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Abstract:  Using the ¢g-WZ (Wilf-Zeilberger) pairs we give divisibility properties of certain
polynomials. These results may deemed generalizations of some g-congruences obtained by Guo
earlier, or g-analogues of some congruences of Sun. For example, we prove that, for n > 1 and
0 < j < n, the following two polynomials
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1. Introduction

It was conjectured by Van Hamme [24] that, for any odd prime p,

-l
2

4k + 1 (2k

3
= p(—l)pT_1 (mod p). (1.1)
4 (—64) k)

k=

The congruence (1.1) was first proved by Mortenson [19] using a technical evaluation of a quotient of
Gamma functions, and later reproved by Zudilin [28] via the WZ (Wilf-Zeilberger) method. Using the
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same WZ-pair as Zudilin, Z.-W. Sun [23] proves the following generalization of (1.1): for any positive
integer n,

u 2k\’ o 2n
Z(4k +1) (-64)""=0 mod42n+ 1| ). (1.2)
e k n
Moreover, Z.-W. Sun [22, Conjecture 5.1(i)] proposed the following conjecture: forn > 1,
- 2k)\} 2
Z(3k + l)( ) (-8)"*=0 (mod 4(2n +1) " ), (1.3)
k n
k=0
- 2k)\} 2n
Z(6k + 1)( ) (=512)"* =0 (mod 4Q2n+ )| ], (1.4)
e k n
: 2k)\} 2
> 6k + 1)( ) 256"* =0 (mod 42n+ D[ )). (1.5)
e k n

The above three congruences were later proved by He [13, 14] using the WZ method again. Recently,
still via the WZ method, Sun [21, Theorem 1.1] gave further generalizations of (1.3)—(1.5), such as:
forn>1and0< j<n,

6k = 2+ D(X) ) A2 (4)
(2..1')28k—8n—2 j
J

=0 (mod 4(2n + 1)(2:)). (1.6)

k=j

It is easy to see that the j = 0 case of (1.6) reduces to (1.5). The reader is referred to [1] for a collection
of some other interesting applications of the WZ method in recent years.

On the other hand, by finding a g-analogue of the WZ pair in Zudilin’s proof of (1.1), Guo [3] gave
the following g-analogue of (1.2):

n 2% 3
Z(—l)qu2[4k +1] k] (=49, =0 (mod (1+¢")Y[2n+ 1]
k=0

2”]). (1.7)
n

Here and in what follows, the g-shifted factorials are defined by

(o)

(@; @)oo ;
(a;q) = m where (a;q)e = lj]o(l —aq’),

the g-integers are defined as [n] = [n], = (1 — ¢")/(1 — q), and the g-binomial coefficients are given by

(@ Pm

— f0<<k<m,
['Z] = ['Z] = 3@ DG Dk
q 0 otherwise.

In his subsequent work [4-6], Guo also gave similar g-analogues of (1.3)—(1.5). For more recent
progress on g-congruences, see [7-11, 15-18,20,25,26,29].

In this paper, we shall give g-analogues of Sun’s generalizations of (1.3)—(1.5), including a ¢-
analogue of (1.6). We shall also give a further generalization of (1.7). Our main results can be stated
as follows.
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Theorem 1.1. Let n be a positive integer and 0 < j < n. Then modulo (1 + ¢")*[2n + 1][2”"],
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= @ a) (g g -
1 n M ' 2. gt i (@ P in (= 0) (=% GP)?
+q2 Zq(k‘f)2[6k—2j+l](q g (g 4q )f 2](c14qik+]( Zqz,,( q°:9), _o (1.10)
1 +q™ & (" a(q" a-i(a%: 4"

It is easy to see that, when g = 1 the congruence (1.10) reduces to
L 282K (6k = 2 + DG (5 ks
Py (DF(De-(3);
where (a); =a(a+1)---(a+k—1) for k > 1 and (a)y = 1. This congruence is exactly an equivalent

form of (1.6). Similarly, the congruences (1.8) and (1.9) in the ¢ = 1 case reduce to the other two
results in [21, Theorem 1.1].

=0 (mod 4(2n + 1)(2:)),

Theorem 1.2. Let n be a positive integer and O < j < n. Then

n

Z (=1 g P[4k + 1] (@ 47 (@3 s j(—q: )8
= (4% 4G a*-1(2: 43

=0 (mod (1+¢")[2n+ 1]

2”]). (1.11)
n

It is clear that the g = 1 case of (1.11) gives

.t DT
(os

k=j

=0 (mod 4(2n + 1)(2:)),

which is a generalization of (1.2), and was neglected by Sun [21].

The rest of the paper is organized as follows. We first establish a general divisibility results based
on the g-WZ machinery in the next section. We shall prove Theorems 1.1 and 1.2 in Sections 3 and 4,
respectively. Finally, we shall propose some open problems in Section 5.

2. The ¢g-WZ pair and an auxillary result

Let A = A(n, k) be a double-indexed sequence with values in a suitable ground-field containing the
rational number field and ¢g. Recall that the sequence A is called g-hypergeometric in both parameters

if both quotients
A(n+1,k) A(n,k+1)

an
A(n, k) A(n, k)
are rational functions in ¢" and ¢* over certain field for all n and k whenever the quotients are well-

defined. We say that two g-hypergeometric functions F(n, k) and G(n, k) form a g-WZ pair if they
satisfy the following relation:

F(n,k—1)—-F(n,k)=Gn+1,k) — G(n, k). 2.1
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Wilf and Zeilberger [27] showed that in this case there exists a rational function C(n, k) in ¢" and ¢*
such that F(n,k) = C(n,k)G(n,k). The function C(n, k) is usually called the certificate of the pair
(F,G).

We have the following g-version of [21, Theorem 2.1].

Theorem 2.1. Let F(n, k) and G(n, k) be a g-WZ pair. Assume that F(n,k) = G(n,k) = 0 forn < k. Let
An(q) be a polynomial in q with integer coefficients such that Ay(q)G(N + 1,k) is also a polynomial in
q with integer coefficients for all k > 1. If Py(q) is a polynomial in g with integer coefficients satisfying

(1) Ay(@)G(N + 1,k) =0 mod Py(q), forall k > 1,
(i) Av(@)F(N,N) =0 mod Py(q).
Then, for all m > 0,

N
An(q) Z F(n,m)=0 mod Px(q). (2.2)

n=m

Proof. Our proof is similar to that of [21, Theorem 2.1]. For the sake of completeness, we provide it
here. We proceed by induction on m.
Summing (2.1) over k from 1 to N, we obtain

N
F(n,0)— F(n,N) = Z(G(n + 1,k) — G(n, k)).
k=1
Multiplying both sides of the above identity by Ay(g) and then summing it over n from O to N, we get

N N
Ax(@) D F(n,0) = Av(@F (N, N) = Ay(q) ), G(N + 1K), (2.3)

n=0 k=1

where we have used F(n,N) = 0 forn < N and G(0,k) = O for £ > 1. From (2.3) and the conditions
(i) and (ii), we immediately deduce that

N
An(q) Z F(n,0)=0 mod Px(q).

n=0

Namely, the congruence (2.2) holds for m = 0.
We now assume that (2.2) is true for some m = k with k > 0. Similarly as before, multiplying both
sides of (2.1) by Ay(g), shifting kK — k + 1, and then summing it over n from k to N, we have

N N
An(@) )" F(n. k) = Ax(g) ) F(nk+ 1) = An(@G(N + 1,k + 1).

n=k n=k

Thus, by the condition (i) and the induction hypothesis, we get

N N
An(g) Y F(nk+1)= Ax(g) D F(n,k+1)=0 mod Py(q).

n=k n=k+1

This completes the inductive step, and therefore (2.2) is true for all m > 0. O

AIMS Mathematics Volume 7, Issue 3, 4115-4124.



4119

3. Proof of Theorem 1.1

Proof of (1.8). For positive integers n, define

1 (_1)na—nqn(n+l)/2
(ag™:@)n  (qlaiq

(a;9)-n =

The following functions F' and G introduced in [6]:

— .« 42 C 2
Fn, k)= (-1)"[3n -2k + 1][272 2k] (q’q )n(q’q In—k

no (@ (G @i’
2n — Zk] (@5 4)n(q; @Pniq"
n-1 (G5 Dn(q% qPIn-k

G(n, k) = (—1)"”["][

satisfy the relation (2.1). Namely, they form a g-WZ pair.
Since [N + 11307 |/(1 + ¢"*1) = [2N + 1]|%| and [%)] = 0 (mod (1 + g")), we have

N+1

(-4 9%G (N + 1,k)

2N +2|[2N = 2k + 2][2N = 2k + 2]  (—q; @rg" >+
SCDINLE N N—k+1 -
’ —kH LA+ a4 Dy
2N
=0 (mod (1+¢")’[2N + 1] N])

for k =1 or k > 2. It is clear that F(N, N) = 0. The proof of (1.8) then follows from Theorem 2.1.

O

Proof of (1.9). We again use a g-WZ pair to prove (1.9). The g-WZ pair has already been given in [4]:

[6n — 2k + 11(q; ¢Pnsr(q; 4°)*—,
(q* g2(q*; )k
"M @i (@ )
(I = (g* g2 (g% qDnr

By [4, Lemma 3.2], for 1 < k < N, we have

F(n, k) = (-1)"**

)

G, k)

(@ PG e (T DS (g2 P

(~4: DN (=q"; ¢ H)NG(N + 1,k) =
N N (1 = (G2 g%(G% @PInv—ir1 (—G%5 GPIN-ks1

2N )

N b

because (—¢*; ¢*)n/(—q*; ¢*)n-i+1 s clearly a polynomial in ¢ with integer coefficients.
It is easy to see that

=0 (mod (1+¢")*[2N + 1]

")

(@5 9" (=% )= Pan(—q; @)% [2N || N
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By [5, Lemma 3.1], we have

4N + 1
4D oy |=0 mod (1+¢")(=g:@aw), (3.1)
and so

[2N + 1][4N + 1||2N

4 DN T NFWN.N) = (~q: QN (- ¢ Ini——— ] ]

99PN —9 59 )y CICINCI‘]N(_q;q)ZN N Il v

2N
=0 (mod (1+¢")*[2N +1] N]).

Therefore, by Theorem 2.1, the congruence (1.9) holds. O

Proof of (1.10). The following functions, introduced in [5],

g 6n — 2k + 11(¢% ¢Hn(@s 4k (@5 @i

F(n, k) =
(g% aM2(q*; gk (@% g

2

4" (@5 qG Pt @ Pk
(1= @)% 2 (g% qInk(@* q N
form a g-WZ pair. By [5, Lemma 3.2], for 1 < k < N, we have

(=q: Pn(=q*: ¢ ING(N + 1,k)

G(n, k) =

4"V (—q; D=0 PING 4 I (@ Pk (@G Pk (=673 Py
(1 = 9@ 4)3(@%: GPIn-kr1(q%: G (=¢% @*)v-k+1

2N
)

(g5 qz)ZN
(" 9"y
_ [4N + 1] 4N][2N

(=% g2~ Don(~q; 9% [ZN H N ]

0 (mod (1+¢M)(1 +¢*™)[2N + 1]

It is easy to see that

F(N,N) = [4N + 1]

By (3.1), we get

4N + 1
2N

[2N + 1]
(=q; @on

2N
N

2N
)

2N
)

Namely, the congruence (1.10) holds. O

(¢ Px(~% PINWF(N,N) = (=¢; Q) (4" ¢y

=0 (mod (1 +¢")1+¢*™M)[2N + 1]

Therefore, by Theorem 2.1, we obtain

N
(~@: PN(—q% g ) F(n, ) =0 (mod (1+¢")’[2N +1]

n=j
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4. Proof of Theorem 1.2

The proof is similar to that of Theorem 1.1. This time we need the following g-WZ pair in [3]:
2 [4n + 10(q: )2 4nsk
(@ 4G Poni(q; 4}

(=1 q" (g P2 P
(A = (G 4> (% GPni(q: )7

By [3, Lemma 4.2], for 1 < k < N, we have

Fln k) = (~1)"*q

G(n, k) =

(-4 )%G(N +1,k)=0 (mod (1 +¢")[2N + 1][2]i]v])'

Moreover, since

g 4N + 1]1[4N][2N
FN,N) = 4N + 180 BV 1 H ] ,
@)y @iy [2N]LN |,
we immediately get
[2N + 1] 4N + 1]|2N
(~¢; QN F(N,N) = (-q; )y ——— ]
N Y—q:93| 2N |[N .
2N
=0 (mod (1+¢")*[2N +1] N]).

The proof of (1.11) then follows readily from Theorem 2.1.
5. Some consequences and open problems

It is easy to see that

CH/ [2k]
(@ (il k
Letting j = 1 in Theorems 1.1 and 1.2, we obtain the following results.

Corollary 5.1. Let n be a positive integer. Then, modulo (1 + ¢")(1 + ¢*")[2n + 1][2”"],

[
k.,

Corollary 5.2. Let n be a positive integer. Then, modulo (1 + ¢")*[2n + 1][2:],

1
e

Z”: 1 [4K112k + 11[6k — 11(=q; @n(—q%; 47, [Zk
e (1 + 2k — 11(-q; 9);(—¢* ¢>); | k

3
=0,

S (—DFKIK = 113k — 11(—¢; @)} [2k
— [2k — 11%(-q; 9); k
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o (=1)'[4k][2k + 11[6k = 11(=q; 9)2(=q%; ), [21(]3 o
- [2k = 112(~q; 9)2(—4%: ¢°); k| 7
n 30 . \6

D (=D 2Kk + 1[4k + 1] 2k] ( q’q)g =0

k=1 k (=4;9)

It is worth mentioning that Guo and the author [12, Theorem 1.4] proved that, forn > 1,

i[4k +1]
k=0

However, we are unable to prove the following generalization of (5.1):

2k ! k+1 8 ny\3
| 4@ =0 (mod (1+¢")[2n +1]

2”]). (5.1)
n

n e 2\3 (e A2 (—r 1\
qu(j—Zk—l)[4k+ 1] (CIZ’ qz)/;(q’zq )2k+J( q, q2)n2 = 0 (mod (1 + qn)3[2n + 1]
= (% 4)(q% an-(q: 4°);

2n
p

n

Motivated by (1.11) and the above conjectural generalization of (5.1), we propose the following

generalization of [20, Theorem 5.1].

Conjecture 5.3. Let n be a positive integer and r > 2. Then, for 0 < j < n, modulo (1 + ¢")*"~*[2n +

1],

n e 2N220 e 2N (e A2
Z(_1)kq(k_j)2+(r_2)(k_j)[4k + 1](Q72q )]Zc 2r_(2q’q2 )k;—j( q, Q); . 0,
ey (@ @) (@ 4 -(a5 4°);

and modulo (1 + g™)*~'[2n + 1][2: ]’

n . 2\2r—1 .2 . 4r
Z GUDHDED 4 4 ] @9 G i G _
= (% 670 - (a5 977

6. Conclusions
In Sections 3 and 4, we give proofs of some divisibility properties of certain polynomials by using
the g-WZ pairs. Note that the g-WZ pairs are difficult to find, but once a g-WZ pair is given it may

play a key role in the proof of a congruence. The Section 5 provides a conjectural generalization
of [20, Theorem 5.1].

Acknowledgments

The author was partially supported by the Natural Science Foundation of Inner Mongolia, China
(grant 2020BS01012), Research Program of Science and Technology at Universities of Inner Mongolia
Autonomous Region (grant NJZY22600).

AIMS Mathematics Volume 7, Issue 3, 4115-4124.



4123

Contflict of interest

The author declares that there is no conflict of interest in this paper.

References

1.

10.

11.

12.

13.

14.

15.

16.

S. Chen, How to generate all possible rational Wilf—Zeilberger pairs?  Algorithms Complexity
Math. Epistemology Sci., 82 (2019),17-34. https://doi.org/10.1007/978-1-4939-9051-1_2

J. Guillera, WZ pairs and g-analogues of Ramanujan series for 1/x, J. Differ. Equ. Appl., 24 (2018),
1871-1879. https://doi.org/ 10.1080/10236198.2018.1551380

V. J. W. Guo, A g-analogue of a Ramanujan-type supercongruence involving
central binomial coefficients, J. Math. Anal. Appl, 458 (2018), 590-600.
https://doi.org/10.1016/j.jmaa.2017.09.022

V. J. W. Guo, A g-analogue of the (L.2) supercongruence of Van Hamme, J. Math. Anal. Appl.,
466 (2018), 749-761. https://doi.org/10.1016/j.jmaa.2018.06.023

V. J. W. Guo, A g-analogue of the (J.2) supercongruence of Van Hamme, J. Math. Anal. Appl., 466
(2018), 776-788. https://doi.org/10.1016/j.jmaa.2018.06.021

V. J. W. Guo, g-Analogues of two “divergent” Ramanujan-type supercongruences, Ramanujan J.,
52 (2020), 605-624. https://doi.org/ 10.1007/s11139-019-00161-0

V.J. W. Guo, g-Supercongruences modulo the fourth power of a cyclotomic polynomial via creative
microscoping, Adv. Appl. Math., 20 (2020), 102078. https://doi.org/ 10.1016/j.aam.2020.102078

V. J. W. Guo, Some variations of a “divergent” Ramanujan-type g-supercongruence, J. Differ. Equ.
Appl., 27 (2021), 376-388. https://doi.org/10.1080/10236198.2021.1900140

V. J. W. Guo, J. C. Liu, g-Analogues of two Ramanujan-type formulas for 1/n, J. Differ. Equ.
Appl., 24 (2018), 1368—-1373. https://doi.org/10.1080/10236198.2018.1485669

V. J. W. Guo, M. J. Schlosser, A new family of g-supercongruences modulo the fourth power of a
cyclotomic polynomial, Results Math., 75 (2020), 155. https://doi.org/10.1007/s00025-020-01272-
7

V. J. W. Guo, W. Zudilin, A g-microscope for supercongruences, Adv. Math., 346 (2019), 329-358.
https://doi.org/10.1016/j.aim.2019.02.008

V. J. W. Guo, S. D. Wang, Some congruences involving fourth powers of central g-binomial
coeflicients, P. Roy. Soc. Edinb. A, 150 (2020), 1127-1138. https://doi.org/10.1017/prm.2018.96

B. He, On the divisibility properties of certain binomial sums, J. Number Theory, 147 (2015),
133-140. https://doi.org/10.1016/j.jnt.2014.07.008

B. He, On the divisibility properties concerning sums of binomial coefficients, Ramanujan J., 43
(2017), 313-326. https://doi.org/10.1007/s11139-016-9780-6

L. Li, S. D. Wang, Proof of a g-supercongruence conjectured by Guo and Schlosser, RACSAM Rev.
R. Acad. A, 114 (2020), 190. https://doi.org/10.1007/s13398-020-00923-2

J. C. Liu, On a congruence involving g-Catalan numbers, C. R. Math., 358 (2020), 211-215.
https://doi.org/10.5802/crmath.35

AIMS Mathematics Volume 7, Issue 3, 4115-4124.


http://dx.doi.org/https://doi.org/10.1007/978-1-4939-9051-1_2
http://dx.doi.org/https://doi.org/ 10.1080/10236198.2018.1551380
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2017.09.022
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2018.06.023
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2018.06.021
http://dx.doi.org/https://doi.org/ 10.1007/s11139-019-00161-0
http://dx.doi.org/https://doi.org/ 10.1016/j.aam.2020.102078
http://dx.doi.org/https://doi.org/10.1080/10236198.2021.1900140
http://dx.doi.org/https://doi.org/10.1080/10236198.2018.1485669
http://dx.doi.org/https://doi.org/10.1007/s00025-020-01272-7
http://dx.doi.org/https://doi.org/10.1007/s00025-020-01272-7
http://dx.doi.org/https://doi.org/10.1016/j.aim.2019.02.008
http://dx.doi.org/https://doi.org/10.1017/prm.2018.96
http://dx.doi.org/https://doi.org/10.1016/j.jnt.2014.07.008
http://dx.doi.org/https://doi.org/10.1007/s11139-016-9780-6
http://dx.doi.org/https://doi.org/10.1007/s13398-020-00923-2
http://dx.doi.org/https://doi.org/10.5802/crmath.35

4124

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

@ AIMS Press

J. C. Liu, Z. Y. Huang, A truncated identity of Euler and related g-congruences, Bull. Aust. Math.
Soc., 102 (2020), 353-359. https://doi.org/10.1017/S0004972720000301

J. C. Liu, F. Petrov, Congruences on sums of g-binomial coefficients, Adv. Appl. Math., 116 (2020),
102003. https://doi.org/10.1016/j.aam.2020.102003

E. Mortenson, A p-adic supercongruence conjecture of van Hamme, P. Am. Math. Soc., 136
(2008), 4321-4328. https://doi.org/10.1090/S0002-9939-08-09389-1

H. X. Ni, H. Pan, Divisibility of some binomial sums, Acta Arith., 194 (2020), 367-381.
https://doi.org/10.4064/aal181114-24-7

B. Y. Sun, Finding more divisibility properties of binomial sums via the WZ method, Ramanujan
J., 48 (2019), 173-189. https://doi.org/10.1007/s11139-018-0001-3

Z. W. Sun, Super congruences and Euler numbers, Sci. China Math., 54 (2011), 2509-2535.
https://doi.org/10.1007/s11425-011-4302-x

Z. W. Sun, Products and sums divisible by central binomial coefficients, Electron. J. Comb., 20
(2013). https://doi.org/10.37236/3022

L. Van Hamme, Some conjectures concerning partial sums of generalized hypergeometric series,
in: p-Adic functional analysis (Nijmegen, 1996), Lecture Notes Pure Appl. Math. 192, Dekker,
New York, 1997, 223-236.

X. Wang, M. Yu, Some new g-congruences on double sums, RACSAM Rev. R. Acad. A, 115 (2021).
https://doi.org/10.1007/s13398-020-00946-9

X. Wang, M. Yue, Some g-supercongruences from Watson’s g¢; transformation formula, Results
Math., 75 (2020), 71. https://doi.org/10.1007/s00025-020-01195-3

H. S. Wilf, D. Zeilberger, An algorithmic proof theory for hypergeometric
(ordinary and “q”) multisum/integral identities, Invent. Math., 108 (1992), 575-633.
https://doi.org/10.1007/BF02100618

W. Zudilin, Ramanujan-type supercongruences, J. Number Theory, 129 (2009), 1848-1857.
https://doi.org/10.1016/j.jnt.2009.01.013

W. Zudilin, Congruences for g-binomial coefficients, Ann. Combin., 23 (2019), 1123-1135.
https://doi.org/10.1007/s00026-019-00461-8

©2022 the Author(s), licensee AIMS Press. This
i1s an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 7, Issue 3, 4115-4124.


http://dx.doi.org/https://doi.org/10.1017/S0004972720000301
http://dx.doi.org/https://doi.org/10.1016/j.aam.2020.102003
http://dx.doi.org/https://doi.org/10.1090/S0002-9939-08-09389-1
http://dx.doi.org/https://doi.org/10.4064/aa181114-24-7
http://dx.doi.org/https://doi.org/10.1007/s11139-018-0001-3
http://dx.doi.org/https://doi.org/10.1007/s11425-011-4302-x
http://dx.doi.org/https://doi.org/10.37236/3022
http://dx.doi.org/https://doi.org/10.1007/s13398-020-00946-9
http://dx.doi.org/https://doi.org/10.1007/s00025-020-01195-3
http://dx.doi.org/https://doi.org/10.1007/BF02100618
http://dx.doi.org/https://doi.org/10.1016/j.jnt.2009.01.013
http://dx.doi.org/https://doi.org/10.1007/s00026-019-00461-8
http://creativecommons.org/licenses/by/4.0

	Introduction
	The q-WZ pair and an auxillary result
	Proof of Theorem 1.1
	Proof of Theorem 1.2
	Some consequences and open problems
	Conclusions

