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1. Introduction

We recall that an interval y C R is convex if for all x, y € y, we have tx + (1 — )y € y, where
t € [0,1] and a function f : y — R is convex if for all x, y € y, the inequality

fax+A -y <tf(x)+A -0 f ) (1.1)

holds. A function f : y — R is concave if the inequality (1.1) holds in opposite direction.

Convexity is essential to understanding and solving problems pertaining to fractional integral
inequalities because of its properties and definition, and it has recently gained in importance. Convex
functions have yielded several new integral inequalities, as evidenced by [2, 3,8, 11, 14, 15,21,24,43,
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45-48]. Hermite-integral Hadamard’s inequalities are most commonly encountered when searching
for comprehensive inequalities:

f(“v)s 1 fvf(x)dxsw, (1.2)

2 vV—u
where the function f : y — R is convex on y and f € L' ([u, v]).

There are the following two classical fractional integral inequalities which are defined by Hermite-
Hadamard type inequalities:

u+v rv+1)
f( 2 )SZ(V+M)V

[Jof )+ T f )] < >

(1.3)

where the function f : y — R is positive, convex on y and f € L' ([u,v]).
The left-sided and right-sided Riemann-Liouville fractional integrals J7, f (v) and J!_ f (u) of order
v > 0in (1.3), are defined respectively as (see [5,22]):

L f (%) ::ﬁfx(x—t)v_lf(t)dt,03u<x<v
and . )
vaf(x)::mf(t—x)V_lf(t)dt,0§u<x<v.

The extended inequalities for (1.2) and (1.5) are fractional integral inequalities of the Fejér and
Hermite-Hadamard-Fejér types, and the results are as follows:

f(u;rv)fvé(wdxsfvf(x){(x)dxswfvé(x)dx (1.4)
and
u+v y y re+1 ., y
PS5 0+ F @] £ 72 2 (O 0 + T2 () )
LT oy @] (1)

2

respectively, where f is as defined above, the function { : [u, v] — [0, o0) is integrable symmetric with

u+v 1
respect to 3+, that is

{(u+v—x)=/{(x) forall x € [u,v]

and I' (v) is the Gamma function defined as I (v) = fooo xle~*dx, Re (v) > 0.

In addition to being able to be generalized, convexity and convex functions have several
generalizations. One of those generalizations is the concept of harmonic convexity and harmonic
convex functions, which can be defined as follows:

Definition 1.1. Define y C R\ {0} as an interval of real numbers. A function f from y to the real
numbers is considered to be harmonically convex, if

Xy
f(m) <tfM+A -0 fXx) (1.6)

for all x,y € y and ¢ € [0, 1]. Harmonically concave f is defined as the inequality in (1.6) reversed.
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Using harmonic-convexity, the Hermite-Hadamard type yields the following result.

Theorem 1.2. Let f : y € R\ {0} — R be a harmonically convex function and u,v € y withu < v. If
f € L([u,v]) then the following inequalities hold:

f(zuv)_ f UCFAPRIGES (0} 1
V—u

u-+v

Harmonic symmetricity of a function is given in the definition below.

Definition 1.3. A function  : [u,v] € R\ {0} — R is harmonically symmetric with respect to = 2“” - if

1
£(x) :é(—%%_ i]
holds for all x € [u, v].

Fejér type inequalities using harmonic convexity and the notion of harmonic symmetricity were
presented in Chan and Wu [7].

Theorem 1.4. Let f : y € R\ {0} — R be a harmonically convex function and u,v € y withu < v. If
feL([u,v])and ( : [u,v] C R\ {0} — R is nonnegative, integrable and harmonically symmetric with
respect to M then

f( 21/”})f»ué/(x)dxS uy f(X){(X) f(u)+f(v) fug(X)dx- (18)
u-+v v v-udy 2 ’

X2

Hermite-Hadamard’s inequalities for harmonically convex functions in fractional integral form were
proved in [19].

Theorem 1.5. Let f : y C (0, 00) — R be a function such that f € L([u,v]), where u,v € y withu < v.
If f is a harmonically convex function on [u,v], then the following inequalities for fractional integrals

hold:
f(zw)sr(”1)(V”_VM)V{JT_(fog)(1)+JV (fog)( )} —f(”)+f(v) (1.9)

u+v 2

withv > 0and g (x) = ~

Hermite-Hadamard-Fejér inequality for harmonically convex function in fractional integral form
were obtained by Iscan et al. in [18].

Theorem 1.6. Let f : [u,v] — R be a harmonically convex function with u < v and f € L([u,V]).
If ¢ : [u,v] = R is nonnegative, integrable and harmonically symmetric with respect to Z”V , then the
following inequalities for fractional integrals holds:

2 1 1 1 1
f( - ){JT_ o g)(—) + T, (fo g)(—)} <JV_(f¢o g)(—) R g)(—)
u 1% v u u \% v u

u+v
SpAUAS L {ﬂ_ o g)(l) + I (fo g)(l)} (1.10)
m Vv v u

withv > 0 and g (x) = i, X € [%, i]
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Left-sided and right-sided Riemann-Liouville fractional integrals are generalized in the definition
given below:

Definition 1.7. [20] Let 7 (x) be an increasing positive and monotonic function on the interval (u, v]
with a continuous derivative 7’ (x) on the interval (i, v) with 7(x) = 0, O € [u, v]. Then, the left-side
and right-side of the weighted fractional integrals of a function f with respect to another function 7 (x)
on [u, v] of order v > 0 are defined by:

()= (" aw- oy Foc (1.11)
{Yu+ F(V) . *
and S

()@= [ F oco-rwr rocod, (1.12)

where 7! (x) = a%),g“(x) # 0.

The following observations are obvious from the above definition:

o If 7(x) = x and {(x) = 1, then the weighted fractional integral operators in the Definition 1.7
reduce to the classical Riemann-Liouville fractional integral operators.

e If £ (x) = 1, we get the fractional integral operators of a function f with respect to another function
7 (x) of order v > 0, defined in [1,38] as follows:

. 1 *,
(N0 = = f £ 0@ -t f@di
W J,

and

. 1 "
@ENW =0 [ T OEo-@) fo
»J,

The study analyzes several inequalities of the Hermite-Hadamard-Fejér type through weighted
fractional operators with positive symmetric weight function in the kernel.

2. Main results

Throughout this paper, R denotes the set of all real numbers, y C R denotes an interval. In addition.
for u,v € J° with u < v, the functions 6,,, 6, : [0,1] — R are defined as:

uy uy

Huv ! :—agvu )= ——"7—.
v @ tu+(1—-10v w(® v+ -0Hu
We start this section with the following Lemma which will be used repeatedly in the sequel.

Lemma 2.1. The following results hold:

(i) If { : [u,v] C (0,00) — [0, 00) be an integrable function and symmetric with respect to i—fx, then
we have

g(eu,v (t)) = g(gv,u (t)) (2.1)
foreacht € [0,1],
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(ii) If { : [u,v] C (0,00) — [0, 00) be an integrable and symmetric function with respect to 2’” , then
we have forv > 0

1 1
Ty @Oh”)( ( )): (- (§°h°7)( (v))
_l VT oho -1 1
‘z[Jrl(&,)Jf " T)(T (u))

+JVT (loh OT)( (1))] (2.2)
(- v

where h(x) = =, x € [1, i]
Proof. (1) Letx =6,,(t) = m(”lv_ - It is clear that x € [u, v] for each ¢ € [0, 1] and then
1 uy
= =6,,0).
Lyl w+(d-Du w(®)

Hence by the definition of harmonic symmetry, we obtain

1
(O (1)) =4 (x) = f(m) =6, ().

(i1) By using the harmonic symmetric property of £, we have

1
(oD ={()= 4(—LJ

1,1
Ty T

forall t € [ -1 (i),r‘l (i)]

From this and by setting — it follows that

T(X) W’
o)
1 = '(3) /
) L) Je T - _) ({ohoT)(x)T' (x)dx
1 (%) 1! 1
:m ~'(3) T ; (gohoT)( +——I)T(t)dt

1(“) 1 -1 i ’ )
F(v)fl() ;_T(t) (lohoT)()T' (1) dt

VT 1
R0 W’”)( ())

O
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Theorem 2.2. Let f : I C (0,00) — R be an L' convex function with 0 < u < v, u,v € I and
{2 [u,v] = R be an integrable, positive and weighted symmetric function with respect to i’ft If tis
an increasing and positive function on [u,v) and 7 (x) is continuous on (u,v), then, we have for v > 0:

f(%)( (s “"h”))( (i))
[ “"h”))( (1)
s{(;)(mﬂ’( e <f°h°7)( )))

re(3) (e onen(e(3))

f(u)+f(v) 1
2 [ (e “”‘”)( ())
V,T 1
+J (1) (gohoT)( (V))] (2.3)

< | ==

Proof. Since f is a harmonic convex function on [u, v], we have

f( 2xy) f(X)+f(y)

xX+y

Vx,y € [u,v].

b

Choosing x = £(6,, (¢)) and y = £ (6, (¢)), we obtain

2 (22 ) < 70 0) 41 € G )

Multiplying both the sides by 7' (6, (1)) and then integrating the resultant with respect to “#” over

[0, 1], we obtain

2MV ! v—1 ! v—1
) [ rc@umras [ €000 @0
u-+v 0 0
1
+ f P Onn ) O ). (2.4)

21

To prove the first inequality in (2.3), we need to use (2.2)
—F(V) JT o ! VT oho !
gy e @enenr (7)) gy @one o ()
uv \ 1
1o [ eoneo )

v () 1 vl
:( uy )f (;—T(x)) (Cohot)(x)7 (x)dx

voul Je
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' (3) S =7(x) -
:fl(.) ( ] Cohon T ()

l_l

u v .

= f 7 (B, (D) dt, (2.5)
0

where t = l‘r(lx).

By evaluatmg the weighted fractional operator, one can observe that

1 v.T — 1
5(;) (“”J cig Solten (T | (;)))
+§(1) ((OTJV:I;(l) (foho T)) (T_l (%))
( 1 ) oy (v71(}))

F(v)

"( ) (1
1( )

><

(— —T(x)) (fohot)(x)({ohot)(x)T' (x)dx

+§( )@OT) ))
v I'(v)
(3) v-1
Xfl(l (T(X)—;) (fohot)(x)({ohoT)(x)T (x)dx
() (1 -1
(——T(X)) (fohoT)(x)(lohoT)T (x)dx
F(V) 1( )
—I(I -1
F(y)f (T(X)——) (fohot)(x)({ohoT)T (x)dx

')
G- e ( - r<x>)”‘1
BRCENEORN

(i-1)

1_1
u v

dx
X(fohot)(x)({ohoT)T' (X) +

LT
() (7(x) = 1Y)
xf ( o IV] (fohon) () ohon)t (x) 12
G\ ATy Wy
Setting #; = 11 (1 and t, = (1 T - and using (2.1)

il eneo( ()« Gl ool )

1_1)y
= (”m;) f 57 (O (1)) £ By (1) dty
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-y

1
) fo 57 (¢ (6 ()£ (67, (1)) o

(-3

1
= v—1
T fof F Oy )L (O, (1) dt
(1_1)V
T

N

+

—_

1
[ rrEo)ie o eo

Using (2.5) and (2.6) in (2.4), we obtain
2uv VT o -1 1 VT o -1 l
levs oo (G i con(= ()
1 vt 1
- éV(ﬁ)(“fjr-l(s,» e T))(T (ﬁ))
Thus the first inequality is proved.

v
-1
vt (et to0)(=[3)) @D
ju— ’ le) ju—
)\l Ven)m L))
To prove the second inequality we use the convexity of f

F & Oun ) + £ (£(67,, ) < FG0) + ). (2.8)

Multiplying both the sides by 7' (6, (1)) and then integrating the resultant with respect to ”f” over
[0, 1], we obtain

1 1
[ e onc@aas et (e (6, 0) e o

1
< [f) + F)] fo P O () dr. (2.9)

Then by using (2.1) and (2.5) in (2.8) , we obtain (2.3). O
Remark 1. (more specifically), if we utilize Theorem 1 in Theorem 2.2, then

(1) 7(x) = x, then (2.3) takes the form

2uv
(o)

1 1

<ol ool

< M[ﬂ (goh)(l)+ﬂ_({oh)(l)], (2.10)
2 T u % \%

where .J;, and /J)_ are the left and right weighted Riemann-Liouville fractional operators of order
v > 0, defined by

v 1 * V=
() 0 = 5 f (=0 F O (Dt

AIMS Mathematics Volume 7, Issue 3, 4176-4198.
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and )
(e f) (0 = ﬁ f (-0 O LD
(2) 7(x) = xand v = 1, then inequality (2.3) transforms into inequality (1.8).
(3) 7(x) = xand { (x) = 1, then inequality (2.3) reduces to the inequality (1.9).
(4) 7(x) = x,{(x) =1and v = 1, then inequality (2.3) becomes the inequality (1.7).

Lemma 2.3. Let f : I € (0,00) — R be an L' function with f € L' for0 < u < v, u,v € I° and
{ : [u,v] = R be an integrable, positive and weighted symmetric function with respect to % If tis
an increasing and positive function on [u,v) and 7 (x) is continuous on (u, v), then, we have for v > 0:

O ) I R -
() L(L) UTI(;,)T (x)(; - T(x)) (ohom)(x) dx}

X (fohot) ()T (¢)dt

1 D[ 1! . )
e ) {ft T(x)(r(x)—;) (CohoT)(x) 4

X (fohot) ()T (f)dt

_ f(u) +f(V) viT oho -1 l
YT T
). Eohen) (T_l (%))]
1 JV;T h -1 1
[ela) ez remen (= ()
1 : 1
+§(;) ({OTJ:JI.(}‘)_ (f o h o T) (T_l (;)))] (211)

where h(x) = }C X € [%, l].

u

Proof. Setting

Rl OF B v
T f,l(a) Uﬂ(;f (x)(; - T(x)) (ohon) () dx}

X(fohot) ()T (f)dt

1 O @, na . )
"o ) ft T(x)(r(x)—;) (CohoT)(x)dx

X(fohot) (DT () dt =x1 +xa. (2.12)

By integration by parts, making use of Lemma 2.1, and definitions (1.11) and (1.12), we obtain

IO !
v=re [ U T<x>(——1<x>) (4ohor><x>dx]
POV Iy ey

AIMS Mathematics Volume 7, Issue 3, 4176-4198.
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Xd[(fohot)(®]
OIS !

:?Ezi (1) T (x)(;_T(X)) (fohon) ()7 (x)dx

1(1) , 1 v—1
rw) 0 (”(ﬁ_TUﬁ coteniiehenod

( ) , 1 v—1

:ggg 40)T(@(5_Tuﬂ Cemenmd

n«€eo ' (= (1))
¢ (;) ro)

TR
Xf_l(l) T(l)(;—?‘(t)) (lohoT)(®)(fohoT)(t)dt

:f(m(@ﬁﬁngohorﬁ(f4(£»
~e[3) e, ronen) (o (3])

and
1O o 1\
Yo = ——— [f T()C)(T(X)——) (goho‘r)(x)dx]
o Jey | I v
Xd[(fohot)(®)]
VT 1
Al AT “"h”))( (v))
1 VT 1
ey oonen) (- 3))
Now

| 1
X1 +x2 = f @) (J”l 1) (Goher) (T_l (_)))

T (V)"' u

1 VT le) o - l

- {(ﬁ)(4°f~’~<1>+ (fohen) (T (u))
+F ) (J”1 1y ({ohoT) (T_l (l)))
1(4)- Y
1 VT [e) (o] -l l
'{kMM#u%U}IﬂG(J»'@B)

VT 1 VT 1
17 @enen( ()= oy @onen( ()

AIMS Mathematics Volume 7, Issue 3, 4176-4198.
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1 VT 1 VT oho -1 l
sl conen( ()2 conen(= )

Thus, we obtain from (2.13) that

v = [FE LR onen( ()
+ [Jjj(;)+ ({ohoT) (r—l (%))]
eriseseofe ()
+ (%) (@,Jjj(;)_ (fohor) (r—l (%)))] . (2.14)

Which is the required result. O
Remark 2. Particularly, in Lemma 2.3, if we take:

(1) 7(x) = x, then equality (2.11) becomes

m)f U (——x) ({oh)(x)dxl(foh)'(r)dr
1 ”l’f‘l' 1)H< o ) (x)dx| (f o hY (1)
o) % t (x—; 4 x)dx|(f

s o) ()
v u u 1%

) s

where /J;, and ,J)_ are defined in Remark 1.

(2) 7(x) = xand {(x) = 1, then equality (2.11) becomes

% uv [f (1=2)(foh) (M)dt

_f (1—tv)(foh)’(tv+(1_t)u)dt]: f+f)
0 uv 2

2 V—u v u “ v

3) 7(x) =x,{(x) =1and v = 1, we obtain

w-—u) [ (1-20 ( uy )dt
2 o t+u(l=0v)?* \t+u(l-1)v

f(u)+f(V) v_u ff(’%x. 2.17)

AIMS Mathematics Volume 7, Issue 3, 4176-4198.
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We will use the following notations for the rest of this section:

X" (uv) = [w] [J:;Tl(lﬁ (Cehen (T_1 (i))
+J:;jl(%)+ ((ohoT) (T_l (%))]
—[é(i)(&wjffc)+(fo11070(7_1(i)))
+§(%) (“” - Uohen (T_l (%)))] -G

Theorem 2.4. Let f : I C (0,00) — R be an L' function with f € L' for 0 < u < v, u,v € I°
and { 3 [u,v] — R be an integrable, positive and weighted symmetric function with respect to i—fivv If
|( foh) | is harmonic convex on [u,v], T is an increasing and positive function on [u,v), and T (x) is
continuous on (u,v), then, we have for v > 0:

u; (v,u,v) '(f o h) (ﬁ)
+v: (V,u,v) ‘(f o h) (%)
F(v+1) ’

1€ 0 7ol

X)) < (2.19)

where h(x) = i, X € [%, ﬂ,

u (vuv)—fw—”(T(t)_v)
T (1) T (v —u

(i - T(r))v - (% - T(T-l (i) ot (%) - r(t)))v] 7 (1) di

+ frl(‘l‘) u(t(t)—v)
2@ (@) (v - w)

ioer e ol

ve(v,u V)—fw -0
TAn T 1(1) () (v—u)

- o - o

+ le(i) v(u—1(1)
2@ (1) (v - w)

(ot B -

AIMS Mathematics Volume 7, Issue 3, 4176-4198.
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Proof. According to (2.11) of Lemma 2.3, we obtain

viT 1 T_I(i) [ ! 1 .
X, v)| < mﬁ_l(:) fr—l(g)T (X)(;—T(X))

M) v—1
X({Ohor)(x)dx—f T'(x)(‘r(x)—%) (lohoT)(x)dx

t

x '( fohor) (r)| 7 (dt (2.20)

We know that ¢ is a harmonic symmetric with respect to %, we observed that

-1(1

() , 1 v-1
f T(X)(T(X)—;) (fohoTt)(x)dx

() .
= f 7 (x) (T (x) - 1) (lohoT) (T_l (1) +1! (l) - x) dx
; V u y

O OC TR
= f T (x)(——r(x)) (ohoT)(x)dx.
1) "

Hence

! v—1
[ <x>(l . r(x>) ({ ohoD) (x)dx
O

-1(1
u

7-1(7) ) 1 v-1
—f T(x)(T(x)—;) (fohoT)(x)dx

) 1 vl
f T(x)(;—r(x)) ({ohot)(x)dx

. (221)

From (2.21) we get

! v—1
f ‘ (x)(1 _ r(x)) (Cohor)(x)dx
ey o\

-1(1
u

T 1(7) ) 1 v—1
—f T(X)(T(X)—;) ({ohoT)(x)dx
() 1 vl
f T(X)(;—T(x)) ({ohot)(x)dx

ORI ORI
< f T (X) (; - T(x)) (lohoT)(x)dx (2.22)

fort e [T_l (%) , TI(I)Z—TI(I)] or

AIMS Mathematics Volume 7, Issue 3, 4176-4198.
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! v—1
‘f r%w(l—ruﬂ (Cohot) () dx
ey

SO Iy

—f 7 () (T (x) - ;) ({ oho7)(x)dx
ORI

f T (x)(;—T(x)) ({ohoT)(x)dx

t v—1
s~f T%m(l—ruﬁ ((ohoT)(x)dx (2.23)
OSSO

for 1 ¢ [T'(i);r'(i)’T_l (1)]
By applying the harmonic convexity of |f'| on [u, v] for ¢ € [T_l (%) , 77! (i)], we get

(£ o nor) )|

_u@®-v)
A GICER))

Applying (2.22)—(2.24) in (2.20), we obtain

v(u—1(0)
OICEE?

(f oh) (i)‘ . (2.24)

(foh)(i) +

I{ o horll,
X (u,v)] < T To)
Tl(),);rl(l)( 1 (L)r (L)1 , 1 v-1
xf f T (%) (— —T(X)) dx]
=1(3) t “
u(t(t)—v) , v(u—1(1) , '
(F o wle SR ow @) wa

ICohot, (& ‘ , ! v_1
+ Ty M (‘ff‘"(i)w—l(},)—z?— (x) (; - T(x)) dx)

ul(t@®-v) |, . 1 viu—-t@) |, . 1
><(‘r(t)(v—u) (f Oh)(;) +T(t)(v—u) <f Oh)(;)

)T’ () dr. (2.25)

Let us evaluate the first integral in (2.25)

S ()

P () -
‘[ Lf t—r@ﬁ dwuﬂ
) : u

u(r () —v) , v(u—1(1))
x(ﬂﬂw—uﬂgbh)wﬂ+r0xv—w

~ () () V V
Lo oo
v Jri() u u u v

AIMS Mathematics Volume 7, Issue 3, 4176-4198.
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v(u—1()

u(rt() —v)
X( O —-n)

, 1
oo |/ Oh)(ﬁ) ’

and the value of the second integral in (2.25) is given below

le(i) (ft /( )(1 ( ))V_ld )
()i (1 TX|-—-7(x X
@) (E) (Dt (L)— u

u(r()—v) , v(u—1(1) / /
X(m'“"”” Ol Ryt VAL (v)l)r (1) dt

LG (1) 1y W (1Y
Sy L

u(t@—-v) |, . 1 viu—-t0@) |, ., 1
(W Y °’“)(a) eIl Y °h)(ﬁ)

Applying (2.21)—(2.27) in (2.20) to obtain the desired inequality (2.19). O

7 <n(i)

)T’ (Hdr (2.26)

)T/ () dr. (2.27)

Remark 3. Particularly, in Theorem 2.4, if we take

(1) 7(x) = x, we have

1 1
o (w,v)] = Hw] [m (o h) (—) + T (ol (—)]
v u u 1%

G ven G- G)fer o n Gl

I nl [0 n (1 o) ()] + vorww|(7 o) ()]
= T+

u(v,u,V)=f2w ?((\f::; [(i_t) _(t_%)]dt
+fu u(t_v)[(t_l)v_(l_t)v]dt
wo 1(V—u) v u
B %V(u—t) 1 Y 1Y
v(v,u,v)—fi t(v—u)[(;_t) —(t—;)]dt
v (u—1) 1" (1 ’
+fu+vt(v—u) [(t_;) _(;_T(t))]dt'

2uv

, (2.28)

where

and

(2) 7(x) = xand {(x) = 1, we get
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f(u)+f(v)_F(v+1)( uy )"

" ()l = 2 2 V—u

s( uy ) [”(V’“’V)Kf/°h)<i)‘”(v’”"’)‘(f,oh)(%)u, (2.29)
V—u 2

1 1

where u (v, u,v) and v (v, u, v) are defined as above.

(3) 7(x) = x,{(x) =1and v = 1, we obtain

L,((u,v)l:‘f(u);rf(v)_( uv )fuf(x)dx
vV—Uu %

[uen | on)(2) + v on) ()]

s( ad ) . (2.30)
V—u 2
) V- 1o duy
u(u,v) =
2uv? (u+v)?
and
) u—v+ o 4y
v(u,v) = .
2u?v g (u + v)?

Theorem 2.5. Let f : I C (0,00) — R be an L' function with f € L' for 0 < u < v, u,v € I° and

. . ... . . . . Uy av
{ @ [u,v] = R be an integrable, positive and weighted symmetric function with respect to 5*. If | f |
is harmonic convex on [u,v] for g > 1, T is an increasing and positive function on [u,v), and T (x) is
continuous on (u,v), then, we have for v > 0:

u; (v, u,v) ‘(f o h)(i)
+v: (v, u,v) |(f o h) %)

1§ 0 horll,

o™ 7)) < Tv+1)

q q
wxumm“ﬁ q}, 2.31)

where h(x) = }C X € [%, l],

u

oo 2 [(1 NI (1 ) [ (2)++ (%)]]V“}
v+1\\u v u 2

rug<»(l (4(
L
u
1
u

_l%n
SO
*f%D7“>&_TG t

and u, (v,u,v), v: (v, u,v) are defined as in Theorem 2.4.
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Proof. Applying power-mean inequality to( 2.20) and then using (2.22)—(2.24), we get

. ' (1) -1
X7 ()| < F(v) ) U‘l( )T (X) ——T(X)) ]

() -

x({OhOT)(x)dx—fT ' T/(x)(‘r(x)—%) (ohoT)(x)dx

<|(f ohor)(t)‘T' (1) dt

1 G| e G G) 1 v-l
< L f f r(x)(——r(x)) (L ohor)(x)dx
F<V>[ ONE u
(1) G ()
X [f J; v-1 ! (X)
) | (-1®) Cohor)(x)dx
Since |[({ o ho 1) (x)| < || o h o 7||,, hence it is easy to observe that
G| e G C) 1 v-1
f f T(x)(——f(x)) (fohoT)(x)dx
N u
') (G G) 1 vl )
< f f T (%) (; —T(x)) [(ohoT)(x)|dx|T (¢)dt
I(3) Vi
el ( O O R
<||ohoT|, f f T (%) (— —T(x)) dx|t (H)dt
() t u
frl(ll’) (f o3 ())Hd) Wi
Ll B TX|--71( x|t (t)dt
O R |
[ v+1
CMohorl. | 2 (1_1)”“_ 1 (@) 6)
B v v+1|\u v u ’ 2
SO0 V
—f 1 - T(T_l (1) +7! (l) - t)) T (f)dt
(1) u u v
T : (L) (2 V/ d 2.33
+ﬁ_1(;)27_1(3’) ;—TT - +7T " —t|| T (Odty. (2.33)

Since forg > 1 and ¢ € [ (i) ,T! (%)], |f'|q is convex on [u, v], we get

-2
7 (1) a’t]

1

(7 onor)o| 7 @ dt] . (232)

7 (1) dt

q

(foh)(%) .

u(z@=v)|, , N vu-10)
00— (f°h)(ﬁ) O

Thus, now we are able to evaluate the second integral in (2.32)

‘(f' OhOT)(l‘)‘ <
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:ﬁl(%)ﬁil(%)_t 7 (x) (% -7 (x))v_l (lohoT)(x)dx
fo’ohOT)@ﬂqf(ndt

B f:l((f)) ftT_l(i)H_l(%)_t 7 (x) (1 -7 ()c))v_l (lohoT)(x) dx|
- (zﬁ@:ﬁ (F on)(2) (F on) (2 )‘)T/O)dt

() (v—u)
NG C))
SlléohOTllm (f’oh) i) u(t()—v)

4 2
v {Il(g) T (v —u)
X (l - T(t)) - (l il (1) +77! (l) - t)) ]T' (ndt
u u u v
T*l(ﬁ) M(T(l)—v) 1 . 1 » 1 v
’ f()() (0 (v =u) [(; ‘T(T (;)” (;) ‘f))
(D)1 (1)

L o)+ (T v
_(;—r<z))]r(t)dt}+ (£ oh)(;) {fT,(D Py
X (l - T(t)) - (l - T(T_l (1) +77! (1) - t)) ]T' (t)dt

u u u v

+JVTD v(u—1(0)
2 T (1) (v - )

T | T

Applying (2.33), (2.34) in (2.32), we get (2.31). O

e

V(u (1)
T(t)(v u)

\—/

X

Remark 4. In Theorem 2.5, especially when we take

(1) 7(x) = x, we have

_ Hf(u)+f(V)][J%“"h)(i)”E+(§°””(%)]

2

L on )< C)fr oo n G

_ ol w0 |( o) (1)
S Trv+1) +v(v,u,v)|(f Oh) %)

(C (vu,v))' 7

q:i , (2.35)

where h(x) = =, x € [l ﬂ,

2 —1 - v+l
Cm%”:;w+&( y

u(v,u,v) and v (v, u, v) are defined in (1) of Remark 3.
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(2) 7(x) = xand {(x) = 1, we get

W ()] = f(u)+:f(V)__F(v4-1)( uy )V

2 2 V—u
x [JL (foh) (1) LT (foh) (1)H
v u u \%

u(v,u,v) ‘(f ) h) (%)
+v(v,u,v) |(f o h) %)

q

q} , (2.36)

1 1
< m (C (V, u, V)) q

11

v’u

where h (x) = L, x € [

defined above. i

], u(v,u,v), v(v,u,v) are defined in (1) of Remark 3 and C (v, u,v) is as

(3) 7(x) =x,l(x) = 1and v = 1, we obtain

W,v)b‘f(u);f(v)_( w )f"f(x)dx
V—Uu %

q

q} , (2.37)

(s o))

-3
(C (u,v)) v () '(f o h) %)

< -
T Tiv+1)

where 1(x) = L, x € [1, 1], u(u, v), v (u,v) are defined in (3) of Remark 3 and € (u,v) = (%)

2uv

3. Conclusions

In this study, we proved very important and interesting inequalities of Fejér type for a very
fascinating generalized class of functions, namely, harmonic convex functions by using general
weighted fractional integral operator which depends upon an increasing function. The results of our
study not only generalize a number of findings obtained in [17—19] but one can obtain a number of new
results by choosing a increasing function involved. The results can also be an inspiration for young
researchers as well as researcher already working in the field of fractional integral inequalities and can
further open up new directions of research in mathematical sciences.
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