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1. Introduction

Clifford-valued neural networks (NNs) are the NNs whose state variables, connection weights
and external inputs are Clifford numbers. They are generalizations of real-valued, complex-valued
and quaternion-valued neural networks. In recent years, due to their advantages over real-valued
networks and their potential application values in many fields, they have attracted the attention of
many researchers [1–12]. However, because the multiplication of Clifford numbers does not satisfy the
commutative law, it is difficult to study the dynamics of Clifford-valued NNs. At this stage, there are

http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2022202


3654

few results on the dynamics of Clifford-valued NNs [8–14]. In addition, it is worth noting that in most
of the existing results [5,7–9,14], the coefficients of the leakage terms in neural networks are assumed
to be real numbers.

On the one hand, it is well known that high-order Hopfield NNs have more advantages than low-
order Hopfield NNs. Therefore, in the past few decades, many scholars have done a lot of research
on the dynamics of high-order Hopfield NN [13, 15–18]. This is because the application of neural
networks in various fields largely depends on their dynamic performance. Moreover, the use of neural
networks with complex or even chaotic dynamic behaviors in information processing is expected to
improve the efficiency and flexibility of information processing.

In addition, noise interference is the main source of neural network instability, which can lead to
poor neural network performance. In the real nervous system, synaptic transmission is a noisy process,
caused by random fluctuations in neurotransmitter release and other probabilistic reasons. As we all
know, neural networks can be stable or unstable through some random inputs [19]. For this reason,
stochastic neural networks are widely studied [20–26].

Besides, we know that the existence and stability of equilibrium points are important dynamics of
autonomous neural networks. For nonautonomous neural networks, there are generally no equilibrium
points. Therefore, the existence and stability of periodic or almost periodic solutions are important
dynamics. Since almost periodicity is more common than periodicity, in the past few decades,
many scholars have studied the almost periodic solutions of deterministic neural networks [7, 27–29].
However, the existing results on the existence of almost periodic solutions of stochastic neural
networks are almost all about mean-square almost periodic solutions. Unfortunately, in [30], some
counterexamples show that the nontrivial solutions of some stochastic differential equations with
almost periodic coefficients cannot be mean-square almost periodic. Therefore, it is more reasonable
to study the almost periodic solutions in distribution of stochastic differential equations. Random
almost periodic oscillation is a complex oscillation phenomenon. However, so far, no papers have been
published on almost periodic solutions in distribution of Clifford-valued stochastic high-order Hopfield
NNs. Therefore, it is necessary to study this issue.

Inspired by the above discussion, and considering the fact that time delay is inevitable, in this work,
we consider the following Clifford-valued stochastic high-order Hopfield NN with time varying-delays:

dxp(t) =
[
− cp(t)xp(t) +

n∑
q=1

apq(t) fq(xq(t − τpq(t)))

+

n∑
q=1

n∑
l=1

bpql(t)gq(xq(t − σpql(t)))gl(xl(t − νpql(t)))

+ Ip(t)
]
dt +

n∑
q=1

δpq(xq(t − γpq(t)))dωq(t), (1.1)

where p ∈ {1, 2, . . . , n} := D, n is the number of neurons in layers; xp(t) ∈ A is the state variable of the
pth unit at time t and A is a Clifford algebra; cp(t) ∈ A is the coefficient of the leakage term, which
represents the rate with which the pth unit will reset its potential to the resting state in isolation when
disconnected from the network and external inputs; apq(t), bpql(t) ∈ A are the first-order and second-
order connection weights of the neural network; τpq(t) ≥ 0, σpql(t) ≥ 0, νpql(t) ≥ 0 and γpq(t) ≥ 0
correspond to the transmission delays; Ip(t) ∈ A denotes the external inputs at time t; fq, gq : A → A
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are the activation functions of signal transmission; ω(t) = (ω1(t), ω2(t), . . . , ωn(t))T is an n-dimensional
Brownian motion defined on a complete probability space; δpq : A → A is a Borel measurable
function.

Let (Ω,F , {Ft}t≥0, P) be a complete probability space with a natural filtration {Ft}t≥0 satisfying
the usual conditions. Denote by CBF0([−%, 0],An) the family of all bounded, F0-measurable,
C([−%, 0],An)-valued random variables φ.

The initial values of system (1.1) are given by

xp(s) = φp(s), s ∈ [−%, 0], p ∈ D, (1.2)

where φp ∈ CBF0([−%, 0],An).
The main purpose of this paper is to study the existence and global exponential stability of almost

periodic solutions in distribution of system (1.1). The innovations of this paper are as follows: (1) This
is the first paper that uses a non-decomposition method to study stochastic NNs whose coefficients are
all Clifford numbers except for time delays. (2) This is the first time to study almost periodic solutions
in distribution of Clifford-valued stochastic high-order Hopfield NNs. (3) The method of dealing with
time-varying delays in this paper can be used to study the corresponding problems of other types of
stochastic NNs with time-varying delays. (4) When the system we consider degenerates into real-
valued system, complex-valued system or quaternion-valued system, the results of this paper are also
new.

The rest of this paper is organized as follows. In Sect. 2, we recollect some basic definitions and
lemmas. In Sect. 3, based on the principle of contractive mapping, we establish the existence of almost
periodic solutions in distribution for system (1.1). In Sect. 4, we study the global exponential stability
of the almost periodic solution in distribution of system (1.1) by inequality techniques. In Sect. 5, we
give an example to illustrate the feasibility of the theoretical results obtained in this paper. In Sect. 6,
we give a concise conclusion to end this paper.

2. Preliminaries

The real Clifford algebra over Rm is defined as

A =

{∑
A∈Π

xAeA, xA ∈ R
}
,

where Π = {∅, 1, 2, . . . , A, . . . , 12 · · ·m}, e∅ = e0 = 1 and ep, p = 1, 2, . . . ,m are called the Clifford
generators and satisfy there exits an ι (0 ≤ ι < m) such that

e2
p = 1, p = 1, 2, . . . , ι,

e2
p = −1, p = ι + 1, ι + 2, . . . ,m,

epq + eqp = 0, 1 ≤ p, q ≤ m, p , q.

For x =
∑
A

xAeA ∈ A, let ‖x‖A = max
A
{| xA |}, where

∑
A

and max
A

are short for
∑

A∈Π
and max

A∈Π
,

respectively. For y = (y1, y2, . . . , yn)T ∈ An, we define ‖y‖n = max{‖yp‖A}. Then (A, ‖ · ‖n) is a Banach
space. For more information on Clifford analysis, see [31].

Throughout this paper, for x =
∑
A

xAeA ∈ A, we denote xð =
∑

A,∅
xAeA and x∅ = x − xð.
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Definition 2.1. [6] Let BC(R,An) denote the set of all bounded continuous functions from R toAn. A
function f ∈ BC(R,An) is said to be almost periodic, if for every ε > 0 there exists a positive number
` such that every interval of length ` contains a number τ such that

‖ f (t + τ) − f (t)‖n < ε, t ∈ R.

The τ is called the ε-translation number of f . Denote by AP(R,An) the set of all such functions.

Let (Ω,F , {Ft}t≥0, P) be a complete probability space with a natural filtration {Ft}t≥0 satisfying the
usual conditions.

A stochastic process X = {X(t) : t ≥ 0} (or, simply Xt) is called adapted to the filtration {Ft}t≥0 if Xt

is Ft-measurable for all t ≥ 0.
Let (E, d) be a separable, complete metric space and B(E) be the σ-algebra of Borel sets of E. We

denote by P(E) the set of all probability measures defined on B(E) and by CB(E) the set of all bounded
continuous functions f : E→ R with ‖ f ‖∞ := supx∈E | f (x) |< ∞.

For f ∈ CB(E), µ, ν ∈ P(E), we define

‖ f ‖L = sup
a,b

| f (a) − f (b) |
d(a, b)

, ‖ f ‖BL = max{‖ f ‖∞, ‖ f ‖L},

dBL(µ, ν) := sup
‖ f ‖BL≤1

|

∫
E

f d(µ − ν) | .

It is well known that the metric space (P(E), dBL) is a Polish space [32]. For a random variable
X : (Ω,F , P)→ E, we will denote by µ(X) := P ◦ X−1 its law and by E(X) its expectation.

Let L2(Ω,An) be the space of allAn-valued random variables such that

E(‖X‖2n) =

∫
Ω

‖X‖2ndP < ∞.

For X ∈ L2(Ω,An), we denote

‖X‖2n =

( ∫
Ω

‖X‖2ndP
) 1

2

and E‖X‖2n =

∫
Ω

‖X‖2ndP.

Definition 2.2. [33] A stochastic process X : R → L2(Ω,An) is said to be L2-continuous if for any
t0 ∈ R,

lim
t→t0

E‖X(t) − X(t0)‖2n = 0.

It is said to be L2-bounded if sup
t∈R

E‖X(t)‖2n < ∞.

Definition 2.3. [34] An L2-continuous stochastic process X : R → L2(Ω,An) is said to be square-
mean almost periodic if for every ε > 0, there exist a positive number ` such that every interval of
length ` contains a number τ such that

E‖X(t + τ) − X(t)‖2n < ε, t ∈ R.
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Definition 2.4. [35] A stochastic process X : R → An is said to be almost periodic in distribution if
the mapping

t → µt := µ(X(t))

is almost periodic, where µ(X(t)) = P ◦ [X(t)]−1 is the law of X(t) under P, that is to say, if for every
ε > 0, there exists a positive number ` such that every interval of length ` contains a number τ such
that

dBL(P ◦ [X(t + τ)]−1, P ◦ [X(t)]−1) < ε.

From Remark 2.12 in [33], one can deduce that

Lemma 2.1. If an L2-continuous stochastic process X(t) is square-mean almost periodic, then X(t) is
almost periodic in distribution; but the converse is not true.

Lemma 2.2. [36] Let g : R→ R be a continuous function such that, for every t ∈ R,

0 ≤ g(t) ≤ α + β

∫ t

−∞

e−δ(t−s)g(s)ds,

where α, β, δ ≥ 0 are constants and δ > β. Then we have g(t) ≤ α δ
δ−β

.

In the rest part of this paper, we will adopt the following notation:

cðp = sup
t∈R
‖cðp(t)‖A, c∅p = sup

t∈R
| c∅p(t) |, c∅p = inf

t∈R
| c∅p(t) |, a+

pq = sup
t∈R
‖apq(t)‖A,

b+
pql = sup

t∈R
‖bpql(t)‖A, I+

p = sup
t∈R
‖Ip(t)‖A, τ+

pq = sup
t∈R

τpq(t),

σ+
pql = sup

t∈R
σpql(t), ν+

pql = sup
t∈R

νpql(t), γ+
pq = sup

t∈R
γpq(t).

Throughout this paper, we assume that

(H1) For p, q, l ∈ D, c∅p ∈ AP(R,R+) with c∅p > 0, cðp, apq, bpql, Ip ∈ AP(R,A), τpq, σpql, νpql, γpq ∈

AP(R,R+) ∩ C1(R,R), there exist positive constants τ̇+
pq, σ̇

+
pql, ν̇

+
pql, γ̇

+
pq such that τ̇pq(t) ≤ τ̇+

pq < 1,
σ̇pql(t) ≤ σ̇+

pql < 1, ν̇pql(t) ≤ ν̇+
pql < 1, γ̇pq(t) ≤ γ̇+

pq < 1.
(H2) For q ∈ D, fq, hq ∈ C(A,A), there exist constants L f

q , L
g
q,M

g
q such that

‖ fq(x) − fq(y)‖A ≤ L f
q‖x − y‖A, ‖gq(x) − gq(y)‖A ≤ Lg

q‖x − y‖A,

‖δpq(x) − δpq(y)‖A ≤ L+
pq‖x − y‖A, ‖gq(x)‖A ≤ Mg

q ,

for all x, y ∈ A, and fq(0) = gq(0) = δpq(0) = 0.
(H3)

K := max
p∈D

{ 4
(c∅p)2

[
(cðp)2 +

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2 +

n∑
q=1

( n∑
l=1

(b+
pql)

2
n∑

l=1

(Mg
l )2

)
×

n∑
q=1

(Lg
q)2 +

nc∅p
2

n∑
q=1

(L+
pq)2

]}
<

1
4
,
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P := max
p∈D

{13
c∅p

(cðp)2 +
26
c∅p

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2 ec∅pτ

+
pq

1 − τ̇+
pq

+
52n
c∅p

n∑
q=1

[ n∑
l=1

(b+
pql)

2

×

n∑
l=1

(
Mg

q Lg
l

ec∅pν
+
pql

1 − ν̇+
pql

+ Mg
l Lg

q
ec∅pσ

+
pql

1 − σ̇+
pql

)]
+ 26n

n∑
q=1

(L+
pq)2 e2c∅pγ

+
pq

1 − γ̇+
pq

}
<min

p∈D
{c∅p}.

(H4)

C := max
p∈D

{ 5
(c∅p)2

[
(cðp)2 +

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2 + 2n

n∑
q=1

( n∑
l=1

(b+
pql)

2

×

n∑
l=1

(
(Mg

q Lg
l )2 + (Mg

l Lg
q)2

))
+

nc∅p
2

n∑
q=1

(L+
pq)2

]}
< 1.

3. The existence of almost periodic solutions in distribution

We denote by UCB(R,L2(Ω,An)) the space of all L2-bounded and uniformly L2-continuous

functions from R to L2(Ω,An). Let B = UCB(R,L2(Ω,An)) with the norm ‖x‖B =

(
sup
t∈R

E(‖x(t)‖2n)
) 1

2

,

then B is a Banach space.
Set x0 = (x0

1, x
0
2, . . . , x

0
n)T , where x0

p(t) =
∫ t

−∞
e−

∫ t
s c∅p(u)duIp(s)ds, t ∈ R, p ∈ D and take a constant κ

such that ‖x0‖B ≤ κ.

Definition 3.1. An Ft-progressively measurable stochastic process x(t) is called a mild solution of
system (1.1), if x(t) satisfies the following stochastic integral equation

xp(t) =xp(t0)e−
∫ t

t0
c∅p(u)du

+

∫ t

t0
e−

∫ t
s c∅p(u)duΘp(s, x)ds

+

∫ t

t0
e−

∫ t
s c∅p(u)duΓp(s, x)dωq(s),

where t ≥ t0, p ∈ D,

Θp(s, x) = − cðp(s)xp(s) +

n∑
q=1

apq(s) fq(xq(s − τpq(s))) +

n∑
q=1

n∑
l=1

bpql(s)

× gq(xq(s − σpql(s)))gl(xl(s − νpql(s))) + Ip(s),

Γp(s, x) =

n∑
q=1

δpq(xq(s − γpq(s))).

Theorem 3.1. Assume that (H1)-(H4) hold, then system (1.1) has a unique almost periodic solution in
distribution in the closed ball Bκ = {x | x ∈ B, ‖x − x0‖B ≤ κ}.

AIMS Mathematics Volume 7, Issue 3, 3653–3679.



3659

Proof. According to Definition 3.1, taking the limit as t0 −→ −∞, we obtain

xp(t) =

∫ t

−∞

e−
∫ t

s c∅p(u)duΘp(s, x)ds +

∫ t

−∞

e−
∫ t

s c∅p(u)duΓp(s, x)dωq(s), p ∈ D, (3.1)

which is a mild solution of system (1.1).
Define an operator Φ : Bκ → Bκ by

Φx = ((Φx)1, (Φx)2, · · · , (Φx)n)T ,

where for t ∈ R, p ∈ D,

(Φx)p(t) =

∫ t

−∞

e−
∫ t

s c∅p(u)duΘp(s, x)ds +

∫ t

−∞

e−
∫ t

s c∅p(u)duΓp(s, x)dωq(s).

Firstly, we will prove that the operator Φ is well defined.
In fact, for x = (x1, x2, . . . , xn)T ∈ Bκ, one has

‖x‖B ≤ ‖x0‖B + ‖x − x0‖B ≤ 2κ (3.2)

and

‖Φx − x0‖2B

≤4 sup
t∈R

max
p∈D

{
E
∥∥∥∥∥ ∫ t

−∞

e−
∫ t

s c∅p(u)ducðp(s)xp(s)ds
∥∥∥∥∥2

A

}
+ 4 sup

t∈R
max
p∈D

{
E
∥∥∥∥∥ ∫ t

−∞

e−
∫ t

s c∅p(u)du
n∑

q=1

apq(s) fq(xq(s − τpq(s)))ds
∥∥∥∥∥2

A

}
+ 4 sup

t∈R
max
p∈D

{
E
∥∥∥∥∥ ∫ t

−∞

e−
∫ t

s c∅p(u)du
n∑

q=1

n∑
l=1

bpql(s)gq(xq(s − σpql(s)))

× gl(xl(s − νpql(s)))ds
∥∥∥∥∥2

A

}
+ 4 sup

t∈R
max
p∈D

{
E
∥∥∥∥∥ ∫ t

−∞

e−
∫ t

s c∅p(u)du
n∑

q=1

δpq(xq(s − γpq(s)))dωq(s)
∥∥∥∥∥2

A

}
:=A1 + A2 + A3 + A4. (3.3)

By the Cauchy-Schwarz inequality, we have

A1 ≤4 sup
t∈R

max
p∈D

{
E
( ∫ t

−∞

e−
∫ t

s c∅p(u)duc̄ðp‖xp‖Bds
)2}

≤max
p∈D

{4(cðp)2

(c∅p)2

}
‖x‖2B (3.4)

and

A2 ≤4 sup
t∈R

max
p∈D

{
E
( ∫ t

−∞

e−
∫ t

s c∅p(u)du
n∑

q=1

| apq(s) | ‖ fq(xq(s − τpq(s)))‖Ads
)2}
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≤4 sup
t∈R

max
p∈D

{
E
( ∫ t

−∞

e−
∫ t

s c∅p(u)du
n∑

q=1

a+
pqL f

q‖x‖Bds
)2}

≤max
p∈D

{ 4
(c∅p)2

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2

}
‖x‖2B. (3.5)

Similarly, we have

A3 ≤ max
p∈D

{ 4
(c∅p)2

n∑
q=1

( n∑
l=1

(b+
pql)

2
n∑

l=1

(Mg
l )2

) n∑
q=1

(Lg
q)2

}
‖x‖2B. (3.6)

Moreover, by the Itô isometry, we obtain

A4 =4 sup
t∈R

max
p∈D

{
E
[ ∫ t

−∞

e−2
∫ t

s c∅p(u)du
∥∥∥∥∥ n∑

q=1

δpq(xq(s − γpq(s)))
∥∥∥∥∥2

A

ds
]}

≤max
p∈D

{2n
c∅p

n∑
q=1

(L+
pq)2

}
‖x‖2B. (3.7)

Substituting (3.4)–(3.7) into (3.3), by (3.2) and (H3), we have

‖Φx − x0‖2B

≤max
p∈D

{ 4
(c∅p)2

[
(cðp)2 +

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2 +

n∑
q=1

( n∑
l=1

(b+
pql)

2
n∑

l=1

(Mg
l )2

)
×

n∑
q=1

(Lg
q)2 +

nc∅p
2

n∑
q=1

(L+
pq)2

]}
‖x‖2B = K‖x‖2B ≤

1
4

(2κ)2 = κ2.

For any x ∈ Bκ and t1, t2 ∈ R with t1 > t2, we derive that

E‖(Φx)(t1) − (Φx)(t2)‖2n

= max
p∈D

{
E
∥∥∥∥∥ ∫ t2

−∞

[
e−

∫ t1
s c∅p(u)du − e−

∫ t2
s c∅p(u)du

]
×

[
− cðp(s)xp(s) +

n∑
q=1

apq(s) fq(xq(s − τpq(s)))

+

n∑
q=1

n∑
l=1

bpql(s)gq(xq(s − σpql(s)))gl(xl(s − νpql(s))) + Ip(s)
]
ds

+

∫ t1

t2
e−

∫ t1
s c∅p(u)du

[
− cðp(s)xp(s) +

n∑
q=1

apq(s) fq(xq(s − τpq(s)))

+

n∑
q=1

n∑
l=1

bpql(s)gq(xq(s − σpql(s)))gl(xl(s − νpql(s))) + Ip(s)
]
ds

+

∫ t2

−∞

[
e−

∫ t1
s c∅p(u)du − e−

∫ t2
s c∅p(u)du

] n∑
q=1

δpq(xq(s − γpq(s)))dωq(s)
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+

∫ t1

t2
e−

∫ t1
s c∅p(u)duds

n∑
q=1

δpq(xq(s − γpq(s)))dωq(s)
∥∥∥∥∥2

A

}
≤max

p∈D

{
E
[ ∫ t2

−∞

| e−
∫ t1

s c∅p(u)du − e−
∫ t2

s c∅p(u)du |

(
c̄ðp‖x‖B +

n∑
q=1

a+
pqL f

q‖x‖B

+

n∑
q=1

n∑
l=1

b+
pqlL

g
qMg

l ‖x‖B + I+
p

)
ds +

∫ t1

t2
e−

∫ t1
s c∅p(u)du

(
c̄ðp‖x‖B

+

n∑
q=1

a+
pqL f

q‖x‖B +

n∑
q=1

n∑
l=1

b+
pqlL

g
qMg

l ‖x‖B + I+
p

)
ds

+

∫ t2

−∞

| e−
∫ t1

s c∅p(u)du − e−
∫ t2

s c∅p(u)du |

∥∥∥∥∥ n∑
q=1

δpq(xq(s − γpq(s)))dωq(s)

+

∫ t1

t2
e−

∫ t1
s c∅p(u)duds

n∑
q=1

δpq(xq(s − γpq(s)))dωq(s)
∥∥∥∥∥
A

]2}
≤max

p∈D
10

[ n∑
q=1

(a+
pqL f

q2κ)2 +

n∑
q=1

n∑
l=1

(b+
pqlL

g
q2κ)2 + I+

p

][( ∫ t2

−∞

e−(t2−s)c∅p

× |

∫ t2

s
c∅p(u)du −

∫ t1

s
c∅p(u)du | ds

)2

+
( ∫ t1

t2
e−

∫ t1
s c∅p(u)duds

)2
]

+ 10n max
p∈D

n∑
q=1

(Lδpq2κ)2
[ ∫ t2

−∞

e−2(t2−s)c∅p

× |

∫ t2

s
c∅p(u)du −

∫ t1

s
c∅p(u)du|2ds +

∫ t1

t2
e−2

∫ t1
s c∅p(u)duds

]
≤max

p∈D

{
10

[
(cðp2κ)2 +

n∑
q=1

(a+
pqL f

q2κ)2 +

n∑
q=1

n∑
l=1

(b+
pqlL

g
q2κ)2 + I+

p

]
×

[
(
c∅p
c∅p

)2 + 1 +

n∑
q=1

(Lδpq2κ)2
(5n(c∅p)2

c∅p

)]}
| t1 − t2|

2

+ max
p∈D

{
10n

n∑
q=1

(L+
pqκ)

2
}
| t1 − t2 |

≤Λ1 | t1 − t2|
2 + Λ2 | t1 − t2 |,

where

Λ1 = max
p∈D

{
10

[
(cðp2κ)2 +

n∑
q=1

(a+
pqL f

q2κ)2 +

n∑
q=1

n∑
l=1

(b+
pqlL

g
q2κ)2 + I+

p

]
×

[
(
c∅p
c∅p

)2 + 1 +

n∑
q=1

(Lδpq2κ)2
(5n(c∅p)2

c∅p

)]}
,

AIMS Mathematics Volume 7, Issue 3, 3653–3679.



3662

Λ2 = max
p∈D

{
10n

n∑
q=1

(L+
pqκ)

2
}
.

Consequently, we deduce that E‖(Φx)(t1) − (Φx)(t2)‖20 → 0 as t1 → t2, which implies Φx is uniformly
L2-continuous. Therefore, we gain Φ(Bκ) ⊂ Bκ, that is, Φ is well defined.

Next, we will show that Φ is a contraction operator. Actually, for every x, y ∈ Bκ, one has

‖Φx − Φy‖2B

≤4 sup
t∈R

max
p∈D

{
E
∥∥∥∥∥ ∫ t

−∞

e−
∫ t

s c∅p(u)ducðp(s)
(
xp(s) − yp(s)

)
ds

∥∥∥∥∥2

A

}
+ 4 sup

t∈R
max
p∈D

{
E
∥∥∥∥∥ ∫ t

−∞

e−
∫ t

s c∅p(u)du
n∑

q=1

apq(s)
(

fq(xq(s − τpq(s)))

− fq(yq(s − τpq(s)))
)
ds

∥∥∥∥∥2

A

}
+ 4 sup

t∈R
max
p∈D

{
E
∥∥∥∥∥ ∫ t

−∞

e−
∫ t

s c∅p(u)du
n∑

q=1

n∑
l=1

bpql(s)
(
gq(xq(s − σpql(s)))

× gl(xl(s − νpql(s))) − gq(yq(s − σpql(s)))gl(yl(s − νpql(s)))
)
ds

∥∥∥∥∥2

A

}
+ 4 sup

t∈R
max
p∈D

{
E
∥∥∥∥∥ ∫ t

−∞

e−
∫ t

s c∅p(u)du
n∑

q=1

(
δpq(xq(s − γpq(s)))

− δpq(yq(s − γpq(s)))
)
dωq(s)

∥∥∥∥∥2

A

}
≤max

p∈D

{ 4
(c∅p)2

[
(cðp)2 +

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2 +

n∑
q=1

( n∑
l=1

(b+
pql)

2
n∑

l=1

(Mg
l )2

)
×

n∑
q=1

(Lg
q)2 +

nc∅p
2

n∑
q=1

(L+
pq)2

]}
‖x − y‖2B = K‖x − y‖2B.

Hence,

‖Φx − Φy‖B ≤
√

K‖x − y‖B <
1
2
‖x − y‖B,

which implies that Φ is a contraction mapping. Therefore, Φ has a unique fixed point x in Bκ, that is,
system (1.1) possesses a unique solution x in Bκ.

Finally, we will show that the unique solution x of system (1.1) in Bκ is almost periodic in
distribution.

From the above discussion, we know that x ∈ UCB(R,L2(Ω,An)). Hence, for given ε > 0, there
exists δ ∈ (0, ε) such that, when | t1 − t2 |< δ, we have E‖x(t1) − x(t2)‖20 < ε. According to (H1), we see
that, for the δ above, there exists l > 0 such that in every interval of length l of R, we can find a number
ς such that for t ∈ R, p, q ∈ D,

| τpq(t + ς) − τpq(t) |< δ, | σpql(t + ς) − σpql(t) |< δ, | νpql(t + ς) − νpql(t) |< δ,
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| γpq(t + ς) − γpq(t) |< δ, | c∅p(t + ς) − c∅p(t) |< δ, ‖cðp(t + ς) − cðp(t)‖2A < δ,

‖apq(t + ς) − apq(t)‖2A < δ, ‖bpql(t + ς) − bpql(t)‖2A < δ, ‖Ip(t + ς) − Ip(t)‖2A < δ,

and hence, we have

E‖x(t − τpq(t + ς)) − x(t − τpq(t))‖2n < ε, E‖x(t − νpql(t + ς)) − x(t − νpql(t))‖2n < ε,

E‖x(t − σpql(t + ς)) − x(t − σpql(t))‖2n < ε, E‖x(t − γpq(t + ς)) − x(t − γpq(t))‖2n < ε.

By (3.1), we get

xp(t + ς)

=

∫ t+ς

−∞

e−
∫ t+ς

s c∅p(u)du
[
− cðp(s)xp(s) +

n∑
q=1

apq(s) fq(xq(s − τpq(s)))

+

n∑
q=1

n∑
l=1

bpql(s)gq(xq(s − σpql(s)))gl(xl(s − νpql(s))) + Ip(s)
]
ds

+

∫ t+ς

−∞

e−
∫ t+ς

s c∅p(u)du
n∑

q=1

δpq(xq(s − γpq(s)))dωq(s)

=

∫ t

−∞

e−
∫ t

s c∅p(u+ς)du
[
− cðp(s + ς)xp(s + ς) +

n∑
q=1

apq(s + ς)

× fq(xq(s + ς − τpq(s + ς))) +

n∑
q=1

n∑
l=1

bpql(s + ς)gq(xq(s + ς − σpql(s + ς)))

× gl(xl(s + ς − νpql(s + ς))) + Ip(s + ς)
]
ds

+

∫ t

−∞

e−
∫ t

s c∅p(u+ς)du
n∑

q=1

δpq(xq(s + ς − γpq(s + ς)))d
[
ωq(s + ς) − ωq(ς)

]
,

where p ∈ D, ωq(s + ς) − ωq(ς) is a Brownian motion with the same distribution as ωq(s).
Let us consider the process

xp(t + ς)

=

∫ t

−∞

e−
∫ t

s c∅p(u+ς)du
[
− cðp(s + ς)xp(s + ς) +

n∑
q=1

apq(s + ς)

× fq(xq(s + ς − τpq(s + ς))) +

n∑
q=1

n∑
l=1

bpql(s + ς)gq(xq(s + ς − σpql(s + ς)))

× gl(xl(s + ς − νpql(s + ς))) + Ip(s + ς)
]
ds

+

∫ t

−∞

e−
∫ t

s c∅p(u+ς)du
n∑

q=1

δpq(xq(s + ς − γpq(s + ς)))dωq(s).
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Then

E‖x(t + ς) − x(t)‖2n

≤13 max
p∈D

E
∥∥∥∥∥ ∫ t

−∞

e−
∫ t

s c∅p(u+ς)ducðp(s + ς)
(
xp(s + ς) − xp(s)

)
ds

∥∥∥∥∥2

A

+ 13 max
p∈D

E
∥∥∥∥∥ ∫ t

−∞

e−
∫ t

s c∅p(u+ς)du
(
cðp(s + ς) − cðp(s)

)
xp(s)ds

∥∥∥∥∥2

A

+ 13 max
p∈D

E
∥∥∥∥∥ ∫ t

−∞

(
e−

∫ t
s c∅p(u+ς)du − e−

∫ t
s c∅p(u)du

)
cðp(s)xp(s)ds

∥∥∥∥∥2

A

+ 13 max
p∈D

E
∥∥∥∥∥ ∫ t

−∞

e−
∫ t

s c∅p(u+ς)du
n∑

q=1

apq(s + ς)
(

fq(xq(s + ς − τpq(s + ς)))

− fq(xq(s − τpq(s)))
)
ds

∥∥∥∥∥2

A

+ 13 max
p∈D

E
∥∥∥∥∥ ∫ t

−∞

e−
∫ t

s c∅p(u+ς)du
n∑

q=1

(
apq(s + ς)

− apq(s)
)

fq(xq(s − τpq(s)))ds
∥∥∥∥∥2

A

+ 13 max
p∈D

E
∥∥∥∥∥ ∫ t

−∞

(
e−

∫ t
s c∅p(u+ς)du − e−

∫ t
s c∅p(u)du

)
×

n∑
q=1

apq(s) fq(xq(s − τpq(s)))ds
∥∥∥∥∥2

A

+ 13 max
p∈D

E
∥∥∥∥∥ ∫ t

−∞

e−
∫ t

s c∅p(u+ς)du
n∑

q=1

n∑
l=1

bpql(s + ς)
(
gq(xq(s + ς − σpql(s + ς)))

× gl(xl(s + ς − νpql(s + ς))) − gq(xq(s − σpql(s)))gl(xl(s − νpql(s)))
)
ds

∥∥∥∥∥2

A

+ 13 max
p∈D

E
∥∥∥∥∥ ∫ t

−∞

e−
∫ t

s c∅p(u+ς)du
n∑

l=1

(
bpql(s + ς) − bpql(s)

)
gq(xq(s − σpql(s)))

× gl(xl(s − νpql(s)))ds
∥∥∥∥∥2

A

+ 13 max
p∈D

E
∥∥∥∥∥ ∫ t

−∞

(
e−

∫ t
s c∅p(u+ς)du − e−

∫ t
s c∅p(u)du

)
×

n∑
l=1

bpql(s)gq(xq(s − σpql(s)) × gl(xl(s − νpql(s)))ds
∥∥∥∥∥2

A

+ 13 max
p∈D

E
∥∥∥∥∥ ∫ t

−∞

e−
∫ t

s c∅p(u+ς)du
(
Ip(s + ς) − Ip(s)

)
ds

∥∥∥∥∥2

A

+ 13 max
p∈D

E
∥∥∥∥∥ ∫ t

−∞

(
e−

∫ t
s c∅p(u+ς)du − e−

∫ t
s c∅p(u)du

)
Ip(s)ds

∥∥∥∥∥2

A

+ 13 max
p∈D

E
∥∥∥∥∥ ∫ t

−∞

e−
∫ t

s c∅p(u+ς)du
n∑

q=1

(
δpq(xq(s + ς − γpq(s + ς)))
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− δpq(xq(s − γpq(s)))
)
dωq(s)

∥∥∥∥∥2

A

+ 13 max
p∈D

E
∥∥∥∥∥ ∫ t

−∞

(
e−

∫ t
s c∅p(u+ς)du − e−

∫ t
s c∅p(u)du

)
×

n∑
q=1

δpq(xq(s − γpq(s))dωq(s)
∥∥∥∥∥2

A

:=
13∑
i=1

S i(t). (3.8)

According to the Cauchy-Schwarz inequality, we have that

S 1(t) =13 max
p∈D

E
∥∥∥∥∥ ∫ t

−∞

e−
∫ t

s c∅p(u+ς)ducðp(s + ς)
(
xp(s + ς) − xp(s)

)
ds

∥∥∥∥∥2

A

≤max
p∈D

{13
c∅p

(cðp)2
∫ t

−∞

e−c∅p(t−s)E‖x(s + ς) − x(s)‖20ds
}
, (3.9)

S 2(t) ≤max
p∈D

{13
c∅p

∫ t

−∞

e−
∫ t

s c∅p(u+ς)duE‖cðp(s + ς) − cðp(s)‖2AE‖x(s)‖20ds
}

≤max
p∈D

{ 13
(c∅p)2 (2κ)2ε

}
, (3.10)

S 3(t) ≤13 max
p∈D

{( ∫ t

−∞

| e−
∫ t

s c∅p(u+ς)du − e−
∫ t

s c∅p(u)du | ds
)2

(cðp)2E‖x(s)‖20
}

≤13 max
p∈D

{( ∫ t

−∞

e−c∅p(t−s)
∫ t

s
| c∅p(u + ς)du − c∅p(u) | duds

)2

(cðp)2(2κ)2
}

≤max
p∈D

{ 13
(c∅p)4 (cðp)2(2κ)2ε2

}
. (3.11)

Similarly, we can get

S 5(t) ≤max
p∈D

{ 13
(c∅p)2

n∑
q=1

(L f
q)2(2κ)2nε

}
, (3.12)

S 6(t) ≤max
p∈D

{ 13
(c∅p)4

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2(2κ)2ε2

}
, (3.13)

S 8(t) ≤max
p∈D

{ 13
(c∅p)2

n∑
q=1

(Lg
q)2(2κ)2

n∑
l=1

(Mg
l )2n2ε

}
, (3.14)

S 9(t) ≤max
p∈D

{ 13
(c∅p)4

n∑
q=1

( n∑
l=1

(b+
pql)

2
n∑

l=1

(Mg
l )2

) n∑
q=1

(Lg
q)2(2κ)2ε2

}
, (3.15)

S 10(t) ≤max
p∈D

{ 13
(c∅p)2 ε

}
, (3.16)

S 11(t) ≤max
p∈D

{ 13
(c∅p)4 MIε

2
}
. (3.17)
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Note that

S 4(t) ≤max
p∈D

{26
c∅p

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2

[ ∫ t

−∞

e−c∅p(t−s)E‖x(s + ς − τpq(s + ς))

− x(s − τpq(s + ς))‖20ds

+

∫ t

−∞

e−c∅p(t−s)E‖x(s − τpq(s + ς)) − x(s − τpq(s))‖20ds
]}
,

let u = s − τpq(s + ς), we obtain

S 4(t) ≤max
p∈D

{26
c∅p

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2

[ ∫ t−τpq(t+ς)

−∞

e−c∅p(t−u−τpq(s+ς))

1 − τ̇+
pq

× E‖x(u + ς) − x(u)‖20du +
ε

c∅p

]}
≤max

p∈D

{26
c∅p

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2 ec∅pτ

+
pq

1 − τ̇+
pq

∫ t

−∞

e−c∅p(t−s)E‖x(s + ς) − x(s)‖20ds

+
26

(c∅p)2

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2ε

}
. (3.18)

By a same method, one gets

S 7(t) ≤13 max
p∈D

{
E
∥∥∥∥∥[ ∫ t

−∞

e−
∫ t

s c∅p(u+ς)duds
][ ∫ t

−∞

e−
∫ t

s c∅p(u+ς)du

×

( n∑
q=1

n∑
l=1

bpql(s + ς)
(
gq(xq(s + ς − σpql(s + ς)))gl(xl(s + ς − νpql(s + ς)))

− gq(xq(s − σpql(s)))gl(xl(s − νpql(s)))
))2

ds
]∥∥∥∥∥
A

}
≤max

p∈D
E
{13n

c∅p

∫ t

−∞

e−
∫ t

s c∅p(u+ς)du
n∑

q=1

[ n∑
l=1

(b+
pql)

2

×

n∑
l=1

(
Mg

q Lg
l (‖xl(s + ς − νpql(s + ς)) − xl(s − νpql(s + ς))‖A

+ ‖xl(s − νpql(s + ς)) − xl(s − νpql(s))‖A))
+ Mg

l Lg
q(‖xq(s + ς − σpql(s + ς)) − xq(s − σpql(s + ς))‖A

+ ‖xq(s − σpql(s + ς)) − xq(s − σpql(s))‖A))
)2]

ds
}

≤max
p∈D

E
{52n

c∅p

∫ t

−∞

e−
∫ t

s c∅p(u+ς)du
n∑

q=1

[ n∑
l=1

(b+
pql)

2

×

n∑
l=1

(
Mg

q Lg
l (‖xl(s + ς − νpql(s + ς))
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− xl(s − νpql(s + ς))‖2A + ‖xl(s − νpql(s + ς)) − xl(s − νpql(s))‖2A))
+ Mg

l Lg
q(‖xq(s + ς − σpql(s + ς)) − xq(s − σpql(s + ς))‖2A

+ ‖xq(s − σpql(s + ς)) − xq(s − σpql(s))‖2A))
)]

ds
}

≤max
p∈D

{52n
c∅p

∫ t

−∞

e−
∫ t

s c∅p(u+ς)du
n∑

q=1

[ n∑
l=1

(b+
pql)

2

×

n∑
l=1

(
Mg

q Lg
l E‖x(s + ς − νpql(s + ς)) − x(s − νpql(s + ς))‖20

+ Mg
l Lg

qE‖x(s + ς − σpql(s + ς)) − x(s − σpql(s + ς))‖20

+ Mg
q Lg

l ε + Mg
l Lg

qε
)]

ds
}

≤max
p∈D

{52n
c∅p

n∑
q=1

[ n∑
l=1

(b+
pql)

2 ·

n∑
l=1

(
Mg

q Lg
l

∫ t

−∞

e−c∅p(t−s)E‖x(s + ς − νpql(s + ς))

− x(s − νpql(s + ς))‖20ds + Mg
l Lg

q

∫ t

−∞

e−c∅p(t−s)E‖x(s + ς − σpql(s + ς))

− x(s − σpql(s + ς))‖20ds +
Mg

q Lg
l ε + Mg

l Lg
qε

c∅p

)]
ds

}
≤max

p∈D

{52n
c∅p

n∑
q=1

[ n∑
l=1

(b+
pql)

2 ·

n∑
l=1

(
Mg

q Lg
l

ec∅pν
+
pql

1 − ν̇+
pql

+ Mg
l Lg

q
ec∅pσ

+
pql

1 − σ̇+
pql

)
×

∫ t

−∞

e−c∅p(t−s)E‖x(s + ς) − x(s)‖20ds +
Mg

q Lg
l + Mg

l Lg
q

c∅p
ε
)]}
. (3.19)

Similar to (3.18) and by the Itô isometry, one has

S 12(t) ≤max
p∈D

{
26n

n∑
q=1

(L+
pq)2 e2c∅pγ

+
pq

1 − γ̇+
pq

∫ t

−∞

e−2c∅p(t−s)E‖x(s + ς) − x(s)‖20ds

+
13n
c∅p

n∑
q=1

(L+
pq)2ε

}
(3.20)

and

S 13(t) ≤ max
p∈D

{ 13n
(c∅p)4

n∑
q=1

(L+
pq)2(2κ)2ε2

}
. (3.21)

Substituting (3.9)–(3.21) into (3.8), we get

E‖x(t + τ) − x(t)‖2n ≤ Nε + P
∫ t

−∞

e−c−(t−s)E‖x(s + τ) − x(s)‖2nds,

where c− = min
p∈D
{c∅p},

N = max
p∈D

{ 13
(c∅p)2

[
(2κ)2 + 2

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2 +

n∑
q=1

(L f
q)2(2κ)2n
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+ 4n
n∑

q=1

( n∑
l=1

(b+
pql)

2
n∑

l=1

(Mg
q Lg

l + Mg
l Lg

q)
)

+

n∑
q=1

(Lg
q)2(2κ)2

n∑
l=1

(Mg
l )2n2

+ 1 + nc∅p

n∑
q=1

(L+
pq)2

]
+

13
(c∅p)4

[
(cðp)2(2κ)2ε +

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2(2κ)2ε

+

n∑
q=1

( n∑
l=1

(b+
pql)

2
n∑

l=1

(Mg
l )2

) n∑
q=1

(Lg
q)2(2κ)2ε + I+

p ε + n
n∑

q=1

(L+
pq)2(2κ)2ε

]}
.

Thus, by Lemma 2.2, we conclude that

E‖x(t + τ) − x(t)‖2n < Nε
c−

c− − P
,

which implies that x(t) is square-mean almost periodic. According to Lemma 2.1, we deduce that x(t)
is almost periodic in distribution. The proof is complete. �

4. Global exponential stability in mean square

Definition 4.1. [37] Let x be an almost periodic solution in distribution of (1.1) with the initial value
ϕ. If there exist positive constants λ > 0 and M > 0 such that for every solution y with initial value ψ
satisfies

E‖x(t) − y(t)‖2n ≤ ME‖ϕ − φ‖2θe
−λt, t > 0,

where ‖ϕ − φ‖2θ = sup
s∈[−θ,0]

‖ϕ(s) − φ(s)‖2n, then the almost periodic solution x(t) in distribution of (1.1) is

said to be globally exponentially stable.

Theorem 4.1. Assume that (H1)–(H4) hold, then the unique almost periodic solution in distribution of
system (1.1) is globally exponentially stable.

Proof. From Theorem 3.1, we know that system (1.1) has a unique almost periodic solution x in
distribution with the initial value ϕ. Suppose that y is an arbitrary solution of (1.1) with initial value ψ.
Set z = x − y, then from (1.1), we get

dzp(t) =
[
− c∅p(t)zp(t) − cðp(t)zp(t) +

n∑
q=1

apq(t)
(

fq(xq(t − τpq(t)))

− fq(yq(t − τpq(t)))
)

+

n∑
q=1

n∑
l=1

bpql(t)
(
gq(xq(t − σpql(t)))

× gl(xl(t − νpql(t))) − gq(yq(t − σpql(t)))gl(yl(t − νpql(t)))
)]

dt

+

n∑
q=1

(
δpq(xq(t − γpq(t))) − δpq(yq(t − γpq(t)))

)
dωq(t), p ∈ D. (4.1)

Let Υp : R→ R be defined as follows:

Υp($) =c∅p(c∅p −$) −$ − 5
[
(cðp)2 +

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2e$τ

+
pq + 2n

n∑
q=1

( n∑
l=1

(b+
pql)

2
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×

n∑
l=1

(
(Mg

q Lg
l )2 e$ν

+
pql + (Mg

l Lg
q)2e$σ

+
pql
))

+
nc∅p
2

n∑
q=1

(L+
pq)2e$γ

+
pq

]
.

By (H4), we have Υp(0) > 0. Due to the continuity of Υp on [0,+∞) and the fact that Υp($)→ −∞,
as $ → +∞, there exists ςp > 0 such that Υp(ςp) = 0 and Υp($) > 0 for $ ∈ (0, ςp). Consequently,
one can take a positive constant 0 < λ < min1≤p≤n{ςp, c∅p} such that Υ(λ) > 0, p ∈ D, which implies
that

5
c∅p(c∅p − λ)

[
(cðp)2 +

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2eλτ

+
pq + 2n

n∑
q=1

( n∑
l=1

(b+
pql)

2

×

n∑
l=1

(
(Mg

q Lg
l )2eλν

+
pql + (Mg

l Lg
q)2eλσ

+
pql
))

+
nc∅p
2

n∑
q=1

(L+
pq)2eλγ

+
pq

]
< 1.

Let M = max
p∈D

{ (c∅p)2

γp

}
, where

γp =(cðp)2 +

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2 + 2n

n∑
q=1

( n∑
l=1

(b+
pql)

2
n∑

l=1

(
(Mg

q Lg
l )2 + (Mg

l Lg
q)2

))
+

nc∅p
2

n∑
q=1

(L+
pq)2,

then by (H4), we know M > 1, and further, we can deduce that

1
M
−

1
c∅p(c∅p − λ)

[
(cðp)2 +

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2eλτ

+
pq + 2n

n∑
q=1

( n∑
l=1

(b+
pql)

2

×

n∑
l=1

(
(Mg

q Lg
l )2eλν

+
pql + (Mg

l Lg
q)2eλσ

+
pql
))

+
nc∅p
2

n∑
q=1

(L+
pq)2eλγ

+
pq

]
≤ 0.

Hence, for any ε > 0, it is easy to see that

E‖z(0)‖2n ≤ E‖ϕ − ψ‖2θ + ε

and for any t ∈ [−%, 0],

E‖z(t)‖2n ≤ (E‖ϕ − ψ‖2θ + ε)e−λt < M(E‖ϕ − ψ‖2θ + ε)e−λt.

We assert that

E‖z(t)‖2n < M(E‖ϕ − ψ‖2θ + ε)e−λt, t > 0. (4.2)

On the contrary, there exists a certain t1 > 0 such that

E‖z(t1)‖2n = M(E‖ϕ − ψ‖2θ + ε)e−λt1 , (4.3)
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E‖z(t)‖2n < M(E‖ϕ − ψ‖2θ + ε)e−λt, t < t1. (4.4)

Multiplying (4.1) by e
∫ s

0 c∅p(u)du and integrating it over the interval [0, t], we deduce that, for p ∈ D,

zp(t) =zp(0)e−
∫ t

0 c∅p(u)du +

∫ t

0
e−

∫ t
s c∅p(u)du

[
− cðp(s)zp(s)

+

n∑
q=1

apq(s)
(

fq(xq(s − τpq(s))) − fq(yq(s − τpq(s)))
)

+

n∑
q=1

n∑
l=1

bpql(s)
(
gq(xq(s − σpql(s)))gl(xl(s − νpql(s)))

− gq(yq(s − σpql(s)))gl(yl(s − νpql(s)))
)]

ds

+

∫ t

0
e−

∫ t
s c∅p(u)du

n∑
q=1

(
δpq(xq(s − γpq(s))) − δpq(yq(s − γpq(s)))

)
dωq(s).

From the above equation, we have

E‖zp(t1)‖2A ≤5E
∥∥∥zp(0)e−

∫ t1
0 c∅p(u)du

∥∥∥2

A
+ 5E

∥∥∥∥∥ ∫ t1

0
e−

∫ t1
s c∅p(u)ducðp(s)zp(s)ds

∥∥∥∥∥2

A

+ 5E
∥∥∥∥∥ ∫ t1

0
e−

∫ t1
s c∅p(u)du

n∑
q=1

apq(s)
(

fq(xq(s − τpq(s)))

− fq(yq(s − τpq(s)))
)
ds

∥∥∥∥∥2

A

+ 5E
∥∥∥∥∥ ∫ t1

0
e−

∫ t1
s c∅p(u)du

n∑
q=1

n∑
l=1

bpql(s)
(
gq(xq(s − σpql(s)))gl(xl(s − νpql(s)))

− gq(yq(s − σpql(s)))gl(yl(s − νpql(s)))
)
ds

∥∥∥∥∥2

A

+ 5E
∥∥∥∥∥ ∫ t1

0
e−

∫ t1
s c∅p(u)du

n∑
q=1

(
δpq(xq(s − γpq(s)))

− δpq(yq(s − γpq(s)))
)
dωq(s)

∥∥∥∥∥2

A

:=
5∑

i=1

Ξip. (4.5)

By the Cauchy-Schwarz inequality, (4.3) and (4.4), one can get

Ξ2p ≤
5
c∅p

(cðp)2
∫ t1

0
e−

∫ t1
s c∅p(u)duE‖z(s)‖2nds

≤
5
c∅p

(cðp)2
∫ t1

0
e−

∫ t1
s (c∅p(u)−λ)dudsM(E‖ψ − ϕ‖2θ + ε)e−λt1 , (4.6)

AIMS Mathematics Volume 7, Issue 3, 3653–3679.



3671

Ξ3p ≤
5
c∅p

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2eλτ

+
pq

∫ t1

0
e−

∫ t1
s c∅p(u)duE‖z(s)‖2nds

≤
5
c∅p

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2eλτ

+
pq

∫ t1

0
e−

∫ t1
s (c∅p(u)−λ)dudsM(E‖ψ − ϕ‖2θ + ε)e−λt1 , (4.7)

Ξ4p ≤
10n
c∅p

n∑
q=1

[ n∑
l=1

(b+
pql)

2
n∑

l=1

(
(Mg

q Lg
l )2 eλν

+
pql + (Mg

l Lg
q)2 eλσ

+
pql
)]

×

∫ t1

0
e−

∫ t1
s (c∅p(u)−λ)dudsM(E‖ψ − ϕ‖2θ + ε)e−λt1 . (4.8)

By the Itô isometry, one gets

Ξ5p ≤
5n
2

n∑
q=1

(L+
pq)2eλγ

+
pq

∫ t1

0
e−

∫ t1
s (c∅p(u)−λ)dudsM(E‖ψ − ϕ‖2θ + ε)e−λt1 . (4.9)

Substituting (4.6)–(4.9) into (4.5), one has

E‖zp(t1)‖2A ≤5(E‖ϕ − ψ‖2θ + ε)e−c∅pt1 + M(E‖ϕ − ψ‖2θ + ε)e−λt1

∫ t1

0
e−

∫ t1
s (cp(u)−λ)duds

×
5
c∅p

[
(cðp)2 +

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2eλτ

+
pq + 2n

n∑
q=1

( n∑
l=1

(b+
pql)

2

×

n∑
l=1

(
(Mg

q Lg
l )2 eλν

+
pql + (Mg

l Lg
q)2eλσ

+
pql
))

+
nc∅p
2

n∑
q=1

(L+
pq)2eλγ

+
pq

]
≤M(E‖ψ − ϕ‖2θ + ε)e−λt1

{
5
[ 1

M
−

1
c∅p(c∅p − λ)

(
(cðp)2 +

n∑
q=1

(a+
pq)2

n∑
q=1

(L f
q)2eλτ

+
pq

+ 2n
n∑

q=1

( n∑
l=1

(b+
pql)

2
n∑

l=1

(
(Mg

q Lg
l )2 eλν

+
pql + (Mg

l Lg
q)2eλσ

+
pql
))

+
nc∅p
2

n∑
q=1

(L+
pq)2eλγ

+
pq

)]
e(λ−c∅p)t1 +

5
c∅p(c∅p − λ)

[
(cðp)2 +

n∑
q=1

(a+
pq)2

×

n∑
q=1

(L f
q)2eλτ

+
pq + 2n

n∑
q=1

( n∑
l=1

(b+
pql)

2
n∑

l=1

(
(Mg

q Lg
l )2 eλν

+
pql + (Mg

l Lg
q)2eλσ

+
pql
))

+
nc∅p
2

n∑
q=1

(L+
pq)2eλγ

+
pq

]}
<M(E‖ψ − ϕ‖2θ + ε)e−λt1 .

Therefore,
E‖z(t1)‖2n < M(E‖ψ − ϕ‖2θ + ε)e−λt1 ,

which contradicts (4.3). Thus, (4.2) holds. Letting ε → 0+, by (4.2), one has

E‖z(t)‖2n ≤ ME‖ψ − ϕ‖2θe
−λt1 , t > 0.
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Consequently, the almost periodic solution in distribution of system (1.1) is globally exponentially
stable. This completes the proof. �

Remark 4.1. In [37], a class of Clifford-valued stochastic recurrent neural networks whose leakage
term coefficients are real numbers are considered. In this paper, we consider a class of Clifford-valued
stochastic high-order Hopfield neural networks whose leakage term coefficients are also Clifford
numbers. Therefore, even if the cp(t) in (1.1) is a real-valued function, the conclusions of theorems
3.1 and 4.1 in this paper cannot be obtained from the corresponding results in [37].

5. A numerical example

Our example is as follow.

Example 5.1. In system (1.1), let m = n = 2, ι = 1, and for p, q, l = 1, 2, take

xp = x0
pe0 + x1

pe1 + x2
pe2 + x12

p e12 ∈ A,

fp(xp) =0.021e0 sin(x2
p + 2x12) + 0.038e1 arctan(3x1

p + x2
p)

+ 0.2e2 tanh(x0
p − x12

p ) + 0.05e12 sin x2
p,

gp(xp) =0.034e0 sin(x2
p + x12) + 0.1e1 tanh(3x12

p − 2x0
p)

+ 0.1e2 sin 5x1
p + 0.02e12 sin 2x1

p,

δpq(xp) = 0.02e0 tanh(x2
p + x12) + 0.01e1 tanh(6x1

p − 3x0
p) + 0.03e12 sin 3x12

p ,

a11(t) = a12(t) = 0.05e0 sin
√

2t − 0.009e1 cos
√

7t + 0.05e2 cos
√

3t + 0.007e12 tanh t,

a21(t) = a22(t) = 0.07e0 cos t − 0.09e1 sin
√

3t + 0.05e2 sin
√

2t − 0.009e12 cos
√

7t,

b1ql(t) = 0.05e0 sin
√

7t − 0.01e1 cos
√

3t + 0.027e2 arctan
√

7t + 0.034e12 tanh 2t,

b2ql(t) = 0.056e0 sin
√

2t − 0.06e1 sin
√

7t + 0.012e2 sin
√

2t − 0.009e12 cos
√

7t,

c1(t) = (1.2 + 0.2 sin t)e0 + 0.01e1 cos
√

2t + 0.0036e12 tanh
√

2t,

c2(t) = (3 − 2 sin t)e0 + 0.02e1 sin
√

3t + 0.01e2 arctan
√

2t, τpq(t) = 0.04 + 0.01 sin 0.1t,

σpql(t) = 0.9 + 0.1 cos 0.4t, νpql(t) = 0.5 + 0.1 cos 0.1t, γpq(t) = 0.05 + 0.01 sin 0.0001t,

I1(t) = 2e0 sin t + e1 cos
√

3t + 0.1e2 sin
√

2t + 2e12 cos
√

2t,

I2(t) = 4e0 sin t + 2e1 sin
√

11t + 0.5e2 sin
√

2t + e12 cos t.

By a simple calculation, we have

c∅1 = c∅2 = 1, c− = 1, cð1 = 0.01, cð2 = 0.02, L f
q = 0.2, Lg

q = 0.1,

Mg
q = 0.1, L+

pq = 0.03, τ+
pq = 0.05, τ̇+

pq = 0.001, σ+
pql = 1,

σ̇+
pql = 0.04, ν+

pql = 0.6, ν̇+
pql = 0.01, γ+

pq = 0.06, γ̇+
pq = 0.000001,

a+
11 = a+

12 = 0.05, a+
21 = a+

22 = 0.09, b+
1ql = 0.05, b+

2ql = 0.06,
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K ≈ 0.014 <
1
4
, P ≈ 0.287 < c−, C ≈ 0.009 < 1.

Therefore, all of the conditions of Theorem 4.1 are satisfied. Hence, system (1.1) has a unique
almost periodic solution in distribution that is globally exponentially stable (see Figures 1–10).
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Figure 1. States (x0
1, x

1
1, x

2
1, x

12
1 )T of (1.1) with initial values x0

1(s) = 10, x1
1(s) = 1, x2

1(s) = 5
and x12

1 (s) = 3 for s ∈ [−0.1, 0], respectively.
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Figure 2. States (x0
2, x

1
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2
2, x

12
2 )T of (1.1) with initial values x0

2(s) = −8, x1
2(s) = −4, x2

2(s) = 7
and x12

2 (s) = −2 for s ∈ [−0.1, 0], respectively.
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Figure 3. Global exponential stability of state x0
1 of (1.1) with different initial values x0

1(s) =

10 or x0
1(s) = −10 for s ∈ [−0.1, 0].
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Figure 4. Global exponential stability of state x1
1 of (1.1) with different initial values x1

1(s) =

1 or x1
1(s) = −1 for s ∈ [−0.1, 0].
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Figure 5. Global exponential stability of state x2
1 of (1.1) with different initial values x2

1(s) =

5 or x2
1(s) = −5 for s ∈ [−0.1, 0].
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Figure 6. Global exponential stability of state x12
1 of (1.1) with different initial values x12

1 (s) =

3 or x12
1 (s) = −3 for s ∈ [−0.1, 0].
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Figure 7. Global exponential stability of state x0
2 of (1.1) with different initial values x0

2(s) =

8 or x0
2(s) = −8 for s ∈ [−0.1, 0].
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Figure 8. Global exponential stability of state x1
2 of (1.1) with different initial values x1

2(s) =

4 or x1
2(s) = −4 for s ∈ [−0.1, 0].
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Figure 9. Global exponential stability of state x2
2 of (1.1) with different initial values x2

2(s) =

7 or x2
2(s) = −7 for s ∈ [−0.1, 0].
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Figure 10. Global exponential stability of state x12
2 of (1.1) with different initial values

x12
2 (s) = 2 or x12

2 (s) = −2 for s ∈ [−0.1, 0].

Remark 5.1. The results of Example 5.1 cannot be deduced from the existing results.

6. Conclusions

In this work, we use a direct method to prove the existence and global exponential stability of
almost periodic solutions in distribution for Clifford-valued stochastic higher-order Hopfield neural
networks with all parameters being Clifford numbers except time delays. Even when the neural network
considered in this paper degenerates into real-valued, complex-valued and quaternion-valued neural
networks, our results are new. In addition, the method proposed in this paper can be used to study the
almost periodic solutions in distribution for other types of Clifford-valued stochastic neural networks
with time-varying delays.
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