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1. Introduction

In this paper, a digraph is a finite loopless directed graph without parallel arcs (arcs with the same
head and the same tail) and an undirected graph is also a finite and simple graph. A linear forest is
a forest in which every connected component is a path. The linear arboricity of a graph G, defined
by Harary [14], is the minimum number of linear forests that partition the edges of G and is denoted
by la(G). Later, Habib and Péroche [13] introduced the linear k-arboricity of a graph G, which is the
minimum number of k-linear forests (forests in which every connected component is a path of length
at most k) required to partition the edges of G and is denoted by la;(G). Moreover, Akiyama et al. [1]
proposed a conjecture about the value of linear arboricity and Habib and Péroche [13] proposed a
conjecture about the value of linear k-arboricity which subsumes Akiyama’s conjecture. Aimed at
these two conjectures, considerable works have been done over the years (see [2,3,6-12, 16, 19-22]).

It is natural to consider similar problems for digraphs. Let D = (V(D),A(D)) be a digraph. We
denote A*(D) = max{d*(v)| for all v € V}, A(D) = max{d (v)| for all v € V} and A(D) =
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max{A*(D), A" (D)}. The underlying graph S (D) of D is the undirected simple graph with the same
vertex set of D by replacing each arc by an edge with the same ends. A linear diforest is a directed
forest in which every connected component is a directed path. The linear arboricity of D, defined by
Nakayama and Péroche [17], is the minimum number of linear diforests that partition the arcs of D and

is denoted by E)z(D). Nakayama and Péroche [17] also conjectured thatﬁl(D) < A(D) + 1. Since every
digraph can be a regular digraph by adding arcs, Nakayama-Péroche conjecture is equivalent to say that
the linear arboricity of a d-regular digraph D (i.e. every vertex in D has in-degree d and out-degree d)
isd + 1. In 2017, He et al. [15] found that the symmetric complete digraphs K73 and K: have the linear
arboricity d + 2 (d = 2,4 respectively), which is contrary to Nakayama-Péroche conjecture. Then they
conjectured that the linear arboricity of a d-regular digraph D is d + 1 except D is K7 or KZ.

In this paper, we study the linear k-arboricity for digraphs. The linear k-arboricity of a digraph D is
the minimum number of linear k-diforests (diforests in which every connected component is a directed

path of length at most k) that partition the arcs of D and is denoted by E)zk(D).

This paper is organized as follows: In Section 2, we introduce some notations and obtain the upper
bound and the lower bound of the linear k-arboricity for general digraphs. In Sections 3 and 4, we
study the linear 3-arboricity and linear 2-arboricity for symmetric complete digraphs respectively.
In Sections 5 and 6, we study the linear 3-arboricity and linear 2-arboricity for symmetric complete
bipartite digraphs respectively.

2. Preliminaries

For an undirected graph G with n vertices, Habib and Péroche [13] conjectured that la,(G) <
[sne; 1 when A(G) < n — 1 and la(G) < [y 1 When A(G) = n — 1. Based on the linear
arboricity conjecture for digraphs in [15] and Habib-Péroche conjecture, we propose the following

conjecture for the linear k-arboricity in digraphs.

Conjecture 2.1. For a digraph D with n vertices, ifk =n — 1,

[ ] when AD) = n = 1 and D is not K3 and K;,
Ton(D) < Lkn/(k + 1)]
. AD;m+1 is K& :
[m] when A(D) <n—1or Dis K; or K.
Ifk<n-1,
A(D)n _
. [m] when A(D) =n—1,
fadD) <1 Ay + 1
[————1 when A(D) <n-1.

Lkn/(k + 1)]

It is easy to obtain the following lemmas.

Lemma 2.1. Let H be a subdigraph of a digraph D. Then l?u;)((H) < l_a/t(D).

Lemma 2.2. For a digraph D with n vertices,
- - - -
lay(D) > la,(D) > ... > la,_(D) = la(D).
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Lemma 2.3. For a digraph D = (V(D), A(D)) with n vertices,

Tz ma {0 | £}
ar(D) > max { A(D), T .

k+1

If D is a symmetric digraph, we just give two opposite directions to the linear forests of the minimum
_)
linear k-forests partition of S (D) and get the following trivial upper bound for la;(D).

Lemma 2.4. Let D be a symmetric digraph. Then l_a)k(D) < 2lai (S (D)).

In this paper, we mainly study the linear k-arboricity for symmetric complete digraphs and
symmetric complete bipartite digraphs. Fu et al. [11,12,22] studied linear 2-arboricity and 3-arboricity
of complete graphs K, and complete bipartite graphs K, ,,.

Theorem 2.1. [12]

2n—2
{ ”3 W whenn = 0,4,8,11 (mod12),
las(K,) = )
{?’ﬂ whenn=1,2,3,5,6,7,9,10 (mod12).
Theorem 2.2. [12]
2n
[?} whenn =0,1,2,4,5 (mod 6),
la?:(Kn,n) = 042
[ n3 when n = 3 (mod 6).
Theorem 2.3. [6,22]
-1
k) = |02 1),
1=
L 3 ]
Theorem 2.4. [11]
2
n
laZ(Kn,n) = L4nJ .
3

Let K, ,, be a symmetric complete bipartite digraph with partite sets X = {xo, x1, ..., X,-1} and ¥ =
{0, y1, ... Ya—1}. We define the bipartite difference of the undirected edge x,y, in S(K} ) as the value
g—p(mod n). Those edges in S (K, ) with the same value of the bipartite difference must be a matching.

In particular, we denote the set of edges of the bipartite difference i in S (K, )by M; i = 0, 1,....,n—1).
InK;,, fori=0,1,..,n—1, we define ﬁ,- = {XaYdritmoa wld = 0, 1,...,n— 1} and ]\(711. = Varionod mXald =
0,1,...,n — 1}. Thus, we can partition the arcs of K}, into 2n pairwise arc-disjoint perfect matchings

My,M;,...M,_1,My,M,,....M,_,. Similarly as in [12], we have the following two useful results.
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-~ =
Lemma 2.5. Ifn > 4 is even and @ € {0, 1, ..., n =3}, then the arcs in the union {My,My,1,My 2} in K,

— =
can form two arc-disjoint linear 3- dlforests and {My,,M,.1,M .2} can form another two arc-disjoint
linear 3-diforests.

— -« —
Lemma 2.6. Ifn >3 isodd, a € {0, 1,...,n—3} and e is an arc of M, then {M,, M., —{e}, My} in

- — -5 «—
K, , can form two arc-disjoint linear 3-diforests. And if e is an arc of M1, then {M o, M1 —{e}, M 412}
can form another two arc-disjoint linear 3-diforests.

3. Linear 3-arboricity of symmetric complete digraphs

In this section, we determine the linear 3-arboricity of K. Firstly, we propose an operation of
replacing arcs in K, . Let X = {xo, x1, ..., x,-1} and ¥ = {yo, y1, ..., y,—1} be partite sets of K, . Suppose
it exists the following directed 3-path y;y;.4x;x;14 by adding arcs x;x;,4 and y;y;4 in K, , as shown in

— -
Figure 1. Then we replace the arc y;,4x; € M, by the arc x;,,y; € M,_, and we get another directed
3-path x;x;,4y;vira- We call this operation replacing arc operation. In this operation we can use the arcs
in a matching to replace the arcs in another matching contained in some directed paths.

Xi+d Yi+d Xi+d Yi+d
° ° ° °

Figure 1. The replacing arc operation.

We need to mention that some of the proof in the following propositions are similar as the proof for
the linear 3-arboricity of K, [12], and we will omit some analogous and tedious proof in this section.

Proposition 3.1. Tas(K;) < 2[221— 1 when n = 0 (mod 12).

Proof. Letn = 12t,m = 3. In [12] it is proved that S (K})) can be decomposed into m — 1 pairwise edge-
disjoint linear 3-forests and couple of matchings. Thus, by giving two opposite directions to edges of
those linear 3-forests and matchings of S (K}), in K, we have
(1) 2(m — 1) pairwise arc-disjoint linear 3-diforests;
(2) m pairwise arc-disjoint perfect matchings A_>/Id = {XiVivdmoa mli = 0,1,...,m=1}(d =0,1,2,..7-1),
— . m
M, = {yi+d(mod m)xi|l =0,1,...,m-1}(d=0,1,2,. 5 T 1);

— . m
(3) M% = {xiyi+%(mod m)ll = O, L., 2~ 1} and M"’ = {yz+’"(m0d m)xtll = O, L., 2 - 1}

By Lemma 2.5, we can construct = 2’" linear 3-diforests us1ng these matchings in (2).

Then for the directed 3- paths y,+my,x,+ nx;, i €{0,1,..., 5 — 1} from those 2(m — 1) linear 3-diforests
in (1), by using the arcs in M n, we apply the replacing arc operation for YirnYiXipm X; and get new

. . . . F/ .
paths Xi 2 X;Yis Vi Note that in the whole operation, the arcs in the matching M,, = {y,~x,~+%(mod mll =
2
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.
one linear 3-diforest.

H
Accordingly, la3(K}) < 2(m— 1)+ 2 + 1 = 2[22] - 1. =

. —, —
0,1,...,5 — 1} are removed from the paths. It is not hard to see that the arcs of M, and M= can form
2

Proposition 3.2. Tas(K;) < 2[21 1 when n = 2 (mod 12).

Proof. Letn =12t +2,m = %, t > 1 (whent =0, itis trivial). In K, we have

(1) 2(m + 1) pairwise arc-disjoint linear 3-diforests;

(2) m pairwise arc-disjoint perfect matchings A_}Id = {XiYirdmoa mli = 0,1, ...,m=1}(d =0,1,2,..5 - 1),
My = Divdomoa mxili = 0,1, om =1} (d = 0,1,2,..2 — 1);

3) M = {xyismoamli = 0, 1, ™ = 1} and My = {yis 2moa mxli = 0, 1,..., % = 1),

By Lemma 2.5, we can construct 27’” linear 3-diforests using these matchings in (2).

Then, by the similar replacing arc operation in Proposition 3.1, we have l—a)3(K;) <2(m+1)+ 27’” +1=
2[%] -1 ]

Proposition 3.3. Tas(K;) < 2[21 1 when n = 5 (mod 12).

Proof. Letn =12t +5,m = %,tZO.

When ¢ = 0, let V(KZ) = {xo, X1, X2, X3,X4}. Then we can easily find 7 arc-disjoint linear 3-
diforests to partition the arcs of K; {X]XQXOX4}, {x0x3x1 , )C4X2}, {XQX] , X4X3)C2}, {X2X1X4XO}, {X1X3X(), XQ)C4},
{x1x0, X234}, {X0X2, X4X1 }.

Now we assume that 7 > 1. In K, we have
(1) 2(m + 1) pairwise arc-disjoint linear 3-diforests;

(2) 5 — 1 pairwise arc-disjoint perfect matchings A_)/Id = {XYirdomoa mli = 0,1, ..., m—=1},d =0
h
(3) 3 — 1 pairwise arc-disjoint perfect matchings My = {yitagnoa mXili = 0, 1,....m—1},d =0

= — . m
(4) Mz = {XYis2mod myji=0.1,... 21} and Mz = {yir2noa mXili = 0,1,..., 5 — 1}

By Lemma 2.5, we can construct 3(m — 8) = 21¢ linear 3-diforests by the matchings in (2) and (3)

. - o« o — - —
except the matchings M, M, My o, My 3, My, M2_y.

When risevenand t > 2, Mo, Mn_», M»_; can form two linear 3-diforests as
{X61+1+i0mod 61+2)Y31-1+itmod si+2)XiYili = 0,2, 4, ..., 61}

and {Xes1+imod 61+2)Y31—1+i(mod 6r+2)Xiyili = 1,3,5,...,6f + 1}.

— - —
Similarly, My, M o, M z_y can form another two arc-disjoint linear 3-diforests.

When 7 is odd, Mo, M»_;, M»_, can form two linear 3-diforests as
{yixiy3t+ix6t+3+i|i = 09 2’ 45 seey 6t}

and {yixiy3t+i~x6l‘+3+i|i = 1, 3a 57 seey 6t + 1}~

.. - - e .
Similarly, Mo, My, M n_, can form another two arc-disjoint linear 3-diforests.

AIMS Mathematics Volume 7, Issue 3, 4137-4152.



4142

é
In addition, we apply the replacing arc operation for the arcs of the matching M» in some linear

P/
1}. The arcs of M,,
2

. . . &, .
3-diforests of (1) and obtain a new matching M,, = {iXivnmoa mli = 0, 1, ..., 3 -
2

and 1\(71 n also can form one linear 3-diforest.
Accordingly, ?13(1(:;) <2m+1)+ @ +4+1= 2[23_"] - 1. 0

Proposition 3.4. l_c>z3(K;:) < 2[%7 -1 whenn =7 (mod 12).

Proof. Letn=12t+7, m = %,tZO.

When ¢ = 0, let V(K3) = {xo, X1, X2, X3, X4, X5, X6}. We can find 9 arc-disjoint linear 3-diforests to
partition the arcs of K3: {x4x1Xo, X3X2X5X6}, {X5X0X3X1, X6XaX2}, {XoXeX1X2, XaX3X5}, {X0X1 X4, X6 X5X2X3},
{xX1X3X0X5, X2X4X6}, {X2X1 X6 X0, X3 X4 X5}, {X3X6X2X0, X1 X5Xa}, {X0Xa, X5X1, X2X6X3}, {XaX0X2, X5X3}.

In K;;, we have
(1) 2m pairwise arc-disjoint linear 3-diforests;

(2) &= pa1rw1se arc-disjoint perfect matchings Md = {XYi+domoda mli = 0, 1,. -1}Ld=0,1,2,. ’”T
3= pa1rw1se arc-disjoint perfect matchings Md = {Virdmoa mXill = 0, 1,. -1}Ld=0,1, 2 .”17‘,
“4) MmT-3 = {XYirdmoa mli = 0,1,...,m — 1}, MmT—l = irdmoa mXili = 0, 1, ...,m — 1}, and MT3 =

. H .
ivdmoa mXili = 0,1, ...,m — 1}, MmT—l = {XiVirdmoa mli = 0,1, ...,m — 1}.
Similarly to the proof of Proposition 3.7 in [12], we can construct 2m + %(m — 3) arc-disjoint linear
3-diforests using the linear 3-diforests in (1) and the matchings in (2) and (3).
Next, we apply the replacing arc operation for the arcs of M et in some linear 3-diforests of (1)
and obtain a new matching Mo met . Also, we obtain M mi3 by replacing the arcs of K)/IT_z in some linear
3-diforests of (1).

Now there are only four matchings left: M ey Mo met s M mit M w. In the following, we prove that
these four matchmgs can form three arc dlS_]Olnt linear 3 diforests "For convenience, we denote these

four matchlngs by M3t, M3t+1, M3t+2, M3t+3.
- — —
We partition M3, into three pairwise arc-disjoint matchings Wy = {xg43V41}, Wi =
. _> .
{(XYisswimod seenli = 0,2,4,..,4t + 2,4t + 5,4t + 7,..,6t + 1} and Wy = {Xiyir3it10m0d 6+3)|i =
P
1 3,5,..,4t + 1,4t + 4,4t + 6, ...,6t + 2}. Also, we partition M35 into two arc-disjoint matchings
<~ .
W {yl+3l+3(m0d ey Xili = 0,2,4,..,4r + 2,4t + 5,4t + 7, ...,6t + 1} and W, = {yir31430m0d 6+3) Xili =
.« - = -, = «—,
1,3,5,...,4r + 1,4t + 3,4t + 4,4t + 6, ...,6t + 2}. Then the arcs in M3, U Wy, M3, UW , W, U W,
can form three linear 3-diforests, which are denoted by L;, L, and L3 respectively. We move the arc
ﬁ
Vi+1X4r44 Of Ly into Lz, add Wy into L; and finally obtain three arc-disjoint linear 3-diforests by using
— - - «—
M3, M3, M3t+2’ Ms;y3.
Accordingly, la3(K*) <2m+ 2043 =2[2]-1. o

Proposition 3.5. 313(1(,*,) < 2[23—”] — 1 when n = 10 (mod 12).

Proof. Letn =12t +10,m = 5 =61+ 5,t 2 0. In K}, we have
(1) 2m pairwise arc-disjoint linear 3-diforests;
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(2) #5~ pairwise arc-disjoint matchings Md = {XiYi+dmod mli = 0, 1,. -1L,d=1,2,. .’"T,

(3) = pa1rw1se arc-disjoint matchings Md = {Virdmoa mXili = 0,1,...,om—1},d = 1,2,.

We assume that 7 is even. We partition the matchings in (2) and (3) into two groups M; =
- o > - — — 5 — - .
{My, M>, M5, ..., M3.y1, M3} and My = {M, M, M5, ..., M3;,1, M3,.5}. Then we apply the replacing
arc operation for the arcs of the matchings of M, in some linear 3-diforests of (1) and obtain some new

matchings which are put in a new group Mz = {Me¢;14, Mer+3, Mer12, ..y M3144, M3,.3}. Now the arcs not
covered by linear 3-diforests are either in the matchings of M, or in the matchings of Mj.

- -
We claim that M, M,, Mg,.3, M¢.4 can form three pairwise arc-disjoint 3-diforests. First, we
- - -
partition M, into two arc-disjoint matchings W = {x;y;.1li = 0,2,4,...,6t + 4} and W, = {x;y;11li =
— —, .

L,3,5,...,6t+3}; we partition Mg,,3 into two arc-disjoint matchings W, = {yi 3 xli = 0,2,4, ..., 61 +2}
—, . R — — > - «—,
and W, = {yi 3% U Yoo Xersali = 1,3,5, ..., 61 + 3}. Then the arcs in W, U My, W, U Mg s, W U W,
can form three linear 3-diforests L;, L, and L respectively, where L = {x;y;11Xi13 U Xer42V643 U YerraX) U

Yers2XerraYoli = 0,2,4,...,6t}. Thus, we have proved our claim and it is easy to observe that y;(i €
{2,4, ..., 6t}) are not incident to any arcs in L.

Now we only need to construct linear 3-diforests to cover the remain matchings: 1\_>43,1\74,...,
- «— — - — -
M3 1,M5,5 and M3,.3,M3,.4,....,Mery1, Mgy, Lemma 2.6 states that we can take away one arc from
each 1\(714+6l-, A_)/I7+6,-, ]\_)/13t+4+6i, ]\(_43t+7+6,- i=0,1,.., % — 1) when ¢ is even and the remaining arcs can form
4t linear 3-diforests. And those arcs that we took away are adjacent to some y;(i € {2,4, ..., 6t}), so they
can be moved into L to form a new linear 3-diforest. o . .

Then we show how we select those arcs {e;, j = 0,1,...,2¢t — 1} of each My,6i, M716i, M3114+6i,
]\73t+7+6,~ (i=0,1,...,5—1) when 1 is even.
Case 1.1. t # 10k + 2,10k + 6 and 10k, k > 0.

— -
Let €;=Yir6410iX+2+4i € Maseis €51 =Xr1344r+104100 € M7160,

- —
€4i=X313+4Y24100 € M3redv6is €31 =Vor10iX3r+4+4i € M3ri746i forall i € {0, 1,2, ..., I-1).
Case 1.2. t = 10k + 2,k > 0.

— —
When k > 1, let e=y;1a110i%44i € Masoi, €14i=Xer114iVre8+10i € M7+6is

[\

— — )

€1+i=X3019+4iY8+10i € Marsarsis €3 =V12410:%3r+10+41 € Marirs6r, forall i €40, 1,2, ..., 5 — 1}

— — - —

When k =0, let ey = ygx4 € My, ey = xs5y12 € M7, €3 = X9y, € Mg, €3 = yexi9 € M3

Case 1.3. t = 10k, 10k + 6,k > 0.
- & o < . .
When ¢t =0, My, M,, M3, M4 can form three arc-disjoint linear 3-diforests.
— -
When 1 # 0, let ei:yt+4+10ixt+4i € My, €’+i:xt+1+4i)7t+8+10i € M7,

€1+i=X3143+4iY2+10i € M 344460y €311 =Y6+10iX31+4+4i € M3t+7+61’ forallie€{0,1,2,.., 2 -1}
Now we assume that t is odd and partltlon the matchlngs in (2) and (3) into two groups M, =

- — > — «— L.
{M,M,, M5, ... M3,+1, M3t+2} and M2 = {Ml, Mz, M3, . M3,+1, M0} Slmllarly to the proof above,

we need to select one arc from each M4+6,, M7+6,, M3t+4+6,, M3t+7+6,, i€{0,1,2,...5= -1}
Case2.1. t # 10k + 1,10k + 3 and 10k + 7, k > 0.

— -
Lete; = Vi+5+10iXe+1+4i € Maseis e%-{—[ = X14244iY1+9+10i € M7.6i,

— —
_ _ : -1
€rt+i = V2410300344 € Marraseir €300 = X30414iY64100 € Mirsriei forall i € {0, 1,..., 5= — 1}

AIMS Mathematics Volume 7, Issue 3, 4137-4152.
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— —
€2-2 = YerX3-1 € M3141, €21 = Yer—2X61+2 € Meri1.
Case 2.2. t =10k + 3,10k + 7,k > 0.
P

%
Let e; = yrv1410iX-3+4i € Massir €1y = Xi244iYre5+100 € M6,

«— —
€r-1+i = Y6+10iX3r+7+4i € M311446is €3 ;= X31+8+4iY10+10i € M3.746, foralli € {0, 1, ..., =5 1}

— —
€y = YerX3—1 € M3i1, €1 = Yer—2X61+2 € M1
Case2.3.t=10k+ 1,k > 0.

— —
When k > 1, let e; = yri1410iX1-3+4i € Maseis €1 = Xi-244iVre54100 € M7s6is
— -
€r-1+i = Yar10:X3r+5+4i € Mirsareis €300 ;= XarreraiVs10i € Masszveir forall i €40, 1, 55 — 1}

«— —
€2 = YerX3i-1 € M3y1, €21 = Yer-2X61+2 eEM 641
When k£ = 0, let €y = YaXp € My and €] = YrXe € M.
We have finished all the cases discussion and the arcs {e;,i = 0, 1,...,2¢ — 1} are what we need.
Accordingly,ﬁﬂK,’;) <2(6t+5)+4t+3 = 2[23—”] - 1. O

Now we conclude the following result for the linear 3-arboricity of K, which verifies
Conjecture 2.1.

Theorem 3.1. )
2n—2
2 ”3 w when n = 4,8,11 (mod12),
[2n
2 ?w whenn =1,3,6,9 (mod12),
H
lax(K)) =3 ©
2n—2
2 3 -1 when n = 0 (mod12),
[2n
2 ?w -1 whenn = 2,5,7,10 (mod12).

Proof. By Lemmas 2.3, 2.4 and Theorem 2.1, ["("—_ﬂ < E%(K;) < 2las(K,). In addition, with the

L3¢)
above five propositions, we have the result. O

4. Linear 2-arboricity of symmetric complete digraphs

In this section, we study the linear 2-arboricity of K;. We first introduce Kj-factorization F =
{F1,Fy,....F;} of K,(n > 3): (1) F; is a spanning subgraph of K, and each component of F; is
isomorphic to K3; (2) each edge is in only one F; (1 < i < ). And we call each F; is a K;3-factor

— —
of K,. Similarly, we can define the K3-factorization of K;(n > 3) and each component of the K;-factor
is a directed K3.

Lemma 4.1. Let C; be a symmetric directed cycle with n vertices. If n = 0 (mod 6), then l—a)z(C;) =3

Proof. Let n = 6t and C;, = (xo, X1, ..., Xe:~1, Xo)- The arcs of C, can be decomposed into three linear
2-diforests: {x;jx; 1 X2l = 0,6, ...,6t — 6} U {xj0xi1xli = 3,9, ...,6t — 3}, {xixixili = 2,8, ...,6 —
4} U {Xir2imod 60 Xiv10mod enXili = 5,11,...,6¢ — 1} and {xixi 1 xipoli = 4,10, ...,6¢ — 2} U {xjoxixli =
1,7,...,6t —5}. O
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nn-—1)
n
ZL?J

Proposition 4.1. E)ZZ(K;) <2 — 1 whenn =0 (mod 12).

Proof. Letn = 12t.

When 7 = 1, we know that K}, = K, U 2K:. Then lax(K,) < laa(K;¢) + laa(K?). Since K ¢ can
be decomposed into three arc-disjoint symmetric directed cycles and each such cycle can form three
linear 2-forests by Lemma 4.1, E)zz(Kgb) < 9. Let V(K{) = {xo, X1, X2, Y0, y1, y2}. We decompose K¢ =
2K5 UMy U MY UM, where M) = {X;Yitamod 3)» Yirdmod »Xili = 0, 1,2} (d = 0, 1,2). MjU M; can form
a symmetric directed cycle and thus form three linear 2-diforests by Lemma 4.1. 2K U M; contains a
symmetric directed cycle x;xox,y1y2y0X; and still can form three linear 2-diforests by Lemma 4.1. In

- —
addition, x;x2, Xoy2, yoy1 and XXy, y2Xo, y1yo form two linear 2-diforests. Thus, la,(K7},) < laz(Kgﬁ) +

lay(K) <9+3+3+2=17.
Now we assume ¢ > 2. Baker and Wilson [5] proved that if F is a perfect matching of K,,, K,, — F
can be decomposed into 6 — 1 Kj3-factors if and only if n = O(mod 12) and t > 2. So for two

perfect matchings F and F in K, which are with opposite directions, we obtain 67 — 1 E—factors
Fi,F,,...,Feg_1 and 6 — 1 Iz—factors F'l, F’2, ey Féz—1 with opposite directions in K, — {F, F'}.

For the union of any two z—factors, the directed triangles with a common vertex have two
possibilities as in Figure 2. It is easy to check that both circumstances can be decomposed into three
linear 2-diforests. Fy, Fs, ..., F-y and F, F), ..., F,_, can be partitioned into pairs of directed triangles
with a common vertex, and then can form 3(67 — 1) linear 2-diforests. In addition, F and F’ also form
two linear 2-diforests in a trivial way.

nin—1)

Solay(K?) < 3(6t—1) +2 =2 1. o

Figure 2. Two directed triangles with a common vertex.

nn—1)
n
2L?J
Proof. Let n = 12t + 3. Ray-Chauduri and Wilson [18] proved that K, can be decomposed into 6¢ + 1

K; factors if and only if n = 3 (mod 6). Thus, as in Proposition 4.1, we obtain 67 + 1 Z—factors

H ’ ’ ’ . . . . .
F\,Fs,...,Fey and 61 + 1 Ks-factors F|, F,, ..., F ., with opposite directions in K. Fy, F3, ..., Fe1
and F '1, F '2, ..., F. . can form 3(6¢ + 1) linear 2-diforests.

Proposition 4.2. la>(K?) < 2 _ 1 whenn =3 (mod 12) and n > 3.

6r+1
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-1
Accordingly, E)lz(K:;) <36t+1)=2 n(nzn )| 1. O
o) i
| 3 J
ces - nn-1)
Proposition 4.3. la,(K) <2 — |- 1 whenn = 2,10 (mod 12).
2L?J

Proof. Since Alspach el al. [4] proved that K,, has a Hamiltonian path decomposition when 7 is even,
K, can be decomposed into 5 arc-disjoint symmetric directed n-paths. Each symmetric directed path
can be decomposed into three linear 2-forests. Thus, K, can form 37” arc-disjoint linear 2-diforests.

-1
Accordingly, E)lz(K;:) <¥=2 n(n2n )| _ 1. .
7 ==
5]
nn—1)

Proposition 4.4. la>(K?) < 2 |~ 1 whenn =7 (mod 12)
ZL?J

Proof. Letn = 12t + 7 and {vo, v, vz, ..., Vi2i16} be the vertex set of K. Since Alspach el al. [4] proved

that K,, has a Hamiltonian cycle decomposition when n is odd, K can be decomposed into 67 + 3

symmetric directed Hamiltonian cycles

C} = V12146ViVi2i+5+i(mod 120+6)Vit1V12e+4+i(mod 12646)-+-Ver+2+iVers3+iV12i46 (0 < 1 < 61 + 2).

Next, we construct symmetric directed paths from C} by removing two kinds of symmetric arcs
V314 14iV9r+4+iimod 121+6)> Vor+a+iimod 121+6)V3r+1+i (0 < 1 < 6t + 2). Those removed arcs form two matchings
and thus form two arc-disjoint linear 2-diforests. In addition, each symmetric directed paths can form
three arc-disjoint linear 2-diforests.

-1
Accordingly, E)zz(l(;) <36t+3)+2=2 n(nzn )| 1. -
==
L 3 I
e - nn—1)
Proposition 4.5. la,(K) <2 |- 1 when n =5 (mod 12).
ZL?J

Proof. Letn = 12t + 5. K|, can be decomposed into 6¢ + 2 symmetric directed Hamiltonian cycles

Cl = V1204aViVi2i431i(mod 120+4)Vie1 V1242 +i(mod 12044)--Ver1+iVers2+iV12i44 (0 < 1 < 61 + 1).

We obtain symmetric directed paths from C; by removing the Symmetric arcs vs;.14+iVo;+3+ionod 126+4)»
Vorsd+imod 120+4)Var+1+i (0 < i < 6 + 1). Next, for each such path, we relabel these vertices as
X0, X1, X2, ..., X12:44 along the direction: x, on behalf of the vertex vo, 3+imoaq 120+4); X12:+4 On behalf of
the vertex vs;14;,. Then for each such path, we decompose it into three linear 2-diforests Fy, F», F;3
as follows:

Fy = {xixis1Xi2li = 0,6, ..., 128} U {xjy5xi04Xip3li = 0,6, ..., 127 — 6} U {X12143X12144};
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Fy = {xj3xi0%i4110 = 0,6, ..., 121} U {x;14X105 %060 = 0,6, ..., 12 — 6};

F3 = {xj0xi3%i44li = 0,06, ..., 121} U {x; 17 X116 X050 = 0,6, ..., 12t — 6} U {x1x0}.

And we move the arcs X12+4X0 = V3114+iVors3+iimod 120+4) 1Nt0 F to form a new linear 2-diforest. In
addition, the arcs {Vosi3+imod 120+4)V3r+14ili = 0, 1, ..., 6+ 1} form a matching and then also a trivial linear
2-diforest.

nn—1)
2n
5!
Now we have the following result for the linear 2-arboricity of K;, which verifies Conjecture 2.1.

Theorem 4.1. For K;(n > 3),

Accordingly, la>(K?) < 3(6t +2) +1 =2 ~1 0

2|

_1
2 "(”zn ) whenn =1,4,6.8,9, 11 (mod12),
L 213
lax(K?) = |
nn-1)
2 | 1 whenn=0,2,3,5,7,10 (mod12).
ZL?J

Proof. By Lemmas 2.3, 2.4 and Theorem 2.3, we know that ["("—_1)} < l_glz(K;:) < 2la,(K,). With all the

13)
propositions in this section, we have the result. O

5. Linear 3-arboricity of symmetric complete bipartite digraphs

Let K, be a symmetric complete bipartite digraph with partite sets X = {xo, xi, ..., x,} and ¥
{y0, Y1, ..., yu}. We decompose the arc set of K, into 2n pairwise disjoint perfect matchings A_)dd =
{XiYirdmoa wli = 0,1,...,n— 1} and A?d = {Visdimoa mXili = 0,1,..,n =1} (d =0,1,2,..n = 1).

H
Proposition 5.1. la3(K;,) < 2[%]— 1 when n = 2 (mod 6).
Proof. Let n = 6t + 2. We partition the 2n pairwise arc-disjoint perfect matchings of K, into the
following three groups:

- o« > -

(1) M2a M39 M4a-~'a M6t9 M6t+l;

— o o« — -

(2) Mo, My, Ms,..., Mg, Me1;

e R el =S
(3) Mo, My, Mo, Meys1.

By Lemma 2.5, the perfect matchings in (1) and (2) can form 8¢ arc-disjoint linear 3-diforests.

e IR R
In addition, we claim that the remaining matchings My, M, M¢;, Mg, can form three arc-disjoint
P
linear 3-diforests. We partition M into two matchings W, = {y;,1x;|i = 0,2, ...,6t} and W, = {y;;1x)|i =
é !
1,3,...,6t + 1}. And we partition Mg, into two matchings W, = {X;ys+1+igmod 6r+2)li = 0,2, ..., 6t} and
W; = {XiV6r+1+imod 6r+2)ll = 1,3, ...,6t + 1}. Then W; U Wé, WU Tdo, W; U ]\761 form three arc-disjoint

linear 3—diforests._)
Accordingly, las(K,) < 8t +3 = 2[%] - 1. i
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q

Proposition 5.2. las(K;,) < 2[#42] - 1 when n = 3 (mod 6).
Proof. Let n = 6t + 3. We partition the 2n pairwise arc-disjoint perfect matchings of K, into the
following two groups:

- o« > — -
(1) Mo, My, Ms,..., M1, Meys2;

— o o« - —
(2) My, M, Ms,..., M6t+(1_,M6z+2~

Let e; = y4iXer2-2i € M_1>+6i(i =0,1,..,1),

ir1+i = Xeir1-2iY4i+2 € Myyei(i = 0,_}, vt = 1),

€21+ = Xar1-2iY4+2+4i(mod 61+3) € M1s6i(i = 0,1, ..., 1),

€314+2+i = Ydr+a+di(mod 61+3)X41-2i € 1‘74+6i(i =0,1,...,t = 1.
Then we remove the arcs {e;|j = 0,1, ...,4¢ + 1} from those perfect matchings. By Lemma 2.6, the
perfect matchings of (1) and (2) other than the removed arcs can form 8¢ + 4 arc-disjoint linear 3-
diforests. In addition, the removed arcs can form another one linear 3-diforests.

_)
Accordingly, la3(K,,,) <8t +5 = 2[2"3—+2'| - 1. O
We have the following result for the linear 3-arboricity of K . which verifies Conjecture 2.1.

Theorem 5.1.

[2
2 ?}ﬂ whenn =0,1,4,5 (mod 6),
- [2n
las(K,,) =12 ?} -1 when n = 2 (mod 6),
[2n + 2
2 ”3 -1 when n = 3 (mod 6).
Proof. By Lemmas 2.3, 2.4 and Theorem 2.2, [f{zﬂ < &(K;,n) < 2la;(K, ). With all the propositions
)
in this section, we have the result. O

6. Linear 2-arboricity of symmetric complete bipartite digraphs

2

Proposition 6.1. Tay(K,) < 2 — 1 whenn = 3 (mod 12).

4n
L?J
Proof. Let n = 12t + 3. We partition the 2n pairwise arc-disjoint perfect matchings of K, into two
groups:

I —
(1) Mi’ Mi’ Mi+l’ Mi+l’ l = 09 294’ ceey 12t;

— -
(2) M 12142, My2412.

-« > — L
Fori € {0,2,4,...,12t}, M;, M;, M;,,, M;,; can form a symmetric directed cycle and such cycle
«— -

can be decomposed into three linear 2-diforests by Lemma 4.1. In addition, M5, and M5, form
another two linear 2-diforests.

2

4n
L?J

- 1. O

Accordingly, lay(K?,) < 3(6t + 1) +2 =2
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2

4n
=)
Proof. Let n = 12t + 4. K, can be decomposed into 2n pairwise arc-disjoint perfect matchings

Proposition 6.2. 1ay(K;,) < 2 — 1 when n = 4 (mod 12),

- — > —
and every four matchings M;, M;, M1, M,y (i = 0,2,...,12¢t + 2) form a symmetric directed cycle
Ci(j = 4.

We claim that if C is a symmetric directed cycle with V(C) = {xg, x1, ..., X24,+7} and e is an arc of C,
then C — {e} can form three arc-disjoint linear 2-diforests. Without loss of generality, we assume that
e = XoXp4+7. The three linear 2-diforests F, F», F3 are F'1 = {x;xj,1xi02]i = 0,6, ..., 241} U{x; X1 x]i =
3,9,...,24t + 3} U {xar16X04147}, Fo = {xipoXimixili = 1,7, ..., 24t + 1Y U {x;x;01 x50 = 4,10, ..., 24t + 4} U
{xX24r47%0} and F3 = {x;x; 1 Xi2li = 2,8, ..., 241 + 2} U {x;0 x5 = 5, 11, ..., 24t + 5} U {x; x0}.

Lete; = x,_1-jy; € C;‘. (j =0,1,...6t + 1). By the claim above, C;‘. — {e;} can form three linear
2-diforests. Furthermore, {e;li = 0,1, ...,6¢ + 1} is a matching and thus form one linear 2-diforest.

2

4n
L?J

Accordingly, lay(K?,) < 3(6t +2) + 1 =2

2

Proposition 6.3. 1ay(K,) < 2 — 1 whenn =5 (mod 12).

4n
L?J
Proof. Letn = 12t+ 5. We partition the 2n pairwise disjoint perfect matchings of K, into two groups:
(1) Mia ]Vi’ Mi+1’ Mi+17 (l = 09 2’ cees 12t + 2);
«— -
(2) M2, Mi2s44.

Every four matchings M;, M;, M;.1, M1 (i € {0,2,...,12¢ + 2}) form a symmetric directed cycle
Ci(j = 4.

We claim that if C is a symmetric directed cycle with V(C) = {xg, x1, ..., X24119}, and e = XoX24149,
€ = x3x, are two arcs of C, then C — {e, ¢} can form three arc-disjoint linear 2-diforests, which are
Fi = {xixi1xipoli = 3,9, ..., 241 + 3} U {xipo X1 Xili = 6,12, ..., 241 + 6} U {x04140x0X1 }, Fo = {X;Xip1 Xis2li =
1,7, ..., 24l+7}U{Xi+2Xi+1Xi|i =4,10,..., 24[+4} and F; = {)C,')C,'+1Xi+2|i =5,11,..., 24t+5}U{X[+2Xl‘+1x,'|i =
8,14,..,24r + 2,1 > 1} U {xox1x0} U {x4x3} U {x24/19X04148}

Lete; = X2;Y4j(mod ny» e'j = Yajs20m0d nX2j+1 € Cj, (j = 0, 1,...6¢+1). From our claim above C’;—{e;, e'j}
form three linear 2-diforests. Furthermore, {e;|j = 0, 1,...,6t + 1} U {e'].lj =0,1,...,6t+ 1} is a matching
and thus form a linear 2-diforest. - .

In addition, the remaining matchings M 5.4, M2:+4 also form two linear 2-diforests.

2
Accordingly, la>(K?,) < 3(61 +2) +1+2 =2 Zn —1 O
L?J
R 2
Proposition 6.4. lay(K},,) <2 pa I 1 when n = 6 (mod 12).
L?J
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Proof. Letn = 12t+6. Fori € {0, 2, ..., 12¢+4}, the matchings A_)/I,-, 1\7,-, A_/I)M, 1\(7I,~+1 can form a symmetric
directed cycle and such cycle can decomposed into three linear 2-diforests by Lemma 4.1.

7’12

4n
L?J

- 1. O

Accordingly, lay(K?,) < 3(6t +3) = 2

2

Proposition 6.5. 1ay(K;,) < 2 1 when n = 8 (mod 12).

n
5]

Proof. Letn = 12t + 8. For i € {0,2,..., 12t + 6}, every four matchings ]\_)/[i, ]\(7I,~, I\_)/I,-H, Z\?,-H form a
symmetric directed cycle C’(j = %).

We claim that if C is a symmetric directed cycle with V(C) = {xo, x1, ..., X24r+15}, and € = XoX24r+15,
€ = x3x, are two arcs of C, then C — {e, ¢’} can form three arc-disjoint linear 2-diforests, which are
Fi = {xixin1xioli = 3,9, ..., 241+ 9 U X xi xili = 6,12, .., 241+ 12}U{ X044 15X0 X1}, Fo = {XiXip1 Xioli =
1,7,...,24t + 13} U {xjoxixili = 4,10,...,24t + 10} and F3 = {xjxixi0li = 5,11,...,24t + 11} U
{x,-+2xl-+1x,-|i = 8, 14, veey 241 + 8} U {XzX]X()} U {X4X3} U {X24t+15X24t+14}. And if we choose ¢ = X24¢+15X0,
¢ = x,x3, we have the same claim.

Let e; = X2;Y4jomod n)» e; = Yajamod mX2jr1 € C5, (j = 0,1,...3t + 1); €; = Yajonod m*¥2), €'j =
X2 j+1Y4j+2(mod n) € C;T, Jj=3t+2,3t+3,..,6t + 3. By the claim above, C;f - {ej, e'j} form three linear
2-diforests. Furthermore, the arcs {e;|j =0, 1, ..., 67 +3}U {e'jlj =0,1,...,6t+3} form a linear 2-diforest
{xX2jyajXersasajl] = 0,1,.., 31 + 1} U {Xgra500V4j0X2j411) = 0,1, ..., 3t + 1} .

2

Accordingly, lay(K:,) < 3(6t +4) + 1 =2 Zn _1 O
L?J
We have the following result for the linear 2-arboricity of Kj; ,, which verifies Conjecture 2.1.
Theorem 6.1.
n2
2 | 1 whenn =3,4,5,6,8 (mod 12),
Lo 15
laz(Kn’n) = [ 7
n2
2 y whenn=0,1,2,9,10,11 (mod 12).
L?J

Proof. By Lemmas 2.3, 2.4 and Theorem 2.4, [%w < Z)zz(K;:’n) < 2lay(K,,). With all Propositions in
3

this section, we have the result. O
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Note that, in Theorem 6.1, we missed one case when n = 7 (mod 12). We believe that
N 2 R 2
lay(K,,) =2 | 1 in this case, but we can only prove that lax(K}, ) < 2 . by Lemma 2.4
L? L?J
and Theorem 2.4.

7. Conclusions

In this paper, we determine the linear 3-arboricity for symmetric complete digraphs and symmetric
complete bipartite digraphs, and also determine the linear 2-arboricity for symmetric complete
digraphs. All these results verify Conjecture 2.1.
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