲    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝  

+𝜓∗ 𝓋   1 − 𝛩 𝒲   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 + 𝛩𝒲   1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝  
 

1

0

𝑑𝛩,

 𝜓∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 𝒲   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 
1

0

𝑑𝛩

+ 𝜓∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 𝒲    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 
1

0

𝑑𝛩                                               

≤   
𝜓∗ 𝜇  𝛩𝒲   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 +  1 − 𝛩 𝒲    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝  

+𝜓∗ 𝓋   1 − 𝛩 𝒲   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 + 𝛩𝒲   1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝  
 

1

0

𝑑𝛩.

 

 

= 2𝜓∗ 𝜇  𝛩𝒲  𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 
1

0

𝑑𝛩 + 2𝜓∗ 𝓋  𝛩𝒲   1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 
1

0

𝑑𝛩,

= 2𝜓∗ 𝜇  𝛩𝒲  𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 
1

0

𝑑𝛩 + 2𝜓∗ 𝓋  𝛩𝒲   1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 
1

0

𝑑𝛩.

 

Since 𝒲 is symmetric, so 
 

= 2 𝜓∗ 𝜇 + 𝜓∗ 𝓋   𝛩𝒲    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 
1

0
𝑑𝛩,

= 2 𝜓∗ 𝜇 + 𝜓∗ 𝓋   𝛩𝒲    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 
1

0
𝑑𝛩.

       (19) 

Since 
 

 𝜓∗   𝛩𝜇
𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 𝒲   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 
1

0
𝑑𝛩

=  𝜓∗  1 − 𝛩 𝜇 + 𝛩𝓋 𝒲    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 
1

0
𝑑𝛩

=
𝑝

𝓋𝑝−𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝒲(𝜔)𝑑𝜔
𝓋

𝜇
,                                          

 𝜓∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 𝒲   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 
1

0
𝑑𝛩

=  𝜓∗  1 − 𝛩 𝜇 + 𝛩𝓋 𝒲   1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 
1

0
𝑑𝛩

=
𝑝

𝓋𝑝−𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝒲 𝜔 𝑑𝜔.
𝓋

𝜇
                                          

     (20) 

From (20), we have 
 

𝑝

𝓋𝑝 − 𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝒲(𝜔)𝑑𝜔
𝓋

𝜇

≤  𝜓∗ 𝜇 + 𝜓∗ 𝓋   𝛩𝒲    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 
1

0

𝑑𝛩,

𝑝

𝓋𝑝 − 𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝒲(𝜔)𝑑𝜔
𝓋

𝜇

 ≤  𝜓∗ 𝜇 + 𝜓∗ 𝓋   𝛩𝒲   1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 
1

0

𝑑𝛩,
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that is, 

𝑝

𝓋𝑝 − 𝜇𝑝
  𝜔𝑝−1𝜓∗ 𝜔 𝒲 𝜔 𝑑𝜔

𝓋

𝜇

,  𝜔𝑝−1𝜓∗ 𝜔 𝒲 𝜔 𝑑𝜔
𝓋

𝜇

  

≤𝑝  𝜓∗ 𝜇 + 𝜓∗ 𝓋 ,𝜓
∗ 𝜇 + 𝜓∗ 𝓋   𝛩𝒲   1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 

1

𝑝 
1

0

𝑑𝛩. 

Hence 

𝑝

𝓋𝑝−𝜇𝑝
 𝐼𝑅  𝜔𝑝−1𝜓 𝜔 𝒲(𝜔)𝑑𝜔

𝓋

𝜇
≤𝑝  𝜓 𝜇 + 𝜓 𝓋   𝛩𝒲    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 

1

𝑝 𝑑𝛩
1

0
. 

Theorem 3.10. (First 𝐻𝐻-Fejér inequality for LR-𝑝-convex-I-V-F) 

Let 𝜓:  𝜇,𝓋 → ℝ𝐼
+  be an I-V-F with 𝜇 < 𝓋 , such that 𝜓 𝜔 =  𝜓∗ 𝜔 ,𝜓

∗ 𝜔   for all 

𝜔 ∈  𝜇,𝓋  and 𝜓 ∈ ℐℛ  𝜇 ,𝓋  . If 𝜓 ∈ 𝐿𝑅𝑆𝑋  𝜇,𝓋 ,ℝ𝐼
+,𝑝  and 

𝒲:  𝜇,𝓋 → ℝ,𝒲(𝜔) ≥ 0,𝑝-symmetric with respect to  
𝜇𝑝+𝓋𝑝

2
 

1

𝑝
 and  𝜔𝑝−1𝒲(𝜔)𝑑𝜔 > 0

𝓋

𝜇
, then 

𝜓  
𝜇𝑝+𝓋𝑝

2
 

1

𝑝
 ≤𝑝

1

 𝜔𝑝−1𝒲(𝜔)𝑑𝜔
𝓋
𝜇

 𝐼𝑅  𝜔𝑝−1𝜓 𝜔 𝒲(𝜔)𝑑𝜔
𝓋

𝜇
.     (21) 

If 𝜓 ∈ 𝐿𝑅𝑆𝑉  𝜇,𝓋 ,ℝ𝐼
+,𝑝  then, inequality (21) is reversed. 

Proof. Since 𝜓 ∈ 𝐿𝑅𝑆𝑋  𝜇,𝓋 ,ℝ𝐼
+, 𝑝  then 

 

𝜓∗   
𝜇𝑝+𝓋𝑝

2
 

1

𝑝
 ≤

1

2
 𝜓∗   𝛩𝜇

𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 + 𝜓∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝  ,

𝜓∗   
𝜇𝑝+𝓋𝑝

2
 

1

𝑝
 ≤

1

2
 𝜓∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 + 𝜓∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝  .

  (22) 

By multiplying (22) by 𝒲  𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 = 𝒲   1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝  and integrate it 

by 𝛩 over  0, 1 , we obtain 
 

𝜓∗   
𝜇𝑝+𝓋𝑝

2
 

1

𝑝
  𝒲    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 

1

𝑝 𝑑𝛩
1

0

≤
1

2
 

 𝜓∗   𝛩𝜇
𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 𝒲   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 𝑑𝛩
1

0

+ 𝜓∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 𝒲    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 𝑑𝛩
1

0

 ,

𝜓∗   
𝜇𝑝+𝓋𝑝

2
 

1

𝑝
  𝒲    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 

1

𝑝 𝑑𝛩 
1

0

≤
1

2
 
 𝜓∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 𝒲   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 𝑑𝛩
1

0

+ 𝜓∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 𝒲    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 𝑑𝛩
1

0

 .

  (23) 

Since 
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 𝜓∗   𝛩𝜇
𝑝 +  1 − 𝛩 𝓋𝑝 

1

𝑝 𝒲   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 
1

0
𝑑𝛩

=  𝜓∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 𝒲    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 
1

0
𝑑𝛩

=
𝑝

𝓋𝑝−𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝒲(𝜔)𝑑𝜔
𝓋

𝜇
,                                                      

 

 𝜓∗   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 𝒲   𝛩𝜇𝑝 +  1 − 𝛩 𝓋𝑝 
1

𝑝 
1

0
𝑑𝛩

=  𝜓∗    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 𝒲    1 − 𝛩 𝜇𝑝 + 𝛩𝓋𝑝 
1

𝑝 
1

0
𝑑𝛩

=
𝑝

𝓋𝑝−𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝒲(𝜔)𝑑𝜔
𝓋

𝜇
,                                                      

    (24) 

From (24), we have 
 

𝜓∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

  ≤
1

 𝜔𝑝−1𝒲 𝜔 𝑑𝜔
𝓋

𝜇

 𝜔𝑝−1𝜓∗ 𝜔 𝒲 𝜔 𝑑𝜔
𝓋

𝜇

,

𝜓∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

  ≤
1

 𝜔𝑝−1𝒲 𝜔 𝑑𝜔
𝓋

𝜇

 𝜔𝑝−1𝜓∗ 𝜔 𝒲 𝜔 𝑑𝜔
𝓋

𝜇

,

 

From which, we have 
 

 𝜓∗   
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 , 𝜓∗  
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

  

≤𝑝

1

 𝜔𝑝−1𝒲 𝜔 𝑑𝜔
𝓋

𝜇

  𝜔𝑝−1𝜓∗ 𝜔 𝒲 𝜔 𝑑𝜔
𝓋

𝜇

,    𝜔𝑝−1𝜓∗ 𝜔 𝒲 𝜔 𝑑𝜔
𝓋

𝜇

 ,

 

that is, 

𝜓  
𝜇𝑝 + 𝓋𝑝

2
 

1

𝑝

 ≤𝑝

1

 𝜔𝑝−1𝒲 𝜔 𝑑𝜔
𝓋

𝜇

 𝐼𝑅  𝜔𝑝−1𝜓 𝜔 𝒲 𝜔 𝑑𝜔
𝓋

𝜇

. 

This completes the proof. 

Remark 3.11. 

If 𝑝 = 1, then combining Theorems 3.9 and 3.10, we get LR-convex-I-V-F, see [30]. 

If 𝑓∗ 𝜇 = 𝑓∗ 𝜇 , then, Theorems 3.9 and 3.10 reduce to classical first and second 𝐻𝐻-Fejér 

inequality for 𝑝-convex function. 

If 𝑓∗ 𝜇 = 𝑓∗ 𝜇 , with 𝑝 = 1 then, Theorems 3.9 and 3.10 reduce to classical first and second 

𝐻𝐻-Fejér inequality for classical convex function. 

If 𝒲 𝑥 = 1, then combining Theorems 3.9 and 3.10, we get Theorem 3.1. 

Example 3.12. We consider the I-V-F𝜓:  1, 4 → 𝔽𝐼 ℝ  defined by, 

𝜓 𝜔 =  𝑒𝜔
𝑝

, 2𝑒𝜔
𝑝
 .          (25) 

Since end point functions 𝜓∗ 𝜔 ,𝜓
∗ 𝜔  both are 𝑝 -convex functions, then 𝒯 𝜔  is 

LR-𝑝-convex-I-V-F. If 
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𝒲 𝜔 =  
𝜔𝑝 − 1,    𝜎 ∈  1,

5

2
 ,

4 − 𝜔𝑝 ,    𝜎 ∈  
5

2
, 4 ,

         (26) 

for 𝑝 = 1. Then 
 

𝑝

𝜗𝑝−𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝒲 𝜔 𝑑𝜔

4

1
=

1

3
 𝜔𝑝−1𝜓∗ 𝜔 𝒲 𝜔 𝑑𝜔

4

1

=
1

3
 𝜔𝑝−1𝜓∗ 𝜔 𝒲 𝜔 𝑑𝜔

5

2
1

+
1

3
 𝜔𝑝−1𝜓∗ 𝜔 𝒲 𝜔 𝑑𝜔

4
5

2

,

=
1

3
 𝑒𝜔  𝜔 − 1 𝑑𝜔

5

2
1

+
1

3
 𝑒𝜔 4 − 𝜔 𝑑𝜔

4
5

2

≈ 11,                 

𝑝

𝜗𝑝−𝜇𝑝
 𝜔𝑝−1𝜓∗ 𝜔 𝒲 𝜔 𝑑𝜔

4

1
=

1

3
 𝜔𝑝−1𝜓∗ 𝜔 𝒲 𝜔 𝑑𝜔

4

1

=
1

3
 𝜔𝑝−1𝜓∗ 𝜔 𝒲 𝜔 𝑑𝜔

5

2
1

+
1

3
 𝜔𝑝−1𝜓∗ 𝜔 𝒲 𝜔 𝑑𝜔,

4
5

2

=
2

3
 𝑒𝜔  𝜔 − 1 𝑑𝜔

5

2
1

+
2

3
 𝑒𝜔 4 − 𝜔 𝑑𝜔

4
5

2

≈ 22,
 

                 

     (27) 

and 
 

 𝜓∗ 𝜇 + 𝜓∗ 𝜗   𝛩𝒲   1 − 𝛩 𝜇𝑝 + 𝛩𝜗𝑝 
1

𝑝 
1

0

𝑑𝛩

 𝜓∗ 𝜇 + 𝜓∗ 𝜗   𝛩𝒲   1 − 𝛩 𝜇𝑝 + 𝛩𝜗𝑝 
1

𝑝 
1

0

𝑑𝛩

 

=  𝑒 + 𝑒4   3𝛩2𝑑𝜔
1

2
0

+  𝛩 3 − 3𝛩 𝑑𝛩
1

1

2

 ≈
43

2
.

= 2 𝑒 + 𝑒4   3𝛩2𝑑𝜔
1

2
0

+  𝛩 3 − 3𝛩 𝑑𝛩
1

1

2

 ≈ 43.
      (28) 

From (27) and (28), we have 

 11, 22 ≤𝑝  
43

2
, 43 . 

Hence, Theorem 3.9 is verified. 

For Theorem 3.10, we have 

𝜓∗   
𝜇𝑝+𝜗𝑝

2
 

1

𝑝
 ≈

61

5
,

𝜓∗   
𝜇𝑝+𝜗𝑝

2
 

1

𝑝
 ≈

122

5
 ,

 

        (29) 

 𝜔𝑝−1𝒲 𝜔 𝑑𝜔
𝜗

𝜇

=  𝜔𝑝−1 𝜔 − 1 𝑑𝜔

5

2

1

+  𝜔𝑝−1 4 − 𝜔 𝑑𝜔
4

5

2

=
9

4
, 
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1

 𝜔𝑝−1𝒲 𝜔 𝑑𝜔
𝜗
𝜇

 𝜔𝑝−1𝜓∗ 𝜔 𝒲 𝜔 𝑑𝜔
4

1
≈

73

5
,

1

 𝜔𝑝−1𝒲 𝜔 𝑑𝜔
𝜗
𝜇

 𝜔𝑝−1𝜓∗ 𝜔 𝒲 𝜔 𝑑𝜔
4

1
≈

146

5
.

 

.        (30) 

From (29) and (30), we have 

 
61

5
,
122

5
 ≤𝑝  

73

5
,
293

10
 . 

Hence, Theorem 3.10 is demonstrated. 

4. Discrete Jensen’s and Schur’s type inequalities 

In this section, we propose the concept of discrete Jensen’s type inequality for 

LR-𝑝-convex-I-V-F. Some refinements of discrete Jensen’s and Schur’s type inequality are also 

obtained. We begin by presenting the discrete Jensen type inequality for LR-𝑝-convex-I-V-F in the 

following result. 

Theorem 4.1. (Discrete Jensen type inequality for LR-𝑝-convex-I-V-F) 

Let 𝓌𝑗 ∈ ℝ+, 𝜇𝑗 ∈  𝜇,𝓋 ,  𝑗 = 1, 2, 3,…𝑘,𝑘 ≥ 2  and let 𝜓:  𝜇,𝓋 → ℝ𝐼
+ be an I-V-F such 

that 𝜓 𝜔 =  𝜓∗ 𝜔 ,  𝜓∗ 𝜔   for all 𝜔 ∈  𝜇,𝓋 . If 𝜓 ∈ 𝐿𝑅𝑆𝑋  𝜇,𝓋 ,ℝ𝐼
+,𝑝 , then 

𝜓  
1

𝑊𝑘
 𝓌𝑗
𝑘
𝑗=1 𝜇𝑗

𝑝 

1

𝑝
 ≤𝑝  

𝓌𝑗

𝑊𝑘
𝜓 𝜇𝑗  

𝑘
𝑗 ,        (31) 

where 𝑊𝑘 =  𝓌𝑗
𝑘
𝑗=1 . 

If 𝜓 ∈ 𝐿𝑅𝑆𝑉  𝜇,𝓋 ,ℝ𝐼
+,𝑝  then, Eq (31) is reversed. 

Proof. For 𝑘 = 2 Eq (31) is true. Consider Eq (31) is true for 𝑘 = 𝑛 − 1, then 

𝜓  
1

𝑊𝑛−1
 𝓌𝑗

𝑛−1

𝑗=1

𝜇𝑗
𝑝 

1

𝑝

 ≤𝑝  
𝓌𝑗

𝑊𝑛−1
𝜓 𝜇𝑗  

𝑛−1

𝑗=1
, 

Now, let us prove that Eq (31) holds for 𝑘 = 𝑛. 

𝜓  
1

𝑊𝑛
 𝓌𝑗

𝑛

𝑗=1

𝜇𝑗
𝑝 

1

𝑝

 

= 𝜓  
𝑊𝑛−2

𝑊𝑛

1

𝑊𝑛−2
 𝓌𝑗

𝑛−2

𝑗=1

𝜇𝑗
𝑝 +

𝓌𝑛−1 + 𝓌𝑛

𝑊𝑛
 

𝓌𝑛−1

𝓌𝑛−1 + 𝓌𝑛
𝜇𝑛−1

𝑝 +
𝓌𝑛

𝓌𝑛−1 + 𝓌𝑛
𝜇𝑛

𝑝  

1

𝑝

 . 

Therefore, we have 
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𝜓∗  
1

𝑊𝑛
 𝓌𝑗

𝑛

𝑗=1

𝜇𝑗
𝑝 

1

𝑝

 = 𝜓∗  
1

𝑊𝑛
 𝓌𝑗

𝑛−2

𝑗=1

𝜇𝑗
𝑝 +

𝓌𝑛−1 + 𝓌𝑛

𝑊𝑛
(

𝓌𝑛−1

𝓌𝑛−1 + 𝓌𝑛
𝜇𝑛−1

𝑝 +
𝓌𝑛

𝓌𝑛−1 + 𝓌𝑛
𝜇𝑛

𝑝 

1

𝑝

 ,

𝜓∗  
1

𝑊𝑛
 𝓌𝑗

𝑛

𝑗=1

𝜇𝑗
𝑝 

1

𝑝

 = 𝜓∗  
1

𝑊𝑛
 𝓌𝑗

𝑛−2

𝑗=1

𝜇𝑗
𝑝 +

𝓌𝑛−1 + 𝓌𝑛

𝑊𝑛
 

𝓌𝑛−1

𝓌𝑛−1 + 𝓌𝑛
𝜇𝑛−1

𝑝 +
𝓌𝑛

𝓌𝑛−1 + 𝓌𝑛
𝜇𝑛

𝑝  

1

𝑝

 ,

 

≤ 
𝓌𝑗

𝑊𝑛
𝜓∗ 𝜇𝑗  

𝑛−2

𝑗=1
+
𝓌𝑛−1 + 𝓌𝑛

𝑊𝑛
𝜓∗   

𝓌𝑛−1

𝓌𝑛−1 + 𝓌𝑛
𝜇𝑛−1

𝑝 +
𝓌𝑛

𝓌𝑛−1 + 𝓌𝑛
𝜇𝑛

𝑝 

1

𝑝
 ,

≤ 
𝓌𝑗

𝑊𝑛
𝜓∗ 𝜇𝑗  

𝑛−2

𝑗=1
+
𝓌𝑛−1 + 𝓌𝑛

𝑊𝑛
𝜓∗   

𝓌𝑛−1

𝓌𝑛−1 + 𝓌𝑛
𝜇𝑛−1

𝑝 +
𝓌𝑛

𝓌𝑛−1 + 𝓌𝑛
𝜇𝑛

𝑝 

1

𝑝
 ,

 

≤ 
𝓌𝑗

𝑊𝑛
𝜓∗ 𝜇𝑗  

𝑛−2

𝑗=1
+
𝓌𝑛−1 + 𝓌𝑛

𝑊𝑛
 

𝓌𝑛−1

𝓌𝑛−1 + 𝓌𝑛
𝜓∗ 𝜇𝑛−1 +

𝓌𝑛

𝓌𝑛−1 + 𝓌𝑛
𝜓∗ 𝜇𝑛  ,

≤ 
𝓌𝑗

𝑊𝑛
𝜓∗ 𝜇𝑗  

𝑛−2

𝑗=1
+
𝓌𝑛−1 + 𝓌𝑛

𝑊𝑛
 

𝓌𝑛−1

𝓌𝑛−1 + 𝓌𝑛
𝜓∗ 𝜇𝑛−1 +

𝓌𝑛

𝓌𝑛−1 + 𝓌𝑛
𝜓∗ 𝜇𝑛  ,

 

≤ 
𝓌𝑗

𝑊𝑛
𝜓∗ 𝜇𝑗  

𝑛−2

𝑗=1
+  

𝓌𝑛−1

𝑊𝑛
𝜓∗ 𝜇𝑛−1 +

𝓌𝑛

𝑊𝑛
𝜓∗ 𝜇𝑛  ,

≤ 
𝓌𝑗

𝑊𝑛
𝜓∗ 𝜇𝑗  

𝑛−2

𝑗=1
+  

𝓌𝑛−1

𝑊𝑛
𝜓∗ 𝜇𝑛−1 +  

𝓌𝑛

𝑊𝑛
𝜓∗ 𝜇𝑛  ,

 

=  
𝓌𝑗

𝑊𝑛
𝜓∗ 𝜇𝑗  

𝑛

𝑗=1
,

=  
𝓌𝑗

𝑊𝑛
𝜓∗ 𝜇𝑗  

𝑛

𝑗=1
.
 

From which, we have 

 
 
 
 
𝜓∗  

1

𝑊𝑛
 𝓌𝑗

𝑛

𝑗=1

𝜇𝑗
𝑝 

1

𝑝

 ,𝜓∗  
1

𝑊𝑛
 𝓌𝑗

𝑛

𝑗=1

𝜇𝑗
𝑝 

1

𝑝

 

 
 
 
 
≤𝑝   

𝓌𝑗

𝑊𝑛
𝜓∗ 𝜇𝑗  

𝑛

𝑗=1
, 

𝓌𝑗

𝑊𝑛
𝜓∗ 𝜇𝑗  

𝑛

𝑗=1
 , 

that is, 

𝜓  
1

𝑊𝑛
 𝓌𝑗

𝑛

𝑗=1

𝜇𝑗
𝑝 

1

𝑝

 ≤𝑝  
𝓌𝑗

𝑊𝑛
𝜓 𝜇𝑗  

𝑛

𝑗=1
, 

and the result follows. 

If 𝓌1 = 𝓌2 = 𝓌3 = ⋯ = 𝓌𝑘 = 1, then Theorem 4.1 reduces to the following result: 

Corollary 4.2. Let 𝜇𝑗 ∈  𝜇,𝓋 ,  𝑗 = 1, 2, 3,…𝑘,𝑘 ≥ 2  and let 𝜓:  𝜇,𝓋 → ℝ𝐼
+ be an I-V-F such 

that 𝜓 𝜔 =  𝜓∗ 𝜔 ,  𝜓∗ 𝜔   for all 𝜔 ∈  𝜇,𝓋 . If 𝜓 ∈ 𝐿𝑅𝑆𝑋  𝜇,𝓋 ,ℝ𝐼
+,𝑝 , then 

𝜓  
1

𝑊𝑘
 𝜇𝑗

𝑝𝑘
𝑗=1  

1

𝑝
 ≤𝑝  

1

𝑘
𝜓 𝜇𝑗  

𝑘
𝐽=1 ,         (32) 
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If 𝜓 ∈ 𝐿𝑅𝑆𝑉  𝜇,𝓋 ,ℝ𝐼
+,𝑝  then, inequality (32) is reversed. 

To obtain a refinement of Jensen type inequality for LR-𝑝-convex-I-V-Fs firstly, we prove the 

following the result: 

Theorem 4.3. Let 𝜓:  𝜇,𝓋 → ℝ𝐼
+  be an I-V-F such that 𝜓 𝜔 =  𝜓∗ 𝜔 ,  𝜓∗ 𝜔   for all 

𝜔 ∈  𝜇,𝓋 . If 𝜓 ∈ 𝐿𝑅𝑆𝑋  𝜇,𝓋 ,ℝ𝐼
+,𝑝 , then for 𝜇1 , 𝜇2, 𝜇3 ∈  𝜇,𝓋 , such that 𝜇1 < 𝜇2 < 𝜇3 and 

𝜇3
𝑝 − 𝜇1

𝑝 , 𝜇3
𝑝 − 𝜇2

𝑝 , 𝜇2
𝑝 − 𝜇1

𝑝 ∈ ℒ, we have 

 𝜇3
𝑝 − 𝜇1

𝑝 𝜓 𝜇2 ≤𝑝  𝜇3
𝑝 − 𝜇2

𝑝 𝜓 𝜇1 +  𝜇2
𝑝 − 𝜇1

𝑝 𝜓 𝜇3 .   (33) 

If 𝜓 ∈ 𝐿𝑅𝑆𝑉  𝜇,𝓋 ,ℝ𝐼
+,𝑝  then, inequalit (33) is reversed. 

Proof. Let 𝜇1, 𝜇2, 𝜇3 ∈  𝜇,𝓋  and  𝜇3
𝑝 − 𝜇1

𝑝 > 0. 

Consider𝛩 =
𝜇3

𝑝−𝜇2
𝑝

𝜇3
𝑝−𝜇1

𝑝 , then 𝜇2
𝑝 = 𝛩𝜇1

𝑝 +   1 − 𝛩 𝜇3
𝑝 . Since 𝜓 ∈ 𝐿𝑅𝑆𝑋  𝜇,𝓋 ,ℝ𝐼

+,𝑝  then, 

by hypothesis, we have 

𝜓∗ 𝜇2 ≤
𝜇3

𝑝−𝜇2
𝑝

𝜇3
𝑝−𝜇1

𝑝 𝜓∗ 𝜇1 +
𝜇2

𝑝−𝜇1
𝑝

𝜇3
𝑝−𝜇1

𝑝 𝜓∗ 𝜇3 ,

𝜓∗ 𝜇2 ≤
𝜇3

𝑝−𝜇2
𝑝

𝜇3
𝑝−𝜇1

𝑝 𝜓
∗ 𝜇1 +

𝜇2
𝑝−𝜇1

𝑝

𝜇3
𝑝−𝜇1

𝑝 𝜓
∗ 𝜇3 .

       (34) 

From (34), we have 

 𝜇3
𝑝 − 𝜇1

𝑝 𝜓∗ 𝜇2 ≤  𝜇3
𝑝 − 𝜇2

𝑝 𝜓∗ 𝜇1 +  𝜇2
𝑝 − 𝜇1

𝑝 𝜓∗ 𝜇3 ,
 𝜇3

𝑝 − 𝜇1
𝑝 𝜓∗ 𝜇2 ≤  𝜇3

𝑝 − 𝜇2
𝑝 𝜓∗ 𝜇1 +  𝜇2

𝑝 − 𝜇1
𝑝 𝜓∗ 𝜇3 ,

 

That is, 

  𝜇3
𝑝 − 𝜇1

𝑝 𝜓∗ 𝜇2 ,  𝜇3
𝑝 − 𝜇1

𝑝 𝜓∗ 𝜇2   

≤𝑝   𝜇3
𝑝 − 𝜇2

𝑝 𝜓∗ 𝜇1 +  𝜇2
𝑝 − 𝜇1

𝑝 𝜓∗ 𝜇3 ,  𝜇3
𝑝 − 𝜇2

𝑝 𝜓∗ 𝜇1 +  𝜇2
𝑝 − 𝜇1

𝑝 𝜓∗ 𝜇3  , 

Hence 

 𝜇3
𝑝 − 𝜇1

𝑝 𝜓 𝜇2 ≤𝑝  𝜇3
𝑝 − 𝜇2

𝑝 𝜓 𝜇1 +  𝜇2
𝑝 − 𝜇1

𝑝 𝜓 𝜇3 . 

Now we obtain a refinement of Jensen’s inequality for LR-𝑝-convex-I-V-F which is given in the 

following results. 

Theorem 4.4. Let 𝓌𝑗 ∈ ℝ+, 𝜇𝑗 ∈  𝜇,𝓋 ,  𝑗 = 1, 2, 3,…𝑘, 𝑘 ≥ 2 ,𝜓:  𝜇,𝓋 → ℝ𝐼
+ be an I-V-F such 

that 𝜓 𝜔 =  𝜓∗ 𝜔 ,  𝜓∗ 𝜔   for all 𝜔 ∈  𝜇,𝓋 . If 𝜓 ∈ 𝐿𝑅𝑆𝑋  𝜇,𝓋 ,ℝ𝐼
+,𝑝  and 𝜇1, 𝜇2,… , 𝜇𝑗 ∈

 𝐿,𝑈 ⊆  𝜇,𝓋 , then, 

 
𝓌𝑗

𝑊𝑘
𝜓 𝜇𝑗  

𝑘
𝑗=1 ≤𝑝    

𝑈𝑝−𝜇 𝑗
𝑝

𝑈𝑝−𝐿𝑝
  

𝓌𝑗

𝑊𝑘
 𝜓 𝐿 +  

𝜇 𝑗
𝑝−𝐿𝑝

𝑈𝑝−𝐿𝑝
  

𝓌𝑗

𝑊𝑘
 𝜓 𝑈  𝑘

𝑗=1 ,   (35)  

where 𝑊𝑘 =  𝓌𝑗
𝑘
𝑗=1 . If 𝜓 ∈ 𝐿𝑅𝑆𝑉  𝜇,𝓋 ,ℝ𝐼

+,𝑝 , then, Eq (35) is reversed. 

Proof. Consider = 𝜇1 , 𝜇𝑗 = 𝜇2,  𝑗 = 1, 2, 3,…𝑘 , 𝑈 = 𝜇3. Then, by hypothesis and Eq (4.4), we 

have 
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𝜓∗ 𝜇𝑗  ≤
𝑈𝑝 − 𝜇𝑗

𝑝

𝑈𝑝 − 𝐿𝑝
𝜓∗ 𝐿 +

𝜇𝑗
𝑝 − 𝐿𝑝

𝑈𝑝 − 𝐿𝑝
𝜓∗ 𝑈 ,

𝜓∗ 𝜇𝑗  ≤
𝑈 − 𝜇𝑗

𝑝

𝑈𝑝 − 𝐿𝑝
𝜓∗ 𝐿 +

𝜇𝑗
𝑝 − 𝐿𝑝

𝑈𝑝 − 𝐿𝑝
𝜓∗ 𝑈 .

 

Above inequality can be written as, 

𝓌𝑗

𝑊𝑘
𝜓∗ 𝜇𝑗  ≤  

𝑈𝑝−𝜇 𝑗
𝑝

𝑈𝑝−𝐿𝑝
  

𝓌𝑗

𝑊𝑘
 𝜓∗ 𝐿 +  

𝜇 𝑗
𝑝−𝐿𝑝

𝑈𝑝−𝐿𝑝
  

𝓌𝑗

𝑊𝑘
 𝜓∗ 𝑈 ,

𝓌𝑗

𝑊𝑘
𝜓∗ 𝜇𝑗  ≤  

𝑈𝑝−𝜇 𝑗
𝑝

𝑈𝑝−𝐿𝑝
  

𝓌𝑗

𝑊𝑘
 𝜓∗ 𝐿 +  

𝜇 𝑗
𝑝−𝐿𝑝

𝑈𝑝−𝐿𝑝
  

𝓌𝑗

𝑊𝑘
 𝜓∗ 𝑈 .

    (36) 

Taking sum of all inequalities (36) for 𝑗 = 1, 2, 3,…𝑘, we have 

 
𝓌𝑗

𝑊𝑘
𝜓∗ 𝜇𝑗  

𝑘

𝑗=1
≤   

𝑈𝑝 − 𝜇𝑗
𝑝

𝑈𝑝 − 𝐿𝑝
  

𝓌𝑗

𝑊𝑘
 𝜓∗ 𝐿 +  

𝜇𝑗
𝑝 − 𝐿𝑝

𝑈𝑝 − 𝐿𝑝
  

𝓌𝑗

𝑊𝑘
 𝜓∗ 𝑈  

𝑘

𝑗=1
,

 
𝓌𝑗

𝑊𝑘
𝜓∗ 𝜇𝑗  

𝑘

𝑗=1
≤   

𝑈𝑝 − 𝜇𝑗
𝑝

𝑈𝑝 − 𝐿𝑝
  

𝓌𝑗

𝑊𝑘
 𝜓∗ 𝐿 +  

𝜇𝑗
𝑝 − 𝐿𝑝

𝑈𝑝 − 𝐿𝑝
  

𝓌𝑗

𝑊𝑘
 𝜓∗ 𝑈  

𝑘

𝑗=1
.

 

That is, 

 
𝓌𝑗

𝑊𝑘
𝜓 𝜇𝑗  

𝑘

𝑗=1
=   

𝓌𝑗

𝑊𝑘
𝜓∗ 𝜇𝑗  

𝑘

𝑗=1
,  

𝓌𝑗

𝑊𝑘
𝜓∗ 𝜇𝑗  

𝑘

𝑗=1
  

≤𝑝     
𝑈𝑝 − 𝜇𝑗

𝑝

𝑈𝑝 − 𝐿𝑝
  

𝓌𝑗

𝑊𝑘
 𝜓∗ 𝐿 +  

𝜇𝑗
𝑝 − 𝐿𝑝

𝑈𝑝 − 𝐿𝑝
  

𝓌𝑗

𝑊𝑘
 𝜓∗ 𝑈  

𝑘

𝑗=1
,

   
𝑈𝑝 − 𝜇𝑗

𝑝

𝑈𝑝 − 𝐿𝑝
  

𝓌𝑗

𝑊𝑘
 𝜓∗ 𝐿  +       

𝜇𝑗
𝑝 − 𝐿𝑝

𝑈𝑝 − 𝐿𝑝
  

𝓌𝑗

𝑊𝑘
 𝜓∗ 𝑈  

𝑘

𝑗=1
 , 

≤𝑝   
𝑈𝑝 − 𝜇𝑗

𝑝

𝑈𝑝 − 𝐿𝑝
  

𝓌𝑗

𝑊𝑘
  𝜓∗ 𝐿 ,𝜓

∗ 𝐿  
𝑘

𝑗=1
+   

𝑈𝑝 − 𝜇𝑗
𝑝

𝑈𝑝 − 𝐿𝑝
  

𝓌𝑗

𝑊𝑘
  𝜓∗ 𝑈 ,𝜓

∗ 𝑈  
𝑘

𝑗=1
. 

=   
𝑈𝑝 − 𝜇𝑗

𝑝

𝑈𝑝 − 𝐿𝑝
  

𝓌𝑗

𝑊𝑘
 𝜓 𝐿 

𝑘

𝑗=1
+   

𝑈𝑝 − 𝜇𝑗
𝑝

𝑈𝑝 − 𝐿𝑝
  

𝓌𝑗

𝑊𝑘
 𝜓 𝑈 

𝑘

𝑗=1
. 

Thus, 

 
𝓌𝑗

𝑊𝑘
𝜓 𝜇𝑗  

𝑘

𝑗=1
≤𝑝    

𝑈𝑝 − 𝜇𝑗
𝑝

𝑈𝑝 − 𝐿𝑝
  

𝓌𝑗

𝑊𝑘
 𝜓 𝐿 +  

𝜇𝑗
𝑝 − 𝐿𝑝

𝑈𝑝 − 𝐿𝑝
  

𝓌𝑗

𝑊𝑘
 𝜓 𝑈  

𝑘

𝑗=1
 

this completes the proof. 

We now consider some special cases of Theorems 4.1 and 4.4. 

If 𝜓∗ 𝜔 = 𝜓∗ 𝜔 , then Theorem 4.1 and 4.4 reduce to the following results: 

Corollary 4.5. [35] (Jensen’s type inequality for LR-𝑝-convex function) 

Let 𝓌𝑗 ∈ ℝ+, 𝜇𝑗 ∈  𝜇,𝓋 ,  𝑗 = 1, 2, 3,…𝑘,𝑘 ≥ 2  and let 𝜓:  𝜇,𝓋 → ℝ+ be a non-negative 

real-valued function. If 𝜓 ∈ 𝑆𝑋  𝜇,𝓋 ,ℝ𝐼
+, 𝑝 , then 

𝜓  
1

𝑊𝑘
 𝓌𝑗
𝑘
𝑗=1 𝜇𝑗

𝑝 

1

𝑝
 ≤  

𝓌𝑗

𝑊𝑘
𝜓 𝜇𝑗  

𝑘
𝑗=1 ,        (37) 

where 𝑊𝑘 =  𝓌𝑗
𝑘
𝑗=1 . If 𝜓 ∈ 𝑆𝑉  𝜇,𝓋 ,ℝ+, 𝑝  then, Eq (37) is reversed. 
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Corollary 4.6. Let 𝓌𝑗 ∈ ℝ+ , 𝜇𝑗 ∈  𝜇,𝓋 ,  𝑗 = 1, 2, 3,…𝑘,𝑘 ≥ 2 ,  and 𝜓:  𝜇,𝓋 → ℝ+  be an 

non-negative real-valued function. If 𝜓 ∈ 𝑆𝑋  𝜇,𝓋 ,ℝ𝐼
+, 𝑝  and 𝜇1 , 𝜇2,… , 𝜇𝑗 ∈  𝐿,𝑈 ⊆ [𝜇,𝓋] 

then, 

 
𝓌𝑗

𝑊𝑘
𝜓 𝜇𝑗  

𝑘
𝑗=1 ≤    

𝑈𝑝−𝜇 𝑗
𝑝

𝑈𝑝−𝐿𝑝
  

𝓌𝑗

𝑊𝑘
 𝜓 𝐿 +  

𝜇 𝑗
𝑝−𝐿𝑝

𝑈𝑝−𝐿𝑝
  

𝓌𝑗

𝑊𝑘
 𝜓 𝑈  𝑘

𝑗=1 ,   (38) 

where 𝑊𝑘 =  𝓌𝑗
𝑘
𝑗=1 . If 𝜓 ∈ 𝑆𝑉  𝜇,𝓋 ,ℝ+, 𝑝  then, Eq (38) is reversed. 

5. Conclusions 

In this study, we established several novel 𝐻𝐻-, 𝐻𝐻-Fejér, Schur’s, Jensen’s type inequalities for 

LR-𝑝-convex-I-V-Fs, and 𝐻𝐻-Inequalities are true for this concept of LR-𝑝-convex-I-V-Fs. We also 

obtained some related discrete and integral inequalities as exceptional cases. Some useful examples 

are also provided to prove the validity of our main results. As a future research, we try to explore this 

concept for Katugampola fractional integral operator, fuzzy Katugampola fractional integral operator 

and some applications in interval and fuzzy interval nonlinear programing. By using these concepts, 

the new direction of study can be found in convex optimization theory and fuzzy convex analysis. 

We hope that this concept will be helpful for other authors to pay their roles in different fields of 

sciences. 
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