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established. Similarly, we also obtain Hermite-Hadamard-Fej& (HH-Fej&) type integral inequality
for LR-p-convex-I-V-F. Finally, for LR-p-convex-1-V-F, various discrete Schur’s and Jensen’s type
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1. Introduction

Convexity of function is a classic notion, as it is used in mathematical programming theory,
game theory, mathematical economics, variational science, optimal control theory, and other domains.
In the 1960s, a new branch of mathematics called convex analysis emerged. However, because the
functions encountered in a large number of theoretical and practical economics problems are not
classical convex functions, the generalization of function convexity has piqued the interest of many
scholars in recent decades, such as h-convex functions [1-4], log-convex functions [5-9], log-h-convex
functions [10], and especially coordinated convex functions [11]. Several authors [12-16] have
proposed different expansions and generalizations of integral inequalities for different convex
functions since 2001.

Calculation error, on the other hand, has always been a problematic issue in numerical analysis.
Because the accumulation of calculation errors can render the calculation results meaningless, interval
analysis as a new important tool to solve uncertainty problems has attracted a lot of attention and has
also yielded fruitful results; we refer the reader to the papers [17,18]. Many writers have merged
integral inequalities with interval-valued functions (I-V-Fs) in recent decades, and many great findings
have resulted. Costa proposed Opial-type disparities for I-V-Fs in [19]. Chalco-Cano used the
generalized Hukuhara derivative to examine Ostrowski type inequalities for 1-V-Fs in [20,21]. The
Minkowski type inequalities and Beckenbach's type inequalities for I-V-Fs were developed by
Roman-Flores in [22].

In literature review, we have noted that most of authors used inclusion relation to obtain
different types of inequalities like in 2018. Zhao et al. [23] developed h-convex interval-valued
functions (h-convex IVFs) and demonstrated the following HH type inequality for h-convex IVFs.

Theorem 1. [23] Let y:[pv]cR->K.* be an h -convex IVF given by
Y(w) = [P (w), Pp*(w)] for all w € [u,v], with h:[0,1] - R* and h(%) # 0, where Y, (w)
and ¥*(w) are h-convex and h-concave functions, respectively. If ¢ is Riemann integrable, then

1

2 ¥ CAE - (R) [ W(@)dw 2 [Y() + ()] f; h(6) d6, L)

where @ € [0,1]. Moreover, An et al. [24] took a step forward by introducing the class of
(h4, hy)-convex IVFs and establishing interval-valued Hermite-Hadamard (HH) type inequality for
(hy, hy) -convex IVFs. We suggest readers to [25-27] and the references therein for more
examination of literature on the applications and properties of generalized convex functions and HH
type integral inequalities.

Zhang et al. [28] introduced pseudo order relation on the space of intervals and proposed the
new class of convex functions in interval-valued settings by using pseudo order relation, which is
known as LR-convex interval-valued functions. By using this class, they established continuous
Jensen’s inequalities and proved that Jensen’s inequality defined by Costa and Roman-Flores [29] is
a special cases of these inequalities. Khan et al. went a step further by providing new convex and
extended LR-convex I-V-F classes, as well as new fractional HH type and HH type inequalities for
LR-(h4, hy)-convex I-V-F [30], LR-p-convex I-V-F [31], and LR-log-h-convex I-V-F [32]. We refer
to the readers for further analysis of literature on the applications and properties of fuzzy Riemannian
integrals, and inequalities and generalized convex fuzzy mappings, see [33—40] and the references
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therein.

Inspired by the ongoing research work, we have used the pseudo order relation to introduce a
new class of convex I-V-Fs, which is known as LR-p-convex for I-V-Fs. We derive certain novel
Schur’s, Jensen’s and Hermite-Hadamard type inequalities for interval-valued LR-p -convex
functions via interval Riemannian integrals. We also provide several examples to demonstrate the
applications of our key results.

2. Preliminaries

Let R, the collection of all closed and bounded intervals of R. We use R} to represent the set
of all positive intervals. The collection of all Riemann integrable real valued functions and Riemann
integrable 1-V-F is denoted by Ry, . and IR, ., respectively. For more conceptions on I-V Fs,
see [23]. Moreover, we have:

For [U,,U*], [Z,,Z*] € R;, theinclusion " < " is defined by [U,,U*] € [Z,,Z7], if and only
if, Z, < U, Ur<2"

Remark 2.1. [28] (i) The relation " <, " defined on R, by [W,, U] <, [Z,,Z"] if and only if
U, <z, U<z for all [U,U*], [Z,,Z2%] € R,it is an pseudo order relation. The relation
[U,, U] <, [Z,,Z27] coincidentto [, U*] < [Z,,Z2"] on R,.
(ii) It can be easily seen that " <, " looks like “left and right” on the real line R, so we call " <
is “left and right” (or “LR” order, in short).

The concept of Riemann integral for I-V-F is defined as follow:

p

Theorem 2.2. [37]. If y:[u,v] € R —> R; isan I-V-F on such that ¥ (w) = [¢.(w), Y (w)]. Then
Y is Riemann integrable over [u,v], if and only if, ¥, and y* both are Riemann integrable over
[u, 7] such that

UR) [ p(w)dw = [(R) [ . (@)dw, (R) [ " (w)daw|.

Definition 2.3. [38] Let p € R with p # 0. Then the interval K, is said to be p-conve, if

[Ow? + (1 — Q)ZP]% €K, (2)

forall w,z € K,,0 €[0,1], where p=2n+1 and n € N.

Definition 2.4. [38] Let p € R with p # 0and K,, = [u, ] € R. Then, the function ¥: [u, v] >
R* is said to be p-convex function if

b (190" +(1 - 0)2°)) < 09(@) + (1 - (), ®

for all w,z € [u,v],0 € [0,1]. If the inequality (3) is reversed then i is called p-concave
function.

Definition 2.5. [28]. The I-V-Fy: [, v] - R} is said to be LR-convex-1-V-F, if for all w, z € [u, v]
and @ € [0,1] we have

Y(Ow + (1-0)3) <, OYP(w) + (1 - 0)Y(2). (4)
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If inequality (4) is reversed, then v is said to be LR-concave on [u, v].

Definition 2.6. The I-V-Fy:[u,v] > R} is said to be LR-p-convex-I-V-F, if for all w,z €
[u,v]and @ € [0, 1], we have

1
b ([0 + (1= 0)2"1) <, () + (1 - O (2) ©
If inequality (5) is reversed, then v is said to be LR-p-concave on [u,v]. ¥ is LR-p-affine, if and
only if, it is both LR-p-convex and LR-p-concave. The set of all LR-p-convex (LR-p-concave,
LR-p-affine) 1-V-Fs is denoted by
LRSX ([, v], Rf, p)(LRSV ([, v], Rf,p),  LRSA([w, v, Rf,p)).

Remark 2.7. If one takes p = 1, then we obtain the Definitions 2.5.

Theorem 2.8. Let y:[u,v] » R} be an I-V-F defined by y(w) = [y, (w),Y*(w)], for all
w € [u,v]. Then Y € LRSX([u, v], R}, p), if and only if, y,, ¥* € SX([u, v], RT, p).

Proof. Assume that ,,y* € SX([u, ], R, p). Then, forall w, z € [u,v], 0 € [0,1], we have
p. (1007 + (1 - 021 ) < 09.0) + (1 - 0.2,

and
pr (10w? + (1 - 0)27] ) < 0y (@) + (1 — O)P* (2).

From Definition 2.6 and pseudo order relation <,, we have
[ (1007 + 1 - @)Zp]%>,1,b* (towr + (1 - @)z”]%)]

<p [0Y.(w) + (1 — 0)Y.(2), Y™ (w) + (1 — 0)Y(3)]

that is

1

y (100 + (1 - 0)271) <, O(@) + (1 - OY(2), Y 0,z € [1,0],0 € [0,1],

Hence, ¥ € LRSX([u, v], R}, p).
Conversely, let ¥ € LRSX([u, v], R}, p). Then, for all w,z € [u,v] and 6 € [0, 1], we have

p (100 + (1 -0 ) <, 09(@) + (1 - 0P (a),

That is,
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[w* ([pr +(1- Q)Zp]%),l,b* ([pr +(1- @)zp]i)]
<p

= [0y, () + (1 - 0)Y.(2), 09" (w) + (1 — O)P*(2)].

It follows that

p. (007 + (1 - 0)5"]) < 0. (@) + (1 - 0.2,

and
Y™ ([@wp +(1- O)ZP]I%) < 0yY*(w)+ (1 —0)Y*(z).

Hence, the result follows.

Remark 2.13. If ¥, (u) = ¢*(v), then, LR-p-convex-1-V-F becomes p-convex function, see [38].
If Y,.(u) =v¢*(v) with p =1, then LR-p-convex-I-V-F becomes the classical convex function.

Example 2.14. We consider the 1-V-Fi: (0,) - R} defined by y(w) = [3w, 5wP], where p is
an odd number. Since ,,¥* € SX([u,v], R*,p) and hence, Y (w) is LR-p-convex-1-V-F.

3. Interval Hermite-Hadamard inequalities

In view of the classical HH and HH-Fejé& inequalities, we can obtain the following version of
the HH-inequalities for LR-p-concave-I-V-Fs.
Theorem 3.1. Let y:[u,v] » Rf be an I-V-F such that ¥ (w) = [Y.(w), Y*(w)], for all
w € [wv]. If Y € LRSX([u,v],Rf,p) and ¢ € IR, ,), then

2 —=bp P —uP

" <[MP+’UP];) < p (IR) J‘;’ a)p_ll,b(w)dw Sp w(#)‘;lﬁ(v). (6)

If Y € LRSV([u, v], R}, p), then

1
14 /()/p 5 v — v
¢<[—“ - ]”) 2, == UR) [ 0P p(@)do =, LOIEe)
Proof. Let ¥ € LRSX([u, v], RS, p). Then, by hypothesis, we have

20 [”p ;”p]% <, ¥ ([@MP +(1- @)w]%) + 9 ([(1 — 0P + @M]%).

Therefore, we have
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2¢*< w ;”p]; <. ([ +(1 - @)v”]’%) +9.(A - O” +6v7),

Then

IA

[ ([_ﬂ" ;v”f) "
2_[011/)* ([“p ;MO 6 < folzp* ([@uz’ +(1— Q)M]r%) o + follp*(u — )P +0vP)do.

It follows that

fll,b* ([QMP +(1- @)vp]%> de + J.lll)*((l —O)uP +0v?P)do,
0

0

O -

RO N

u

That is

(520 o (2 ) o s v

Thus,

v ([#];> =p M:w (R) fuv WP p(w)do. (7)

In a similar way as above, we have

E_(IR) [ 0P (w)dw <, LU, (8)

vP—upb

Combining (7) and (8), we have

p Py v
w( wrv ] )sp ’iﬂp (IR).I; o p(w)do <, LT

2 P 2

Hence, the result is required.

Remark 3.2. If p = 1, then Theorem 3.1 reduces to the result for LR-convex-I-V-F, see [30]:

¥ (5%) <p 75 UR) [ p(@)do <, HETEE, ©)
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If Y.(w) =vY*(w), then Theorem 3.1 reduces to the result for classical p-convex function, see [39]:

2 - vP—uP “u

w({umw]a) <P [ o () < L) (10)

If Y,.(w) =vy*(w)with p =1, then Theorem 3.1 reduces to the result for classical convex-1-V-F:

¥ (7)< = ) w@)do < KO, (11)

Example 3.3. Let p be an odd number and the I-V-Fy:[u,v] =[-1,1] » R} defined by,
Y(w) = [wP, e®"]. Since end point functions 1. (w) = wP and ¥P*(w) = e are both p-convex
functions. Hence i (w) is LR-p-convex-I-V-F. We now computing the following

Y. ([Mp ‘ /M?]p> < d fva_llp*(a))dw < M
u 2

2 vP — b

. ([“p ;”T) = .0) =0,

1

14 v 1
—j wP Y, (w)dw = —f w P 1dw =0,
vP —puP ), 2)_4

O HC Y

This means

Similarly, it can be easily shown that

[ oy Pt W) + " ()
Y <[—2 ]>S4ﬂ’—,u?’fu wP~ 1Y (w)dws—z :

such that
1
L P+ vt .
v | |5 v =1
p v ~ 1 1 ~ » e — e—l
_rr p—1,7,* — r—-1,w —
vp—,upfﬂw Y (w)dw Zj_lw e dw >
YW +Y (v) ete
2 2
From which, it follows that
e—el e4el
1< < ,
2 2

that is
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Hence,

‘uP+,v,p% p v _ 1/)(‘[,[)4_1!}(,0,)
[ 2 ] <p oP —up (R)L w? 1ll1(w)da) <, —

Theorem 3.4. Let y:[u,v] > R} be an I-V-F such that y(w) = [, (w),P*(w)], for all
w € [.u, ’U’] If P E LRSX([H,’U’],]R}I-,}?) and Y E ‘7‘7?'([#,4’])’ then

Y + v @)

2

1
ul + v P
[]=

[

4 v
< (>2Sp W(IR)L wP l/)((,l))d(l) Sp(>1Sp

where
w(m;w(v) ry ({@}5)

1 2 ’ 1
o((Eep|) + o ()

>2= 2 )

Dlz

and 91: [Dl*lbl*]l DZZ [DZ*' DZ*]

#p +/l)'p
2

Proof. Taking [up, ] we have

1
@HP+(1_@)M (1_@)MP+@Mp
2 —t 2 :

<, ¥ <[@yp ta-t ;”T) + o ([(1 _oyr +0 ;”p];)

Therefore, we have

uP +uvP uP 4P

1
ouP + (1 —6) (1- 0P + @—]”
2 + 2

2 2

<. ([0#7" +a-a ;”p];> +¢*<[(1 _oyr +0" ;”p];)

1

*

2"

ouP + (1 - )" (1_9)ﬂp+9M5
2 —+ 2 -

<y ([@ur’ +a-at ;Up];> + ([(1 —oyr + 0 ;”p];)

In consequence, we obtain
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p

uP +uP

()=

p

/U'P—#P

[

uP +4P

That is
1

2

4
—-P wb —MP

|

It follows that

() =

In a similar way as above, we have

Combining (12) and (13), we have

A IR (e

By using Theorem 3.1, we have

l”([ﬂp ZM];> = "’( 7

Therefore, we have

()
(=

1

2

IA

1

IA

2

AIMS Mathematics

v ([P )-

1
3uP + vpr
4 )

uP +ouP

w([

1
v ([z
1/)*< 3,u7" +4r7"
—1[1*( 3,up + vPp

vP — uP

()

uP +ouP

wP Y, (w)dw f

=

1 3uP +v?P

u

wP Y, (w)dw,

f ’ w? Y (w)dw.
u

ub +uP

Py

)

2 fﬂTv wP 1Y (w)dw.

p,gp—ﬂp

L_#p f,f; +or WP MY (w)dw.
2

—1p <[uv+3w]l) < =

P—”p u

4

1
2

[1 3u? +4ﬂ’+
¥ 2 4

3uP +v?

1
2 4

1
ul + Svp]p>

4

1
2 4

)
)

1
uP + 30p1p>

()
)

w”ll/)*(w)dw].

(12)

(13)

fva_llp(w)da).

1
uP + 307"]5
: 2 .
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_P
—,,,p_’up
_P
_xv'P—’up

r 1
Y. (1) +. (v) uP +oP1p

2 + . ([ 2 ] >l
2 )

r 1
Y+ () « [ [#P+ePTp
e A (el

<= )
2

f " or -ty (0)do,
u

]Uwp_llp*(w)dw,
u

IA

[¢*(u)+¢*(0) w*(ﬂ)+¢*(v)]
< 2 2

+ |+

[ll)*(u)-l-ll)*(v) w*(u)+¢*(4r)]
< 2

2
5 :
_ ) +.(v)
5 ,
_ Y+ ()
5 ,

that is

p p % v
¢< - ;” ] )spozsp ML_HP(IR)L WP 1) <,1%, w

hence, the result follows.
Example 3.5. Let p be an odd number and the I-V-Fy:[u,9] =[-1,1] » R} defined by,
Y(w) = [wP, e®"], asin Example 3.3, then y(w) is p-convex I-V-F.

We have ¥, (w) = wPand y*(w) = e®”. We now compute the following

() + . (v) _ 0

5 ,
P+ v) e+e
2 2
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1
Y. () +.(9) P +9P 1p
L0y, ([ )
0

o, = =0,
1* 2

1
Y+ ) « [ [WP+9P]p
2 Y ([ 2 ]> etel+2

D*: = ,
! 2 4

S e =
(52T )-o
o(E20) -

0<0<0<0<0,
1 1
e2+ez e—e !l e+e1+2 e+e?
1< < < < ,
2 2 4 2
Hence, Theorem 3.4 is verified.

Now we derive some Hermite-Hadamard type inequalities for the product of two
LR-p-convex-I-V-F.

Then we obtain that

Theorem 36. Let ,g:[wv]—> RS be two [I-V-Fs, respectively, defined by
Y(w) = [, (w), Y (w)] and g(w) =[g.(w), g"(w)], for all w € [u,v] , respectively. If
¥, g € LRSX([u, v], R}, p), and g € IR, 1), then

P (IR) 7 wP Y (w)g(w)dw <, M) | Naw) (14)
vP—uP u 3 6

where M (u, v) = p(w)gw) + Y()gw), N (w,v) =Ypwglv) + P(v)gw), and M (u,v) =
M. (u,v), M*(u,v)] and N (u,v) = [N, (u, v), N (u, v)].

Proof. Since ¥, g € LRSX([u, v], Rf,p) then, we have

P, ([@up +(1- @)M]%) < 0. () + (1 — 0. (v),
v (1007 + (1 = 0)071) < 09" () + (1 - O3 (0.

Also
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1

g. (17 + (1 - 0)07P) < 09.(0) + (1 - 0)g. (@),
g (low + (1 - )0 ) < 0g°() + (1 - 0)g° (@)

From the definition of LR-p-convex-1-V-Fs it follows that 1(w)=,0 and g(w)=,0, so

v. (10w + (1~ 07} ) g. (10w + 1 - @)07})

< (@Y. + (1 - 0. (1)) (0g.(W) + (1 — 0)g.(v))
=9.(Wg.W)[6.0] + Y.(v)g.(v)[(1 - 6)(1 - 0)]

v (10w + 1 - @)071) g (1607 + (1 - 0)o ]

<OY' W+ A -0y (wv)(0g"W + (1 —-0)g"(v))
=y"(Wg WIo.0] + ¥ (v)g*(v)[(1 - 0)(1 - 6)]
+P (g ()01 - 0) + ¢ (v)g"(w) (1 - 0)0,

Integrating both sides of above inequality over [0, 1] we get

fol Y. ([OMP +(1- @)vp]%> g. ([@’up +(1- Q)Up]%>

- e @@ do
u
1
< (. (09.(0) + . (0)g. () fo 6.0d0
1
(1.0 g. () + 1. (). () fo (1 - 6)do,

jol P* ([@/ﬂ’ + (1 - Q)UP]%) g <[@’up + (- @)Up]%)

TP Ii P f WY (@)g" (@) dw
u
1
< (¥ W W + ¥ ()g" @) fo 0.0d0
1
+W Wy () + P (1) g* (W) fo o(1— 0)de.

It follows that,

’ va”‘llp*(w)g*(w) do < M*((g’ ) + 2 (G 0)),

vP —up P -
’ M* ) N* ,
e R A CUIOLIE (o), ¥ (@)

that is,
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p
/U/P—MP

[fva‘ltp*(w)g*(a))dw,fva‘llp*(w)g*(w) dwl
u u

<, [M*((:m)) , M*((:.«r))] N [N*((Z,v)) ’ N*((:.«r))]_

Thus,

SR | e pgos,

M (u, v) N N (u,v)

P 3 6
and the theorem has been established.

Theorem 3.7. Let y,g:[u,v]>Rf be two I-V-Fs, respectively, defined by

Y() = [.(w), P (@] ad glw)=[g.(w)g"(w)] for al welwvr] . If
l,[),g € LRSX([[J, /U’],]R;l—,p) and 1,[)g € ij([llﬂf])’ then

20 ([25)o (1428 0 s o vt + 262 X0y

where

Mpwv) =g + P)g), N v) =ypglr) + Yv)gw),

and

M (u,v) = [M. (g, v), M*(w,v)] and N (u, v) = [N, (u, v), N*(u, v)].

Proof. By hypothesis, we have
) <[ﬂp ZM];> 3 ([ﬂp ;Up];> B (10w +1 - @)«rp]i) . (10w + (1 - @w]i \
+. (10w + (1= 0071 ) 0. (11 - O + 007F )

Y. ([(1 - 0P + @v”]%) gs ([@yl’ +(1- @)M]%)
)

1
4

1

s, (10 - 0 + 007 ) 0. (10 - O + 007
*<[up + vp];> * ([ﬂp + Up];> _a| v (lew +a-01e77)g (10w + 1 - 0re7)
AU A NS I A (16w + (1= 03071 g* (11 - O + 007

U ([(1 —O)uP + @vp]%) g* ([@y” +(1- 0)477"]%)
)

L
4

+y” ([(1 - 0)uP + @v”]%) g ([(1 — Q)P + OvP]r
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[ v (10w + @~ 0)071) g. (1007 + (1 - 0]
<- 1 1
Hrw. (10 - 0w + 0071) g. (10 - w7 + 007T)
[ (0y.(w) + (1 — 0. (1)) ]
L1 (@=0)g.0) +6g.()
4[+((1 O UAMES @11)*(«))"
(0g.(w) + (1 - 0)g.(v))
1| v (16w + - 03071 g (1687 + (1 - 0)07T)
<- 1 1
*lrw (10 - 0ur + 0071 ) g7 (10 - 032 + 0077
(ey* (W) + (1 — 0)Y* (v))
[ |
L1} (A -6)g"w) + 64" ()
4[+(<1 o)) + 0y (@)|
(6g"(W) + (1 - 0)g* ()
[ . (10w + 1 - 03071 ) g. (1087 + (1 - 0307
. (1a - owr + 0071 0. (16~ 002 + 007])
106 + (1 - 0)(1 - @)}m(m,«r))]
2| +20(1 -0 ((wv))
1| v (16w + @ - 03071 g (1087 + (1 - ©)07F)
Hlav (1 -0 +0071) g (10 - 03 + 007

1

6.0+ (1 -0)1-IWV*((1v))
"2

+{20(1 — )M ((w,v))

Integrating over [0, 1], we have

o (57 Jo (47T )t [ wcomon
#

. M*((g. v)) N N*((/;, v))'

2y” <[M’” J;vp];>g* <[MP ;Up];> = Zi;w (R) f”“’p_lll’*(w)g*(w)dw
u

+M*((E;)1,4r)) N N*((S/:t, v))’

that is,

P p% P p,% v M(u, N (u,
2 ([ﬂ zv ] >g<[u J;v ] )sp M’l:,up (IR)L wP 1 P(w)g(w)dw + (161 v)+ (;; v)'

hence, the result is required.

Example 3.8. Let p be an odd number, and the LR-p-convex I-V-Fsy, g: [u, 9] = [2,3] = R} are,
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respectively defined by, ¥ (w) = [2 — a)g, 2 (2 - w%)], and g(w) = [w?,2wP].
Since ¥.(0) = 2 — w?, (W) = 2 (2- w%), and g.(w) = w?, g*(w) = 2wP, then we

compute the following

9

p _

pr. ,upf w? Y, () X g, (w)dw =1,
u

9

p — * *

prp. pfa)p L (w) X g*(w)dw = 4
Ky

w 1(10—2x/_ 3V3),

M_(zo 442 — 6v/3),

N(u 9)

=(10-3v2 - 2@)%,
m_(zo 6V2 — 4v/3),

that means,

1<(20-5vV2 - 5@)%,
4 < (40 — 10v2 — 10V3),

Hence, Theorem 3.6 is demonstrated.
For Theorem 3.7, we have

2. <[ﬂ” ;ﬁp];> g, <[;ﬂ’ -;:9?’]:)> _20 —45\/E’
20" ({uf’ erﬁp]§> ‘g <[up -;19?];> 20 5iD

Mzé(m—z\/ﬁ—s@)

6
M = (20 — 4V2 - 6V3),
. (;' a 1(10 —3VZ - 23),

m_(zo 6VZ — 4V3),

that means,

AIMS Mathematics
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20 — 5v10 20 — 5v2 — 53
<1+ )

4 2
20 — 5v2 — 5v/3
20—5\/Es<1+ \/2_ ‘/_>4.

Hence, Theorem 3.7 is verified.

Theorem 3.9. (Second HH-Fejé& inequality for LR-p-convex-1-V-F)

Let y:[u,v] » R} be an I-V-F with u <, such that Y(w) = [, (w),Y*(w)] for all
w € [u,v] and Y € f]R([#'v]).

If 11/) € LRSX([i, v], R}, p), then W: [u,v] » R, W(w) = 0, p-symmetric with respect to

[u”+4ﬂ’ P

> ],and

SESUR) [ o @)W @) <, (96 + ()] [ ow ([0 - 0)? + 00v) ). (16)

If Y € LRSV([u, v],Rf,p) then, inequality (16) is reversed.

Proof. Let 1 € LRSX([w, v],R;",p). Then

Y. ([9/4” +(1- O)W]%)W ([OMP + (1 - 0)v?] ;>
< (69.G0) + (1= ). ()W ([0 + (1 - @w]i)

) . 17)
v (10w? + (1 = 0)o?F ) W ([0 + (1 - ©)07P )
< (09" () + 1 - O (@)W ({07 + (1 - )07},
Also
p. (10 - 0 + 007 ) w (11 - 0" + 007 )
< (1= 0.0 + 0. ()W (I~ O)u? + 007, "

v (10 - 0 + 00 )W ([(1 - 037 + 007)7)
< (@ - 0w @ + 09" @)W ([(1 - Ow? + 007},

Adding (17), (18), and integrating over [0, 1], we get
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1 1 1
f " ([@,ﬂ’ +(1— @)w]z)w ([@up 41— @)M]E) 40
1 ¢ 1 1
+ f /R ([(1 —O)u? + W]E)w ([(1 — 0P + @M]E) de
0

1
Sf
0

.G {ow (10w +(1 - @)””]’%) + (- oW ([ - O + @w]i)}

+ih. () {(1 -ow ([@w’ +(1- @)vp]%) + oW ([(1 — O)uP + 00”];)}‘ “

fo " (10w + 1~ 0)07 1) w (1047 + (1 — )07} do

+ f L (10 -owr + @w]%)w (10 -0 + @wﬁ) do
0

1
<f
0

= 20, () fl ow ([@m’ +(1- @)M]i) 0 + 2. () fl ow ([(1 — )P + QM’]%) de,
0 0

v @ {ow (0w + (- 0)0r)) + 1~ 0w (101 - 0w + 0071}

+y*(v) {(1 - 0w ([@;ﬂ’ +(1- 0)0*’]5> + oW ([(1 — O + @M’];)J “

W fol ow (0w + (1~ 0307 ) do + 20 (¥) fol ow (11 - o + 007 ) 6.

Since W is symmetric, SO

= 20900 + 9.1 [} oW (1(1 - 0" + @0 ] ) o, o
= 2[" ) + " @)1y oW (11— 0P + W]%) de.
Since
i . (16w + (1= 0 ) w (16w + (1 - 0)o 7)) do
= [, v.(1 - Ou+ v )W ([(1 — Q)P + @M]ﬁ) do
= orm ) oP T (@)W (w)do, 20

fol Y* ([@u” +(1- Q)M’]%) w ([@MP + (1 - @)M]ﬁ) de

= fo1 v ((1—0)u+o6v)Ww ([(1 — O)uP + @M]i) de
=L [" WP Y (0)W(w)dw.

vP—ub “u

From (20), we have

v ! .
p j WP, ()W (w)dw < [, (1) + ¢*(4x)]f ow ([(1 —O)u?P + @M]E) do,

vP —pP ), 0

v 1 )
| oy @w@ido < p@ + 9 @) | ow (10 - 0w + o071 do,
u 0

/U'P—#P

AIMS Mathematics Volume 7, Issue 3, 4266-4292.



4283

that is,

val"llp* (w)W(w)dw, f”wp_llp*(a))W(w)dwl
u u

/v*p—'up

1 1
<p W) + (), " (W) + ¢~ (v)] J ow ([(1 — O)uP + 9«?]5) do.
0

Hence

UR) [ " Y (@W(w)do <, () +p()] [; 0w (10 - O)u? + 07 do

/v'p —upP

Theorem 3.10. (First HH-Fejé& inequality for LR-p-convex-I-V-F)

Let ¢:[u,v] » Rf be an I-V-F with u <+, such that Y(w) = [.(w),P*(w)] for all
w € [wv] and Y € IR, 4. If Y € LRSX([u, v], R}, p) and

uP +oP

W: [, v] - R, W(w) = 0, p-symmetric with respect to [ ] and f WP W (w)dw > 0, then

¥ ([“—p ?’ﬂ < ot (R @7 @)W (@)do. (21)

If Y € LRSV([u, v],Rf,p) then, inequality (21) is reversed.
Proof. Since ¢ € LRSX([u, v],Rf,p) then

o ([57)=

%( [Op? + (1 — 0)vP] 5) + 1, ( (1-0)uP + @M’]l)>
( #P+4rp p> %( * up + (1 — @)UP]% + 7,[1* <[(1 — @)HP + @,VP]%>>_

(22)

1
By multiplying (22) by W( OuP + (1 —0)vP)r ) ([(1 —O)uP + 64#’]5> and integrate it
by @ over [0,1], we obtain

. <[M] )f w( (1- o) + @M]%) 4o

[y w. ([@/ﬂ’ +(1- Q)M]‘)W ([@m’ +(1- @)w]%) 6
+ 1w (10 - 0w + 0071 ) w (11 - 03 + 007) ) do |
23)

<

N | =

p (] ) (10 - 0 + 007} ) o

_i ) ( OuP + (1 — O)M’]P?W([OMP +(1— 9)07’]5? 40 |
\+ 1w (10 - 0 + 007F ) W (11 - 0)u? + 67T ) do

Since
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1
P

f01 Y. <[@u” +(1- @)M]%)w ([@up + (1 - 0)v?] )d@

= [y 0. (10 -0 + 0071 ) w (10 - O)u? + 607 do
= = [T 0P P ()W (w)dw,

vP _”p

. ) (24)
fol Y* ([@u” +(1- @)vp]5>W ([@up +(1- @)w]a) de

= fol P ([(1 —0O)uf + @M’]%) w ([(1 — O)uP + va]%> do
=L [" P Y ()W (0)dw,

vP—ul v u

From (24), we have

uP +v? I% 1 v .
¢<[ 2 ]>Sfuva1W(w)de WP,

W ([/ﬂ’ ;4%’};1) - 1 fva_ll/)*(w)W(w)dw,
K

B f;’ wP~IW(w)dw

() ()

1 v 1 v -

From which, we have

that is,

uP +v? % 1 v .
lp([ ’ ]>Sp [T wp W (w)do UR)L o v@we)do.

This completes the proof.

Remark 3.11.

If p =1, then combining Theorems 3.9 and 3.10, we get LR-convex-1-V-F, see [30].

If f.(u) = f*(u), then, Theorems 3.9 and 3.10 reduce to classical first and second HH-Fej&
inequality for p-convex function.

If f.(u) =f"(u), with p =1 then, Theorems 3.9 and 3.10 reduce to classical first and second
HH-Fejé& inequality for classical convex function.

If W(x) =1, then combining Theorems 3.9 and 3.10, we get Theorem 3.1.

Example 3.12. We consider the I-V-Fi: [1, 4] - F;(R) defined by,
Y(w) = [e®",2e"]. (25)

Since end point functions y,(w),yY*(w) both are p -convex functions, then T (w) Iis
LR-p-convex-I-V-F. If
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W = {4 —wP, o€ (2,4], (0)

for p = 1. Then

ﬁpli‘up f14 a)p_lllj*(a))W(a))da) = %ff (Up_ll/J*(a))W(a))da)

= %f?wr)—llp*(a})W((t))da) + %-%4 a)p_ll/)*(a))W(a))dw '

= %flge“’(w —1dw +§f54e“’(4 —w)dw = 11,
D 4 _ % ’ 1 r4 _ « (27)
J; P ()W (w)dw = §f1 wP 1Y ()W (w)dw

9P —uP

=0T W+ 0 W,

2 (2 2 (4
= gff e’ (w—1dw +§f% e?(4 — w)dw = 22,

and

1

. () + 1.(9)] jo ow ([(1— o) + 607} ) do

1 1
[ (w) + ()] fo ow ([(1 —O)uP + 9191’]5> de

1

= [e + e*] [fofsazdw +le@E- 3@)d0] ~ 2,
i L (28)

= 2[e + e*] [foz 30%dw + fi O(3 — 3@)d@] ~ 43.

2
From (27) and (28), we have
43
[11,22]<, [7,43].

Hence, Theorem 3.9 is verified.
For Theorem 3.10, we have

(29)

3 4

9
9
j WP~ W (w)dw = Jza)p_l(w —1dw +j; wP (4 - w)dw = 7
u 1 s
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1 4 73
P h T @@ ~ 2,

1 4 146 *
—_ a)p_l (wWW(w)dw = —.

(30)

From (29) and (30), we have

61 122 [73 293
= S IRPTRE
5 5 P15’ 10

Hence, Theorem 3.10 is demonstrated.
4. Discrete Jensen’s and Schur’s type inequalities

In this section, we propose the concept of discrete Jensen’s type inequality for
LR-p-convex-I-V-F. Some refinements of discrete Jensen’s and Schur’s type inequality are also
obtained. We begin by presenting the discrete Jensen type inequality for LR-p-convex-I-V-F in the
following result.

Theorem 4.1. (Discrete Jensen type inequality for LR-p-convex-1-V-F)
Letw; € R, w; € [u,v],(G=1,2,3,..k,k = 2) and let y:[u,v] > R be an I-V-F such
that Y (w) = [P, (w), Y*(w)] forall w € [, v]. If Y € LRSX([u, v], R}, p), then

o ([t T ) < 2 2 000), @

where W, = ¥¥_; w;.

If Y € LRSV([u, v],Rf,p) then, Eq (31) is reversed.
Proof. For k = 2 Eq (31) is true. Consider Eq (31) is true for k = n — 1, then
1 n

1
-1 P n-1 /LU}
Wn—l].:l ] 7 p =1 M/n_1 (})

¥

Now, let us prove that Eq (31) holds for k = n.

n
1 14
3
n]=1

p

1%

=

Wn—Z Wn—1 + Wy ( Whn-1 Wy u p)
n

1 n-2
—iju,-”+ Hn—a? +
VVn Wn—Z = W;l Wn—1 + Uy Wn—1 + Wy

Therefore, we have
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1% % 1 & Wy +w, w; w, P
Y. Wn;wf 1 ‘ =Y. Wn;wf i+ ”‘évn = o 1";1%#,1_1” . 11w unp]

1 - i 1 & + w; w, w, b
I Wn;wJ K ] =y Wn;w]u} + "_Il,,,n "(wn 1":wn Hp—1" wn_ljrwn un”)] :

1
n=2 yy, w,_q +w, >
< et " )+ n—1 n o« P p ’
= Wnl'b (,u]) w, v w,_q +wn‘u" U, A,
=2 w, + wr,
-1
+ + * )
Z W l/) (Au']) n [wn 1+wn1/) (.un 1) w,_ 1+ l/) (.un)]
n- 2 wy_1 +w, Wy _q wy,
S * ) + n n[ n— * B 7 n ]
= 1/) (:uj) m w, 1+’lU’ l/J (.un 1) w,_ 1+ l/) (:un)
n— 2
<))+ [ ) + w(un)]

)

Zj_zwlp(“JH[

_ Yo (u
=D ),
n wr;

From which, we have

Winzwjuj”r <, [Z T L. (), Z Wlli (1) ]

1
o [ > | |
"=t j=1
that is,
1
Y izn:w o )< zn L)
Wy, & s B j=a W, T
]:
and the result follows.
If wy =w, =w3="--=w; =1, then Theorem 4.1 reduces to the following result:

Corollary 4.2. Let y; € [u,v],(j =1,2,3,..k,k = 2) and let ¥:[u,v] > R} be an I-V-F such
that Y (w) = [P, (), Y*(w)] forall w € [, v]. If Y € LRSX([u, v], R}, p), then

([w j=1H ] >5p Z};l%d)(“j)' (32)
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If Y € LRSV([u, v],Rff,p) then, inequality (32) is reversed.
To obtain a refinement of Jensen type inequality for LR-p-convex-1-V-Fs firstly, we prove the
following the result:

Theorem 4.3. Let y:[u,v»] > Rf be an I-V-F such that Y (w) = [Y.(w), P*(w)] for all
w € [, v]. If Y € LRSX([u, v], R}, p), then for py, uy, us € [u, v], such that u; < u, < ps and
p3P — Py 3P — P, poP — py? € L, we have

(3P = P (2) <p (uaP — 2P )P () + (2P — PP (us). (33)
If Y € LRSV([u, v],Rf,p) then, inequalit (33) is reversed.

Proof. Let uy, up, 13 € [, v] and (u3? — uy?) > 0.
Consider@ = % then p,” = OuP? + (1 — O)usP. Since Y € LRSX([u, v], Rf,p) then,
3" TH1

by hypothesis, we have

. (1) < B2 0 () +EE T (i),

uzP—pq P u3P—puqP (34)
D—_y,P D—_y.P
Prpe) < %lp*(ﬂﬂ + %1/)*(#3)-

From (34), we have

(us? = PP, (uz) < (us? — uP), (u) + (u2P — P ). (u3),
(us? = PP (uz) < (usP — p2P )™ (ug) + (uaP — P )Y (u3),

That is,
[P — ") (), (uaP — P )™ (u2)]
<p [(Ws? — wP ). (1) + (2P — P, (u3), (3P — woP )™ (1) + (2P — PP~ (u3)],
Hence
(3P = PP (u2) <p (P — P ) (ua) + (2? — P ().

Now we obtain a refinement of Jensen’s inequality for LR-p-convex-I-V-F which is given in the
following results.

Theorem 4.4. Let w; € RY, y; € [u,v],(j =1,2,3,..k, k = 2),y:[u,v] » R} be an I-V-F such

that Y(w) = [P.(w), Y*(w)] for all w € [u,v]. If Y € LRSX([u,v], R}, p) and g, iy, ..., ; €
(L,U) S [u,v], then,

w; UP =P\ [ wiP—LP\ [(w;
) = Xa ((520) v + () (). 9
where W, = ¥5_; w;. If ¥ € LRSV([u,v], Rf, p), then, Eq (35) is reversed.

Proof. Consider = uy,u; =y, G =1,2,3,...k), U = uz. Then, by hypothesis and Eq (4.4), we
have
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’ujp_ LP

(u])_ _“’ ¢(L> — (V)
IIJ*(M]’) S Ur

Above inequality can be written as,

) = (5280 (52) .6 + (=2 (5) .0,
() = (52) ()90 + (52 (32) v ),

Taking sum of all inequalities (36) for j =1,2,3, ...k, we have
Z_ W, SE. () < Z (( )(W’)w (L)+<H}p_f:>(%)¢*(u)>'
Zf T () < Z << )(W])¢ (L)+( i _LL:>(%)¢*(U)>.

#]P_ P

T V.

(36)

That is,

Y )=y el Y )

Z;((Ll']pp__‘zfp)( >¢(L)+< LL:)( )zp(u))
5 (2R Eve - By o)

S (l{;__‘zfp)( Hwwwwi+y, |

-3, (=) ve 3 (=) v

Sp

UP — ;P
Ur —Lp

)( 5 e ), )

Thus,

le w(u,)_pzjk ((l{,p,,__‘f;)(%)wu)+( f:)( )w<u>>

this completes the proof.
We now consider some special cases of Theorems 4.1 and 4.4.
If Y,(w) =1vY*(w), then Theorem 4.1 and 4.4 reduce to the following results:

Corollary 4.5. [35] (Jensen’s type inequality for LR-p-convex function)
Letw; € R", w; € [u,v],(j=1,2,3,..k,k =2) and let ¥:[u,v] > R* be a non-negative

real-valued function. If ¢ € SX([u, v], Rf,p), then

1
([W j=1Wj K ]) ] 1y, 111’(1“1) (37)
where W, = ¥¥_; w;. If € SV([u,v],R*,p) then, Eq (37) is reversed.
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Corollary 4.6. Let w; €R", y; € [u,v],(j=1,2,3,..kk=2), and 9:[u,v] > R* be an
non-negative real-valued function. If ¥ € SX([u, v], R}, p) and 1, o, oo iy € (L, U) € [p,v]
then,

frritv) < 2 ((20) v + () (ww) o
where W, = Z}‘zle. If Y € SV([u, v],R*,p) then, Eq (38) is reversed.

5. Conclusions

In this study, we established several novel HH-, HH-Fejér, Schur’s, Jensen’s type inequalities for
LR-p-convex-1-V-Fs, and HH-Inequalities are true for this concept of LR-p-convex-1-V-Fs. We also
obtained some related discrete and integral inequalities as exceptional cases. Some useful examples
are also provided to prove the validity of our main results. As a future research, we try to explore this
concept for Katugampola fractional integral operator, fuzzy Katugampola fractional integral operator
and some applications in interval and fuzzy interval nonlinear programing. By using these concepts,
the new direction of study can be found in convex optimization theory and fuzzy convex analysis.
We hope that this concept will be helpful for other authors to pay their roles in different fields of
sciences.
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