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1. Introduction

For any complex variable x, define the shifted-factorial to be
(x)p=1 and (x),=x(x+1)---(x+n—-1) when neZ".

Let p be an odd prime and Z, denote the ring of all p-adic integers. Define Morita’s p-adic Gamma
function (cf. [17, Chapter 7]) by

[0 =1 and T,m=(-1)"[]*k when nez

1<k<n
ptk

Noting N is a dense subset of Z, related to the p-adic norm | - |,, for each x € Z,, the definition of
p-adic Gamma function can be extended as
I',(x)= %igg I',(n).

|x—n|,—0
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Two properties of the p-adic Gamma function in common use can be stated as follows:

L+l |75 Hptx

o™ it px,

L,(0),(1 = x) = (=),

where (x), indicates the least nonnegative residue of x modulo p, i.e., (x), = x (mod p) and (x), €
{0,1,...,p — 1}. In 2016, Long and Ramakrishna [16, Proposition 25] showed that, for any prime
p >3,
pi (1/3); I,(1/3)° (mod p*), ifp=1 (mod 6),

= 1.1)

13 2 (

= K —%r,,u /3 (mod p*), ifp=5 (mod 6).

Similarly, Liu [14, Theorem 1.1] proved that, for any prime p > 3,

&l (-1/3) ~18pT,(2/3)°* (mod p’), ifp=1 (mod 6),

Z = (1.2)

k= ' 54T,(2/3)°  (mod p?), if p=5 (mod 6).

For all complex numbers x and ¢, define the g-shifted factorial to be
(x;q9)0=1 and (x;9), =1 -x)(1—-xq)---(1 - xq”_l) when neZ'.
For simplicity, we also adopt the compact notation:
(o1, X2, - X @ = (05 Pn(X25 @ -+ (X3 @iy

where r € Z* and n € N. Following Gasper and Rahman [1], define the basic hypergeometric series
r+1 ¢r to be

ap,a,...,0r o (a1, G255 A3 i
r r g, 2 = Z .
#19 [ bibs,... b, 1 ] kz:(;(q,bbbz,---,br;q)k

Then the g-Saalschiitz identity (cf. [1, Appendix (II.12)]) can be expressed as

0 b, g (c/ac/b:g),
1-n 4, 4| = . )
c, abg'™"/c (¢, c/ab; q)n

Recently, Guo [2] established three g-supercongruences via the creative microscoping method
(introduced by Guo and Zudilin [9]), and the Chinese remainder theorem for polynomials. Similarly,
Wei, Liu, and Wang [21, Theorems 1.1 and 1.2] provided a g-analogue of (1.1). For more g-analogues
of supercongruences, we refer the reader to [3-8,10-13, 15, 18,20, 22].

Let [n] = (1 — ¢")/(1 — g) be the g-integer and ®,(g) the n-th cyclotomic polynomial in g:

D,(q) = || (q-5,
1<k<n
ged(k,n)=1

3¢2[ (1.3)

where { is an n-th primitive root of unity. Motivated by the work just mentioned, we shall establish the
following two theorems.

AIMS Mathematics Volume 7, Issue 3, 4125-4136.



4127

Theorem 1.1. Let n > 1 be an integer withn = 1 (mod 3). Then, modulo ®,(q)*,

2n+1)/3 1. . 3\2
(@)% % = g2 4 g (4390113
(%) (@ @ oonany 3
(2n+1)/3 3i-2 2
y 3—[2n]2( Z 3q _1+5q+3q .
L Bi-2P 1+gq

Theorem 1.2. Let n be a positive integer with n = 2 (mod 3). Then, modulo ®,(q)>,

(n+D/3 ¢ 1. 333 .32
@50 o i) 4 )(q,q Yo 1)3

(@) (@)1
(n+1)/3

x{6.(@) + 1 Z‘

3g%2 _L+5g+ 3¢° )}
[3i - 22 1+q I

where

(1-¢g-3¢)(1 -2¢") + (4 — 49 - 64" + 3¢")g™"
(1+q)g - q") '
It is not difficult to understand that Theorems 1.1 and 1.2 give a g-analogue of (1.2). Letting n = p
be an prime and taking ¢ — 1 in the above two theorems, we obtain the following conclusions.

0.(q) =

Corollary 1.3. Let p be a prime such that p = 1 (mod 6). Then

(2p+1)/3 (_1/3)13C 6(1/3)(22p+1)/3 (2p+1)/3 4]92

_ {1 +6p? - : } (mod pY).
=0 Kt (1)(22p+1)/3 ; (3i-2)

Corollary 1.4. Let p be a prime such that p =5 (mod 6). Then

13 S {1 A } ot
k=0 k'3 (1)(2[,_2)/3 (P + 1)2 i=1 (3l - 2)2 ’

In order to explain the equivalence of (1.2) and Corollaries 1.3 and 1.4, we need to verify the
following relations.

Proposition 1.5. Let p be a prime such that p = 1 (mod 6). Then

(1/3)2 2p+1)/3 4 2
(2p+l)/3{1 +6p— 4 }

S = =3p°T,(2/3)°  (mod p).

(1)(22p+1)/3 i=1
Proposition 1.6. Let p be a prime such that p = 5 (mod 6). Then
(1 /3)(2p+1)/3 P2 PP 6 3
i {1 e Z] i 2)2} =T,2/3)° (mod pd).

The rest of the paper is arranged as follows. The proof of Theorems 1.1 and 1.2 will be given in
Section 2. To this end, we first derive a g-supercongruence modulo (1 — ag™)(a — ¢™)(b — g), where
t € {1, 2}, by using a summation of basic hypergeometric series, the creative microscoping method, and
the Chinese remainder theorem for coprime polynomials. Finally, the proof of Propositions 1.5 and 1.6
will be displayed in Section 3.
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2. Proof of Theorems 1.1 and 1.2

In order to prove Theorems 1.1 and 1.2, we require the following lemma.

Lemma 2.1.
3¢2[ abq" 3] _ (1/a, 1/b;q),
g,abg*™" * " (g, 1/ab; @)
o {q’”(l —q")g-abg’ —(1+q-aq-bg)q") 1-ab-(2-a- b)q’”}
(1 —abg)(aq — q™)(bg — q™) (1 -a)1-0)
Proof. By comparing the k-th summands in the summations, it is easy to see that
a, b, xq, q"
4¢3[ cq, x, abql—m/c g, q]
_ (I =c)(ab—cxq™) a, b, qg"
"~ (1 -x)ab - czq’")3 | ¢, abq'™/c 44
(c —x)(ab —cq™) a, b, g™
(1= x)ab — 2q™°?| cq, abg™/c > T 1|
Evaluating the two series on the right-hand side by (1.3), we get
a.boxq. g " ) = Quigiasbye,x) @.1)
4¢3 Cq, x, Clbql_m/C 9q9 q - m (], IR ] ’ .

where

(c/a,c|b; @

(gc,clab; @)

y {(1 —cq")(ab — cxq™) N (¢ —x)(ab—c)a—cq™)(b - cq’")}
(1 = x)(ab - c*q™) (1 = x)(a—c)b—c)ab—-c2q™) |’

Q,.(q;a,b,c, x) =

Similarly, it is also routine to confirm the relation

a, b, xq, yq, "

Cq2, X, V, abql—m/c /B q]

5¢4[

_ (I~ cq)(ab — cyq™) a, b, xq, g
(1 —y)(ab - czq’”“)4 3 cq, x, abg'™"/c

»

(cq — y)ab — cq™) a, b, xq, g7" 7 q
(1 = y)ab — 2q"N)* 7| cq? x, abg™ e > |’

Calculating the two series on the right-hand side via (2.1), we arrive at

a, b, xq, yq, g
504 4 4. 9 CI]

cq®, x,y, abqg' ™" /c -4
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(I =cq)ab —cyq™)
(1 - y)ab — c*g™)
(cq —y)ab — cq™) _

(I = y)ab - czq’"“)Q'"(q’

Q,(gq;a,b,c,x)

a,b,cq, x).

Letting ¢ — ¢g~!, x — o0, y — oo in the last equation, we are led to Lemma 2.1. |
Subsequently, we shall deduce the following united parametric extension of Theorems 1.1 and 1.2.

Theorem 2.2. Let n be a positive integer with n = 3 —t (mod 3) and t € {1,2}. Then, modulo
(1 —aq™)a—-q")(b—q"),

n+1)/3 _ _ _
B ag g a, g b P o

(PG b P

_ (b—q"(ab-1-d*+aq™ (bq, 43 @ )uns13 A(q:b.1)
(a—b)(1 —ab) (b)Y /b, ¢ P merys
(1 -aq™)(a-q™) (aq, q/a; ¢ )am+1)3
B(g;a,b), 2.2
(a—Db)(1 —ab) bV3(1/b,1/bq; q)un+1)/3 (g:0.0) 2.2)
where
A (q'b t) _ b(l _ qm+l){qm+2/b -q + qtn—l(l + q3 _ qtn+2 _ q2/b)}
o (1= g)(1 = bg"™)(1 = g"*'/b)
1 - qtn—Z/b _ qtn+l(2 _ qtn—l _ q‘l/b)
(1 =g™ (1 -q'/b) ’
1-bg){l —qg—bg™> —a-1
Bgrap) - 1PN —a-ba?+q-a-1ja)

q(1 = q)(1 —ab/q)(1 - b/aq)
B 1-g?2-bQ2g—-a-1/a)
bg(1 —ag™)(1 —gq~'/a) -

Proof. Whena = g7 or a = ¢", the left-hand side of (2.2) is equal to

(tn+1)/3 ((]_l_m —1+tn

-1/1. .3 —1-m —1+m -1
»q »q /b,Q)k ok q ,q ,q /b 3 9
= 7 . (2.3)
(@ )G /b; ¢ 1= q,q /b 7.4

k=0

According to Lemma 2.1, the right-hand side of (2.3) can be written as

(bq. q; q3)(ln+l)/3
(bq) ™+ VB /b, ¢35 ¢ ms1)/3

Since (1 — ag™) and (a — ¢™) are relatively prime polynomials, we have the following result: modulo
(1 -aq™)(a-q™),

(tn+1)/3

A, (q;b,1).

(ag',q " /a,q7"/b; q3)kq9k _ (bq, q; 613)(m+1)/3
e VA RN G (bq) ™+ V3(1/b, 4% ¢*)ns1yy3

A, (g;b,1). (2.4)
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When b = ¢, the left-hand side of (2.2) is equal to

n+1)/3 _ _ -t _ — —1-m
e (Clq I,CI l/aaq - ;q3)kq9k =3¢, aq 1’q l/a’q - .q3 q9] (25)
(PRGN " T
By Lemma 2.1, the right-hand side of (2.5) can be expressed as
(aq,q/a; 613)(tn+1)/3
(@, 4% @ )ns1)/3
{q’”(l —¢"Wl-g-q"(q*+q-a-1/a)} 1-¢°-¢"Q2q-a- l/a)}
(1 -q)(1 -ag" "1 -g""/a) (I—agH(1-q'/a) )
Then we obtain the conclusion: modulo (b — ¢™),
S ag g a g b o _ (09,98 ¢ B(g: a.b) (2.6)
(P PG b g b DB /b, 1/bg; ¢ anirys

It is clear that the polynomials (1 — ag™)(a — ¢™) and (b — ¢™) are relatively prime. Noting the
g-congruences

_qn 1 _ 42 tn
(b q )(Clb 1 a” + aCI ) 1 (mod (1 _ aqtn)(a _ qtn))’

(a —b)(1 — ab)
(1 -aq"(a-q") _ o
@—bl—ab) - 1 (mod (b-q"))

and employing the Chinese remainder theorem for coprime polynomials, we get Theorem 2.2 from
(2.4) and (2.6). ]

Proof of Theorem 1.1. Lettingb — 1,¢ = 2 in Theorem 2.2, we arrive at the formula: modulo ®,(g)(1—
2n 2n
aqg™)(a —q™"),

CniD)/3 , 1 _ N
< (g, q""/a,q 1;q3)kq9k
3. 313
e (@ a);
_ -+ -aga=g") G, "
(1 - a)Z 61(2"+1)/3(q3; q3)?2,,+1)/3 "
(1 —ag™)(a - ¢*") (aq, q/a; @) ens1)/3 D(q; a)
(1 -a)? (4% ¢ ¢Pan-23 ’
. 32
_ (Q9q )(2n+l)/3 C (q) 4 (1 - aqzn)(a _ an)
q(2”+”/3(q3;q3)(22n+1)/3 " g Oi3(1 — a)?
(Q?q3)(22n /3 (aq,q/a; ¢ )ans 1y
{ - Weq +3¢)+ =5 221 - q)2D<q;a>}, 2.7)
459 )ont1)3 59 )ons1))3
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where
Cq= LA+ -39+ 4" -3¢
q(l =gyl —g* ')
q4n(1 _ 3q + 66[2 + 26]3 _ 3q4 + 3q5) + q8n+3
g(l =gyl —g 'y ’
D(g:a) = (1 +a+a*(a-3aq+q* +d*q® —3aq*) + 3a*¢*2 + q3)-

q(1 = ¢)*(1 = aq)*(1 — a/q)*

By the L’Hospital rule, we have

(1 —ag”)(a—-q"")
fim (cf —a)y L = (@ )005(3a + 36 + (ag.9/a: ¢Pnsnys(1 — 9P Dg: )
(2n+1)/3 3i-2 2
3q 1+ 5qg +3q
= —q(l + Q)[Zn]z(q’ q3)(22n+1)/3{ Z [3l _ 2]2 - 1+ q }

i=1

Letting @ — 1 in (2.7) and utilizing the above limit, we are led to the g-supercongruence: modulo
(Dn(CI)3,

2n+1)/3 1. 313
@5 o

33
—~ (@)
(4; q3)(22n+1)/3

C.(q)
q(2n+1)/3 (q3 : 6]3 )(22n+1)/3

—q(1 + q)[2n]? (: 4 oy 7 3¢ 1+45q+ 342}
.32
= ¢ 31 + Q)M
(AR
@nD)/3 5 3
% {3 _ [2n]2( N 372 _ 1+5q+ 3q2)}
[3i - 2] l+g¢ ’

i=1

This completes the proof of Theorem 1.1. O

Proof of Theorem 1.2. Letting b — 1,¢t = 1 in Theorem 2.2, we obtain the result: modulo ®,(g)(1 —
aq")(a —q"),

n+1)/3 _ _ _
(n+ (aq l’q l/a’q 1;q3)kq9k
o (@ ),
_(-@P+d-ag)a=q) @Dy o
= n/2
(1 - Cl)2 CI("+U/3(C]3; 613)(2,1+1)/3
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(1 -aq")(a - q") (aq,q/a; 613)(n+1)/3
(1-a)? (% @5 P n-2)3
GRS ARIE (1 -aq™)(a-q"

D(g; a)

= 4RGP s Cupa(q) + gDB(1 = q)?
(¢: 47, aq, q/a; ¢
(LT (34 4 32 - WALy ey g ) 8)
(@ &) i1y3 (@ q )(n+l)/3

By the L’Hospital rule, we have
(I - aq")a~-q")

lim (@ 6530+ 30°) = (@9, /a5 (1 = 4 Digs )]
(n+1)/3 3i—2 2
3q 1+5¢g+3q
0 ] |
CI( + C])[I’l] (C], q )(n+l)/3 [3l _ 2]2 1+ q

i=1
Letting @ — 1 in (2.8) and employing the upper limit, we get the g-supercongruence: modulo
D,(q)°,
(n+D/3  —1. 33
G5 o
— (¢,
(@@ )1)3

= Cn/Z(q)
"RG0 3

(n+1)/3

(q; q3)2n 3i-2 1 2
g1+ P (n+1)/3 { 3q +5q +3q }

g3 613)(2n+1)/3 — [3i — 2]? 1+¢
(@813
ARA (2n+1)/3

(n+1)/3

X {Hn(q) + [n]z( ;

= 4" (1 +q)

3q3i‘2 1+5qg+ 3q2 )}
[3i — 2]? 1+gq '

Thus we finish the proof of Theorem 1.2. O
3. Proof of Propositions 1.5 and 1.6

Let F;, (x) and l"; (x) be the first derivative and second derivative of I',(x) respectively.

Proof of Proposition 1.5. By means of the properties of the p-adic Gamma function, we arrive at

A Doprys _ P { T,((2 +2p)/3)T (1) }2
@2p + 12 \T,(1/3)0,((1 +2p)/3)

2
(1)(2p+1)/3

p2

= m{rp(2/3)rp((2 +2p)/3) (2 - 2]7)/3)}2.
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Moreover, it is not difficult to understand that

Cpes g0

1+6p* -
P ; (Gi-2)
) (p—-1)/3 4p2 2p+1)/3 4p2
=-3+6p7 - > G2 G
i=1 ! i=(pr5)/3 !

Then we can proceed as follows:

2 2p+1)/3
(1/3)(2p+1)/3{1 +6p° — N 4p }

(1)(22p+1>/3 = Gi- 2y

p2

= @ 1 AT+ 2p)/3TH(2 = 2) /D)

(p-D/3 4]?2 (2p+D)/3

X{—3+6p2— Z (3i—2)2_

i=1

4p2 }
)2
=y G 2)
—3p2 6
=——T 12
2p + 1)? 213

= -3pT,(2/3)° (mod p?).
This verifies the correctness of Proposition 1.5.

Proof of Proposition 1.6. Through the properties of the p-adic Gamma function, we have

(/315 | [,(2+ p)/3T,(D) }2
(D% 55 (/30 +p)/3)

={T,2/3),((2+ p)/3),((2 - P)/3)}2
, P P22
_ r,,(z/s)z{r,,(m) T,/ + rp(2/3)§}
, P Y
x {r,,(z/3) -r,e/3E + rp(2/3)§}
22 22
_ rp(2/3)6{1 _ %G1(2/3)2 + %62(2/3)} (mod pY),

where G(x) = F;,(x) /T',(x) and G»(x) = F;(x)/ I',(x).

Let
51 51
H,=» -, H?=)>» —.

3.1
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In light of the three relations from Wang and Pan [19, Lemmas 2.3 and 2.4]:
G»(0) = G,(0)?,
G1(2/3) = G1(0) + Hap-1y,3 (mod p),

G2(2/3) = Go(0) +2G1(0)Hp- 13 + Hpyp 1)y — HG) 15 (mod p),
we get
G2(2/3) - G1(2/3Y = -H,), ;s (mod p). (3.2)

In view of (3.1) and (3.2), we are led to

2 (p+1)/3
(1/3)(p+1)/3{1 + p2 e 1 } (3.3)
(D7 5 U (17 & (Gi-2p
(p+1)/3
2p° e P’ 1
=T 236{1——H“ }{1 }
»(2/3) g Tervsf\" T ) Z‘ Gi—2p
217 pz (p+1)/3
_ 6 @ 3
= 1,31 - HE G 2 A 2)2} (mod p). (34)
It is easy to see that
(p+1)/3 1 (p=2)/3
_pg® H? :E]
(3i - 2)2 p-1" (p /3 (3i — 1)2
(p=2)/3
— (2)
=70 (p 2/3 Z (3i - 1)2
(p=2)/3
(2)
(p /3 Z (p 31)2
_ 2.0
= _§H<p—2)/3
2 & 1
i=2p+2)/3 (p—iy
2 &
9 i=2p+2)/3 i2
= 20 d 3.5
= 5Hep 113 (mod p). (3.5)
Substituting (3.5) into (3.4), we confirm the validity of Proposition 1.6. O
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4. Conclusions

The main results of this paper are two theorems. They give a g-analogue of (1.2). We hope that
more conclusions can be derived form the creative microscoping method and the Chinese remainder
theorem for coprime polynomials.
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