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Abstract: In this paper, we establish a regularity criterion for the 3D nematic liquid crystal flows.
More precisely, we prove that the local smooth solution (u,d) is regular provided that velocity

component u3, vorticity component w; and the horizontal derivative components of the orientation
field V,d satisfy

- s =
lasll7, + sl + IVadllf;’ de < oo,

La
0
3
with 3 < p < oo, §<q§oo,3<a§oo,
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1. Introduction

In this paper, we will consider the following three-dimensional (3D) nematic liquid crystal flows:

ou+u-Vu—puAu+Vp =-AV-(Vd o Vd),
0d +u-Vd =y(Ad - f(d)),

V-u=0,

u(x, 0) = ug(x), d(x, 0) = do(x),

(1.1)

where u = (uj,uy,u3) € R? is the velocity field, d = (d;,d,,d;) € R? is the macroscopic average of
molecular orientation field and p represents the scalar pressure. The notation Vd © Vd represents the
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3 x 3 matrix of which the (i, j) entry can be denoted by

3
D 0ididdi(1 < i, j < 3),
k=1

and
fld) = W(Idl - 1)d.

uy 1s the initial velocity with V - uy = 0, dj is initial orientation vector with |dy| < 1. Here, u, 4, y, n are
all positive constants. And to simplify the presentation, we shall assume that u = A =y = n = 1 in this
paper.

The hydrodynamic theory of liquid crystals was established by Ericksen and Leslie during 1960s
(see [4,10]). And the system (1.1) is a simplified version of the Ericksen-Leslie model which still
retains most of the essential features of the hydrodynamic equations for nematic liquid crystal (see [8]).
One of the most significant studies in this area was made by Lin and Liu [9], where they established the
existence of global-in-time weak solutions and local-in-time classical solutions. When the orientation
field d equals a constant, the above equations reduce to the incompressible Navier-Stokes equations.
For well-known Prodi-Serrin type regularity criterion, people paid much focus on decomposing the
integral term about u - Vu and got some improving results based on the components of velocity field u
and the gradient of the velocity field Vu, readers can refer to [1-3,7,14,20,21,23,24]. Naturally, these
related results were extended to the liquid crystal flows, see [5,6, 11,12, 16-19, 22], and references
therein. Moreover, these Prodi-Serrin type regularity criteria based on velocity field indicate that the
velocity field u plays a more dominate role than the orientation field d does on the regularity of solutions
to the system (1.1).

In [13], Qian established the regularity criterion for system (1.1). That is, if

f ||u3|| + |lwsllb. + ||(93uh||€adt <M, for some M >0

2 3 2 3
ana’—+——1 =2,3<p<oo,=<a< (1.2)
P q a b 2

where u;, = (uy,uy), ws = O01uy — Ou;, then the solution is regular. Later, Qian [15] proved the
following regularity criterion:

T
f lluesll}, + 0sunllS. + ||V, Vd|b.dt < M, for some M >0
0

3 2 3 2 3
and —+—-=1,—-+-=2,3<p<oo,-<a< o, (1.3)
P q a b 2
Inspired by the above results, we establish the following regularity criterion:
Theorem 1.1. Suppose the initial data uy € H'(R*) with V - uy = 0, dy € H*(R?), and let (u,d) be
a smooth solution to the system (1.1) on [0,T) for some 0 < T < oo. If (u,d) satisfies the following
condition

24 3
f ||u3|| + ||a)3||2“ P+ IVadllfE de < oo, with 3 < p < oo, > <g<o,3<acsg oo, (1.4)
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then (u, d) can be extended beyond 7.

Remark 1.1. In [20], Zhang has decomposed the integral fR3(u - V)u - Audx into the several integrals
containing uz and ws for the Navier-Stokes equation, and the corresponding criterion is

T 2p 2,

2 2q_ 3
||u3||£;3 + ||w3||ZZ’3dt < oo, with3 < p < o0, 5 <q< oo, (1.5)

0

So the condition on 0suy, in (1.2) can be removed and the condition on 0suy, in (1.3) can be replaced.
And, the regularity condition of orientation field d is needed to control the term V - (Vd © Vd) in view

of (1.3).

Remark 1.2. Compared with the corresponding results (1.2), we replace the conditions on 0suy, with
V.d because we can not control the 2-order higher derivatives term V - (Vd © Vd) by only uz and ws.
Compared with (1.3), we reduce 1-order derivative on orientation field d, which improves the result

of (1.3).

Throughout this paper, the letter C means a generic constant which may vary from line to line, and
the directional derivatives of a function ¢ are denoted by 0, = g—fi (i=1,2,3).

2. Proof of Theorem 1.1

According to the local well-posedness of smooth solution established by Lin and Liu [9] , we only
need to establish the priori estimates. And we have the following standard L? estimate (for example,
see [17, p.2-3])

T
1
(lull7, + 11Vdll7,) + 2f AIVully, + 1], + IdIVdIll;> + §||V|d|2”iz)dt
0
< C(lluoll?, + IVdyll2,). (2.1)
By an argument similar to [17, Eq (2.7)], we have
1d
Eg(IIVulliz +IAdIZ,) + [1Aully, + VA
:f (u~V)u-Audx+f V- (Vd o Vd) - Audx
R3 R3
- f Au - Vd) - Addx — f A(ldPd — d) - Addx
R3 ]R3
=L+ L+L5L+ 1. (22)

In the following part, we estimate the terms above one by one. For I; referring to [20, (2.1)—(2.7)],
(or see [11]), I; can be decomposed as follows:

3
Il =
i,j,k,l

3
+ Z f @12i 1101 U201 jOuy
3

ijki=1 YR

f a’llijklalulaiujakul
~] VR
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+

i,

:'Mw

f a’21ijkla2ulaiujak
R3

=1

f (0% jkzazuzaiujak
R3
1

~
~

—+

i,

:'Dqw

=

~
=~

=l + Ly + I13 + 14,

where @i, 1 <m,n <2, 1<1i,jk,1 <3, are suitable integers. And the purpose is to rewrite 0,,u,
by uz and ws, 1 <m,n < 2.

Denoting by A, = 9,0; + 0,0, the horizontal Laplacian, and R, = \/6_%1
transformation, it was shown in [20, (2.2)—(2.4)], that
Ahu1 = —82(,()3 - 8]83113, Ahblz = (')1a)3 - 82631/!3.
0 O 0 O
(9,,11/{1 = _zAh _Aha)3 + \/% \/I(%Ih = %2%,,,&)3 + %1%,,1631/[3, (23)
aml/tz = %1?’\,”6()3 + %2%,1133143, 1<m,n<?2. (24)

The term /;; can be expressed as

I = f a11jk01U10;u j0ruydx
R3

1

EN-

~
o~
—

Il

-

f allijkl(%2%1w3 + %1%163u3)6iuj6kuldx
R3

i,j.k,I=1

\
wk*

f a/“,Jkﬂ%z‘lega ujﬁkuldx

ljkll

— Z f a’llszd% %1”3(636 I/t]aku[ + 0, I/tj(93(9ku[)dx

i, ).k, I=1

by (2.3) and integration by parts. Because the Riesz transformation is bounded from LP(R?) to L”(R?)
for 1 < p < oo, we have

2
Ly <CllusliIVull 2, [1V7ullzz + CllwsllalIVull? 5,

La-1
5 pt3 29-3 ) 3
<C||u3||Lp||VM|| ||V ull 5 +C||U)3||L‘1||VM” IVl
<C(||u3||” i ||a)3||2" DIVl ||AM||L2,

where p > 3,¢9 > 3.
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The similar argument as /1; can be used to terms Iy, I3, I,4, therefore it can be deduced that

2p 2

L< Clluslly,” + sl HIVally, + lIAull,. (2.5)

Ly L1

For I, and I5, by using the fact V - u = 0 and integrating by parts several times, we can rewrite it
as follows

3

L+ Zf Z [(6,-6jdk6jdk + aidkaj(?jdk)Aui
R? k=1
— (Au;0;di Ady + 2Vu0,Vdi Ady, + u;0;AdyAdy)]dx
3
= f Z —2Vu;0;VdiAdidx
R? =1

3 2 3
= fR% -2 Z Z 0u;0,0 dyAdidx — fg 2 Z 0 ju3050 d; Ad,dx

jk=1i=1 R k=1

2121 + 122.

3 2 3 2
12] = \[Rg 2 Z Z ﬁjuiﬁidkajAdkdx + \[Rg 2 Z Z (9j8ju,-8,-dkAdkdx = 12]1 + 1212.

jk=1i=1 S k=1 =1
Next, employing the Holder inequality, interpolation inequality and Young’s inequality, we have
Ly <C||Vid]|al [Vl 24 [[VAd]| 2
a=3 3
<ClIVyd|lallVull 5 [1Aull;,[IVAd|l L2
<CIVIES IVl + ~lAUIR, + SIVA 2.6
<C|IVpdllz’l ulle+§II ulle+§ll 72, (2.6)
Ly <C||Vid]|1al|Ad]|, 20 [|Aul|2
a3 3
<ClIVyd|lellAd]| 5 IIVAAI|7, | Al

2a_ 1 1
<CI\V,dllZ IAd];, + gllAulliz + gllVAdlliz- (2.7)

In the same way, the term I, can be bounded as follows

3
122 = f 2 Z (u3636j8jdkAdk + u3(936jdk8jAdkdx)dx
R3

jk=1
SCIIMsIIuIIAa’IILpzfp2 IVAd|,

p-3

p=3 3
<Clluslio|Ad]] 5 (VA LIIVAd| 2

2 1
<Cllusll},’ IAd|[7, + gllVAdlliz. (2.8)
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Adding the above inequalities (2.6)—(2.8) together, one obtains

2p

d; 2a_ 1 3
L+ L <C(lusll};” + IVadllZH)AIVully, + 1AdI,) + ZIIAulliz + glIVAdII2 : (2.9)

12

For 1,, we have

I < f IAd]> + A(d|*d) - Addx
R3

<IAdIIZ, + CAIAAP2Nldl s l|Adl s + 1A s 1l Ad )
<IAdIIZ, + CllAdI| i ldIl7 1A
<lIAd|I}, + CllAd|| 2|V Ad]l2

1
<ClAdll7, + gllVAdlliz. (2.10)
Hence, inserting (2.5), (2.9) and (2.10) into (2.2) yields

d
d—t(lqulliz +IAdIIE) + 1Aully, + VA,

2p 2q 2a
p— — a3 2 2
<C( + lluslly,” + llewsllys™ + IVadll ) AIVully, + [1Ad]17),

and it could be derived by Gronwall inequality that

T
IVully, + llAdIl7, + f (I1Aully, + IVAdIZ,)dz
0

29

T 2 g e
<(IVuoll7. + lAdoll7.) exp {f C(L + lluslly,” + llwsll g™ + IIVhdII,‘ﬁﬁ)dt}-
0

Then the proof of Theorem 1.1 is completed.
3. Conclusions

In this paper, we prove a regular criterion of solution for the 3D nematic liquid crystal flows via
velocity component u3, vorticity component ws; and the horizontal derivative components of the
orientation field V,d, and we hope that the condition on V,d will be removed in future study.
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