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1. Introduction

The natural world is full of environmental perturbations almost everywhere, which play an
important role in the ecological system [1-5]. As May [6] said that the growth rates in ecological
systems should be stochastic due to the influences of random noises, so the solution would fluctuate
around some average values, not being a steady positive point. Therefore, it is more rational
by considering a stochastic environmental perturbation (white noise) to better investigate the real
population systems. In mathematical modelling, the white noise has been extensively introduced to
reveal the stochastic population dynamics, see e.g. [3-5,7,8] and references cited therein.

In real world, population systems may inevitably suffer some abrupt changes. It is well known that
the growth rates of some species are affected by seasonal factors, which are much different in summer
from those in winter. These phenomena can be described by a continuous-time Markovian process with
a finite state space, i.e. colorful noise in mathematical modelling. The colorful noise may take several
values and switch among different regimes of environment, which is memoryless, and the waiting time
for the next switching follows an exponential distribution. The effect of colorful noise on population
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dynamics has attracted many researchers [9-14]. For example, by using a Markovian switching process
to model the colorful noise in environment, Liu, He and Yu [14] proposed the following stochastic
system with harvesting and regime-switching:

0
5O (@®) b~ ana - a f

-7
0 1

dx (1) xo(r + S)d,ul(S))dt + o (a()x(dB (1),

det) = x(no) -+ a f

)

x1 (7 + 8)dp(s) = aszz(f))dt + o (a(1)x2(0)d By (1),
(1.1)

where r(-) > 0 is the growth rate of prey, r»(-) < 0 is the death rate of predator, a; > 0 is the intra-
specific competition rate, a;, > 0 is the capture rate and a,; > 0 is the conversion rate of food; A;
is the harvesting constant; B(f) and B,(¢) are standard independent Brownian motions defined on a
complete probability space (Q, 7, {F;}s0, P), Where {F,},5¢ is a filtration. It is right continuous and
Fo contains all P-null sets; O'f(-) is the intensity of stochastic noise, i = 1,2. The regime of switching
a(t) is a Markovian chain in a finite state space S = {1, 2, ..., N}. The generator of a(¢) is defined as

I' = (yij)nxy With

Yij At+o(Al),i# ],

P{a(t+At=j|a(f):i)}:{ l+yiat+o(at),i=j

where A ¢t > 0,7;; is the transition rate from the ith stage to the jth stage and y;; > 0 if i # j while
Yii = — Xizj Yij» I, J € S. It is often assumed that every sample of a(?) is a right continuous step function
and irreducible with a finite simple jumps in any finite subinterval of R, = [0, c0). It obeys a unique
stationary distribution © = (1,7, ...,my) satisfying 71" = 0 and Zszl m = 1,m > 0,k € S. The
switching mechanism of the hybrid system is referred to [9].

In the study of ecological dynamics, the current growth of populations is usually influenced by its
past history, that is, time delay is often inevitable in the natural ecosystems [15]. S-type distributed time
delay is such a distributed delay that the integral is Lebesgue-Stieltjes. Just as the authors [16] said,
“systems with discrete time delays and those with continuously distributed time delays do not contain
each other. However, systems with S-type distributed time delays contain both.” So it is interesting
to consider the impact of S-type distributed delay on the ecological dynamics. Models with S-type
distributed time delays have been studied by many authors [17, 18]. On the other hand, earthquake,
harvesting and epidemics often happen in natural world. These sudden environmental perturbations
are so strong and can change the population size in a very short time, which can not be described by
white noise [19, 20]. Many experiments show that, due to the influence of environmental disturbance,
the distribution of many species exhibits a scale-free characteristic, and hence the biologists introduce
a non-Gaussian Lévy jump to characterize it. Models with Lévy jump are studied by many researchers
and many nice results have been obtained [21-23].

Considering the effects of S-type time delays and Lévy jumps on system (1.1), we establish the
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following stochastic model

0
dx\(1) = xl(t_)(rl(a'(t_)) —hy —anux(t) - f x1(t + 0)dpy1(0) — annx (1)
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m (1.2)
with initial value

x(0) = (x1(8), 22(0)" = ($1(6),$2(0))" = $(6) € C(I-7,01; R}), (6) = s,

where x;(r7) stands for the left limit of x;(¢); f_ OT_vx,-(t + 0)du;;(6) is Lebesgue-Stieltjes integral;
7;; > 0 1s time delay; p;;(6) is bounded, nondecreasing variation function defined on [-7,0] with

T = max; j12{7h s € S, = 1,2, R2 = {x = (x1,%) € R, x; > 0,i = 1,2} with [x(D)| = |27, x2
N is a Poisson counting measure, ﬁ(dt, du) = N(dt,du) — A(du) is the component of N, where A is
the characteristic measure on a measurable subset Z C R, = [0, o) such that A(Z) < co. The Markov
chain, Brownian motion and Lévy jumps are mutually independent.

Our main goal of this paper is as follows. First, since the study of dynamical behaviors of
predator-prey system is an important topic [7, 24], we establish some sufficient conditions assuring
the extinction, persistence in the mean for all species of system (1.2).

Second, in the study of long-term behaviors of species, the existence of a unique probability
measure plays an important role in stochastic models with Lévy jumps (see [25-27]). Hence, it is
very interesting to analyze the asymptotic stability in distribution of (1.2).

Third, in mathematical biology, it is valuable to keep the species persistent to maintain the biological
balance. Consequently, the optimal harvesting strategy of renewable resources becomes more and more
important [8, 27-29]. By ergodic method, we will study the optimal harvesting strategy of system (1.2).

The rest of this paper is organized as follows. Section 2 begins with some definitions, important
lemmas and notations. Section 3 is devoted to the extinction and persistence in the mean for species.
Section 4 and Section 5 focus on the asymptotic stability in distribution and the optimal harvesting
strategy of (1.2), respectively. Section 6 gives some numerical simulations to verify the main results.
Finally, Section 7 presents a brief discussion to conclude this paper.

2. Preliminaries

To begin with this section, we introduce some notations of the Itd’s integral for a stochastic
differential equation with Markovian switching and Lévy jumps [19, 23]. Let

dx(t) = f(x(£),t ,at)dt + g(x(t7),t,a(t))dB(t) + fh(x(t_), r, a(t_),,u)ﬁ(dt, du),

VA
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where fand g : R”ZX R, XS — R*>h : R> xR, XS xZ — R? are measurable functions. Let
V € C*(R? x R, x S, R?). Define the operator L as follows:

1
LV(x,t,k) = Vi(x,t,k)+ Vi(x, 1,k) f(x, 1, k) + Etrace[gT(x, 1, k)Vie(x, 1, k)g(x, 1, k)]

N
+ f {(Vix+ h(x,t,k,u),t,k) = V(x,t,k) — V.(x,t, k)h(x,t, k, u)}A(du) + Z YiiVx,t, ),
z

J=1

2
where Vi(x,1,k) = TG Vil 1,k) = (T, T5), Vi ,k) = (T, i j = 1,2 The

generalized It6’s formula with jumps (see, for example[19, 23]) is defined as

dV(x,t,k) = LV(x,t,k)dt + Vi(x,t,k)g(x,t,k)dB(t) + f {(V(x + h(x,t,k,u),t,k) — V(x,t, k)}lp\7 (dt, du).

A

Now we give the definitions of extinction and persistence in the mean of each species, and an important
comparison theorem.

Definition 2.1 ( [27]). Let x(t) = (x,(2), x2(1))" € Ri be a solution of system (1.2). Then,
(a) the population x(t) is said to be extinct if lim x;(t) = 0,i = 1,2;
[—0o0

1 !
(b) the population x;(t) is said to be persistent in the mean if lim 7 f xi(s)ds = K a.s., where K is a
1—00 0

positive constant, i = 1, 2.

Lemma 2.1 ( [4]). Suppose that Z(t) € C[Q X [0, +o0), R, ]| and tlim F@)/t=0,a.s.

(a) If there exist two positive constants T and Ay such that, forallt > T,

!
InZ(t) < At — /lof Z(s)ds + F(1), a.s.,
0

then
1 !
lim sup — f Z(s)ds < A/dy, a.s., if A1>0,
11— 0
limZ(#) = 0, a.s., if A<0.
—00

(b) If there exist three positive constants T, Ay and A such that, for allt > T,
t
InZ(t) > At — /lof Z(s)ds+ F(1), a.s,
0

then
1 !
lim inf ~ f Z(s)ds > A/, a.s.

t—o0 t 0

Further, for the need of our discussion, we give some technical assumptions.
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Assumption 1. For any a € S and i = 1,2, we assume y;(a, u) > —1 and

f (yiCas ) = In(1 + yile w)Adu) < K,
Z

f max{lyi(a, ), [In(1 + yi(e, u))’}A(du) < K,
Z

where K > 0 denotes a positive and finite constant unless otherwise stated, which may be different
in different places.

Assumption 2. For any p > 0, we assume

f {I1 +yi(a, )’ = 1 - pyi(a, w)}A(du) < K(p).

Z

Assumptions 1 and 2 imply that the intensity of Lévy noise cannot be too strong, otherwise, the solution
of system (1.2) may explode in some finite time [23]. About the existence of nontrivial positive
solutions of (1.2), we have the following lemma.

Lemma 2.2. Let Assumptions 1 and 2 hold. For any given initial value x(6) € C([-T, O];Ri), a(d) =g,
system (1.2) has a unique solution x(t) on t € [—7, o), and the solution remains in R* with probability
one. Moreover, for any p > 0, there is a K(p) > 0 such that lim sup,_,  E|x(1)|” < K(p).

Proof. The proof of the existence of solutions is straightforward, one may refer to [14, 23]. As to
the proof of the boundedness of expectation, one can get it by using the generalized 1t6’s formular with
jumps to function e’ Ziz:1 xf (1). The process is similar to reference [14] and is omitted.

For simplicity, we introduce some notations to end this section.

o} (a(1))
2

N
£e(1) = ria(n) - - fz i, @(0) = In(1 + ¥, (O)IAA), & = )" méik),
k=1

N 0
BaO) =&~ b T= Y mn®.  Ay=ap+ [ du©. =12,
k=1 T
Al] A12
_AZ] A22

All ﬁl
_A21 ﬁZ

a-|

, A= ﬁl Arz
n, Axn

, Azz‘

3. Extinction and persistence in the mean of species

In this section, we study the long-term behaviors of (1.2). Consider the following system,
dw(@) = W) (r(a(t‘)) —aW(@) - f ! W@ + e)d,u(e)) dt + o(a(t))W( )dB(1)
+ fz y(a(t™), wyW()N(dt, du). (3.1)
Lemma 3.1. For system (3.1), the following statements hold.
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(i) If Y1, mé&(k) < 0, then lim W(r) =

S mék)
a+ [ du®)
where £(k) = r(k) - 22 — [ [y(k, 1) — In(1 + y(k, )] A(dw).

Proof. Using the Itd’s formula to In W(¢) and computing the stochastic differential along the solution
of (3.1), we have

1 f
(ii) IkaN:1 m&(k) > 0, then tlim " f W(s)ds =
—00 0

0
AW = (ra®) - aW - f W + 0)du(6) - f [y(a, (1) = In(1 +y(@(O)A(dw)
-7 Z

(32)
—%a’z(a(t)))dt + o(a(t)dB(D) + f In(1 + y(u, a(1)))N(dt, du).
Z

Integrating both sides of (3.2) from O to ¢, and divided by 7 from both sides, then

1w 1 B
;l W - ff(a/(S))dS a fW(S)ds f f f f ]W(s)dsd,u(@) 53

t f o(a(s))dB(s) + —f fln(l + y(u, a(5)))N(ds, du).

0 0

thm " f f W(s)dsdu(0) = 11m f du(6) x — f W(s)ds,
it follows that

thm ; f f W(s)dsd,u(@)—hm f f W(s)a’sd,u(@)—hm f du(6) f W(s)ds =0

Then

l1m p [f W(s)ds—f W(S)ds]dﬂ(e)—hm f [f gb(s)ds—f W(s)ds]d,u(e)_
e t+6 t+6

Therefore (3.3) leads to (3.4) as follows.

1. wo 1 (" 0 1 [ 1 [
;lnm = ;foft(a(s))ds—(a+f;du(0));f(; W(s)ds+;f00'(a(s))dB(s) 64

+lf fln(l+y(u,a(s)))N(ds,du).
tJo Jz

Since

On the other hand, by the ergodicity of Markovian chain, we have

1 [ al
Jim — fo Ea()ds = ) mé(k).
k=1

Now we give the proof of (i) and (ii).

AIMS Mathematics Volume 7, Issue 3, 4068—4093.



4074

(1) By comparison method, using Lemma 2.1, we can easily derive from (3.4) that

If Y3, mé&k) < 0, it is clear that lim W(z) = 0.
t—00
(1) If Zszl m&(k) > 0, by Lemma 2.1 again, we have

t—00 0 - 0
a+ du(9)
Therefore,
N
t D méw)
lim— | W(s)ds = —= 5
—o0 0

a+f du(6)

The proof is completed.
Next, we consider the following comparison system of (1.2):

0

dyi(0) = m(t)(n(a(t))—h]—anylu)— f

i+ S)dllll(s))df + o1 (a(t)y1(1)dB (1)
n f y1(u, ())y 1 (HN(dt, du),
Z

0
yz(l‘)(”z(a/(f)) —hy + any (1) + f Vi(t + $)dur1(s) — axy(t)

—72]

dy>(1)

0 —~
- f vt + $)djia(s) it + @ ()ya(DdB() + f Y2, a(O)ya(ON(dr, du).
_ VA

722

By Lemma 3.1, we derive from (3.5) that

N
o D mm®) )
lim—fyl(s)ds: . 2
=t Jo A
ap + duy,(0)

T11

Consider the following comparison system of the second equation of (3.5),

0
dy(t) = $:(7) (rz(a(t)) —hy+auy (1) + f yi(t + $)dpizi(s) — 0225’2(1_)) dt

21

(3.5)
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+o(a(t)P2(67)dB(1) + f)’z(u, a(t))2(7)N(dt, du).

z
Similar with the previous reasoning, using Lemma 3.1 again, we can derive that
!

N Y A _AniptAgm . Mo
lim — Vo(s)ds = = .
=t o AnAx AjAyp

By the comparison theory [1, 9], it is clear that x; < y; and y, < J,. Consequently, we have the
following results.

Lemma 3.2. For system (3.5), the following statements of Table 1 hold.

Table 1. Dynamics of system (3.5).

Conditions Species y; Species y,
m <0 Extinction Extinction
1 [ 7
> 0and Ay <0 lim— | yi(s)ds = Z—‘ Extinction
—o00 0 11

1 (" m 1 (" A,

Ay >0 lim — ds=-— lim— ds =
2 lim L yi(s)ds A, im7 ﬁ ya(s)ds A A,

Now we give the main result on the extinction and persistence in the mean of the species of
system (1.2).

Theorem 3.1. For system (1.2), the following statements hold (see the Table 2).

Table 2. Dynamics of system (1.2).

Cases Conditions Species x; Species x,
i m <0 Extinction Extinction
1 [ 7
i m>0andA <0 lim— | xi(s)ds = - Extinction
=t Jo A t
1 A 1 A
iii Ar >0 lim — fo x;(s)ds = Kl lim — 0 x(s)ds = KZ

Proof. For system (1.2), by using the It6’s formula to In x;(¢),i = 1,2, we have

0 0

dlnx (1) = (rl (a(®) = hy —anxi(t) - f x1(t + 0)dpy1(0) — apnx(t) - f Xo(t + 0)dp12(0)
—102(a(r) - f[’}’l(u, a(t)) — In(1 + yl(a(t)))]/l(du))dt + o(a(1)dB (1) (3.6)
z

+ f In(1 + v (u, (1)))N(dt, du),
Z
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and

0 0

x1(t + 0)dpo1(0) — axnxy(t) - f X2(t + 0)du(0)

722

dlnx,(f) = (rz(a(t)) By + oy () + f
—-0'2(0/(0) - f[)’z(u a(?)) —In(1 + yz(a(t)))]/l(du))dt + o2 (a())dBy(1) (3.7)
f In(1 + ya(u, 2(6)))N(dt, du).
Z

Similar with the proof of Lemma 3.1, we have

f f f ] x1(s)dsdy1(0)
= lim 1 [f x1(8)ds — f xl(s)ds] duy(6) + hm f f x1(s)dsdu1(0)
i -T11 6 t+6 —-T11

1 0
= tim [ dun®) f x1(s)ds, (3.8)
- —Ti1 0
and
}lm " f f f ]XZ(S)de/JIZ(Q)
_712

1 !
= lim - [ f x,(5)ds — f xg(s)ds]du12(9)+hm f f x2(5)d sdp12(0)
t—>oot —T12 0 t+0 —T12

0

1
= lim— | dun(®) f xo(s5)ds. (3.9)
—00 0

—T12

Integrating both sides of (3.6) from O to ¢, and combining (3.8) and (3.9), then

L (O lfryl(a(S))ds—anlfxl(S)ds—l

! XI(O) t+60
. f xa(s)ds -+ f f f f ]xz(s)demz(@)

%f o(a(s)dB;(s) + — f fln(l + v1(u, a())N(ds, du). (3.10)

= lf771(01(3))613——f)Cl(S)dS——j‘O dllll(g)fXl(S)dS—aﬁfxz(S)dS
t Jo t Jo tJay 0 t Jo

0 ! ! !
1 [ i@ [Cwas e [Coiaendsio g [ [ iy e)i@s. do.
tJoo, 0 tJo tJo Jz

x1(s)dsdpy1(9)

By the same argumentation, we have

i3 ! 0 ! !
lln (1) = lf m(a(s))ds + aﬂf x1(s)ds + lf dpgl(e)f x1(s)ds — @f Xxp(8)ds
t x2(0) t Jo t 0 tJory 0 d 0 (311)

0 13 15 15
—1 f d,u22(9)f x(s)ds + 1 f o (a(s))dB,(s) + 1 f fln(l + vo(u, a(s)))N(ds, du).
tJry, 0 t Jo tJo Jz

By the ergodicity of Markovian chain, then
1 ([ S
lim — f nia(s)ds = Y maik),i = 1,2.
t—oo 0 =
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Now we prove the conclusion of Theorem 3.1.
(i) If 7; < 0O, then by Lemma 3.2, we have lim x,(¢#) = 0. Since 7, < 0, it follows from (3.11) that
t—o0

lim x,(¢) = 0. Hence lim x;(r) = 0,i = 1, 2.
[—o0 >0

1 (! 7
(i1) If 7; > 0O, then we derive from Lemma 3.2 that lim sup — f x1(s)ds < Z—l Substituting it
0

t—o00 11

into (3.11) and using Lemma 2.1 gives

1 ! ﬁ +A21f7—| A = +A = A
limsup—f xX(8)ds < 2 An _ At Anin o Bs
rJo A22 A11A22 A11A22

t—00

By the condition A, < 0, then lim x,(¢) = 0.
—o0

1 7
From (3.11) again, by the comparison theorem [4, 14, 27], we have lim inf " f x1(s)ds > Z—l

Therefore,

1
lim — x1(8)ds = —.
t—oo 0 All
(ii1) If A, > 0, it is clear that 77; > 0. We compute (3.10) X Ay + (3.11) X Ayy, then
L. x@) 1. x()

A21—1n +A11—1n
t - x1(0) t x(0)

- f% fo (m(a(s))dsﬁ% fo (1a(a(s))ds - (A”A”jA“A”) fo xa(s)ds

1
+;[A21M1(f) + A My(1)],

! !
where M;(t) = f o(a(s))dB;(s) + f fln(l + vi(u, a(5)))N(ds,du),i = 1,2. By the strong law of
0 0 Jz

large numbers [9], we have

1 t
On the other hand, by (3.10) and (i1), we can derive that lim nx()

t—o0

= (. By comparison method (using

Lemma 2.1 again), then
!

Aoy +Aum, Ay

1
lim — ds = . 3.12
e 1 0 wa(s)ds ApAy +ApAy A (.12)
Substituting (3.12) into (3.10) and using Lemma 2.1 again, we can obtain that
1 [ m - AIZ% A
lim — ds = —— = —. 3.13
tlglo t Jo XI(S) S All A ( )

1 (7 A; .
Consequently, we have lim,_,« n f xi(s)ds = Z,i = 1,2. The proof is completed.
0

Remark 3.1. Compared with (1.1), model (1.2) is more popular and contains (1.1) as its special case.
Another difference between (1.1) and (1.2) is that the Lévy jump is considered in (1.2) while it is not
considered in (1.1).
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Remark 3.2. Theorem 3.1 implies that the regime switching, time delays and Lévy jumps will bring
large influence to the dynamics of (1.2). By changing their values, the species of (1.2) may change from
persistence in the mean to extinction, and vice versa, which is analyzed and verified well by numerical
simulations in Section 6.

4. Asymptotically stable in distribution of (1.2)

For simplicity, we denote the solution of (1.2) with initial data x(8) = ¢(0), a(6) = ¢ by x(t, ¢, <). Let
x(t, ¢, ) be the R? x S—valued stochastic Markovian process. Let B C R? be a Borel measurable set and
D C S, and we denote the transmission probability of the event {x(¢, ¢, ¢) € B X D} by P(t, ¢, ¢, B X D),
that is, P(t,¢,¢,B X D) = },.cp fB P(t, ¢,,dx X {u}). Denote by P(R2,S) all the probability measures
on Ri xS, and for any two Py, P, € P(R%r, S), we define the metric d; as follows:

N N
du(P1, P2) = sup D FPI@dx k) = > flx k)Pa(dx, k) 4.1)
€ k=1 k=1

where L = {f : C([, O],Ri) XS = R:|f(x,k)— f(xz,fc) < lxy = xo| + |k — K, lf(C, ) < 1}

Definition 4.1 ( [9]). The process x(t,¢,s) is said to be asymptotically stable in distribution if there
exists a probability measure u(-X-) on R> XS such that the transmission probability P(t, $, ¢, dxx{k}) of
x(t, , §) converges weakly to u(dx X {k}) as t — oo for every (¢,s) € C([-7,0],R>) X S. System (1.2) is
said to be asymptotically stable in distribution if the solution x(t, ¢, <) of (1.2) is asymptotically stable
in distribution.

Lemma 4.1 ( [30]). Let f(t) be a nonnegative function defined on [0, o) such that f(t) is integrable on
[0, o0) and is uniformly continuous on [0, 00), then lim,_,, f(t) = 0.

For the need of discussion, we give the following technical assumption.
Assumption 3. a; — [ duy(0) - [ du;i(0) > ajiis j=1,2,i % J.
Tii —Tji

Assumption 3 means that under the effect of time delays, the intraspecific competition rate is still
greater than the interaction rate between different species.

Theorem 4.1. Let x(t) = x(t,¢,¢) and x(t) = x(t,¢,s) be two solutions of (1.2) with initial value
x(0) = ¢, x(0) = ¢ and a(0) = ¢, respectively. If Assumption 3 holds, then we have

lim E|x;(t) — x;(H)] = 0,i = 1,2.
—00

Proof. Define Lyapunov function V() = |In x;() — Inx;(¢)], > 0,i = 1,2. We calculate the right
differential of V() along the solutions of (1.2), then

0
LVi(t) = sgn(x (1) —x(1) (—an(xl () = x1(1) — f (x1(t + 6) = X1 (t + 0))dp,1(0)

711
0

—apn(x() — X(1) — (X2t + 6) = X(t + 9))61#12(9))

—T12
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0
< —anlx () = (0] + aplx@) - x0] + f lx1(t + 6) — x1(2 + O)ldp11(0)

—T11

0
+f lx2(t + 0) = X2(2 + O)ldp12(6).

T12

Similarly, we have

0
LVy(t) < —an|x(t) — X0)| + axlxi () = X (D] + f lx1(t + 6) — X, (t + 6)|d21(0)

—T21

0
+f |X2(¢ + 6) — X2(t + O)dp2n(6).

722

Define V;(¢) as follows:

0 t 0 f
Vi) = f f 1(5) = T (5)ldsdpanr (6) + f f () — Bo(5)ldsdrn ()
111 Jt+6 —Tip Ji+6

0 t 0 t
+f f 1x1(s) = x1($)ld sduz1 (0) + f f 1X2(8) = X2(8)|d sdpro(6).
—Tp1 J1+60 — t+6

22

Let V(1) = Vi(¢) + V,(t) + Vi(1), then by Assumption 3, after computation, we have

0 0
LV() < _(all_f dﬂll(g)_f d,uzl(@)—6121)|X1(f)—351(f)|

T11 721

0 0
- (Clzz - f du (0) - f du(0) - 6112) X2 (1) — X2(2)

T21 22
< 0.

Therefore,

711 21

0 0
- (6122 - f duy () — f dux(6) — 6112) Elx, () — x2(2)|.

T21 722

0 0
0<EV() < EV(0) - (6111 - f dpii(0) — f dpir1(0) - 6121)E|x1(f) - x1(1)|

Hence,

Elx (1) - ()| < EV(O) € L'[0, o)

aji — f_ OT”_ dpi(6) — ﬁij duij(6)

fori,j=1,2,i# .
On the other hand, by (1.2) we have,

xi(t)=xi(0)+ffi(xi(S),a(S))dS+fgi(xi(S),a(S))dB(SHf fhi(xi(S),a(S),M)ﬁ(ds,du), (4.2)
0 0 0 JZ
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where
0 0
filxi, a(s)) = Xi(”i(a(s)) — h; — a;ix; - f xi(s + O)du;;(0) — a;jx; — f xi(s + H)dﬂij(@)),
gi(xi(s), a(s)) = xi(s)ai(a(s)), hi(xi(s), a(s), u) = x;(s)yi(a(s),u),i, j = 1,2,i # j.

Taking expectation from both sides of (4.2), then

t 0
Exi(t) = xi(0)+ f (ri(a(s)) — h)E(x;) — a;B(x7) — f E(x)E(xi(s + 0))du;i(6)
0 _

Tii

0
—a;;E(x)E(x;) — f E(x)E(x;(s + 6))du;;(0)ds.

~Tij
Consequently, E(x;(?)) is continuously differentiable with respect to t. Moreover,

dE(xi(1))

P (ri(a(s)) = h)E(xi(1) < K.

That is to say, E(x;(¢)) is uniformly continuous. An application of Lemma 4.1 gives lim,_,, E|x;(¥) —
xi(1)] = 0. This completes the proof.

Remark 4.1. Theorem 4.1 will be applied later to prove the stability in distribution of (1.2).
Assumption 3 is necessary in our proof. If without S-type time delays and Lévy jumps, Reference
[14] implies that Assumption 3 is unnecessary and may be dropped.

Lemma 4.2. For any compact subset B C Ri and (¢,¢) € C([-T1,0],B) X S, the family of transmission
probability of the solution P(t, ¢,s,dx X {u}) is tight.

Proof. For (4.2), by use of the Holder inequality and the moment inequality of stochastic integrals,
there exist k = 1, 2, ... such that

ko p ko P
E [ sup Ixil”] < 4r! {E fi(xi,a(s))ds| +E  sup f gi(x;, a(s))ds
(k=1)6<s<ké (k=1)8 (k=1)6<s<ké [J (k-1)6
ko . P
+x;((k=1o)P +E sup f fhi(xi, a(s))N(ds, du) } 4.3)
(k-1)o<s<ks | J(k-1)6 Jz

By Lemma 2.2 (i.e., E|x;(1)|” < K(p)), then

ko p
E Jilxi, a(s))ds
(k-1)5
0 0 p

< E [5p sup Xf (rl-(a(s)) —h; —a;x; — f x;(t + G)d/l”(@) —aijX; — f Xj(f + H)d,u,j(e)) ]

(k—1)6<s<kd —Tii —Tij

0 0 p

< 2P7'6PE |ria(s)) — b — aix; — f xi(t + O)du;i(0) — a;jx; — f x;(t + O)du;;(0)

+277 P B, |

AIMS Mathematics Volume 7, Issue 3, 4068—4093.



4081

0 P
< 2[7—16[75[7—1 {E|r,~(a(s)) - hilp + aii]EIin" +E ‘f Xl'(t + Q)d/,l”(g) + aij]EIxJ-I"
0 » —Tii
+E f x;(t + 0)dp;;(6) } + 2P~ 6P| x|
. 0 p 0 P
< 107767 [W — hil? + a;Ki(p) + f du;;(0)| Ki(p) + a;iK;(p) + f du;;(0) Kj(]?)}
+277 167 Ki(p)
= M(p)o’, 4.4)

where M;(p) is a constant. On the other hand, using the Burkholder-Davis-Gundy inequality [19],
there exists a constant C,, such that

ks p ks 5
E[ sup f gl(xl,a(S))dS] < CpE[ f Ixi(s)oi(a(s))|* ds
(k—1)6<s<ké (k—1)6 (k—1)6
< Cp8% (TYVEx(s)IP £ My(p)s?. (4.5)

As to the semimartingale part, by applying the Kunita’s first inequality [19], there exists a constant
D(p) such that

ko

fh (x;(8), a(s), u)N(ds du))

E [ sup
(k=1)§<5<k5

(k=1)6

ko
< D(p)E [ f f lx;i(s)yi(a(s), u)lzﬂ(du)ds +E f f lx;(8)yi(a(s), W’ Adu)ds
(k=1)8 k=1)8
< D(p)5*K:K(p) + D(p)SK*K(p). (4.6)

Therefore, for any s € [0, 7], we have

sup
(¢.6)€(C([-7,01,R3)xS)

E [ sup |x(¢, s, $)I ] < oo,

0<s<t

That is, the probability measure set P(1, ¢, s,dx X {u}) is tight for (¢,5) € C([-7,0],R?>) x S . This
completes the proof.

Lemma 4.3. Let Assumptions 1-3 hold, then for any (¢,5) € C([-7,0],R%) X S, the transmission
probability P(t,¢$,s,- X - : t > 0) of the solution of (1.2) is Cauchy in the space P(R2 x S) with the
metric dy defined as before.

Proof. LetB = {x € C([-T, O],Ri) : 0 < |x| < o}, where o 1s a sufficiently large positive number, and
o is a sufficiently small positive number. By the tightness of the transmission probability of solutions
of (1.2), for any & > 0, we have P(t, x,a, B¢ X S) < &,1 > 0, where B¢ = R2/B.

Forany f € L, t, s > 0, and initial value (¢, ¢) € C([-T,0], Ri) X S, by the characteristic of condition
expectation, we have

dL(P(t_'_ s, ¢7§, - X '),P(l,¢, S, X ))
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= sup [E[f(x(r + 510, ), ag(t + )] = E[f(x(t; ¢, ©), ac(D))]|

feL
= s}ug [E[E[f(x(t + 550, 6), a(t + )l 11 = ELf(x(£; @, ©), e (D))]]
N

= sup| Z f2 ELf(x(#; ¢, k), ar(D)P(s, ¢, s, do X {k}) = E[f(x(z: §, ), as(D)]|

feL 1= IR

N
< iugz f [ELf (x(t; @, k), (1)) = ELf(x(1; 6, §), ac(D]IP(s, b, 6, dp X {k})
eL = JR:
ﬁvl
< sup f [ELSf (x(t; @, k), (D)) = BLf(x(2: b, €), i (DN]IP(s, b, 6, dp X {k})
feL =1 JRL/B
N
+sup f [ELf (x(t; ¢, k), aw()) = ELF(xX(t; 8, §), ac(O)IP(s, ¢, 6, dop X (kD) (4.7)
€L 72 B
where
N
sup Z f [ELSf (x(2; @, k), (1)) = ELf (x(25 ¢, §), a(O]IP(s, ¢, 6, dp X {k})
€L o1 YRI/B
< 2P(s,¢,6, R /B xS) < 2e. (4.8)

By the proof of Theorem 4.6 in [23] (4.22 of page 106), for any € > 0 and sufficiently large ¢, we have

Jx(t; ¢, k), aw(1) = f(x(1; $, 6), ac(D)) < &.

Then

N
sup Z fB [ELf(x(1; @, k), ar(0)) = ELf(x(2; ¢, ), ac(ODIP(s, ¢, 5, dop X {k})

feL a1
N
< sup ), f &P(s, ¢, dip X (k)
B

feL k=1
< e 4.9)

Hence, d (P(t+ s, 9,6, %), P(t,¢,5,-%X+)) < 3¢ for s > 0 and sufficiently large ¢, that is, P(t, ¢, ¢, - X - :
t > 0) is Cauchy in the space P(C([-T,0], R?) X S). The proof is completed.

Theorem 4.2. Under the conditions of Lemma 4.3, the solution process x(t) of (1.2) is asymptotically
stable in distribution.

Proof. By Lemma 4.3, the transmission probability P(z,$,¢,- X - : t > 0) is Cauchy in the space
P(R? x S) with the metric d;. Hence, for any fixed ¢ € C([-,0],R2), P(t,X,5,- X - : t > 0) is Cauchy
in P(R2 x S). Then there exists a probability measure u(- X -) such that

tlim di(P(t,p, 6, X ), u(-x-)) =0. (4.10)
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On the other hand, by Theorem 4.1, we have

dLP(t9 QO’ (Y X ')’ P(t’ ¢’ (Y X )))
= sup[Ef(x(7,¢,¢) — Ef(x(z, ¢, <)l

feL
< iuf IE(f(x(7, 0, 6)) = f(x(t, $, )l
< E'X(f, @, g) - )C(t, ¢’ g)l
S0 (@.11)

Therefore, by the triangle inequality, we can derive from (4.10) and (4.11) that

im d (Pt ¢, 6, X ), u(- X))
< lmd (Pt @6, X ) u( X)) +di(PEt ¢, 6, X ), P(t, ¢,6,- X))
= 0. (4.12)

Since the weak convergence of probability measure is a metric concept, (4.12) shows that for any initial
value (¢,¢) € C([—T, 0],Ri) X S, the probability measure P(¢, ¢, s, X - : t > 0) of the solution of (1.2)
converges weakly to the probability measure u(- X -). By Definition 4.1, then the solution process x(t)
of (1.2) is asymptotically stable in distribution. This completes the proof.

Remark 4.2. The asymptotic stability in distribution of species reveals the existence and uniqueness
of an invariant probability measure, which is the basis of discussing the optimal harvesting effort in
Section 5.

5. Optimal harvesting effort

In this section, we consider the optimal harvesting effort (OHE) of (1.2). By [8, 27-29], the
OHE problem is to find a constant A" = (h*,h;)T such that both x; and x, survive, and Y (k") =
lim,_, o, E(h? x;(1)) is maximum.

Theorem 5.1. Let A = (1, )T = (AA™NDT + I)7'¢, where I is the unit matrix, & = (£,,&)T.
(1) If A + (AN is positive semi-definite, and A=), > 0,4; > 0,i = 1,2, then the OHE is h* = A,
and the maximum of the sustainable yield is
Y(h*) = ATA7 (€ - D).
(2) If the conditions of (1) fail, then there exists no OHE.
Proof. We define E = {h = (hy,hy)" € R_ZF,AQ > 0}, then for any & € E, by Theorem 3.1, we have

!

1 A; ) . .
lim — x;(DHdt = Z,i = 1, 2. Conversely, if the 2" of OHE exists, obviously 7" € =.

t—oo 0

(1) By the given conditions, it is clear that A € Z, that is, the set Z is not empty. For any & € Z, by
Theorem 3.1, after computation, we have

t—00

. 1 ! T 2 . 1 ! 2 Ai T -1
lim — 0 W x(s)ds = ;hi}gg;fo x,(s)ds = ;hix = hTA\(& - h). (5.1)
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Theorem 4.1 implies that the distribution of solutions of (1.2) is asymptotically stable, and hence
suppose the stationary probability density is p, then

N
Y(h) = lim B(hix;(1)) = lim E(h" x(1)) = Z f h” xp(x, k)dx. (5.2)

2
k=1 YR:

The asymptotical stability in distribution means that there exists a unique invariant measure u. In
view of the one-to-one correspondence between the stationary probability density o and the invariant
measure u (see, e.g.[31], page 105), we have

N N
> f W xp(x, k)dx = ) f WY xu(dx, k). (5.3)
k=1 VR =1 VR

By (5.1)—(5.3), we observe that

Y(h)=h"A' (& - h). (5.4)
Clearly, by computing the derivative of the variable /1, we have 202 = A=1¢ — (A~! + (A™")T)h. Denote
the solution of % = 0by A, then A = (AA™" + I)&. Further, after computation, we have
d¥(h)
S = —(AT (AT,

which is negative semi-definite for all 4 by the given conditions, then we derive from Theorem 4.1.5
of [32] that A is a global maximum point of Y (k). That is, if the conditions A|y.-,, > 0,4; > 0@ = 1,2)
hold, then the OHE is &* = A, and Y(h*) = ATA71(& - A).

(2) Firstly we prove that there is no OHE if Ay, —.i=12 > 0, 4; > 0and 2, > 0, but A~!+(A™HT is not
positive semi-definite. By above conditions, clearly the set Z is not empty. Let (¢;,)2x = A~ + (A7),
then ¢;; = % > 0. It implies that A~! + (A~")7 is not negative semi-definite. Noting that A~! + (A~1)T
is not positive semi-definite, hence A~ + (A~")T is indefinite. The extreme value theory [32] shows that
Y(h) has no extreme points. Therefore, there is no OHE.

Secondly, under the conditions Ay|j.=y.i=12 < 0,0r 4; <0, or 4, <0, we prove there is also no OHE.
Otherwise, suppose the OHE is R = (iz*,fz;)T, then i* € =. Thus Azlh:f:,;; > 0, fl;“ > 0,i = 1,2. That
means 71? is also the solution of % = 0, which contradicts with the uniqueness of the solution. This
completes the proof.

Remark 5.1. The existence and uniqueness of an invariant probability measure plays a key role to
derive (5.4). With the invariant measure, by using the extremum theory, we find the maximum of Y (h),
which is very popular and can be applied to resolve some similar problems.

6. Examples and simulations
In this section, by numerical analysis, we give some examples and apply the Milstein method [33]
to illustrate our theoretical results, and explore the effects of regime switching, time delays and Lévy

jumps on the system dynamics.
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For simplicity, we assume that the continuous-time discrete state Markovian chain a(¢) takes value
in the space S = {1, 2}, then system (1.2) reduces to the following subsystem (6.1) and (6.2):

0
dxi(t) = Xl(f_)("l(l) —hy —anx(t7) - f x1(t + 0)dpy1(0) — anx (1)
0 —T11 N
—f Xz(f+9)d,u12(9))dl‘+0’1(1)X1(f)d31(f) + f%(u, Dx(t7)N(dt, du),
e 0 ‘ (6.1)
dxy(t) = Xz(f_)(rz(l) —hy +axx(t7) + f x1(t + 0)dpr1(0) — anx (1)

—72]

0 —~
- f 02t -+ OO Jdt + 72D )dB(1) + f Yalu, Dxa()N(dr, da),
— VA

722

and

0
dx(t) = Xl(f)(”l(z) —hy—anx(t) - f x1(t+ 0)dui1(0) — arpxs(t7)
0 T11 .
—f x(t+ Q)dﬂlz(g))dl + 0 1(2Q)x1(17)dB, (1) + f?’l(u,Z)Xl(f)N(dl, du),
e 0 z (6.2)

dxy(t) = Xz(f)(rz(Z) —hy +ayx(t7) + f x1(t + 0)dur1(0) — anx (1)

—T21

0 —~
- f X (1 + H)dﬂzz(e))dl + 02(2)x,(t7)dBy(t) + f’}/z(u, 2)x,(t7)N(dt, du).
— Z

722

For (6.1) and (6.2), unless otherwise stated, we always take a;; = 0.8,a;; = 0.6,a5 = 0.4,a, =
0.7,h; =0, O'f =0.2, f_OT du;(0) = 0.3, f_OT du;(0) =0.2,v;(1) =yi(2) = 04,i = 1,2,i # j,Z = [0, 00),
and /l(Z) =1. ThenAU = 1.1,A12 = 08, —A21 = —0.6,A22 = 1,A = 1.58.

For (6.1), let ri(1) = 0.06,r,(1) = —0.02. It is easy to verify that Assumptions 1-3 hold, and
n1(1) = —0.1035 < 0. Theorem 3.1 implies both x; and x, are extinct (see Figure 1 (a)).

For (6.2), let ri(2) = 0.7,r,(2) = —0.05. Similarly Assumptions 1-3 hold, and 7,(2) = 0.5365 >
0,m7,(2) = -0.2135,A; = 0.7073, A, = 0.087 > 0.

By Theorem 3.1 again, we can obtain that both x; and x, are persistent in the mean, and

t !

1 A 1 A
lim= | x(s)ds = Kl =04477, lim- | x(s)ds= Kz =0.0551.

t—oo f 0 t—oo f 0

Figure 1 (b) reveals it clearly.
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Figure 1. Dynamics of system (6.1) and (6.2), respectively. (a) Dynamics of (6.1) with

ri(1) = 0.06,r,(1) = —0.02, where x; and x, are extinct. (b) Dynamics of (6.2) with

r(2) = 0.7, r2(2) = —0.05, where x; and x, are persistent in the mean with lim % fot x1(8)ds =
—00

0.4477,lim ! [ x,(s)ds = 0.0551.
—o0

Next we will study the effect of regime switching, time delays and Lévy jumps on the extinction
and persistence in the mean of all species, respectively. We discuss in three cases.

e Case (i) The effect of switching .
(1) Let the stationary distribution 7 = (0.1, 0.9). By computation, then

= 0.1 % (=0.1035) + 0.9 % 0.5365 = 0.4725,1, = 0.1 % (=0.1835) + 0.9 * (-0.2135) = —-0.2105,

and
t f

1 A 1 As
lim — xl(s)ds =3 = = 0.4056, lim — x(s)ds = N = 0.0328.

t—oo f t—oo f 0

That is, both x;(¢) and X,(t) are persistent in the mean. We call it the “persistent case”. Figure
2 (a) is the long-term behaviours and Figure 2 (b) is the probability densities of x;(¢) and x,(?),
respectively. Figure 3 gives the time series and histogram of Markov chain a(f) with stationary
distribution 7 = (0.1, 0.9).
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Figure 2. The “persistent case” of hybrid system of (6.1) and (6.2) with «
(0.1,0.9). (a) Both x;(r) and x,(¢f) are persistent in the mean with lim% fot x1(s)ds
>0

0.4056, lim % fot x2(s)ds = 0.0328. (b) The probability density of x;(¢) and x,(¢) respectively.
t—00

(c) The OHE Y(h*) = 0.0669 with A = (0.3258,0.0532)7, depicted in red line. The green line
represents the yield Y, = 0.0484 with 4; = (0.1558,0.0632)", and the blue line represents the
yield ¥, = 0.0601 with 2, = (0.4258,0.0332)7. By comparison, the maximum of sustainable
yield is Y(h*) = 0.0669.
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Figure 3. (a) Time series of the Markovian chain £(¢) switching between states 1 and 2. (b)
The histogram of Markovian chain &(¢).

For the persistent case, Theorem 5.1 shows that there exists OHE, and
W =1=@AAY + D' =(0.3258,0.0532)".
The maximum of the sustainable yield is
Y(h*) = ATA7'(€ - 2) = 0.0669.

By numerical simulation, we get Figure 2 (c). In Figure 2 (c), the red line represents the yield
Y = 0.0669 with A = (0.3258,0.0532)7, the green line represents the yield Y; = 0.0484 with A; =
(0.1558,0.0632)7, the blue line represents the yield ¥, = 0.0601 with 1, = (0.4258,0.0332)7,
respectively. Obviously, the maximum of sustainable yield is Y(h*) = 0.0669. Figure 2 (c) verify
it well. For the interpretation of the references to color, readers are referred to the web version of
the article.

(2) Let 1 = (0.9,0.1). Then 77; = 0.9 % (—0.1035) + 0.1 % 0.5365 = —0.0395 < 0. Theorem 3.1
implies that both x;(¢) and x,(¢) are to be extinct. That is, the switching 7 leads to the extinction
of x;(#) and x,(t) (see Figure 4 (a)).

(3) Let 7 = (0.4, 0.6). Then by computing, we have

im =0.2805>0 and A, = —-0.0534 < 0.

By Theorem 3.1 again, then x, is extinct and x; is persistent in the mean, and

e m
lim — x1(8)ds = A_ = (0.255.

t—oo 0 11

It shows the switching 7 leads to the extinction of x,(#) and the different persistence in the mean
of x;(¢) (see Figure 4 (b)).
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e Case (ii) The effect of time-delays.
For the persistent case, if we take f_ OT_ du;;(0) = 0.87, f_ OT“ du;;(8) = 0.3, other parameters are same
as before, then 77; = 0.4725 > 0, A, = —0.0208 < 0, which leads to the extinction of x,(¢) and

!

1
lim— | x;(s)ds = 0.2829.

t—oo 0

That is, time delays destroy the persistent case, see Figure 4 (c).

e Case (iii)The effect of Lévy jumps.
For the persistent case, if we take y;(1) = y;(2) = 1,i = 1,2,i # j, thenn, = —0.4189 < 0. By
Theorem 3.1, both x; and x, go to be extinct. It implies that too large Lévy jumps leads to the
extinction of x;(¢) and x,(#), see Figure 4 (d).
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Figure 4. The effects of regime switching, time delays and Lévy jumps on the “persistent

case’

’, respectively. (a) The effect of regime switching with 7 = (0.9,0.1), where x;(¢) and

x,(t) are extinct. (b) The effect of regime switching with 7 = (0.4, 0.6), where x; is persistent
in the mean with lim % fot x1(s)ds = 0.255 and x; is extinct. (c) The effect of time-delays
t—o00

with [ du(6) = 0.87, [* duy(6) = 03,i = 1,2, # j, where lim ! [" x(s)ds = 0.2829
—Tii —Tij t—o0

and x,(7) is extinct. (d) The effect of Lévy jumps with y;(1) = y;(2) =

extinct.

7. Conclusions and discussions

1, where x; and x, are

In this paper, we study the dynamics of a stochastic predator-prey system with S-type distributed
time delays, regime switching and Lévy jumps. Theorem 3.1 gives the sufficient conditions assuring the
extinction and persistence in the mean of each species. Theorem 4.2 shows that (1.2) is asymptotically
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stable in distribution. Theorem 5.1 gives the optimal harvesting effort. Finally, some examples are
given and the effects of regime switching, distributed time delays and Lévy jumps are discussed by
numerical analysis.

Figure 4 (a) and (b) imply that different regime switching may lead to very different long-term
behaviours of species. Figure 2 (c) shows that the OHE is based on the suitable regime switching.
Figure 4 (c) and (d) show that too large delays or Lévy jumps will destroy the persistent case of (1.2),
respectively. All these show that regime switching, distributed time delays and Lévy jumps play key
role in the dynamics of (1.2).

Further, (1.2) is very popular and contains many researched model as its special cases. Firstly, (1.1)
is contained in (1.2), and hence, one can obtain the sufficient conditions of the extinction and
persistence in the mean for species of (1.1), that is, Theorems 1 and 2 of Reference [14] are contained
in our results. Secondly, if () = 1,h; = 0,y; = 0@ = 1,2), then we get the model studied by
Wang et.al. [18]. Our result coincides with Theorem 2.2 of [18]. Thirdly, if w;(8) are constant on
[-7,0],a;; = 0,i # j, and

| b, -1 <020, | by, -T2 <020,
#1200) = { 0, -T2<60< -1, p(6) = { 0, —-131<0<-1,,

then we get the discrete time delays model proposed in Reference [5, 8]. Similarly we can obtain
Theorem 2.2 in [8] and Lemma 3 in [5]. As Liu et. al. stated in [14], the growth of the ith species at
time ¢ is often affected by the abundance of the jth species on the interval [t — 7;, ¢], rather than only on
the time 7 — 7;. Hence the S-type distributed delays can fit with some real biological systems better. In
above sense, we improve and generalize the obtained conclusions of [5, 8, 14, 18].

However, the switching does not appear in all parameters and the control inputs are all constants, if
they are dependent on time ¢, then the persistence in the mean and the optimal harvesting strategy can
not be established and is still unknown. On the other hand, for predator-prey system, if the predator
is provided with additional food [34], or the fear of prey induced by predator appears [35], what will
happen is very interesting. All these will be our research work in the future.
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