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1. Introduction

The weak core inverse was introduced in [1] where the authors presented some characterizations
and properties. In [2], the authors introduced an extension of the weak core inverse. Continuing
previous research about the weak core inverse, our purpose is to present new characterizations and
representations of the weak core inverse. Additionally, we also give several equivalent conditions for a
matrix to be a weak core matrix.

Let C"™" be the set of all m x n complex matrices and Z" denotes the set of all positive integers. The
symbols R(A), N(A), A*, r(A) and I, will denote the range space, null space, conjugate transpose, rank
of A € C™" and the identity matrix of order n. Ind(A) means the index of A € C"™". Let C" be the set
consisting of all n X n complex matrices with index k. The symbol dim(S ) represents the dimension of
a subspace § € C". P, stands for the orthogonal projection onto the subspace L. P4, P4- respectively
denote the orthogonal projection onto R(A) and R(A*), i.e., Py = AAT, P,- = ATA .

We will now introduce definitions of several generalized inverses that will be used throughout the
paper. The Moore-Penrose inverse of A € C™", denoted by AT, is defined as the unique matrix X €
C™ satisfying [3]:

(1) AXA = A, (2) XAX = X, (3) (AX)" = AX, (4) (XA)" = XA.
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In particular, X is an outer inverse of A which is denoted as A® if XAX = X. For any matrix
A e C™" with r(A) = r,let T € C", § € C™ be two subspaces such that dim(7) = ¢t < r and
dim(S) = m — t. Then A has an outer inverse X that satisfies R(X) = T and N(X) = § if and only if
AT &S = C’” In that case X is unique and denoted by A (2) s [4].

The Drazin inverse of A € C*, denoted by A”, is the unique matrix X € C™ satisfying [5]:
XAX = X, AX = XA, XAM! = Ak.

For any matrix A € C{*", a new generalized inverse, which is called core inverse [6] was introduced.
Two other generalizations of the core inverse for A € C;" such as core-EP inverse [7], DMP inverse [8]
were also introduced.

In 2018, Wang and Chen [9] defined the weak group inverse of A € C/*", denoted by A@, as
the unique matrix X € C™" such that [9]: AX? = X, AX = A®A. Moreover, it was verified that
A® = 4Oy,

Recently, Ferreyra et al. introduced a new generalization of core inverse called the weak core inverse
of A € C*, denoted by A@’T(or, in short, WC inverse). It is defined as the unique matrix X € C™"
satisfying [1]:

XAX =X, AX=CA'", XA=A"C,

where C = AA®A. Moreover, it is proved that AT = APCAT = A®AAT.

The structure of this paper is as follows: In Section 2, we give some preliminaries which will be
made use of later in this paper. In Section 3, we discuss some characterizations of the WC inverse
based on its range space, null space and matrix equations. In Section 4, several new representations
of the WC inverse are proposed. Section 5 is devoted to deriving some properties of the WC inverse
by the core-EP decomposition. Moreover, in Section 6, we present several equivalent conditions for a
matrix to be a weak core matrix.

2. Preliminaries

For convenience, we will use the following notations: CM, CEP| CP and C9" will denote the
subsets of C™" consisting of core matrices, EP matrices, idempotent matrices and Hermitian
idempotent matrices, respectively, i.e.,

o CM={A| A eC™, r(A% = r(A));
@EP {A] A eC™, R(A) = RA

. CP {A|AeC™ A = A);
COP {A|AeC™ A=A =A")

Before giving characterizations of the WC inverse, we first present the following auxiliary lemmas
which will be repeatedly used throughout this paper.

Lemma 2.1. [10] Let A € C". Then A can be represented as

T S .
A:U[O N]U, @1

where T € C™ is nonsingular and t = r(T) = r(A*), N is nilpotent with index k, and U € C™" is
unitary.
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Moreover, the representation of A given by (2.1) is unique [10, Theorem 2.4]. In that case, we have

that

T T
k _ #
eeo|T T

kel _
where T = Y T/S N1/,
=0

Lemma 2.2. [1,9-12] Let A € C" be given by (2.1). Then :

AU T*A ~T*ASN'
B (I, — NTN)S*A N'—,.,— N'TN)S*ASN'
T-1 (Tk+l)—lf
AD — *
U [ 0 0 U,
-1
@ _ T 0|, .
A U 0 0 U,
-1 k+1N\=177 +
DY _ T-' (THYHY 'TNN U
0 0
APy T*A T*aT™*T
(I_s = N'N)S*An (I,_, — NTN)S*AT~*T

-1 2
@ _ T-V 17728 |, .
© o] TS

) -1 -2 +
A®i _ U[ T0 T SONN ]U*’

~ k=1 ;
where T = Y T'SN*'"Vand A = [TT* + S(,_, — NTN)S*]"..
Jj=0
T and A will be often used throughout this paper.
Lemma 2.3. [1] Let A € C*". Then

@i = 4@ :
(a) A @ - A'R(Ak), N((Ak)*AZA*)’
(b) AA T = PR(A"), N(AY*A2AT)y
(C) A@’TA = PR(A"), N((A%)*A2)-

Lemma 2.4. Let A € CP" and C = AA®A. The following conditions hold:
(@) 111487 = aDyap,;
(b) [1] (A®7) = r(ab);
(c) [1]CATC = C;
(d) [9] A@Ak+1 :Ak,'
(e) Ck = AXAD4,

Proof. Ttem (e) can be directly verified by (2.1), (2.2) and (2.8).
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3. Some characterizations of the WC inverse

Applying existing results for the WC inverse with respect to R(X) = R(A*) and
N(X) = N((A¥)*A?AT), some new results can be obtained for the WC inverse in the next result.

Theorem 3.1. Let A € C*" and C = AA®A. The following statements are equivalent:

(a) X = A®.

(b) N(X) = N(AA2AT) and XAA* = A®AA*;

(c) N(X) = N((A**A2A") and XA = A®A;

(d) R(X) = R(AF) and A*AX = A*CA";

(e) R(X) = R(A¥) and AX = CA;

(f) R(X) = R(A¥) and AKX = C*AT;

(2) R(X) = R(A¥), N(X) = N((A*)*A2AT) and XAA® = A
(h) R(X) = RAM, N(X) = N(A*)*A2AT) and XA = AF,

Proof. (a) = (b). By the definition of A%, we have that XAA* = APCA* = APAA®AA* = A®AA*,
Hence, by (a) of Lemma 2.3, we now obtain that (b) holds.

(b) = (c). Postmultiplying XAA* = AW AA* by (A7), we obtain that XA = A®A.

(¢) = (d). From N(X) = N((A*)*A?A"), we have that N(AAT) € N((A¥)*A%AT) = N(X), which
leads to X = XAA'. Thus we get that X = XAAT = A®AAT = A®F by x4 = AWA. Hence, by the
definition of A" and (@) of Lemma 2.3, we have that (d) holds.

(d) = (e). Evidently.

(e) = (f). Since C = AA®A and C* = AXA®A, premultiplying AX = CA* by A"!, we have that
AKX = CFAT.

(f) = (g). From (2.2) and R(X) = R(A"), we can set X = U[ B ]U*, where X; € C,
X, € C”00 and t = r(A¥). Furthermore, it follows from A*X = C*A" and (2.9) that X = A®:,
Therefore, by the definition of A®: and (a) of Lemma 2.3, we obtain that (g) holds.

(g) = (h). It follows from A® A1 = AF and XAA® = A® that XA = XAA® Ak = A@ gkl =
Ak,

(h) = (a). By R(X) = R(A*) and XAH! = A* we get that XAX = X. Hence, by (a) of Lemma 2.3,
we get that X = A®, o

Now we will consider other characterizations of the WC inverse by the fact that A& 4A® = A®1,
Theorem 3.2. Let A € C*" and C = AA®A. The following statements are equivalent:

(a) X = A®;

(b) XAX = X, R(X) = R(A*) and N(X) = N((AF)*A2AT);
(c) XAX = X, R(X) = R(A¥) and AX = CA';

(d) XAX = X, AX = CA" and XA* = A®Ak;

(e) XAX = X, XA = A®A and A*X = CrAT;

(f) XAX = X, XA = A®A and N(X) = N((A)*A2A").

Proof. (a) = (b). The proof can be demonstrated by (a) of Lemma 2.3.
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(b) = (c). By the definition of A® and (b) of Lemma 2.3, we get that AX € CP, R(AX) = AR(X) =
RA) = RAY = RAA®DT) = R(CAT) and N(AX) = N(X) = N((A*)A2AT) = N(AADT) =
N(CAT). On the other hand, Lemma 2.4 (c) implies CA" € C?, hence AX = CA",

(c¢) = (d). By item (c) of Lemma 2.3, we obtain that R(X) = R(A*) = RA®4). So we get that
A®iAX = X, which implies that XA* = A®TAXA* = A®TCATAK = ABTAADAATA* = AB 4,

(d) = (e). By conditions and AA® = AKAB®) e can infer that X = XCAT = XAA®AAT =
XAKADYAAT = ADAABYAAT = 4B Hence, by ADT = A®AAT and A*A®A = C*, we obtain
that (e) holds.

(e) = (f). Since XAX = X, XA = ADA, we have that R(X) = R(XA) = RAPA) = R(AL). We now
obtain that X = A® by (f) of Theorem 3.1. Hence (f) holds by (a) of Lemma 2.3.

(f) = (a). It follows from XAX = X that N(AX) = N(X), by conditions and (a) of Lemma 2.3. We
now obtain that X = XAX = A®AX = A®AATAX = A Priv) vy = AD O

Notice the fact that XAF! = A% if X = A®*. Therefore, we will characterize the WC inverse in
terms of A®TAFT = Ak,

Theorem 3.3. Let A € C*" and C = AA®A. The following statements are equivalent:

(a) X = A®;

(b) XAK! = Ak A*AX = A*CA" and r(X) = r(Ab);
(c) XA = Ak AX = CAT and r(X) = r(A¥);

(d) XA = A%, AKX = CFAT and r(X) = r(AX).

Proof. (a) = (b). Since A® = A®AAT, we can show that XAF! = AX, A*AX = A*CA". Then, by (b)
of Lemma 2.4, we get that (b) holds.

(b) = (c). Obviously.

(c) = (d). Premultiplying AX = CA' by A*"!, we have that A*X = C*A* from A*A®A = C*,

(d) = (a). It follows from XA*! = A¥ and r(X) = r(A*) that R(X) = R(A*). Hence, we obtain that
X = A® from (f) of Theorem 3.1. o

In the following example, we show that the condition r(X) = r(A*) in Theorem 3.3 is necessary.

Example 3.4. Let

100 1 00
000 000
Then Ind(A) = 2,
1 0 0 100 100
At=lo o o], c=|l00 0] and A®1 =0 0 0.
0 1/3 0 000 000

It can be directly verified that XA> = A%, A*AX = A*CA" and r(X) # r(A?%), but X # AW e
other cases follow similarly.

By Lemma 23, it is clear that AX = PR(A/‘), N((AF)*A2ATY and XA = PR(A/‘), N((AF)*A2) if X = 14@’-Jr
However, the converse is invalid as shown in the next example:
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Example 3.5. Let A, X be the same as in Example 3.4. Then

100 100 100
AX=10 00|, xAa=|0 0 0 |and A®T =0 0 0.
00 0 000 000

It can be directly Veriﬁed that AX = PR(A2), N((A2)*A2AT) and XA = PR(A2), N((A2)*A2)s but X * A@’J’-.
In the next result, we will present some new equivalent conditions for the converse implication:
Theorem 3.6. Let A € C" and X € C™". The following statements are equivalent:

(a) X = A®;

(b) AX = PR(Ak)’ N((A*)*A2AT)> XA = PR(Ak), N((AF)*A2) and I’(X) = r(Ak);
(C) AX = PR(Ak)’ N((AF)*A2AT)s XA = PR(AI\'), N((AF)*A2) and XAX = X;
(d) AX = PqQ(Ak)’ N((A%)*A2AT)5 XA = qu(Ak), N((AF)*A2) and AX2 =X.

Proof. (a) = (b). The proof can be demonstrated by (b) and (c) of Lemma 2.3 and (b) of Lemma 2.4.

(b) = (c). By R(XA) = R(A*) and r(X) = r(A¥), we obtain that R(X) = R(XA) = R(A*), hence we
further derive that XAX = X.

(c¢) = (d). By conditions and (a) of Lemma 2.3, we have that X = AW Therefore, by (2.9), it can
be directly verified that AX? = X.

(d) = (a). From AX?> = X, we have that X = AX? = A2X3 = ... = AKX*! which implies
R(X) € R(A¥). Combining with the condition R(A¥) = R(XA) C R(X), we get that R(X) = R(A").

From (2.2), we now set X = U[ }é‘ }(()2 U*, where X, € C™, X, € C*) and t = r(A*). On the other

hand, it follows from N(AX) = N((A¥)*A%A") that (A%)*A?A" = (A¥)*A%X, which yields X; = T~! and
X, = T"2S NN'. Therefore, by (2.9), we obtain that X = A® O

In [1], the authors introduced the definition of A with an algebraic approach. In the next result,
we will consider characterization of A® with a geometrical point of view.

Theorem 3.7. Let A € CZX”. Then:

(a) AT s the unique matrix X that satisfies:

AX = Py, nakyazan,  RX) € R(AN). (3.1)
(b) A s the unique matrix X that satisfies:

XA = Pra, nabyazy, N(AY) € N(X). (3.2)

Proof. (a). Since R(AP) = R(A%), it is a consequence of [2, Corollary 3.2] by properities of Drazin and
MP inverse.

(b). Since items (c¢) of Lemma 2.3, A®: gatisfies XA = Pgany, nakya2). Additionally, we derive that
NAH) =NAHCN (A@AAT) = N(X). Now it remains to prove that X is unique.

Assume that X;, X, satisfy (3.2), then XA = XA, N(A*) € N(X;) and N(A*) C N(Xp).
Furthermore, we get that (X; — X;)A = 0 and R(X?) € R(A) for i = 1,2, which further imply that
A'X] - X0) = 0 and RX] - X5) C R(A). Therefore we have that
RX; = X5) S R(A) N N(A) = R(A) NR(A)* = {0}. Thus, X] = X3,ie., X; = Xo. O
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Remark 3.8. In Theorem 3.7, R(X) € R(A¥) in (3.1) can be replaced by R(X) = R(A¥). However, if we
replace N(A*) € N(X) with N(A*) = N(X) in (3.2), item (b) of Theorem 3.7 does not hold.

Characterizations of some generalized inverses by using its block matrices have been investigated
in [13-17]. In [18, Theorem 3.2], the authors presented a characterization for the WC inverse using its
block matrices. Next we will give another proof of it by using characterization of projection operator.

Theorem 3.9. Let A € C*" and r(AX) = t. Then there exist a unique matrix P such that
P’ =P, PA*=0, (A"'A’P=0, r(P)=n-t, (3.3)
a unique matrix Q such that
0° =0, 0A* =0, (AY*A’A"0=0, (Q)=n—-1t, (3.4)

and a unique matrix X such that

r([ Ii‘P I;Q ]) = r(A). (3.5)

Furthermore, X is the WC inverse A®’Jr of A and
P = PN((A")*A2), ‘R(Ak)’ Q = PN((A")*AZAT), ‘R(Ak)' (36)
Proof. It is not difficult to prove that

the condition (3.3) hold & (I -P)*=1-P, (I - P)A" = A,
(AY*A%(1 - P) = (AY*A%, r(P)=n—t
& 1= P = Pray, yakya)
&= P = Py, gab):

Similarly, we can show that (3.4) have the unique solution Q = Py akya247), geat)-
Furthermore, comparing (3.6) and items (b) and (c) of Lemma 2.3 immediately leads to the
conclusion that

A I-0 A AA®T
r([ ey D - r([ (s x D = H(A) + r(X - A®),
By (3.5), we obtain that X = AW o

4. Some representations of the WC inverse

In [19], Drazin introduced the (b, ¢)-inverse in semigroup. In [20], Benitez et al. investigated the
(B, C)-inverse of A € C™", as the unique matrix X € C™" satisfying [20]:

CAX=C, XAB=B, RX)=R(B), NX) =N(@O),

where B, C € C™". In the next result, we will show that the WC inverse is a special (B, C)-inverse.
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Theorem 4.1. Let A € C*". Then
A® gt aah

Proof. According to Lemma 2.3, we get that
RA®T = R@AH, NABH) = N(AF)A%AT)).

Observe that A®T Ak = A® AR = 4% and A%y AATAAD = (A4 A2ABAAT = (A% A2AT. Thus,
we obtain AQT = g@k@ahraah, .

In [21], the authors introduced the Bott-Duffin inverse of A € C*" when AP, + P;. is nonsingular,
ie., A(L_l) = P (AP, +P;.)™' = P (AP, +1—P;)~'. In [22], the authors showed the weak group inverse
by a special Bott-Duffin inverse. Next we will show that the WC inverse of A is indeed the Bott-Duffin
inverse of A? with respect to R(AX).

Theorem 4.2. Let A € C™" be given by (2.1). Then

AW (AM) ny AP = (PuA” Py ) AP, (4.1)

Proof. It follows from (2.3) and (2.2) that

_ I; 0 .
PA—U[O NNT]U, 4.2)

_ It 0 *
pAk_U[O O]U. 4.3)

We now obtain that

(AZ)E;JQA,))APA = Pu(A’Py+1—-Pyu) 'AP,
_ylro oo [T sqs o |,
N 0o o0fll o 1. 0 N|| 0 NN
T-' T2SNN' |,
= U[ 0 0 U
= A®7,
Similarly, by a direct calculation, we can derive that A®F — (P AP )TAP,. m]

Working with the fact that P = Pyyakya2), gaky and Q = Prjakya2at), gk in Theorem 3.9, we will
consider other representations of A® i the next theorem.

Theorem 4.3. Let A € C" and P = Pyurya2), gaty, Q = Puakya2ar), avy- Then for any a,b # 0, we
have
A®Y = (A 1+ aPY (1 - Q) = (I - P)A + bO) . (4.4)

AIMS Mathematics Volume 7, Issue 3, 3630-3647.
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Proof. From items (b) and (c) of Lemma 2.3, it is not difficult to conclude that

A+aP)A®T =1- 0.

Now we only need to show the invertibility of A + aP. Assume that @ = U [ Zl € C" such that
2
(A+aP)a = 0, 1.e., Ao = —aPa, where a; € C?, @y, € C"P. Now it follows from condition (c) of

Lemma 2.3 and (3.6) that

T S aq _ 0 —T_IS—T_ZSN g
0 N (0%) - 0 1 (0%} ’

implying @; = 0 and @, = 0 since a # 0, N is nilpotent and 7 is non singular. Thus A + aP is
nonsingular.
Analogously, we can prove that A + bQ is invertible and AT = (I-P)A+bQ)". m|

The limit expressions for some generalized inverses of matrices have been given in [14-17,23,24].
Similarly, the WC inverse can also be characterized as limit value as shown in the next result:

Theorem 4.4. Let A € CZX". Then:

(a) ADT = lim,_g AX(AL, + (A%) AR2)1(AR) A2A*(AL, + AA™Y

(b) ADT = lim,_ g AXAY AL, + A (AR A)TAAT (AL, + AATY

(c) A@’T = lim,_,o(Al, + Ak(Ak)*Az)_1Ak(Ak)*A2A*(/11n + AA*)_I,'

(d) A@Jr = lim,_, Ak(Ak)*AZA*(/lIn + AA*)—I(/lIn + Ak+l(Ak)*A2A*(/lln + AA*)_I)_I,

Proof. According to condition (a) of Lemma 2.3, it is not hard to show that

W _ 4@ 4@
A - AR(A"), N((Ak)*AzAf) - A7€(A"’(A")*A2AT), N(Ak(Ak)*AZAT)'

Thus, by [25, Theorem 2.1], we have the following results:
(a) Let X = AF| Y = (AK)*A2AT and by AT = lim,_,y A*(Al, + AA*)"'. We have

A® Z Jim o A, + (AFY A2 1 (AR) A2A* (AT, + AA™).
(b) Let X = AK(A¥)*A, Y = AAT and by AT = lim,_,g A*(Al, + AA*)"!. We have

A®T lim,_,o AX(A%)*A(AL, + A1 (AR*A)TAA (AL, + AA*) .

(c)Let X = 1,, Y = AK(A¥)*A2AT and by AT = lim,_,o A*(Al, + AA*)"!. We have
AW - lim,_,o(A1, + AX(AF)*A?) T AR (AR)*A2A* (AL, + AA") 7.

(d) Let X = AK(A¥A2A", Y = I, and by AT = lim,_ A*(AL, + AA*)". We have

AR Z Jim o AKARY AZA (AL, + AATY LA, + AL AR AZA (AL, + AATY )L,
O

We end up this section with three examples of computing the WC inverse of a matrix using three
different expressions in Theorems 4.2—4.4.
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Example 4.5. Let

2210
3420
A= 000 1 4.5)
00O0O0
Then Ind(A) = 2 and the weak core inverse of A is
2 -1 -1/2 0
A A“(AM)'AA 0 0 0 0
0 0 0 O
Firstly, using the expression (4.1) to compute the WC inverse of A. Then
11/2 -3 0 0 11/2 -3 0 0
_ -9/2 5/2 0 0 -9/2 5/2 0 0
2 _ 1 _ 2p N\ —
(A PAZ +1 PAZ) 0 0 1 0 and (PAZA PAZ) 0 0 0 0
0 0 01 0 0 00
After simplification, it follows that (Az)z;e:/)ﬂ))APA = AW 4nd (P AP o) AP, = A®,
Secondly, using the expression (4.4), we obtain
2 -1 -1/2 -19/12 2 -1 -1/2 5)2
_ -3/2 1 7/12 97/72 | -3/2 1 =2 10
— 1 = — 1 =
(4-6P) 0 0 -1/6 -1/36 | Y4 A+39 0 0 5 -25
0 0 0 -1/6 0 0 0 5
Therefore, it can be directly verified (A — 6P) (I — Q) = AQT, (1 - P4 + 10)! = A,
Finally, using the limit expressions of item (a) in Theorem 4.4.
Let B = A%(AI, + (A®)*A*)"1(A%)* A%A*(Al, + AA*)7!, then
B = AL, + (AD"AH N A A%A* (AL, + AAY)!
2(303214% + 53614 + 580)/4;  2(546294% + 66991 — 290)/4; (13054 —58)/1, 0
_ | (11050322 + 194054 — 870)/4; 4(497734% + 60901 + 145)/4; (23781 +58)/2, 0
Bl 0 0 0 0
0 0 0 0

where 1) = A* + 3873423 + 14705694% + 1978884 + 580, A, = A + 386974% + 388121 + 116.
After simplification, it follows that

lim, o B = lim, o A%(AL, + (A%)°A%) " (A2 A" (A, + AA") ! = AD,
The other cases in Theorem 4.4 can be similarly verified.
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5. Some properties of the WC inverse

In this section, we discuss some properties of the WC inverse and consider the connection between
the WC inverse and other known classes of matrices.

Lemma 5.1. Let A € C”" be given by (2.1). Then:

(a) AcC* & § =0and N = 0;
(b)) AcCP & T=1IandN = 0;
(c)AEC,?P<:T:I,, S =0and N = 0.

Proof. (a) The proof can be easily verified from (2.1) and (2.3).
(b) By (2.1), we obtain that A € CP is equivalent with

T2 TS +SN |, T S| .
v T P

which is further equivalent with 7> = T, TS + SN = S and N> = N. Hence, by non singularity of T
and N*¥ = 0, we can conclude that A € CE ifand only if 7 = I, and N = 0.
() Since C9 C CP, it is a direct consequence of item (b) and (2.1). O

Theorem 5.2. Let A € C™" be given by (2.1). The following statements hold.:
k 8 y 8

(a) ABT =0 o Als nilpotent;

() A®T =4 & A e CEP and A3 = 4;

) ADF = A" & A e CEP and AA” = Py
@) ADi=p, o Aech

) A®F = p,. o A eCOP,

Proof. (a) By (2.1) and (2.9), we directly get that

AR = A =r=0

<= A is nilpotent.
(b) It follows (2.1), (2.9) and (a) of lemma 5.1 that

— ) +
@ _ T-' T2SNN . _ T S .
A A U[ 0 0 U U 0 N U
— S=0, N=0and T’ =T
e AeCP® and A’ = A.

(c) By (2.1), (2.9) and (a) of lemma 5.1, we have that

-1 -2 t x
ADT g — U[T T7SNN ]U*:U[T 0 ]U*

0 0 S* N*
— S=0, N=0and TT" =1,
& AeCE and AA* = Py
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(d) From (2.9), (4.2) and (b) of lemma 5.1, we obtain that

-1 -2 i
@ _ T T2SNNT] L[ L0 ] .
A®T-p, — U[ 0 o U=U|y yvt |U

— T=1I, N=0
& AeCl.

(e) It follows from (2.1) and (2.3) that

T*AT T*AS(I,., — N'N)

Py =ATA = .
A u [ (I.,— NTN)S*AT NN+ I,_,— N'N)S*AS(I,_, — NTN)

]U*. (5.1)

By (2.9) and (5.1), we now get that AW = P,4- 1s equivalent with

T-' T2SNN' | . T*AT T*AS(I,_, — NTN) .
4 vr=vu NS * t TN)S * g v,
0 0 (I,_,— NTN)S*AT NN+, - NTN)S*aAS(I,_, — N*N)

which is further equivalent with 7! = T*AT, (I,_,—N'N)S*AT = 0and N'N+(I,_,—~NTN)S*AS (I,_,—
N'N) = 0. Hence, by nonsingularity of AT and (c) of lemma 5.1, we can conclude that AW = Py if
and only if A € CP, i

From Lemma 2.3, we know that both AA®T and A®TA are oblique projectors. The next theorem
will further discuss other characteriations for AA®-" and A®:14.

Theorem 5.3. Let A € C" be given by (2.1). The following statements hold:

(a) AA®D = P, & A e CM; (b) AA®T = P, o A eCEP;
(c) A®FA =P, & A eCEP; d) A®A=p,. o AecCEP,

Proof. 1t follows from (2.1) and (2.9) that

-1 +
AaA®i — |l TOSNNT A (5.2)
0 0
-1 -2
A@’TA:U[g T S+0T SN]U*. (5.3)

(a) By (4.2) and (5.2), the result can be directly verified.

(b) By (5.1) and (5.2), we can show that AAY'" = P,. if and only if (/,_, — N'TN)S*AT = 0 and
N'N + (I,_, - N'N)S*AS (I,_, — N'N) = 0, which is further equivalent with S = 0O and N = 0, i.e.,
A e CEP

(¢) It follows from (4.2) and (5.3) that A®7A = P, is equivalent with A € CEP.

(d) From (5.1) and (5.3), it is similar to the proof of (). O

Recall from [6] that the core inverse is necessarily EP. The next Theorem shows that this is not the
case with the WC inverse.

Theorem 5.4. Let A € C*" be given by (2.1) and t € Z*. The following statements are equivalent:
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(a) A®T € CEP; (b) SN = 0;
(c) Agm = ACD% (d) AA® = 44D
(e) ADTA = A1A®,

Proof. (a) & (b). Since A® € CEP is equivalent with RAD) = R(AD)*). Using (2.9), we have
that A®" € CEP if and only if SN = 0.
(c) © (b). By (2.5) and (5.3), it can be directly verified that A®:i4 = AD4 if and only if SN = 0.
(d) & (b). By (2.5) and (2.9), it follows that

-1 -2 i -1
AA® 2 40— U[T ISNN ]U*:U[T O]U*

0 0 0 O
— SN=0.

(e) & (b). From (2.8) and (2.9), it follows that

-1 =2 =2 -1 =2
A®ip = pA® U[T st TtN]U*:U[T ! S]U*

0 0 0 0
— T?*T,N=0
— SN=0.

-1 .
where T, = 3. T/SN'~'/, i
=0

In [26], the authors introduced that a matrix A to be a weak group matrix if A € C,‘;"G, which is
equivalent with S N = 0. Therefore, we have that following remark:

Remark 5.5. It is worth noting that conditions (@), (¢)—~(e) in Theorem 5.4 are equivalent with A € CVVC,

The next theorems provide some equivalent conditions for A®: € CP and A® e COP,

Theorem 5.6. Let A € C" be given by (2.1). The following statements are equivalent:

(a) A® e CP; (b) T =1I;
(c) AA®T = 4@t (d) ABTAK = Ak;
(e) AHABD = A, () AADN = A8,

Proof. (a) & (b). From (2.9), it is not hard to prove that AW ¢ CP is equivalent with T = ..
(¢) & (b). From (2.9) and (5.3), it follows that AA® =A@t £ and onlyif T = 1I,.
(d) & (b). By (2.2) and (2.9), it is easy to verify that AW Ak = Ak if and only if T = I,.
The proofs (e) & (b) and (f) < (b) are similar to the proof (d) & (b). O

Theorem 5.7. Let A € C" be given by (2.1). The following statements are equivalent:

(a) A®T € COP; (b) T =1,and SN = 0;
(c) AAD: = (ADiye. (d) A®iA = AD;
(¢) (ADYAr = 4D, () (APH}A = O
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Proof. (a) & (b). From (2.9) and Theorem 5.6, we can show that A®T ¢ CnOP is equivalent with T = [,
and SN = 0.
(¢) & (b). By (2.9) and (5.3), it follows from AA®T = (A1) that

I T'SNN'| [ @'y 0
0 0 ~ | (T2sNNTY 0

Hence, we get that AADT = Ay g equivalent with 7 = I, and SN = 0.
The proofs of (d) & (b), (e) & (b) and (f) & (b) are similar to the proof of (¢) & (b). O

Corollary 5.8. Let A € C™". Then A € C if and only if A® € CP n CEP,

Proof. 1t is a direct consequence from Theorem 5.4 and Theorem 5.6. m|

Working with Theorem 5.6 and Theorem 5.7, we have the following corollary.
Corollary 5.9. Let A € C™" and for any | € N, | > k. The following statements statements hold.:

(a) AeCP e A®T c CPand Al = A;
(b) A eC%® & A®T ¢ CP and Al = A",

Proof. (a) The result can be easily derived by lemma 5.1 and Theorem 5.6,
(b) From Lemma 5.1 and Theorem 5.7, we can show that (b) holds. O

6. Different characterizations of weak core matrix

Ferreyra et al. [1] introduced the weak core matrix. The set of all nxn weak core matrices is denoted
by CVC, that is:
CIC = (A A e O ABT = g0y

In this section, we discuss some equivalent conditions satisfied by a matrix A such that A € C'¢
using the core-EP decomposition. For convenience, we introduce a necessary lemma.

Lemma 6.1. [1] Let A € C" be given by (2.1). Then the following statements are equivalent:

(a) A eCVC;
(b) SN? = 0;
(c) A® = AP,

Theorem 6.2. Let A € C" be given by (2.1) and t € Z". The following statements are equivalent:

(a) A € CVC;

(b) A®A = APA;

(c) AAADA = A'APA;
(d) AIA@,? — AtAD,T,.
(e) ALA®T = AkAT;
(f) AA®4 = Ak,
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Proof. (a) = (b). It is a direct consequence from condition (c¢) of Lemma 6.1.
(b) = (c¢). Evident.
(c¢) = (a). By condition, it follows from (2.4) and (2.8) that
T T7'S+T2SN | _ | 10 TS + T*'TN
0 0 10 0 ’
which implies T 1(T*2§ N> + - - - + TS N**') = 0. We now obtain that S N> = 0 since T is invertible.
By Lemma 6.1, we obtain that A € CVC,
(a) © (d). It follows form (2.6), (2.9) and Lemma 6.1 that
7' T"2SNN' ] . 7' T'TNNT | .
U[ 0 0 ] U= U[ 0 0 v
& T 2SNN' =T 'TNN'
& SN’=0
= AeC) "

AADT = AAPT =

(a) = (e). From the definition of the weak core matrix, we have that AAXA®T = AKADT = AkAT,
(e) = (f). Evident.
(f) = (a). 1If A*A®A = Ak, by (2.2) and (2.8), we can conclude that S N2. Hence item (@) holds. O

Corollary 6.3. Ler A € C™" be given by (2.1). Then A € C)¥° if and only if A* = C¥, where C = AA®4,
Proof. Since A A®Y = ¢ k. the result is a direct consequence of item (f) of Theorem 6.2. |
Theorem 6.4. Let A € C™" be given by (2.1) and for some t € Z*. The following statements are
equivalent:

(a) A eCVC;

(b) AA®)yA = A®yA%;

(c) (A®yA = (A®)+142;

(d) AA®YA commutes with (AP A2;

(e) (A@)’A commutes with (A@)’+1A2.

Proof. By (2.1) and (2.8), we get that

—t+2 —t+1 —t
Au®ya | T77 TS HTISN e 6.1)
0 0
—t+2 —t+1 —t —t—1 2
(A@)fAZ:U[TO TS +T SON+T SN ]U*. 62)

(@) & (b). By (6.1), (6.2) and Lemma 6.1, we get that AA® YA = (A®) A% if and only if A € CVC.
(a) © (c). Similar to the part (a) < (b).
(a) © (d). It follows from (6.1), (6.2) and Lemma 6.1 that
—2t+1 2
AA®Y A 4By A2 — ADya24aDy4 = U[ 8 g OS N ]U*,
which implies that AA®Y A commutes with (A®) A2 if and only if A € CVC.
(a) © (e). It is analogous to that of the part (a) & (d). O
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Corollary 6.5. Let A € C™" and t € Z". The following statements are equivalent:

(a) A € CVC;

(b) AADYA? = (ADy43;

(c) (ADyA? = (ADy+1a3;

(d) AADYA? commutes with (AD) A3;
(e) (ADYA? commutes with (ADy+1 43,

Proof. Since A® = (A®)2A and ADAAD = A®, Corollary 6.5 can be directly verified. O
7. Conclusions

In this paper, new characterizations and properties of the WC inverse are derived by using range, null
space, matrix equations, respectively. Several expressions of the WC inverse are also given. Finally,
we show various characterizations of the weak core matrix.

According to the current research background, more characterizations and applications for the WC
inverse are worthy of further discussion which as follows:

1) Characterizing the WC inverse by maximal classes of matrices, full rank decomposition, integral
expressions and so on;

2) New iterative algorithms and splitting methods for computing the WC inverse;

3) Using the WC inverse to solve appropriately constrained systems of linear equations;

4) Investigating the WC inverse of tensors.
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