AIMS Mathematics, 7(3): 3731-3744.
AIMS Mathematics DOI: 10.3934/math.2022207

%5 Received: 11 June 2021

Accepted: 29 November 2021
http://www.aimspress.com/journal/Math Published: 08 December 2021

Research article

Entire functions that share a small function with their linear difference
polynomial

Minghui Zhang, Jianbin Xiao and Mingliang Fang*

Department of Mathematics, Hangzhou Dianzi University, Hangzhou 310018, China

* Correspondence: Email: mlfang@hdu.edu.cn.

Abstract: In this paper, we investigate the uniqueness of an entire function sharing a small function
with its linear difference polynomial. Our results improve some results due to Li and Yi [11], Zhang,
Chen and Huang [17], Zhang, Kang and Liao [18, 19] etc.

Keywords: entire functions; linear difference polynomial; small functions; unicity
Mathematics Subject Classification: 30D35

1. Introduction and main results

In this paper, we assume that the reader is familiar with the basic notions of Nevanlinna’s value
distribution theory, see [6, 10, 14, 15]. In the following, a meromorphic function means meromorphic
in the whole complex plane. By S(7, ), we denote any quantity satisfying S(r, f) = o(T(r, f)) as
r — oo, possible outside of an exceptional set E with finite logarithmic measure fEdr/ r < oo A
meromorphic function a(z) is said to be a small function of f(z) if it satisfies T'(r,a) = S(r, f). If a(z)
is an entire function, then a(z) is called an entire small function of f(z). We say that two nonconstant
meromorphic functions f(z) and g(z) share small function a(z) CM(IM), if f(z) — a(z) and g(z) — a(z)
have the same zeros counting multiplicities (ignoring multiplicities ).

Let f(z) be a nonconstant meromorphic function. Define
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by the order, the hyper-order and the lower order of f(z), respectively.
If a meromorphic function f(z) satisfies

log" T(r, f)
logr

p(f) =pu(f) = }Lrgo

then we say that f(z) is of regular growth.
The exponents of convergence of zeros and poles of f(z) are defined by

log* N( )
Af) = lim ————77
r—00 logr

and
1 l _ T log™ N(r, f).
f r—00 l()g r
Let a(z) be an entire small function of f(z). The exponent of convergence of zeros of f(z) — a(z) is
defined by

log* N( )
Af =) = Jim —— =
If
log" N( )
llml— p(f)s
r—o0 o9or

for p(f) > 0; and N (r L) = O(log r), for p(f) = 0, then a(z) is called a Borel exceptional value of

f(z). If a = oo, then N(r —) is replaced by N(r, f).

In addition, we also use the following notations [15]. We denote by Ny (r, f) the counting function
for poles of f(z) with multiplicity < k, and by Nk)(r, f) the corresponding one for which multiplicity is
not counted. Let N(r, f) be the counting function for poles of f(z) with multiplicity > k and N(k(r, f)
be the corresponding one for which multiplicity is not counted. Set

Ni(r, f) = N(r, ) + Na(r, f) + -+ + Nu(r, f).

Similarly, we have the notations:

N(rl)ﬁ(rl)N(rl)N(rl)N(rl)~--
k) ,f,k) ,f,(k ,f,(k ,f,k,f,

Let f(z) and g(z) be two nonconstant meromorphic functions and f(z) and g(z) share 1 IM. We
denote by N, (r, 7 1) the counting function for 1-points of both f(z) and g(z) about which f(z) has
larger rnultlphclty than g(z), with multiplicity being not counted [16]. Similarly, we have the notation
N, (r ) Especially, if f(z) and g(z) share 1 CM, then
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If

1 1
N(r,f_a)+N(r,f_b)—2N(r,a)SS(r,f)+S(r,g)

or

_ 1 _ 1 _
N(r, ]Ta)+N(r,f_b)—2N(r,a) <S8 f+S(rg),

then we call that f(z) and g(z) share a CM or IM almost.

For a nonzero complex constant 77, we define the difference operators of f(z) as 4, f(z) = f(z+n) -
f(z) and A7 f(2) = a,(A27" £(2)), where n(> 2) is an integer.

Let

Lz, ) = (@) f(z + c) + D2(2) f(z + c2) + -+ - + Du(2) f(2 + cp), (1.1)

where b;(z)(# 0) (i = 1,2,--- ,n) are small functions of f(z), and ¢; (i = 1,2,--- ,n) are distinct finite
complex numbers.

In 1996, Briick [1] investigated the uniqueness question of entire functions sharing one value with
its first derivatives and posed the following conjecture.

Conjecture 1. Let f(z) be a nonconstant entire function satisfying p>(f) < +oo, which is not a positive
integer, and let a be a finite value. If f(z) and f'(z) share a CM, then

f@—-a=cf2)-a),

where ¢ # 0.

Briick proved that the conjecture is true provided a # 0 and N(r, %,) = S(r, f)ora = 0. However, this
conjecture is still an open question. Recently, many authors considered the uniqueness of meromorphic
functions sharing a small function with their difference operators. For example, Liu and Yang [12]
proved the following result.

Theorem A. Let f(2) be a transcendental entire function such that p(f) < 1, let n be a positive integer,
let a be a finite value, and let n be a nonzero complex number. If f(z) and A} f(z) share a CM, then

Alf —a=c(f - a),

where c is a nonzero finite complex number.

But Zhang et al. [18] found that such probability in the conclusion of Theorem A does not exist.
They obtained the following result.

Theorem B. Let f(z) be a transcendental entire function such that p(f) < 1, let n be a positive integer,
and let a and n be two finite values. Then f(z) and A} f(z) can not share a CM.

In the proof of Theorem A, it is easy to know that the hypothesis p(f) < 1 plays an important role.
Zhang, Kang and Liao [18] posed the following question: If p(f) < 1 is replaced by p(f) > 1 in
Theorem A, Theorem A is valid or not?
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In this direction, Zhang et al. [18] proved the following result.

Theorem C. Let f(z) be a transcendental entire function such that p(f) < 2, let n be a positive integer,
let a and n be two nonzero constants, and let A(f — a) < p(f). If f(z) and Ay f(z) share a CM, then

f(2) = a+ be”,
where b, ¢ are two nonzero constants such that e = 1.

But Zhang et al. [17] found out such probability in Theorem C does not exist. They proved the
following result.

Theorem D. Let f(z) be a transcendental entire function with p,(f) < 1, let L(z, ) be a linear
difference polynomial of the form (1.1) with bi(z)(# 0) (i = 1,2,--- ,n) are entire small functions of
f(2), and let a(z) be an entire small function of f(z) satisfying a(z) # L(z,a) and L(z, f) # L(z,a). If
o(a, f) =1, then f(z) and L(z, f) can not share either a(z) or L(z,a) CM.

By Theorem D, it is naturally to pose the following question.

Question 1: If a(z),b;(z)(z 0) (i = 1,2,---,n) are entire small functions of f(z) is replaced by
a(z),bi(z)( 0) (i = 1,2,---,n) are small functions of f(z), and f(z) and L(z, f) can not share either
a(z) or L(z,a) CM is replaced by f(z) and L(z, f) can not share either a(z) or L(z,a) IM in Theorem D,
Theorem D is valid or not?

In this paper, we give a positive answer to Question 1, and prove the following result.

Theorem 1. Let f(z) be a transcendental entire function with p,(f) < 1, let L(z, f) be a linear
difference polynomial of the form (1.1) with b(z)(£ 0) (i = 1,2, --- , n) are small functions of f(z), and
let a(z) be a small function of f(z) satisfying a(z) # L(z,a) and L(z, f) # L(z,a). If 6(a, f) = 1, then
f(z) and L(z, ) can not share either a(z) or L(z,a) IM.

Corollary 2. Let f(z) be a transcendental entire function with p,(f) < 1, let L(z, f) be a linear
difference polynomial of the form (1.1) with bi(z)(# 0) (i = 1,2,---,n) are small functions of f(2),
and let a(z) be a small function of f(z) satisfying a(z) # L(z,a) and L(z, f) # L(z,a). If a(z) is a Borel
exceptional small entire function of f(z), then f(z) and L(z, f) can not share either a(z) or L(z,a) IM.

Li and Yi [11] proved the following result.

Theorem E. Let f(z) be a transcendental entire function with A(f) < p(f) < +oo, let a(z)(% 0) be an
entire small function of f(z) satisfying p(a) < p(f), let n be a nonzero complex number, and let n be a
positive integer. If f(z) and Ag f(z) share a(z) CM, then p(f) = 1, and AZ f(@ = f(2).

Zhang et al. [19] improved Theorem E as follows.

Theorem F. Let f(z) be a transcendental entire function with A(f) < p(f) < +oo, let a(z)(# 0) be an
entire small function of f(z) satisfying p(a) < p(f), let n be a nonzero complex number, and let n be a
positive integer. If f(z) and A} f(z) share a(z) CM, then f(z) = ce'*, where ¢ and ¢ are two nonzero
constants.

Recently, Zhang et al. [17] proved

Theorem G. Let f(2) be a transcendental entire function with p,(f) < 1, let a,(z2), a(z) be two entire
small functions of f(z) satisfying a(z) # ax(z) and p(a;) < 1(j = 1,2), and let L(z, f) be a linear
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difference polynomial of the form (1.1) with b;(z)(£ 0) are entire small functions of f(z), p(b;)) < 1
(i=12,---,n),and a\(z) # L(z, a2(2)). If 6(aa, f) + 6(a2, L(z, f)) > 1, and f(2) and L(z, f) share a(z)
CM, then f(z) = L(z, f).

In this paper, we improve Theorems E-G as follows.

Theorem 3. Let f(2) be a transcendental entire function with p,(f) < 1, let a;(z), ax(z) be two small
functions of f(z) satisfying a\(z) # ax(z), and let L(z, f) be a linear difference polynomial of the form
(1.1) with bi(z)(£ 0) (i = 1,2,---,n) are small functions of f(z), and a,(z) # L(z,a,(2)). If 6(as, f) +
o(ar, L(z, ) > 1, and f(2) and L(z, f) share a,(z) CM, then L(z, f) = f(2).

Corollary 4. Let f(z) be a transcendental entire function with A(f) < p(f) < +oo, let a(z) be an entire
small function of f(z) such that a(z) # 0, let n be a positive integer, and let 1 be a nonzero finite value.
If f(2) and A} f (z) share a(z) IM, then f(z) = ce“', where ¢ and ¢, are two nonzero constants.

By Corollary 4, we remove the condition p(a) < p(f) in Theorem F.

2. Preliminary lemmas

For the proof of our results, we need the following lemmas.

Lemma 2.1. /2,3, 7-9] Let f(2) be a meromorphic function with p(f) < +oo, and let ¢ be a nonzero
finite constant. Then

fz+ c))
mlr, =S5, f).
( f(@) f
Lemma 2.2. [13, 14] Let f(z) be a nonconstant meromorhic function, and let ay,a, - - ,a, be small

functions of f(z) such that a, # 0. Then
T(ryanf" + -+ arf> + arf +ao) = nT(r, f) + S(r, f).

Lemma 2.3. [/4] Let f(2) and g(z) be two nonconstant meromorphic functions, and let p(f) and p(g)
be the order of f(z) and g(2), respectively. Then we have

p(f - & < max{p(f),p(g)}.

Lemma 2.4. [14] Let f(z) and g(z) be two nonconstant meromorphic functions, let p(f) be the order
of f(z), and let u(g) be the lower order of g(z). If p(f) < u(g), then we have

T(r,f)=o(T(r,g)).
Lemma 2.5. [5] Let f(z) and g(z) be two meromorphic functions. If f(z) and g(z) share 1 IM. Then

one of the following cases must occur:
(1)

T(r,f)+T(r,g) <2 [Nz(r, f)+ Ny(r,g)+ N, (r, %) + N, (r, é)]

+3NL (r, ﬁ) + BNL (r, 1 1) +S(r, f)+S(rg);
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(b+1)g+(a—b-1)
(2) f — wrlgHa—o—1)

bertah) where a(+ 0) and b are two constants.

Lemma 2.6. [4] Let n be a positive integer, let f(2) be a transcendental meromorphic function of finite
order with two Borel exceptional values 0 and co, and let 11 be a nonzero constant such that A} f(z) # 0.
If f(2) and A} f(z) share 0, 0 CM, then f(z) = e where c(# 0), ¢; are two constants.

Lemma 2.7. Let f(z) be a nonconstant entire function with p(f) < +oo, and let a(z) be a small entire

Sfunction of f(2). If A(f — a) < p(f), then 6(a, f) = 1.

Proof. We consider two cases.
Case 1. p(f) > 0. Since A(f — a) < p(f), then

f—a:HeQ,

where H is the canonical product of zeros of f — a, and Q is a nonzero polynomial.
Since a(z) is a small entire function of f(z) and A(f — a) < p(f), by Hadamard’s factorization
theorem, we have p(H) = A(H) = A(f — a) < p(f).

Obviously, T(r, f —a) = T(r, f) + S(r, f). So we get p(f — a) = p(f).
From Lemma 2.3 and e is of regular growth, we obtain

p(H) < p(f) = p(f — a) < max{ip(H), p(e?)} = p(e?),

and

p(e?) < maxip(H), p(f)} = p(f).

It follows that p(f) = p(e?) = u(e?). From Lemma 2.4, we get T(r, H) = o(T(r, ¢9)). Then we have

IT(r,f)=T(r,f —a)+S(r,f)
=T(r,He?) + S(r, f)
<T(r,H)+T(r,e2) + S(r, )
<T(r,e2) + S, f) + S(r,e9).

We also get T(r,e?) < T(r, ) + S(r, f) + S(r,e2). Then we obtain T(r, f) = T(r,e?) + S(r, f). So we

have
__N(rns%) __N(n)
n > f-a T >H
oa, fl=1-lm——<1-1 =
(@) im0 Nm o9

Case 2. p(f) = 0. As defined in the introduction, when p(f) = 0, the number of zeros of f — a is
finite. We obtain N (r, 2-) = o(T(r, f)). So we have &(a, f) = 1.
This completes the proof of Lemma 2.7. O

Lemma 2.8. [6, 13-15] Let f(z) be a transcendental meromorphic function, then

lim rwp _
F—00 logr
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3. Proof of Theorem 1

Considering that f(z) is a transcendental entire function with p,(f) < 1 and by Lemma 2.1, we have

m(r ! ):m(rL(Z’f)_L(Z’a)- ! )<m(r ! )
"f-a , f-a Lz, f) - L(z,a)] "L(z, f) - L(z,a)

Then we obtain

+Sf), @G.1)

1

mlr7s) _m(rmpes) 101 | Sep
TG = TeLe) | Twh TCf)

Thus we get
1 1
: m(r ) Fa) . m(r ’ L(z,f)—uz,a)) —T(r Lz, f) —S[)
lim < lim - lim + lim .
o I'(rf) S TLz f) e T, f) roT'(r, f)

Then from dé(a, f) = 1, we obtain

1 =6(a, f) < 6(L(z,a), L(z, /) < 1. (3.2)

So we have 6(a, ) = 6(, ) = 1, 6(L(z, @), L(z, [)) = 6(c0, L(z, f)) = 1. Suppose f and L(z, f) share
a(z) IM. So we have

_ 1 — 1 1
N(r,m):N(F,E)SN(r,f_a):S(r,f). (33)

From the Nevanlinna’s second fundamental theorem, we have

T(r, L(z, f))

1 — 1
SNPV&Jﬁ—J+A%AMzﬂ—L&ﬂ)

)+Nmme»+SmL@f»

— 1
<N (r, m) + S(r, L(Z, f))

— 1 — 1
:Nl) r,m +N(2(r,m)+S(r,L(z,f))

1 1 1

SN]) v, m + EN(Z r, m) + S (7, L(Z,f))
Nl — Y Vo U — Y on (L
S\ Len-a) 2|\ e -a l>"uaﬂ—a)

+§(r, L(z, f))

e
2 L(z, f)—a

! )+S(r LGz )
2
T(” L(z, f)) + Nl)(

e
-

Ie f) )+S(rL(z -
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It follows that

— 1
N(l’, m) = T(l’, L(Z, f)) + S(l’, L(Z, f)) (34)
By (3.3) and (3.4), we get
T(r,L(z, ) =S [). (3.5)
From (3.1), we obtain
T(r, f)=m (r, i a) +S(r, f)

1
= ( L) -Lea) ) +307)
<T(r,L(z, /) +S(r, [). 3.6)

By (3.5) and (3.6), we get T(r, L(z, f)) = S (r, L(z, f)), a contradiction.
Suppose f(z) and L(z, f) share L(z, a) IM. Similarly, we get T(r, f) = S (r, f), a contradiction.
This completes the proof of Theorem 1.

4. Proof of Corollary 2

Since a is a Borel exceptional small entire function of f(z), by Lemma 2.7, it follows that 6(a, f) = 1.
Hence by Theorem 1 we know that f(z) and L(z, f(z)) can not share either a(z) or L(z, a(z)) IM. This
completes the proof of Corollary 2.

5. Proof of Theorem 3

According to the definition of d(a», f) and d(as, L(z, f)), we have

___Nlr, ._la
lgroloT((r—ff;) =1-6(a, f) = a,
__ N(r LGf)- =)
PR Ty IR
Then we get
N(r, ! ) <(a+&eT(r,f), (5.1)
f-a
1
N (r’ m) < (ﬁ + E)T(V, L(Za f))’ (52)

where & = %[5(a2,f) + 0(an, L(z, f)) — 1].
From (5.1) and (5.2), we obtain

( i 1a2)+N( m)S(“”)T(“f)*w”)T(“L(Z»f))- (5.3)
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According to the Nevanlinna’s second fundamental theorem, Lemma 2.5 and (5.3), we get

T(r,/)+T(r, Lz f))
ST(}",f— a) + T(’”,L(Z,f) —ay) + S(F,f)

1 1
) [Nz (r, m) N, (r, m) LS )+ S (LG f)

2Aa+T(r, ) +2B+ )T Lz, ) +Sr )+ S, Lz f))
<2[1 = 6(a, f) + €lT(r, f) + 2[1 = 6(az, L(z, f)) + &]T(r, L(z, f))
+S(r, )+ S(r, L(z, f)).

Then we have
[26(ay, f) —2e = 11T(r, f) + [26(as, L(z, f)) — 2 = 1]T(r, L(z, )) < S(r, f) + S(r, L(z, ). (5.4)
Since 6(ay, f) + 0(az, L(z, f)) > 1, we get @, < 1. Hence, we obtain
26(ay, f) +20(az, L(z, f)) —4e -2 = g[é(az,f) +6(as, L(z, f)) — 11 > 0.
T, f)<T(r,L(z, f)), where r € I and I is a set of infinite logarithmic measure, then we have

[20(as, f) —2&e = 11T (r, f) + [26(az, L(z, f)) — 2& = 11T (r, L(z, f))
>[26(az, f) + 20(ay, L(z, f)) —4e = 21T (r, )

4
=§[5(a2,f) + 0(ax, L(z, f)) — T (r, f). (5.5)

From (5.4) and (5.5), we have

4
5[(5(02,1”) +6(ar, Lz, ) = UT(r, ) < S(r f) + S(r, Lz, ) < S, /).

It follows that T'(r, f) = S(r, f), a contradiction. If T'(r, L(z, f)) < T(r, f), where r € I and I is a set of
infinite logarithmic measure. Similarly, we get

T(r,L(z, ) =S f). (5.6)
Since f(z) and L(z, f) share a,(z) CM, we obtain
1 1
N(r,f_al)—N(r,m). (57)
From (5.1), we have
1 l+a
N(r, 7o Clz) < > T(r, f). (5.8)

By the Nevanlinna’s second fundamental theorem, (5.7) and (5.8), we get

1 1
T(r,f) SN(r,f_al)+N(r,f_a2)+S(r,f)
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1

1 +
<N(r’L(z,f)—a1)+ ) T(r’f)+S(r’f)

<T(r, LGz, ) + ; ST )+ S0 f).

It follows that

(1 1 ; “) T(r, f) < T(r, Lz, f)) + S(r, f). (5.9)

By (5.6) and (5.9), we have T'(r, L(z, f)) = S(r, f) = §(r, L(z, f)), a contradiction.
Next we prove L(z,a;) = a,. Suppose L(z,a;) # a,. Similarly, from (3.2), it is easy to know that
o(ay, f) < 0(L(z,az), L(z, f)). It follows that

0(L(z, a2), L(z, f)) + 6(az, L(z, f)) + 6(c0, L(z, f))
20(as, f) + 6(ar, L(z, f)) + 6(c0, L(z, [)) > 2,

a contradiction.

Set
- L -
_ J@) -a@) G- (z, ) az(z)' (5.10)
a,(z) — ax(z) a1(z) — ax(2)
Since d(ay, f) + d(ay, L(z, f)) > 1, we have
0(0,F)+0(0,G) > 1. (5.11)
From Lemma 2.5, we have
F:(b+1)G+(a—b—1)’ (5.12)
bG + (a—b)
where a(# 0) and b are two constants.
Clearly, we have
T(r,F)=T(r,G)+ O(1). (5.13)
Next we consider three cases:
Case 1. b # 0, —1. In the following, we consider two subcases.
Casel.l.a—-b—-1=%0.
From (5.12), we have
— 1 —( 1
N(T,m):N(l’, —) (514)
G+ b+1 F
Furthermore, by the Nevanlinna’s second fundamental theorem, we have
_ —( 1 — 1
T(r,G)<SN(r,G)+N|r,=|+N|r,———|+S5,G)
G G + a;h—]
+1
— —( 1 —( 1
<N@#r,G)+N|r,=|+N|r,=]|+S(G). (5.15)
G F
According to the definition of 6(0, F) and 6(0, G), we have
__ N(ri
' ( F) =1-6(0,F) = ay, (5.16)

lim
r—o0 T(r’ F)
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m N (r, é)
r—o T(r,G

=1-06(0,G) =p.
Then we get
1
N(r, F) <(ay +&)T(r, F),
1
N(r, 5) < (B + eDT(rG),

where &; = 1[6(0, F) + 6(0,G) — 11.
From (5.13), (5.18), (5.19) and Lemma 2.8, we obtain

N(r, é) . N(r, %)

<N (r, l) + N(r, l)

G F
<By +e)T(r,G) + (@ + )T (r, F)
<(ay + By +2e)T(r,G) + S(1,G).

It follows that

N(r, é) + N(r, %) < (a; +Bi +2e)T(r,G) + S(r,G).

By (5.15)—(5.20) and N(r,G) < N(r,G) = S (r,G), we have

[1 = (o) + B +2e)]T(r,G) = %[6(0, F)+60,G)-1]T(r,G) = S(r,G).

It follows that T'(r, G) = S (r, G), a contradiction.
Case 1.2. a— b —1=0. By (5.12), we know

Similarly, we deduce a contradiction.
Case 2. b = —1. Then (5.12) becomes

a
F=—— .
(a+1)-G
Next we consider two subcases:
Case 2.1. a+ 1 # 0. By (5.21), we have
N(r—L =N F
T, = r,F).
G-—(a+1)

Similarly, we deduce a contradiction as in Case 1.1.
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Case 2.2. a+ 1 =0. From (5.21), we obtain F - G = 1. Then
(f —a) - (L(z, ) — ) = (a1 — ax)’.

Since f is an entire function, we know

N(r,f !

) SN(V, L(Z, f) - Clz) +2N (7‘, ! )
a —dy
L2T(r,a; —ax) +S(r, f) = S(r, f).

By Lemmas 2.1, 2.2 and 2.8, we have

2T (r, f) =2T(r, f —ap) = 2T (r, ;) + 0(1)
f-—a

:2m(r, f—laz) +2N(r, f—laz) + 0(1)

1
:Zm(r, f_az) +8(r, )= m(r, (f——az)z) +8(r, f)
_ 2 —
<m (r, —((C}l — :;2))2 ) +S(nf)=m (r, —L(Zf’]i)az 02) +50nh)
<S(, f).

It gives T'(r, f) = S (r, f), a contradiction.
Case 3. b = 0. From (5.12) we have

_G+(@-1

F (5.22)
a
Next we consider two subcases:
Case 3.1. a+ 1 # 0. By (5.22), we have
N ! N (. F)
r,—————— | = r,F).
G-—(a+1)

Similarly, we deduce a contradiction as in Case 1.1.
Case 3.2. a+ 1 = 0. From (5.22), we obtain F = G. So we have f = L(z, f).
This completes the proof of Theorem 3.

6. Proof of Corollary 4

Set A
F1 = ]—(, G1 = Lf
a a
Since a(z) is an entire small function of f(z), by Lemma 2.7 it follows 6(0, f) = 1. Considering f
and A’,; f share a IM, we deduce that F; and G, share 1 CM almost. Thus by Theorem 3, we know
F, = G,. So we have f = A’,;f. Since f and Agf share 0,00 CM, by Lemma 2.6, we deduce that
f(2) = ce'’*, where ¢ and c; are two nonzero constants. This completes the proof of Corollary 4.
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