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Abstract: The aim of this paper is to study the existence of stable standing waves for the following
nonlinear Schrodinger type equation with mixed power-type and Choquard-type nonlinearities
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where N >3,0<pu <N, 1>0,@>0,20+u<N,0<g<2and2- 2% < p < 2HH We
firstly obtain the best constant of a generalized Gagliardo-Nirenberg inequality, and then we prove the
existence and orbital stability of standing waves in the L?-subcritical, L>-critical and L?-supercritical

cases by the concentration compactness principle in a systematic way.
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1. Introduction

In this paper, we consider the Cauchy problem for the following nonlinear Schrodinger equation
with mixed power-type and Choquard-type nonlinearities

{ 0 + A+ A1y + 1 ([ simrdy) W2y = 0, (1,%) € [0,T) X RY, 0
W(0) = vy € H'(RY),
where N > 3,0 <y <N, 4> 0,0 >0, 20+u <N, 0<g<§2-F<p< P+ and

W(t,x) : [0,T) x R¥Y — C is the complex function with 0 < T < oo.

The Eq (1.1) has several physical origins and backgrounds, which applied in various modeling
scenarios arising from phenomena in science and engineering and depended on different parameter
configuration, see, e.g. [20,21]. In the mathematical case 4 = 0, @ = 0 and p = 2, the Eq (1.1) reduces
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to the well-known Hartree equation, in which this type Schrodinger equations have been studied in [4,
13, 14] by considering the corresponding Cauchy problem. In the physical case N = 3,4 =0, @ = 0,
p =2 and u = 2, it was introduced by Pekar in [33] to describe the quantum theory about the polaron at
rest in mathematical physics. After then, Lions in [27] used it to describe an electron trapped in its own
pole. In a way, it approximated to the Hartee-Fock theory about one component plasma. Afterwards,
this equation was proposed by Penrose in [31,32] as a model of self-gravitating matter and usually
called as the Schrodinger-Newton equation.

Recently, this type of equation has been studied extensively in [2,5,9-11,19,24,29,30,35,38,39,44].
Equation (1.1) admits a class of special solutions, which are called standing waves, namely solutions
of the form ¥ (¢, x) = e“u(x), where w € R is a frequency and u € H'(RY) is a nontrivial solution
satisfying the elliptic equation

|ul?

1
— Au+ wu = Aulfu + — (f —dy) lulPu. (1.2)
Xl \Jgw X =yl

The Eq (1.2) is variational, whose action functional is defined by

Ap(u) := E(u) + —IIMII

12°

where the corresponding energy functional is defined on H'(R") by

1 /l Ply|P
Eu) = ~ f Vuldx — —— | |ue*2dx - f f _Pl” (1.3)
2 Jry q+2 Jrn RV Jxlelx — yyle )’|”|y|“

To begin with, we shall focus on the existence of ground state and recall this definition.

Definition 1.1. We say that u. is a ground state of (1.2) on S(c) if it is a solution having minimal
energy among all the solutions which belong to S (c). Namely, if

E(uc) = inf {Eu), u € S(c), (Else) () =0},

where
S(c):={ue H'®R) : |lull}, = c}.

Subsequently, for the evolutional type equation (1.1), one of the most important problems is to study
the stability of standing waves, which is defined as follows.

Definition 1.2. Let u be a solution of (1.2). We say that the standing wave e'“'u(x) is orbitally stable
if for each & > 0, there is a § > 0 such that if initial data W, € H'(R") and ||y — ullggyy < 6, then the
corresponding solution to (1.1) with Y|,y = Y satisfies

supinf |y (t, -) — €' I/l”Hl(RN) <e.
teR OER

Otherwise, we say that the standing wave is unstable.

Generally, there are two major methods in the research of the orbital stability of standing waves.
The first one is the Grillakis-Shatah-Strauss theory about general stability/instability criterion in [16].
As a matter of fact, if we assume certain spectral properties of the linearization of (1.2) about u,,,
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the criterion means that the standing wave e*'u,,(x) is orbitally stable when %lluwlli2 > ( or unstable
when %Iluwlli2 < 0. Moreover, it also turns out that this method is extremely useful in the case of
homogeneous nonlinearities. In this paper, however, we consider the non-homogeneous Schrodinger
equation with mixed power-type and Choquard-type nonlinearities. On the one hand, it is difficult for
us to verify some properties of the spectrum. On the other hand, the sign of %Iluwlli2 is hard to be
verified for the Eq (1.1). Therefore, this method might be hard to work, see, e.g. [25,34].

The other is the idea introduced by Cazenave and Lions in [3], which constructs orbitally stable
standing waves to (1.1) is to consider the constrained minimization problems. For this method, we
know that it only makes use of the conservation laws and the compactness of any minimizing
sequences. Therefore, this method is quite general and may be applied to many situations. According
to the idea, we naturally obtain the stability of the set of the constrained energy minimizers, and then
we recall the following definition, as introduced in [3].

Definition 1.3. We say that the set M is orbitally stable if for each € > 0, there is a 6 > 0 such that
if initial data ¥y € H'(RN) and in/\f/( llo — ullggyy < 6, then the corresponding solution to (1.1) with
ue

Yli—o = Yo satisfies

Sup lnf ||w(t, ') - u”Hl(RN) < E&.
tcR UeEM

In view of the Definition 1.3, in order to study the stability, we require that the solution of (1.1)
exists globally, at least for initial data ¢ sufficiently close to M. According to the results, all solutions
for the nonlinear Schrodinger equation exist globally in the L2-subcritical case. Therefore, the stability
of standing waves has been studied extensively in [2,5,8,29]. In the L?-supercritical case, however,
according to the local well-posedness theory, the solution of NLS with small initial data exists globally,
and the solution may blow up in finite time for some large initial data. Therefore, the existence of
stable standing waves in this case is of particular interest. Meanwhile, this type of problems have been
considered in [18,19,35] by studying the corresponding minimization problem recently.

At this point, the nonlinear Schrédinger equation have attracted much attention. When a = 0, Li
and Zhao [29] showed the existence and orbital stability of standing waves in the mass subcritical case
and mass critical case. Chen and Tang [2] obtained the existence of normalized ground states. The
ground states of the NLS equation with combined power-type nonlinearities was studied by Jeanjean
in [19] and Soave in [35,36]. The related content with Choquard-type nonlinearities was obtained by
Feng and Chen in [9,12]. Inthe case N =3, 1 =0,a =0, p = 2 and u = 2, the existence and orbital
stability of standing waves were proved by Cazenave and Lions in [3].

From a mathematical point of view, however, the Choquard-type equation (1.2) also stimulated
a lot of interest see, e.g. [6,7,17,41-43]. In the case 4 = 0, Du, Gao and Yang [5] studied the
existence of positive ground state in the energy subcritical and the energy critical cases, established the
regularity and symmetry by the moving plane method in integral forms. Furthermore, the existence
and uniqueness of positive solutions was proved by Lieb [22] and Lions [27], and the orbital stability
of generalized Choquard-type equation was obtained by Wang, Sun and Lv [40].

In this paper, the study of the existence and stability of standing waves for (1.1) with @ > 0 in the
energy space H' is of particular interest, in which the time of existence only depends on the H'-norm
of initial data. Therefore, by the Gagliardo-Nirenberg inequality and the concentration compactness
principle in the study of orbital stability of standing waves, see, e.g. [3,14,15,17,26,44], we can obtain
the following main results:
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In the mass subcritical case, i.e., 2 — 2‘;’“ <p< % and ¢ > 0, or in the mass critical case,
ie.,p= % and 0 < ¢ < ||Q,l17,, where Q, is a ground state to the elliptic equation
1 |Qpl”
—_ A —+ = — —d P‘Z N 1.4
OO =i ( o ey ® )10 (14

it is easy for us to see that the energy functional is bounded from below on S(c). In particular, for
a = 0, in view of (1.4), the Riesz potential /, : RN — R is defined by

I

TS )ms 2V

L(x) = with ['(s) = f e dx, s> 0.
0

Therefore, applying the concepts by Cazenave and Lions in [3], we consider the following constrained
minimization problem

m(c) = uiegl(fc) E(u). (1.5

However, compared with the work for the classical Schrodinger equation, there are two major
difficulties in the analysis of stable standing waves. One is that the Eq (1.2) does not enjoy the scaling
invariance and the space translation invariance due to the inhomogeneous nonlinearity
# ( - %dy) lu|”~2u, the other is that the nonlinear term with a convolution is difficult to handle.
Therefore, the usual methods cannot work. In order to overcome these difficulties, we need to prove
the boundedness of the translation sequence {y,}, and then apply it to prove the compactness of all
minimizing sequences for (1.5). Based on the result, we can obtain the existence of minimizers for the

minimization problem (1.5) and the stability of standing waves.
Theorem 1.4. Let N >3, 0<u <N, 1>0,a>0,2a0+u<Nand0 < g < 1%. Assume one of the
following conditions hold:

(1)2— 2 < pp < 22200 (5 ()

(2)p= %, O<c< ||Qp||iz, where Q,, is the solution of Eq (1.4).

Then the set M. := {u € H'(R") : u € S(c), E(u) = m(c)} is not empty and orbitally stable.
2N=2a—u
o itis
is unbounded from below on S(c). Indeed, if we define uy(x) = szu(sx) for s > O such that ”uS”i2 _
llull?, = c, then we have

2 Nq Np—2N+2a+
1 p atp PlylP
Eu) =2 f Vuldx - =222 f Wl 2dx - f f _ Wy (16
2 Jry q+2 Jry 2p rY Jrv X[ ]x = ylHyl*

In view of (1.6), we can obtain that E(u;) — —oo as s — oo. Therefore, we cannot study the
existence of stable standing waves for (1.1) by considering the global minimization problem (1.5).
Applying the concepts by Jeanjean in [19], Luo and Yang in [28], we consider the following constrained
local minimization problem

In the mass supercritical case, i.e., % <p< it is obvious that the energy functional

m(c) := ug\}(fc) E(u), (1.7)
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where V(c) :==S()NB,, ={ueS(c): ||Vu||i2 < 1o} for ry > 0 with ¢ € (0, ¢p), and B, is defined by
B, :={ue H'®RY):|IVull}, < ro}.
More precisely, we can obtain the property that

—oco <m(c):= inf E(u) <0< inf E(u),
ueV(c) uedV(c)
where dV(c) := {u € S(c) : |[Vull}, = ro}.

However, the energy functional of (1.3) does not keep invariant by translation due to the
inhomogeneous nonlinearity # ( fRN %dy) |ulP~2u. Similarly, in order to prove the compactness
of all minimizing sequences for the minimization problem (1.7), we can solve it by proving the
boundedness of any translation sequences. As consequence, we can obtain the existence of
minimizers for the minimization problem (1.7) and the stability of standing waves.

Theoreml.S.LetN23,0<,u<N,/l>0,aZO,2a+,u§N,O<q<4and%<p<

N
ZN&%‘;_” . Then there exists a co > 0 with c € (0, cy) such that the following conclusions hold:

(1)0+ M. :={uc H'®RY) : ue V(c), E(u) = m(c)} c V(c) c S(c);
(2) The set M. is orbitally stable.

This paper is organized as follows. In section 2, we give some preliminaries. Next, we obtain the
best constant of the Gagliardo-Nirenberg inequality (2.5). In section 3, we prove the Theorem 1.4. In
section 4, we give some properties for (1.1) in the mass supercritical case. In section 5, we prove the
Theorem 1.5. In section 6, we make a summary for this paper.

Notation: Throughout this paper, we use the following notation. C > 0 stands for a constant that may

be different from line to line when it does not cause any confusion. H'(R") is the usual Sobolev space
1

with norm ||u||;: = (fRN(|Vu|2 + |u|2)dx)§. L’(RM) with 1 < s < oo denotes the Lebesgue space with the
1

norm ||u||;s = ( fRN |u|“'dx) *. Br(y) denotes the ball in R" centered at y with radius R.
2. Preliminaries

In this section, we we will collect some preliminaries, and then we obtain the best constant of the
Gagliardo-Nirenberg inequality (2.6).

Lemma 2.1. ([I3])Let N >3,0<u <N, A1>0,a>020+u<N 0<qg<2 228 p<

N’ N
W;,% and Yy € H'(RN). Then, there exists T = T(|[yollm) such that (1.1) admits a unique solution

yel ([0, T), Hl). Let [0, T) be the maximal time interval on which the solution y(t) is well-defined,
if T* < oo, then lir%l [ (O||g1 = o0. Moreover, there are conservations of mass and energy,
t—>T*

W @Ii7. = oll7., EW () = E(o),
forall0 <t <T

Next, we can establish the following Gagliardo-Nirenberg inequality related to (1.2) and the
concentration compactness principle.
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Lemma 2.2. ( [39]) Let N > 3 and 0 < g < ﬁ, then the following sharp Gagliardo-Nirenberg
inequality
2-
%% < Clulll 7 IVu ||

La+2 2’

holds for any u € H'(R"). The sharp constant C(q) is

N.
2q+4  (4-Ng+29\* 1
Clg) = q
4 +2qg— Nq Ngq ”Qq”Lz
where Q, is a ground state solution of the elliptic equation —AQ, + Q, = |Q,170,,.
In particular, in the L*-critical case, i.e., ¢ = %, Clg) = 2||qQ+ﬁq ’
)

Lemma 2.3. ( [4]) Let N > 3 and {u,}," | be a bounded sequence in H YRN) satisfying:

lu,|>dx = A
RN

where A > 0 is fixed. Then there exists a subsequence {u,};> | satisfying one of the three possibilities:

(i) (Compactness) There exists {y, };-, C RN such that u,, (- — y,,) — uask — oo in L*(RM), namely
Ve>0, IR >0, f |, ()P dx > A — &
R(Ynk)

(ii) (Vanishing)
lim sup f |, (x)*dx = 0 for all R < oo;
Br(y)

k—co YERN

(iii) (Dichotomy) There exists o € (0, A1) and uﬁ,i), um) bounded in H' (R") such that:

g |+ 1l | <

Supp unk) N Supp u(z) 0,
ey N + g e < Clltt e,
12, — o, iy I, —> A= 0, ask — oo,
11£gf o (1V20, P = 1V P = [VuDR) dx 2 0,

et — (ulyy + uSHlzs = Oask — Oforall2 < s < 2L (2< s <o if N = 1),

2.1)

Lemma 2.4. (Hardy-Littlewood-Sobolev inequality [23]) Let N >3, p> 1, r>1,0<u <N, a >0,
2 +pu < N, ue LP(RY) and v € L'(RY). Then, there exists a constant C(a, u, N, p, r), independent of

u, v, such that
M(X)V(y)

———————dxdy| < C(a, u, N, p, )llullzs VI, (2.2)
where 1
S TE
p r N
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Remark 2.5. ( 1) By the Lemma 2.4, we know that |x|™ x v € L= (RM) for v € L*(RN) with

se(l, 5 ) and
N
Ns o\ Vs
f ||x|_’“’ * v|N’(N”‘)S dx < C(f |v|"dx) ,
RV RV

where C > 0 is a constant depending only on N, a, u and s.
(2) By the Lemma 2.4 and the Sobolev embedding theorem, we can obtain that

2a+u

Pl o NF
R

forpe[2- 2“+”, 2N 20 5LlifN>3andpe[2- 2Cj:,r",+00] if N = 1,2, where C > 0 is a constant
depending only on N a, uand p.

By applying the idea of M.Weinstein [37], the best constant for the generalized Gagliardo-Nirenberg
inequality (2.6) can be obtained by considering the existence of the following functional
Np-2N+2a+u 2p—Np+2N—-2a—u

(L IVuldx) (7
jl‘gN fRN |x|a||11|1:|yu||:|y|a dXdy

More precisely, we can obtain the following theorem.

Ja,y,p(”) =

(2.4)

Theorem 2.6. Let N >3, 0<u<N,a>0,2a+u <N and?2 - 2C'Jr”<p<M then

Np-2N+2a+u 2p—Np+2N-2a—u

L e valde] ) L @s
o ol —ypppr S Cowr | VU S - 29

The best constant in the generalized Gagliardo-Nirenberg inequality is defined by
Np-2N+2a+u
2

2-2
10,157,

2p 2p—Np+2N -2a—pu
Copp =

2p—Np+2N -2a—pu Np —2N +2a + u

where Q, is a ground state solution of the elliptic equation (1.4).

. . 2 .. . _ 2+2N-2a—u 2-2p
In particular, in the L*-critical case, i.e., p = —_— Copp = pIIQpll .

Proof. To start with, by Lemma 2.4 and applying the interpolation inequality and Sobolev imbedding,
we can obtain that

|uel|u]”
f f e dixdy < Clull”
|x|d|x ylﬂlyla L2N-"2a—u
Np—2N+2a+u 2p—Np+2N-2a—u

< Copp ( fR ) |vu|2dx) ( fR ) Iulzdx) . (2.6)

Based on the above results, the functional (2.4) is well-defined. Thus, we consider a minimizing
sequence {u,} and the following variational problem

= inf {Joyp ), u € H'®RY)\ {0}}. 2.7)
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By the Gagliardo-Nirenberg inequality, we have J > 0. Similarly, we set a minimizing sequence
{va}o2 |, which is defined by v,(x) = p,u,(4,x) with

A% _ Nl 2

n n n 9
Vu g
V|2 Vat, ||

so that [|[v,|l;2 = |IVvll;z = 1and J(v,) = J(u,) > J > 0asn — oo.
By the Schwarz symmetrization properties, namely

Vv [Pdx = f [v[Pdx and Vv |Pdx < f IVv[2dx,
RN RN

RN RN

we may assume that v, is spherically symmetric and satisfies [[v;||g1 < [[villg1. Consequently, there
exists a subsequence which we still denote by {v,}?,, and v € H'(R") such that v, — vin H'(R") and

v, = vin L (RM). Since ||v||;2 = lim |[v,]|;2, it implies that
n—oo

IVllz2 = IVvll2 = 1 and J(v) =
On the basis of the standard variational principle, if w € H'(R"), we have

Ao p(v +tw)
dt |I:O

Then, we can obtain that v satisfies the following elliptic equation

Np —2N +2a + 2p—Np+2N - 2a — 1 P
_Np a+p,  2p—Np a 'uvzpf—(f b )lvlp_z
2 2 Xl \Jgw [x = Yyl

1 N N-p 1\ 2p-2
Now, we define v(x) = au(bx) with b = (w)z and a = ((ZP NpraN-2o) *_ ) , so that u is

Np=2N+2a+u 2pJ(Np=2N+2a+u) 2
a solution of (1.4) and J(u) = J(v) = J
Then, we can establish the following Pohozaev identity (see Lemma 3.1 in [5]) related to (1.4).
Multiplying (1.4) by Q,, and by x - VQ,,, and integrating by parts, we have

) ) 10,12,
f Vel d“f 10 Fdx fRf i — e =9

ON - 2a - 71Q, 17
(N-2) f VO, Ldx+ N f 10 Pdx = 222K f f LY
RN RN p ry Jrv [X|7]x =yl |yl

and

From these identities, we can get the following relations

Np —2N +2a + 10,1710,17 2N —Np —2a -
IVO,II;. = u £ f f ————dxdy = P a 10,12, (2.10)
2p =Y Jrv [x]%x =yl Np—-2p—-2N+2a+pu
nd 10,1710, 2
f f e =y P = - 10,1172 (2.11)
rY Jrv [X]%x = ylH]yl 2p—Np+2N -2a—pu

AIMS Mathematics Volume 7, Issue 3, 3802-3825.
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Having said all of above, we derive the best constant

Np-2N+2a+u

) 1Q,112,%7.

c 1 2p 2p=Np+2N-2a—u
“’”’p_J_Zp—Np+2N—2a’—ﬂ Np —-2N +2a +pu

O

Theorem 2.7. Assume N >3,0<u<N,a>0,2a+u<Nandu € H' R isa ground state solution
of the elliptic equation (1.4).
Ifp> ZN 2“ — L orp<2- 2“” , then the equation has no nontrivial solution.

Proof. Once we have the Theorem 2.6, combined with (2.8) and (2.9), we can obtain that

lul*dx = 0.

((N_z)_ZN—Za—,u)
RN

IN = 2a —
\Vuldx + (N - $)

RN

2N 2(1 —U 2(1+;1

Ifp> orp<2-— , then u = 0. The conclusion was arrived. i

3. Proof of Theorem 1.4

In this section, we prove the Theorem 1.4 in seven steps.

Step 1. We prove that the minimization problem (1.5) is well-defined and every minimization
sequence of (1.5) is bounded in H'(R"). By the definition of E(u) and applying the Lemma 2.2 and
the Young inequality, see, e.g. [29,39], we have

E( >>(1 )nv 12, = 81(&, llull2) ! f f L C— (3.1
u)>|-—¢& ull;, — & \ullpz) — — xdy. .
2 o 2 2p e Jen Ixlelx = yppyle

forany £ > 0 and u € S(c).

2 24+2N-2
In the case 2 — = * < p < ==+,

we have 0 < Np — 2N + 2a + u < 2, which implies that

1
E(u) 2 (5 - 8) IVull}, = 1(&, llull2) = &llVull}, = (e, llull2)

1
= (5 — 23) ||Vu||%2 = 03(&, llull2) = —03(, lull2) > —oo.

Inthecasep—M we have Np —2N +2a+u=2,2p - Np + 2N - 2a — #—N,;pSzAIXA

4
and Cy,p < N,JvrzllQpll V. By (3.1) and |jull;2 < [|Q,ll;2, it follows from the Theorem 2.6 that

1 L\
E(u>z(5—s)|wun _6i(e, ||u||L>——(””Q”I')'|L|L) IVl

4
- (ﬂ) = 2e|IVull2; = 61 (e lull2) = 61 (e llul2) > —oo.
7] T

Therefore, E(u) has a lower bound and the variational problem (1.5) is well-defined. Moreover, it is
easy for us to see that every minimization sequence of (1.5) is bounded in H'(R").

AIMS Mathematics Volume 7, Issue 3, 3802-3825.
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Step 2. We do the scaling transform of the energy functional (1.3) for s > 0 sufficiently small.
Based on the above analysis, in the case 2 — 2“% <p< % orp = %, in view of (1.6),
we can find an s > 0 sufficiently small such that E(u,) < 0.

Next, we choose {u,},”, C §(c) be a minimizing sequence bounded in H L(RY) satisfying

il = ¢, lim E(u,) = m().

Then, there exists a subsequence {uy, };-, such that one of the three possibilities in Lemma 2.3 holds.

Step 3. We prove that the vanishing case in Lemma 2.3 does not occur. If not, by Lion’s lemma, we
have u,, — 0in L'RM)ask — oo forall s € (2, 2 i 2) Hence,

Un | |t |
f |Mnk|q+2dx — 0 and f f dedy -0,
RN rY Jri (X7 = ylyl

: .1
fim B) = i 5 [ Vs 20,

and thus,

which contradicts m(c) < 0. Hence, the vanishing does not occur.

Step 4. We prove that the dichotomy case in Lemma 2.3 does not occur. To begin with, we recall
that

m(6n) < 6m(n) forn € (0,c) and 0 € (1, %). (3.2)

Indeed, by choosing {u,} >, C S(n) satisfying r}l_{g E(u,) = m(n), we can obtain that || \/éunlli2 =
Ollu|I2, = 6 and

07 or u,|P|u,|?
m(6n) < 11m1nf IIVunII - || nlliji - f f dedy
2p Jav Jgn Ixlolx — yplyle

- 2 I ot
< liminf —V,,2 - ,,‘1+2——f f e gxd
e (2” ll: q+2”” o =55 S Jon ol = e %

= 6m(n). 3.3)

Hence, we can obtain that

m(c) < m(n) + m(c —n) < m(n) + m™(c —n) forany n € (0,c), 3.4
where m(0) = 0, m>(c —n) = inf E°°(u) and E*(u) = l||Vu|| q+2|| ||Z+22~

Afterwards, we suppose by contradlctlon that (ii1) in Lemma 2.3 holds. Thus, there exist {unk } and
{u>)} such that
d,, = dist{Supp u(l) Supp u(z)} — 00,

f Iuﬁllk)lza’x - o, f Iuﬁlzk)lza’x —c-0,
R R
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as k — oo. Similar to the proof of the Brézis-Lieb Lemma [1], we know that
|t — ul” = || — ul?,

in L*(RM) for s € [2, 2 i 2) as n — oo, which implies that

p _ P p
il f =l f L
s e = B o Wl =y e e =i

in L2+ (R") as n — oo. Hence, by some basic calculation we can obtain that

f |u|q+2dx _ f (1)|q+2dx _ f |u(2)|q+2dx + zf (l)|q+2 (2)|q+2dx
RN RN

1
(le‘“ (1 n|f’))<—a| u,|")dx — f (|x|‘f‘*< —u “W’))( D [P)dx
N 1 o K I

f (le“ <2>|f’>)< W)+ 2 f (|x|-“ (— |u<2>|1’))< )
R e R e B

By the Lemma 2.3, we know that Supp u,,k)ﬂ Supp u(z) 0, then

(1)|p|u(2)|p
|u(1)|q+2|u(2)IQ+2dx — 0 and ———————dxdy — 0, as k — oo.
" " |x|a|x W

and

We consequently obtain that

1 P 1 nelP 1t |
mc) = hm( f Vuty, Pdx — —— f ity 72 x — — f f dedy)
k—eo |2 q+2 Jen 2p |x|lx = y[yl*
(l)lplu(l)lp
> hmmf( f Vil Pdx — f D1 dx — f f — % (x a’y)+0k(l)
q+2 Ja 2p |x[[ox = wllyl
1 P D1Plu|
+ liminf(—f |Vu§i)|2dx - —f |M,(i)|q+2dx f f [ZPwg L1 7hwg e T Ty
koo \ 2 Jgw q+2 Jpy |x[*x =y |yl

> m(o) + m™(c — o) + ox(1).

Letting k — oo, we have m(c) > m(o) + m™(c — o), which is a contradiction with (3.4). Hence, the
dichotomy does not occur.

Applying the concentration compactness principle of the Lemma 2.3, there exists a sequence {y,, },-
such that

f |, ()P dx > A - &. (3.5)
BR(&)()’nk)

If we denote i1, (-) = u,, (- + y,, ), then there exists i satisfying fRN |ii(x)|*dx = A, namely
~ ~ 1 N ~ ~ . s N 2N
it,, =~ itin H'(R") and #1,, — %1 in L’(R™) for all s € [2,m).
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Step 5. We prove that the compactness case in Lemma 2.3 will occur. We firstly prove that the
sequence {y,,},-, is bounded. Indeed, if it was not true, then up to a subsequence, we assume that
[V, = 00 as n — co. We consequently deduce that

1 _ N 1
f (IXI o (—alunkl")) —luy, [Pdx = f (|x+ynk| Mo (it " )) ——lit, ["dx — 0,
RN |x] |x] RV |x ynkl X+ Y|

as k — oo, which yields m(c) > m*®(c). In fact, by the definition of m*(c), we know that m™(c) is
attained by a nontrivial function v., which yields

o oo/~ | - A
m () = Jim E=(y) 2 ZIVA = —IIA.

We can see that i is a minimizer of m*(c), and then we can obtain

vel?lvel” o0
m(c) < m™(c) — — ————dxdy < m™(c).
rY Jrv [x]%x = (vl

This yields m(c) + = fRN - %dxdy < m™(c), which is a contradiction with m(c) > m*(c).

Accordingly, {y,, };-, 1s bounded, and up to subsequence, we assume that hm 0 Yo = Yo- We consequently
deduce that

ety (x) = 8(x = yo)lloe < Mt (X + Y, ) = BCO|s + |[etn, (X = Y + Y0) — @)l — 0,
which implies u,, — ii(x — yo) in L’(R") for all s € [2, 2 N 2) namely u(x) = ii(x — yo) and
m(c) = liin inf E(u,,) > E(u) > m(c).

Therefore, E(u) = m(c) and u,, — u in H'(R") as k — oo. This completes the proof.

Step 6. We prove that the Cauchy problem (1.1) admits a global solution () with ¥(0) = v if
2 -2 < p < EEV2 and gy € H'(RY) or p = 2229 and [yl < 10,12

Indeed, by Lemma 2.1, we know that it suffices to bound ||V (?)||;2 in the existence time. By Lemma
2.2, Theorem 2.6, the conversation law and the Young inequality, we have

PP
IVeOII7, = 2EW(1)) + —||¢,(;)||g+22 LNI |)|le;(|2| |l§|(j|))|}|(X
< 2E(¢(O)) + 28]V (0ll7, + 261 (&, lp(D)ll2)

Copp Np-2N+2 2p—Np+2N-2
—IIVy Il Pt (H”Hlﬁ(f)” bR, (3.6)
Similar to the step 1, in the case 2 — 2"% <p< %, we have

IVgO)II7, < 2E@W(0)) + 2elVy)II7, + 261 (&, (DIl 2) + 26V ()II7, + 26a(e, I @)II7,)-

24+2N-2a—u

¥ , we have

In the case p =

ly@llz2 \¥

Vg (@7, < 2EW(0)) + 2&lVy(0l7 + 261 (&, Iy (1)l .2) +( 1Ol ) IV (@Il
p 2
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The above argument implies the boundedness of ||Vzﬁ(t)||i2 since ||y ()ll2 = [lY(Oll2 < |Q,ll2. Then
we come to the conclusion.

Step 7. We prove that the set M. is orbitally stable. We firstly observed that the solution ¢ of
(1.1) exists globally, then argue by contradiction that there exist constant &5 > 0 and a sequence
{0}, € H'(RY) such that

. 1
ulef/lxll 0.0 — ull vy < o (3.7)

and there exists {z,}>, C R" such that the corresponding solution sequence i,(z,) of (1.1) satisfies

sup inf |y, () — ull vy = &o- (3.8)

t,€R UEMc
Subsequently, we claim that there exists v € M, satisfies lim o, — Vg gyy = 0. Indeed, in view

of (3.7), there exists {v,}’7, C §(c) be a minimizing sequence such that

Wi = vl < 2 (39)
Due to {v,}>", C M. be a minimizing sequence, by the argument above, there exists v € M, satisfies
Tim [[v, = Vi) = 0. (3.10)
Thus, the claim follows from (3.9) and (3.10) immediately. Consequently,
lim [y, = VI3 = ¢, lim E@o,) = EG) = m(o).
By the conservation of mass and energy, we have
lim ()1, = e, lim E@a () = EO) = m(o).

Similarly, by the argument above, we can see that {1},(#,)},7, is bounded in H '(RM). Hence,

2 q+2
EW,) = EW(t)) + [(i) —(i) }—nu/n(n)nz:i

I n)” [l (21 2 (2] 2 qg+2
. ( Ve )2 _ ( Ve )2” 1 f Walt Wt
[l (21 2 W @ll2 ) | 2p rv X7 =yl ’
for ¢, = Nednltn) o 4 IIwnII = c¢. From the above results, we have

Wil 2
lim E(J,) = lim E(,(t,)) = m(c).

Hence, {Jrn(t,,)}f;’:1 is a minimizing sequence of (1.5). By the analysis above, there exists ¥ € M.
satisfies
Jn — Vin H'(RY). (3.11)

By the definition of i, we know
U — Ualt,) — 0in H'RM). (3.12)
We consequently obtain that ¢,(z,) — ¥ in H'(R"), and which contradicts (3.8). This completes the

proof.
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4. The supercritical case
By the definition of E(u) and applying the Lemma 2.2 and Theorem 2.6, we have
1 AC -
E(w) 2 31Vull; = = 5 lIVu 02l - —||v [ 7

= Va2, f (Il ||Vu||L2), (4.1)
where C; = C(q), C, = C,, . First of all, we define the following function of two variables, namely

- g+2-% Np-2N+2a+u-2 2p—-Np+2N-2a—,
27l ||V||” 17/

flen =5

Now, according to the configurations of parameters above, we note that

N N
Bi :761—2 B2 = q+2—7q,,83:Np—2N+2a+,u—2,ﬁ4:2p—Np+2N—2a/—,u,

And then, substitute the notation into the function, we have

AC C, 5
- —lrlgcﬁ2 - 2_2r/32 cﬁ2 for (c, r) € (0, 00) X (0, o).
14

1
8(r):= fle.r) = 3 )

In the L2-supercritical case, however, we notice thatif N > 3,0 <u < N,a > 0,2a+u < N,0< g < %
and 2+2N 2a—u <p< 2N 201 —u then

,316(—2,0),,326( ,2), ,336(0 ) B € (0, —)
Lemma 4.1. The function g.(r) has a unique global maximum and the maximum value satisfies

m%xgc(r) >0 if c<cp,
r>
max g.(r) =0 if ¢ =co,
r>

max g.(r) <0 if ¢ > co,
r>0

where

=

1
Cp = (m) > 0, (42)

with

B
_AC, (_lﬁ(q+2)Cz)‘*'ﬁ3 50, B= ( Bs w)‘“ & > 0. (4.3)

Cg+2\ B 2paAC, Bi 2pAC,

Proof. By the definition of g.(r), we can obtain by some calculation that

( ) - _& /lC] rﬁl_lc% —&gr%_lc%
& 2q+2 22p '
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Hence, there has unique solution of the equation g.(r) = 0, namely

c

_2
_ [ B @+ 2D\ =3 (4.4)
B 2pac,

Moreover, considering in the analysis of g.(r) we know that g.(r) - —cc as r — 0 and g.(r) —» —oo as
r — +oo. Therefore, we can deduce that r. is the unique global maximum point of g.(r), namely

B
max g.(r) = 1 — AC, _@ (g +2)Cyr\i#s cﬁ%/(;?]ﬁﬁz Cﬁ%
r>0 2 g+2\ By 2paC
B3
R e B
2p\ B 2paC
1 B1B4—B2B3
=5" (A + B)c i+
In view of (4.2), we can obtain that max 8eo(7e,) = 0, and hence the lemma follows. -
>

Lemma 4.2. Let f(cy,r) = 0 for (cy,ry) € (0,00) X (0, 00). Then for any c, € (0, c,], we have that

flc,r) 20 if € [2’”1,”1]-
C1

Proof. It is shown that ¢ — f(-, r) is a non-increasing function, and then we have

flca,r) 2 f(er,r) 2 0. 4.5)

By some basic calculations, 8, + 8, = g > 0, and taking into account we have
(%)
f(Cz,C—ﬁ)Zf(Cl,”l)ZO. (4.6)
1

Moreover, we observe that if ch(r') > 0 and gCQ(r”) > 0 then
f(co,7) = g,(r) = 0 forany re [r,r ]. (4.7)

Indeed, there exists a local minimum point on (', r") when 8e.,(r) < Oforr € [r,r'], and which
contradicts to the fact that g.,(r) has unique critical point with global maximum (see Lemma 4.1). By
(4.5) and (4.6), we can choose r = 2ry and r = ry, and hence the lemma follows. o

By the Lemmas 4.1 and 4.2, we can obtain that f(cg, ry) = 0 and f(c, ry) > 0 for all ¢ € (0, ¢p) and
ro :=r., > 0. According to the above results, we have the following lemma.

Lemma 4.3. The map c € (0, cy) — m(c) is continuous.

Proof. Firstly, we know that the sequence {c,} C (0, ¢() satisfies ¢, — c¢. By the definition of m(c,), we
can obtain that there exists u,, € V(c,) such that E(u,) < 0 and

E(u,) < m(c,) + & forall &> 0 small enough. 4.8)
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Next, we denote z, := \/Czun € V(c) C S(c), then

IVzall7> < IVu,ll7, < 1o for ¢, > c.
Instead, by Lemma 4.2, then we have f(c,,r) > 0 for r € [fro, ro] and ¢, < c¢. Therefore, in view of
(4.1) and (4.8), we have f(c, ||Vun||iz) < 0and

IVzall;, < —=ro = ro with [[Vu,|l7, < —=r.
c, C C

As mentioned above, by the definition of z,, we can obtain that

A ¥
E(z,) — E(uy) = —(— — DIVu i}, - — [( )T - 1] (78 e

L
T h, [( )p ] f a (x y’
an o lx = Yyl

m(c) < E(u,) + [E(z,) — E(u,)] .
At this point, by the definition of V(c), we can obtain that ||Vun||i2 < rg for u € V(c). Moreover, we

q+2 _ lufPluf? :
also know that [[u,||;,., and fRN fRN TN —a——=dxdy are uniformly bounded, then

m(c) < E(u,) + 0,(1) as n — oo, 4.9)

and then, we can write it as

In view of (4.8) and (4.9), we have m(c) < m(c,) + € + 0,(1), then there exists u € V(c) such that
E(u) < 0and
E(u) < m(c) + € for all € > 0 small enough.

Similar to the argument above, we denote u, := \/gu € V(c,) € S(c,), by the fact that ¢, — ¢ and
E(u,) — E(u) for u, € V(c,), then

m(c,) < E(u) + [E(u,) — E(w)] <m(c) + € + 0,(1). (4.10)

Therefore, we conclude that m(c,) — m(c) for all € > 0 small enough, and hence the lemma follows.
O

Lemma 4.4. Let {v,}” | C B, be such that ||v,||s+= — 0. Then, there exist a constant 'y, > 0 such that
EWy) = yollVv,ll72 + 0,(1).

Proof. As a matter of fact, by the Theorem 2.6 we obtain that
1 _
E(v) > SVl - —||v 7R 6,(1)

1C2
22

Hence, by the fact that f(cy, ro) = 0, we have that
1 C2 /33 Ba /lC] B P2
,yo — 2 — 2 c

B3 B
> [|Vv,lI7 ==ro? ¢y |+ on(D).

O
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5. Proof of Theorem 1.5

In this section, we prove the Theorem 1.5 in seven steps.

Step 1. We prove that the minimization problem (1.7) is well-defined. First of all, we have ||Vu||i2 =
ro for all u € dV(c). Then, in view of (4.1), we can get

E(u) > Vull2, f(lull7,, IVull2,) = rof(c, o) = rof(co.ro) = 0,
Similarly, in view of (1.6), we can get
¢.(s) := E(u,) < 0 for all s > 0 small enough.
As mentioned above, we obtain that
— 00 < = inf E(u) <0< inf E(w). 5.1
00 m(C) uevV(c) (M) uedV(c) (I/l) ( )

Therefore, E(u) has a lower bound and the variational problem (1.7) is well-defined.

Step 2. We prove that the ground state is local minimizer of E(u) contained in V(c) when m(c) is
reached. Firstly, we assume that u is a critical point of E(u), its restriction u € S (c) belong to the set

Q. :={ueS(): Qu) =0},

where

AN Np—-2N +2a + Pyl
Q) = IVull, = =2 - =2 atu f f Pl
2(q +2) 2p ey Jrv X)X = ylHlyle

Moreover, by some basic calculations we have the derivative of ¢,, namely

d 1
¢ (s) = d—E(vx) = —Q(vy). (5.2)
S S

Similarly, we observe the fact that if ||[Vv|[;2 = 1 with v € S(c) so that u = v, with u € S(c) for
s € (0, ).

As a matter of fact, the ground states is contained in the set Q.. In view of (5.2), if w € Q. and
v € §(c) satisfies ||[Vv||;2 = 1, so that w = v, E(w) = E(v,,) and %E(vs)(so) = 0 for sy € (0, 00). Just
by the properties of derivatives, sy € (0, 00) is a zero of the function ¢/(s).

By the definition of dV(c), however, when v, € dV(c) we can easily acquire that ¢,(s) = E(vs) > 0
and

d,(s) > 07, [|[Vvll2— 0 as s = 0.

Hence, s; > 0 is the first zero of %E(vs), and it is the local minima satisfying E(v,,) < 0 for v, € V(c).
On the other hand, when v, € dV(c) we also have E(v,) <0, E(v;) > 0 and

E(vs) = —0 as § = +00

Hence, s, > s, is the second zero of E(v,), and it is the local maxima satisfying E(v,,) > 0 and
m(c) < E(vy,) < E(vy,). In particular, v, cannot be a ground state if m(c) is reached.
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To sum up, ¢, has at most two zeros, that is equal to the function s — ¢“( Y has at most two zeros,

which yields that so = 57 and w = v;, = v, € V(c). According to the basic calculatlons we obtain that

$u(5) ( ) ANgq > Np-2N+2a+pu |ualP|uel?
h(s) = = IVull, 2 — s M axdy,
T 2Ag+2) e 2p v el — e

ANG 51y g2 Np-2N+2a+u 4, |ual? |
W(s)=- SN, - P ————dxd
p 2(g+2) w2~ 2p o Je e =y Y

From what has been discussed above, we know that 8; < 0 and 83 > 0, then /’(s) = 0 has a unique
solution, and A(s) = 0 has indeed at most two zeros. Moreover, the solutions were local minimizer
contained in V(c).

Step 3. We prove that the vanishing case does not occur. If not, we assume that

f lu,[*dx >y, > 0 for R > 0. (5.3)
R()’n

First of all, let {u,}. , C B, is bounded in H I(RM) be such that ||un||i2 — ¢ and E(u,) — m(c) for all
¢ € (0, ¢p). By Lions’ lemma, we deduce that ||u,||;¢+= — 0 as n — oo. At this point, by the Lemma 4.4,
we have that E(u,,) > 0,(1), which is a contradiction with m(c) < O.

Step 4. We prove that the dichotomy case does not occur. Indeed, similar to (3.2), we have
m(c) = ﬂm(c) + Qm(c)
c c

SRR
c c—n c \n

< m(c —n) + m(), (5.4)

with a strict inequality when m(n) is reached. But in the mass supercritical case, in view of (5.1), we
can obtain that there exists u € V(n) satisfies

E(u) <0 and E(u) < m(n) + e forall e > 0. (5.5

By the Lemma 4.2, we have f(n,r) > Oforr € [gro, ro]. Therefore, in view of (4.1) and (5.5), we have
2 n

IVully, < =ro. (5.6)
c

Similar to (3.3), we denote v = VOu such that IVII?, = Ollull?, = 657 and [|VVI[2, = 6]|Vul?, < ro. Thus,
for v € V(6n), we can obtain that m(6n) < 0 (m(n) + &), i.e., m(6n) < 6m(n). In particular, if m(n) is
reached, then the strict inequality follows.

Step 5. We prove that the compactness case will occur. By a similar argument above, using the
Lemma 2.3 and Step 5 of the proof of Theorem 1.4, we know that the sequence {y,} C R" is bounded,
and up to a sequence, we assume that y, — yy as n — oo. We consequently deduce that

Up(x = y,) = u. # 0 in H'(R").
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First of all, we denote w,(x) := u,(x — y,) — u.(x), we need to prove that the compactness holds, i.e.,
wa(x) = 0in H'(RY).
Again, by the definition of u, and the analysis of w,, we can obtain that

Wall?, = Netall7, = a2, + 04(1) = € = lluell7, + 0,(1). (5.7

As mentioned, we can obtain that
IVWall7, = 1IVul7> = IVull?> + 0a(1). (5.8)

For this reason, in view of (5.7) and (5.8), we notice that any term in E fulfills the splitting properties
of Brézis-Lieb [1]. Consequently,

Ew,) = E(u,(x - yn)) — E(uc) + 0,(1),
By using the fact that {y,} is bounded and the translation invariance holds, we have
E(u,) = E(w,) + E(uc) + 0n(1). (5.9)

On the one hand, in order to prove the compactness holds, we firstly prove that ||wn||i2 — 0. In view
of (5.7), if we note ¢; := ||uc||i2 > ( so that the conclusion arrived when ¢; = c. Instead, if we argue by
contradiction with ¢; < ¢, by the analysis of (5.7) and (5.8), we have

Iwall7e = ¢ —cr + 0,(1) < ¢, IVWll7, < IVull7, < ro.
While in the mass supercritical case, by the definition of w,, we have
wa € V(Iwall22), E(wy) > m(lw,ll7).
Recalling E(u,) — m(c) and in view of (5.9), then
m(c) = E(wy) + E(ue) + 0,(1) = m(Iwall7.) + E(ue) + 0,(1).

In context, by Lemma 4.3 we know that the map ¢ € (0, ¢y) — m(c) is continuous. Thus, in view of
(5.7), we can deduce that u,. € V(c;) and

m(c) = m(c —cy) + E(u,), (5.10)
which implies E(u.) > m(c,). For one thing, in view of (5.4) and (5.10), if E(u.) > m(c;) then
m(c) > m(c —cy) +m(cy) = m(c — ¢y + ¢;) = m(c).

It is impossible to m(c) > m(c). By a process of elimination, we only have another thing that E(u,.) =
m(cy), namely u, is a local minimizer on V(c;). Similar to the argument above, if (5.4) with the strict
inequality, then

m(c) = m(c —cy) + m(cy) > m(c —c; + c1) = m(c).
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It is impossible to m(c) > m(c). Consequently, we conclude that ||uc||i2 = cand ”W"”iz - 0.
On the other hand, we next prove that IIVw,,IIi2 — 0. With all that said, in view of (5.8), we can
deduce that {w,}> ., is bounded in H' (RN ). By the Gagliardo-Nirenberg inequality of Lemma 2.2

_walPlwal?
x| x—ylHyl

and Theorem 2. 6 we can obtain that |jw,|*" LM — 0 and j];% fRN |
the Lemma 4.4, we have

—t—t—dxdy — 0. Consequently, by

E(w,) > )/OIIVW,,H%2 + 0,(1) where vy > 0. (5.11)

At the end of the part, due to u, — u. in H'(R"Y) with u. € V(c), in view of (5.9), we consequently
deduce that E(u.) > m(c) and E(w,) < 0,(1), namely ||Vw,1||i2 -0
Above all, w, — 0in H'(R") and we come to the conclusion.

Step 6. We prove that the Cauchy problem (1.1) admits a global solution ¥(¢) with ¥(0, x) = ¥ if
N2 < p < 22 Nz(; £ and ¥y € H'(RY). Firstly, we denote the right hand of (5.1) by A. Since the
energy E(u) is the continuous function with respect to u € H'(R"), we deduce from E(u) = m(c) < A
that there is a § > 0 such that ||y — ull;1 < 6 for ¥y € H'(RY), and we have E(y) < A.

Next, we prove this by contradiction. If not, there is a ¥y € H'(RY) such that ||y — ul|;1 < & and
the corresponding solution ¥(#) blows up in finite time. By continuity, there is a 77 > 0 such that

||Va//(T1)||i2 > ro. We now consider the initial data i) = ”‘l/ﬁ”‘i‘;

. When ¢ > 0 sufficiently small, we have
o € S(c) and E() < A.

When ¢ < ||z//0||L2, we have IIVgZOIIi2 < ||Vv,00||2 < rp. When ¢ > ||¢/0||L2, due to 0 < ¢ < ¢y, we have
IVoll? 7 < To. This implies that ¥y € V(c). Since the solution of (1.1) depends continuously on the
initial data and |[Vy/(T))|I7, > ro, there is a T, > 0 such that |[Vg(T)|I?, > ro, where §(2) is the solution
of (1.1) with initial data 5. Consequently, we deduce from the continuity that there is a 75 > 0 such
that ||V1Z(T3)||i2 = rp. This implies that (T3) € dV(c). It follows that

A > E(o) = EW(T3)) 2 ueiglvf(c) E(u) = A

which is a contradiction.

Step 7. We prove that the set M, is orbitally stable. We argue by contradiction, i.e., we assume that
there is gy > 0, a sequence of initial data {¢,} € H'(R") and a sequence {t,} C R satisfy the maximal
solution ¥, (¢) with ¥,,(0) = ¥, such that

lim inf {lyo, —ull =0, inf lu(t) = ullip 2 &o. (5.12)

n—oo ue M,
Similar to the argument of (3.10), there is a v € M, such that lim |y, — v|l;n = 0. Next, due to
n—o00

v € V(c), we have i, = ”‘f(‘f)(”’z € V(¢) and
nIn)lly;

lim E(,) = lim E(,(1,)) = lim E(o,) = E(v) = m(c),

which implies that {i,,} is a minimizing sequence for (1.7). Thanks to the compactness of all
minimizing sequence of (1.7), there is a i € M, satisfies i/, — ii in H'(R"). Moreover, by the
definition of ,, it follows that ¥, — ,(z,) in H'(R"). Consequently, we have y,(t,) — it in H'(RV),
which contradicts to (5.12). This completes the proof.
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6. Conclusions

In this work, we study the stability of set of energy minimizers in the mass subcritical, mass
critical and mass supercritical cases. Due to appearance of the inhomogeneous nonlinearity
# ( fRN |X—Iyu||:|y|”dy) lulP~2u, the non-vanishing of any minimizing sequence is hard to exclude. By a
rather delicate analysis, we can overcome this difficulty by proving the boundedness of any translation
sequence. To the best of our knowledge, there are no any results about instability or strong instability.

However, for its mathematical interest, these problems will be the object of a future investigation.
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