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Abstract: In this paper we consider the following system of coupled biharmonic Schrodinger
equations

Au + Aju = u’ +,8uv2,

AV + v =V + Buly,

where (u,v) € H*(RY) x H*(RY), 1 < N <7, 4; > 0(i = 1,2) and 3 denotes a real coupling parameter.
By Nehari manifold method and concentration compactness theorem, we prove the existence of ground
state solution for the coupled system of Schrodinger equations. Previous results on ground state
solutions are obtained in radially symmetric Sobolev space H>(RY) x H>(RY). When j satisfies some
conditions, we prove the existence of ground state solution in the whole space H*(R") x H*(RM).

Keywords: system of Schrodinger equations; ground state solution; Nehari manifold;
concentration-compactness principle
Mathematics Subject Classification: 35J35, 35J50, 35Q55, 47135

1. Introduction

In this paper, we consider the existence of standing waves for the following coupled system of
biharmonic Schrodinger equations

(1.1)

i0,E| — A’Ey + |E\PE; + BIEJ’E, = 0,
i0,Ey — A*Ey + |yl Es + BIE\PE, = 0,
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where E| = E(x,t) € C, E, = E5(x,t) € C and S is a constant. This system describes the interaction
of two short dispersive waves. By standing waves we mean solutions of type

(E\(x, 1), Ex(x, 1)) = (e u(x), €™'v(x)), (1.2)
where u, v are real functions. This leads us to study the following biharmonic Schrodinger system

{Azu + Aiu= u +,8uv2,

1.3
A%y + Ay = v +,8u2v, (1.3)

where (u,v) € HX(RY) x H*(R"). In this paper we assume that 1 < N <7,4; > 0( = 1,2) and Bis a
coupling parameter.

In order to describe wave propagation, some models with higher-order effects and variable
coefficients, such as the third-, fourth- and fifth-order dispersions, self-steepening and symmetric
perturbations, have been proposed in physical literatures (see e.g. [26]). Karpman investigated the
stability of the soliton solutions for fourth-order nonlinear Schrodinger equations (see [13, 14]). To
understand the differences between second and fourth order dispersive equations, one can refer to [11].

Physically, the interaction of the long and short waves can be described by a system of coupled
nonlinear Schrodinger and Korteweg-de Vries equations. Recently, a fourth-order version of such
system was considered by P. Alvarez-Caudevilla and E. Colorado [5]. Using the method of Nehari
manifold, they proved the existence of ground state in radially symmetric space H*(RY) x H*(RY).
In their proof, the compact embedding of radially symmetric function space is essential. A natural
problem is whether there exists a ground state in the Sobolev space H*(RY) x H*(R").

On the other hand, the second order counterparts of (1.1) and (1.3) are respectively

i0,E| — AE, + |E\’E\ + BE\|E,|* = 0, (1.4)
i0,E, — AE> + |E2*E» + BIE\E, = 0. '
and
Au+ Lu=u’ +,8uv2,
5 ) (1.5
Av + v =V + Buv.

Since pioneering works of [2—4, 18, 19, 22], system (1.5) and its extensions to more general second
order elliptic systems have been extensively studied by many authors, e.g. [8,9,12,21,23]. For the
similar problem for fractional order elliptic system, one can refer to [7, 10, 25].

Motivated by the above developments, using techniques of variation principle and concentration-
compactness lemma, we consider the existence of ground state for system (1.3). By ground state, we
mean a nontrivial least energy solution of the system.

We organize the paper as follows. In Section 2, we give some notations, elementary results and
statements of our main theorems. In Section 3, we study some properties of Palais-Smale sequence. In
Section 4, we give the proof of our main theorems.

2. Preliminaries and main theorems
In H*(RY), we define the following norm:

(u, v); :=f(Au-Av+/l,-uv), Null? := Cu,u);, i=1,2. (2.1)
RN
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For u € LP(RY), we set |ul, = ( fRN |u|”)% for 1 < p < co. Accordingly, the inner product and induced

norm on
H := H*(RY) x H*(RM).

are given by

(V). (Em) = f (Au- AZ+ Av - An + Ayué + o),
RN
1 I =l + 2.

The energy functional associated with system (1.3) is

1 1 1 1
) = S} + 5B~ 5 | vy 5p fR N

foru = (u,v) € H.
Set

1 1 1
hw =g -5 [t mor=gmi-g [
2 4 RN RN

P(u) = © (w)[u] = |[ulf - f u*+vH-28 f uh?,
RN RN

and the Nehari manifold
N ={ua = (u,v) € H\{(0,0)} : ¥(u) = 0}.

Remark 2.1. (see [1,5,16])

Let

2N
X7 1° ] N 49
o In-a VN>

o, if 1<N<A4

Then we have the following Sobolev embedding:

2<p<?2, ifN=#4,

H>(RY) — LP(RV),
®" ® for{ZSp<2*, if N =4

Proposition 2.1. Let @y be the restriction of ® on N. The following properties hold.

i) N is a locally smooth manifold.

ii) N is a complete metric space.

iii)u € N is a critical point of © if and only if u is a critical point of ©y.
iv) @ is bounded from below on N.

Proof. 1) Differentiating expression (2.4) yields

W (Wwlu] = 2lulf - 4 f W v — 88 f 2
]RN RN

(2.2)

(2.3)

(2.4)

(2.5)
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By the definition of Nehari manifold, for u € NV, ¥(u) = 0 and hence
¥ (w)[u] = ¥ (u)[u] - 3P¥(u) = -2|jul]* < 0. (2.6)

It follows that N is a locally smooth manifold near any point u # 0 with ¥(u) =0 .

i1) Let {u,} C N be a sequence such that |ju, — wy|]| — 0 as n — +co. By Gagliardo-Nirenberg-
Sobolev inequality and interpolation formula for L? space, we have |u,, — ug|, — 0 and |v,, — vo|, = 0
for 2 < p < 2*. It easily follows that @ (u,)[u,] — ® (ug)[uy] — 0. Since @ (u,)[u,] = 0, we have
@' (up)[wo] = 0.

Claim: There exists p > 0 such that for all u € N, ||u| > p.

Since u,, € N for all n and |ju, — uy|| — 0, we get uy # (0,0). Hence u,, € Nand N is a complete
metric space.

Proof of the claim: Taking the derivative of the functional @ in the direction h = (A, k) , it follows
that

CI)'(u)[h] = f (Auhy + Ayuhy + Avhy + Apvhy) — f WPhy + Vv hy) —ﬁf (u’?hy + uvhy).
RN RN RN
Taking the derivative of ® (u)[h] in the direction h again, it follows that
@ (wh]* = ||h|* -3 f Wh +vhy) =B | (Ph5 + VI + duvhhy).
RN RN

Note that [h]?> means [h,h] and h = (h;, k). Let u = 0, we obtain ®"(0)[h]?> = ||h|?>, which implies
that 0 is a strict minimum critical point of ®. In a word, we can deduce that N is a smooth complete
manifold and there exists a constant p > 0 such that

[lul]> > p forallue N. 2.7)

ii1) Assume that (1o, vy) € N is a critical point of ®x. Then there is a Lagrange multiplier A € R
such that

D (1o, vo) = AY (uo, vo). (2.8)
Hence
0 = (D (uo, vo), (1o, vo)) = A(Y (uo, vo), (uo, vo)). (2.9)
From (2.6) and (2.9) , we get A = 0. Now (2.10) shows that ® (i, vo) = 0, i.e. (uo, Vo) is a critical
point of O.
iiii) By (2.3), (2.4) and (2.7), we have
|-
Oy (u) = leull , (2.10)
and )
O(u) > Zp forallu e N. 2.11)
Then ® is bounded from below on N. O

Lemma 2.1. For every u = (u,v) € H\{(0, 0)}, there is a unique number t > O such that ta € N .
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Proof. For (u,v) € H\{(0,0)} and # > 0, define

1 1 1
w(t) := O(tu, tv) = 5t2||u||2 - Zz“ f (u* +vh) - E,Bt“ f U2
RN RN

For fixed (u,v) # (0,0), we have w(0) = 0 and w(t) > C'#* for small 7. On the other hand, we have
w(f) = —oo as t — oo. This implies that there is a maximum point ,, > 0 of w(f) such that w'(t,)) =
®'(t,,w)u = 0 and hence ,,u € N. Actually, since ® has special structure, by direct computation we
can also get the unique ¢,,. m|

Lemma 2.2. ( [20, page 125])

Letu € LYRN) and D™u € L'(RY) for 1 <r, g < 0. For 0 < j < m, there exists a constant C > 0
such that the following inequalities hold:

. 1_
1D ulley < CID™ ully, llull 5,

where

. 1 1 - .
+(__ﬂ)a[+_a/’ i
r N q m

1
— <a<l
p
and C = C(n,m, j,q,r1, ).

The main results of the present paper are as follows:

Theorem 2.1. There exist two positive numbers A~ and A*, A~ < A*, such that
(i) If B > A™, the infimum of ® on N is attained at some 0 = (i, V) with ®(1) < min{®(u,), D(v,)}
and both it and V are non-zero.

(ii) If 0 < B < A~, then ® constrained on N has a mountain pass critical point w* with ®(u*) >
max{®(u,), d(v2)}.

The definitions of A*, A~,u; and v, will be given in section 4.
3. Palais-Smale sequence

Let
= inf ®(u).
c 12 (w)

Lemma 3.1. There exists a bounded sequence v, = (u,,v,) C N such that ®(u,) — ¢ and ® (u,) — 0
asn — +oo.

Proof. From Proposition 2.1, ®@ is bounded from below on N. By Ekeland’s variational principle [24],

we obtain a sequence u, C N satisfying

1
®(u,) < inf ®(u) + —,
N . (3.1)
O(u) > O(u,) — —|lu, —u|| foranyu e N.
n
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Since
1 1 5
c+— 20, = —|u,ll, (3.2)
n 4

there exists C > 0 such that
I, |I* < C. (3.3)

For any (y, z) € H with ||(y, z)|| < 1, denote
Fo(s, 1) = @ (u, + SY + tu,, v, + SZ+ tv,) (U, + Sy + tuy, v, + SZ + tv,). 3.4)

Obviously, F,,(0,0) = @' (u,,, v,)(u,, v,) = 0 and

oF,

5 (0.0 = (¥ (14> ), (i, V) = =20, |* < 0. (3.5

Using the implicit function theorem, we get a C' function #,(s) : (—=6,,6,) — R such that #,(0) = 0 and
Fn(sa tn(s)) = O’ s € (_5n’ 6n) (36)

Differentiating F (s, ,(s)) in s at s = 0, we have

oF, oF, ,
0,0 0,0),(0) = 0. 3.7
7-0,0) + —-(0,0)7,(0) (3.7)
From (2.4) and (2.7), it follows that
6Fn ’ 2
| o 0,0)] = (Y (un, i), (1, vi))l = 2[[w,[|” > 2p. (3.8)

By Holder’s inequality and Sobolev type embedding theorem, it yields

aFn ’
I—a 0,0 = IC¥ (un, vi), (v, )
S

ﬂ%wmwwwﬂfwbww+wfwaﬁmn (3.9)
RN RN
< (.
From (3.7)—(3.9), we obtain
I£.(0)] < C,. (3.10)
Let
@, Z)n,s = S(y, Z) + tn(s)(um Vn)a (y, Z)n,s = (l/tn, vn) + @, Z)n,s‘ (31 1)
In view of (3.1), we have
1. _ _
|‘D(Y, Z)n,s - (D(un’ vn)l < ;”()’9 Z)n,s”- (312)

Applying a Taylor expansion on the left side of (3.12), we deduce that

D, s = Py Vi) = (D (s V), 3y Dy + (1, 5)
= (D (tys Va)s SO 2)) + (D Uy Vi), 1,(8) Uy, v,)) + 111, 5) (3.13)
= (D (Un, V1), (7, 2)) + 1(n, 5),
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where r(n, s) = 0||(, 2)nsll as s — 0.
From (3.3), (3.10), (3.11) and #,(0) = 0, we have

I I3, Dn,sl
imsup —————

< Cs, (3.14)
|s|—0 8]

where Cj is independent of n for small s. Actually, it follows from (3.10), (3.11) that r(n, s) = O(s) for
small s.
From (3.3), (3.12)—(3.14), we have

, C
(D (1n, Vi), (v, 2))| < 73 (3.15)

Hence @ (u,,v,) — 0 asn — co. We complete the proof of the lemma. |

From the above lemma, we have a bounded PS sequence such that ®'(u,, v,) — 0 and ®(u,, v,) —
c. Then, there exists (ug, vo) € H*(RY) x H*(RN) such that (u,, v,) — (ug, o).

Lemma 3.2. Assume that (u,, v,) — (o, vo) and ® (u,, v,) — 0 asn — oo. Then ® (uy, vo) = 0.

Proof. For any v = (¢, %), ¢, € C3(R"), we have

O Gy, 1)V = (U ), (0,0)) — fR (W) B fR RO T (3.16)

The weak convergence {u,} implies that {(u,, v,,), (¢, ¥)) — {(uo, Vo), (¢, ¥)). Let K € R" be a compact
set containing supports of ¢, ¥, then it follows that

(Up, vp) = (19, vo) in LP(K) X LP(K) for 2 < p <27,

(tty, V) = (ug,vo) fora.e. x e RV,
From [6], there exist ax and bx € L*(K) such that
lu,(x)| < ag(x) and |v,(x)| < bg(x) fora.e.x e K.
Define cx(x) := ax(x) + bg(x) for x € K. Then cx € L*(K) and
|16, ()], [V ()] < up(X)] + [va(x)| < ag(x) + bg(x) = cx(x) fora.e. x € K.

It follows that, for a.e. x € K,
2 3
u, v, < cxlel,
2 3
”nVn‘ﬁ < CKllM’

and hence

f cleldx < lexxxllexkls
K

fC%ledx < |CK)(K|Z|$XK|4~
K
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By Lebesgue’s dominated convergence theorem, we have

funvitpdxﬁfuovégodx,
K K
fuflvnwdx%fvouéwdx.
K K

Similarly, there exists dx(x) € L*(K) such that |u,| < dx(x) for a.e. x € K and

(3.17)

weo < lu,llol < dg(x)’lgl  fora.e. x € K.

By Lebesgue’s dominated convergence theorem, it yields

f wodx — f wipdx. (3.18)
K K

D (14, v,) (s ) — @ (ug, vo) (@, ¥) (3.19)

and @ (1o, vo) = 0. Thus (ug, vo) is a critical point of ®. o

By (3.16)—(3.18), we obtain

Lemma 3.3. ( [24, Lemma 1.21]) If u,, is bounded in H*(RY) and

sup f lul’dx — 0 as n — oo, (3.20)
B(z,1)

Z€RN

then u, — 0 in LP(RY) for 2 < p < 2*.

Lemma 3.4. Assume that {u,} is a PS sequence constrained on N and

sup f lu,|*dx = sup( |, |*dx + f lvu|>dx) — 0. (3.21)
B(z,1) B(z,1) B(z,1)

Z€RN zeRN
Then ||u,|| — O.

Proof. Since {u,} € N and thus

4 4 2.2
= f W+ + 28 f 2.
RN RN

From Lemma 3.3, we have that u,, — 0,v, — 0in LP(R"Y) for 2 < p < 2*. By Holder’s inequality, it

follows that
f (ut + v +2,8f ulv: — 0,
RN RN

and hence ||u,|| — O. O
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4. Proof of main results

System (1.3) has two kinds of semi-trivial solutions of the form («, 0) and (0, v). So we take u; =
(U1,0) and v, = (0, V), where U, and V, are respectively ground state solutions of the equations

Af+Af=7, i=12

in H*(R") which are radially symmetric(see [15]). Moreover, if we denote w a ground state solution

of (4.1)

APw+w=w, 4.1)

Ur(x) = V4 w4 %), Va(x) = VA w(¥A, ). (4.2)

Thus two kinds of semi-trivial solutions of (1.3) are respectively u; = (U, 0) and v, = (0, V,).

by scaling we have

Definition 4.1. We define the two constants related to U, and V, as follows:

T L A L

T2 = - 4.3)
> s 2 2 s (
eet? @0} [ U e ENO) [ V22

and
A* =max{S3,83}, A~ = min{S7,S3}.

Proposition 4.1. i). If0 < 8 < A7, then uy, v, are strict local minimum elements of ® constrained
on N .
ii). If B > A*, then u,, v, are saddle points of ® constrained on N. Moreover

iIAI/f O(u) < min{®(u,), ®(v1)}, 4.4)

Proof. Since the proof is similar to [5], we omit it. O

Next, we will see that the infimum of ® constrained on the Nehari manifold N is attained under
appropriate parameter conditions. We also give the existence of a mountain pass critical point.

Proof. We first give the proof of Theorem 2.1 (7).
By Lemma 3.1, there exists a bounded PS sequence {u,} C N of D, i.e.

®(u,) > ¢ = inf & and @), (u,) — 0.

We can assume that the sequence {u,} possesses a subsequence such that
u, —u inH,

u, > u in L) RY)x L RY)for2<p<2,

loc

u, — u forae.xeR".

Suppose that

sup f lu,|>dx = sup( |un*dx + f [val>dx) — 0.
z€RN J B(z,1) zeRN JB(z,1) B(z,1)
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From Lemma 3.4, we have u, — 0. This contradicts with u, € N. In view of Lions’ Lemma, there
exists y, € RY such that

liminff lu,|*’dx > 6 or lim inff v l*dx > 6.
B(yn,1) B(yn,1)

n—oo n—oo

Without loss of generality, we assume that

lim inf f lu,|*dx > 6.
n—oo B(yn,l)

For each y, ¢ RY, we can find z, ¢ Z" such that B(y,, 1) € B(z,, | + VN), and thus

lim inf f lu,|*dx > lim inf f lu,|*dx > 6. 4.5)
=% JB(zy,1+ VN) =0 JB(yn,1)

If z, is bounded in Z", by u,, — uwin L; (RY), it follows that  # 0. We assume that z, is unbounded in
ZN . Define u, = u,(- + z,) and v, = v,(- + z,,). For any compact set K, up to a subsequence, we have
u, —u in H,
u, » u in L(K) X L’(K) for2 < p < 2%,
u, — u forae. xeR",

where u = (i, v). From (4.5), we have that

lim inf f [u,*dx > 6,
n—00 B(0,1+ VN)
and thus u = (u,v) # (0,0).

From Lemmas 3.1 and 3.2, we notice that u,, u € N and u, is PS sequence for ® on N. Moreover,
by Fatou’s Lemma, we obtain the following:

¢ = liminf ®(u,) = liminf Oy (u,) > Oy (u) = O(u).

Hence ®(u,v) = c and (u,v) # (0, 0) is a ground state solution of the system (1.3).

In addition, we can conclude that both components of u are non-trivial. In fact, if the second
component v = 0, then u = (%,0). So u = (u,0) is the non-trivial solution of the system (1.3). Hence,
we have

(W) = ®(u) < O(uy) = 11(Uy).
However, this is a contradiction due to the fact that U, is a ground state solution of A%u + Au = u’.
Similarly, we conclude that the first component u # 0. From Proposition 4.1-(ii) and 8 > A", we have

®(u) < min{®(u,), D(vy)}. (4.6)

Next we give the proof of Theorem 2.1 (ii).

From Proposition 4.1-(i), we obtain that u;, v, are strict local minima ® of on N. Under this
condition, we are able to apply the mountain pass theorem to @ on N that provide us with a PS
sequence v, € N such that

®(v,) — ¢ := inf max O(y(1)),
yell 0<r<1

where
[:={y:[0,1] > N |y is continuous and y(0) = uy, y(1) = v,}.

From Lemmas 3.1 and 3.2, we have that ¢ = ®(u*) and thus u* is a critical point of ®. O
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5. Conclusions

In this paper, using Nehari manifold method and concentration compactness theorem, we prove the
existence of ground state solution for a coupled system of biharmonic Schrédinger equations. Previous
results on ground state solutions are obtained in radially symmetric Sobolev space. We consider ground
state solutions in the space without radially symmetric restriction, which can be viewed as extension
of previous one.
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