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Abstract:  Graph labeling is a source of valuable mathematical models for an extensive range
of applications in technologies (communication networks, cryptography, astronomy, data security,
various coding theory problems). An edge o— graceful labeling of a graph G with p vertices
and g edges, for any positive integer 9, is a bijective f from the set of edge E(G) to the
set of positive integers {0, 20, 39, --- , o } such that all the vertex labels f*[V(G)], given by:
[ W) = (Xmer@) f(uv) ) mod (6 k), where k = max(p, q), are pairwise distinct. In this paper, we show
the existence of an edge 60— graceful labeling, for any positive integer d, for the following graphs: the
splitting graphs of the cycle, fan, and crown, the shadow graphs of the path, cycle, and fan graph, the
middle graphs and the total graphs of the path, cycle, and crown. Finally, we display the existence of
an edge o— graceful labeling, for the twig and snail graphs.
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1. Introduction

Labeling graphs have attracted the attention of numerous researchers in different disciplines. The
importance of this research line is in fact due to the following:

(1) Finding different coding techniques for securing the communication networks and database
managements.

(2) Providing a high-level secrecy to military services which is the most important factor for coding.

(3) Providing confidentiality, and integrity of messages transferred between group members which
is a critical networking issue. For more application, see [1,2].

Coding through special kinds of graphs with different kinds of labeling is structured by many
papers. Coding with Fibonacci web graph using super mean labeling was introduced by Uma
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Maheswari et al. [3]. Prasad et al. developed a technique of coding secret messages using sun flower
graphs S F,. Furthermore, every labeling graph can be converted to a code by using GMJ coding
methods (see, [4] and the references therein)

A graph G isapair (V,E), where V(G)and E(G) denote the vertex set and edge set of a graph G.
The position of the vertices and the length of the edges do not concern us, what is important is the size
of a graph (number of vertices ) and the pairs of vertices which are connected by an edge. If e = {u, v}
is an edge of a graph G, then u and v are adjacent while u and e are incident. Let g = |E(G)|
be the cardinality of E(G) and p = |[V(G)| be that of V(G). For every vertex u € V(G), the open
neighborhood set N(u) is the set of all vertices adjacent to u in G. Graph operations [5] allow us to
generate many new graphs from old ones. A fan graph F, is defined as the join P, + K; where P,
is the path graph on n vertices and K, is a complete graph on one vertex. The crown graph Cr,(Sunlet
graph) is the graph on 2n vertices obtained by attaching n pendant edges to a cycle graph C,, i.e., the
coronas C, © K.

Definition 1.1. (i) The splitting graph S’(G) of a connected graph G is the graph obtained by
adding new vertex u; corresponding to each vertex v; of V(G) such that N(v;) = N(u;).

(ii) The shadow graph D,(G) of a connected graph G is constructed by taking two copies of G,
say G and G, . Join each vertex v; in G| to the neighbors of the corresponding vertex u;
in G,. The shadow graph D,(G) can be obtained from the splitting graph S’(G) by adding
edge between any two new vertices u; and u; if the corresponding original vertices v; and v; are
adjacent. VID,(G)] = V[S'(G)], EID,(G)] = E[S'(G)] U {uuiry, i=1,2, --- ,n}.

(iii) The middle graph M(G) of a connected graph G is the graph whose vertex set is V(G) U E(G)
and in which two vertices in M(G) are adjacent whenever either they are adjacent edges of G or
one is a vertex of G and the other is an edge incident with it.

(iv) The total graph T(G) of a connected graph G is a graph such that the vertex set of T(G)
corresponds to the vertices and edges of G and two vertices are adjacent in T(G) if their
corresponding elements are either adjacent or incident in G. The total graph T(G) can be
obtained from the middle graph M(G) by adding edge between any two original vertices v; and
vj if the corresponding new vertices u; and uj are adjacent. V[T(G)] = V[M(G)],

E[T(G)] = EIM(G)] U E(G).

There are many different kinds of graph labeling [6—13], all that kinds of labeling problem will
have following three common characteristics. A set of numbers from which vertex or edge labels are
chosen, A rule that assigns a value to each edge or vertex, A condition that these values must satisfy.
For a comprehensive survey on graph labeling refers to a dynamic survey of graph labeling [14].

Zeen El Deen [15] introduced the edge o— graceful labeling of graphs by using the numbers
{0, 26, 36, ---, qo } to label the edges of a graph, for any positive integer 6. He showed edge o—
graceful labeling for some graphs related to cycles.

Definition 1.2. An edge 6— graceful labeling of a graph G = (V(G), E(G)) with p = |V(G)| vertices
and q = |E(G)| edges is a bijective mapping f of the edge set E(G) into the set
{0, 20, 36, ---, qo } such that the induced mapping f* : V(G) — {0,0, 20, 36, --- ,ko — 6}, given
by: f*(u) = (Xwver) f(Wv) ) mod (6 k), where k = max(p, q), is an injective function. The graph that
admits an edge 6— graceful labeling is called an edge 6— graceful graph, if 6 = 2 we have the edge
even labeling also if 6 = 3 we have the edge triple labeling and so on.
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Example 1.1. In Figure 1 we present an edge 6— graceful labeling of a tree graph on p = 11 vertices
and q = 10 edges f : E(G) — {0, 20,306, ---, 106} and f*:V(G) — {0,9, 20, 30, --- , 1006},
given by: f*(u) = (Xuere) f(uv) ) mod (116).

96 106 76 60

Figure 1. A tree with edge ¢— graceful labeling.

Example 1.2. Duplication of an edge e = (xy) by a new vertex u in a graph G produces a new

graph H such that N(u) = {x,y}. Let {vi,v,, -+, v,} be the vertex set in the path P, and G be
the graph obtained by duplication of each edge vvi;1 of path P, by vertex u;, (1 <i < n). Then
V(G) = V(P,) Uluy, uy, -+, u,_} and the edge set are {v;v;,, vitly, uiviy1, i=1,2, --- ,n—1}, so

the graph G has p = 2n — 1 vertices and q = 3n — 3 edges, k = max(p,q) = 3n — 3. An edge 5—
graceful labeling of a graph obtained duplication of each edge of Py, by a vertex is shown in Figure 2.

135 115 95 75 55 35 15 145

125 105
14 1 121 11 100 90 80 7 60
145 0135 30125 0115 0105 95 85 75 0 65 55 Y
60 40 5 150 50

45 5 10 15 20 25 30 35

40 25 120 100 90 80 70

Figure 2. Graph obtained duplication of each edge of P;; by a vertex and its edge 5—
graceful labeling.

2. Edge o— graceful labeling of some splitting graphs

2.1. Edge 6— graceful labeling of the splitting graph S'(C,)

Theorem 2.1. For any positive integer O, the splitting graph S’(C,) of the cycle C,, n > 3 is an edge
0— graceful graph.

Proof. Let{v{,v,, ---, v,} be the vertices of C, where these vertices are in their natural order module
n. To form the splitting graph S’(C,) we add new vertices {u;,u,, ---, u, } corresponding to vertices
of C,. The edges set of S'(C,) are {v;viy1, Viltiyv1, Uivir1, i = 1,2, --- ,n }, the graph S’(C,) has
p = 2nvertices and g = 3n edges, k = max(p,q) = 3n.
Case (1) When n = 2 mod 4, n > 3. We define the labeling function
fEWS(C,))— {6, 26,---, (3n)d} as follows:
Siui) =6 (), for 1<i<n,
o(n+1), if i=1;
Sivip) = . _ ,
0@2n—-1+1), if 2<i< n.
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o (2n), if i=1;
fWivis) =3 §(n+1), if 2<i<n-1;
0 (3n), if i=n.

In view of the above labeling pattern then the induced vertex labels are:

ffv))= (m+1)9, ffv))= 2n+4)0, f*(uy)= 0, f*(u,) =(m—1)09, and
f*(v)) = @n+4i—4) 6 mod (3nd), for 3<1i < n,
[ (u;)) = (n+2i—1) 6 mod (3n9d), for 2< i< n-1.

Hence the vertex labels are all distinct and a multiple of ¢.

Case (2): When n = 0 mod 4, n =4, the graph S’'(Cy) is an edge 6— graceful graph for any positive
integer ¢ define the labeling function f : E(S'(Cy) ) — {0, 26, ---, (12)6} as shown in Figure 3.

Figure 3. The splitting graphs S’(C4) with an edge 6— graceful labeling.

e When n= 0mod4, n>4,we define the labeling function f as follows:

SWiviy) =6 (n+1), for 1<i<n,
£ ) o(i+1), if 2<i<n-1;
Vi U; =
s, if i=n
0 (2n+1i), if 1 <i<n-3;

Vi Vi =
J0vin) {5(4n—2—i), it n-2<i<n

In view of the above labeling pattern then the induced vertex labels are:

ffo)=m+1D6, [fvo)=GBn=-1796 f(vi)= Bn-3)6, [f'(v)=02n-3)6,
[ (vi) = 2n+4i—-1) 6 mod (3n9), for 2< i< n-3,
ff(u)= (n+2)0, [ (u;)) = (n+ 2i) 6 mod (3n9), for 2< i< n

Hence the vertex labels are all distinct and a multiple of ¢.

Case (3): When n is odd, we define the labeling function f as follows:
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S vie) =0 (3i-2), for 1< i < n,
Jiviy) =0 @i—1), for 1< i < n,
SOiui) =6 (30), for 1<i<n

In view of the above labeling pattern then the induced vertex labels are:

IA

[ (v) = (12i = 10) 6 mod (3nd), for 1< i < n, and

() = (6i =5) 6 mod (3no), for 1<i < n

Hence the vertex labels are all distinct and a multiple of 6. Therefore S’(C,) admits an edge o—
graceful labeling. O

Ilustration: The splitting graphs S’(Cg) with an edge 4— graceful labeling, S'(Cy) with an edge 5—
graceful labeling and splitting graph S’(Cyy) with an edge 3— graceful labeling are shown in Figure 4.

Figure 4. The splitting graphs S’(Cs) with an edge 4— graceful labeling, S’(Cy) with an
edge 5— graceful labeling and D,(Cy,) with an edge 3— graceful labeling.

2.2. Edge 6— graceful labeling of the splitting graph S'(F,)

Theorem 2.2. For any positive integer 0, the splitting graph S’(F,) of the fan graph F, is an edge
o0— graceful graph.

Proof. Let { vy, vi, v2, -+, v,} be the vertices of the fan F,, to form the splitting graph S’(F,) we
add new vertices {ugy, u;, up, ---, u, } corresponding to the vertices of the fan F,. The edges set of
S'(F,) are {vilir1, ViVit1, Uivis1, 1 <i<n—1} Ufuvy, vig, vivop, 1 <i<n},the graph S'(F,)
has p = 2n + 2 vertices and g = 6n — 3 edges, k = max(p,q) = 6n — 3, see Figure 5.
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Figure 5. The splitting graph S’(F),) of the fan graph F,.
e, (6n—3)6 }

Case (1): When n is even, we define the labeling function f : E(S'(F,) ) — {0, 26,

as follows:
o (n), if i=1;
Sovi) =14 6 (), if 2<i<n-1;

0, if i=n
SWivip) =06 (n+1), for 1<i<n-1,
fOiug)=002n—-1+1), for 1<i<n-1,
0(Bn—-2+1), if 1<i<n-1;

if i=n.

f<u0w):{5(6n—3),
Sivi) =6 (Sn—-3-1), for 1<i<n-1,
Svou;) =6 (6n—-3 -1, for 1<i < n.

In view of the above labeling pattern then the induced vertex labels are:
frv) =0, o= 0Gn=-2)6, frvn) =6,
fru) = )6, frun) =(2n—=2)0,
f*(vi) = (4n -3+ 2i) 6 mod [(6n — 3)d], for 2<i
ff(u))= Bn-2+1i)6mod [(6bn — 3)d], for 2<i
n-1 n—1
Finally, f*(uy) = [Z f(upvy) + f(ugv,)] mod(bn —3) 6 = [Z(3n —2+1) 0]l mod(bn —3) 6

i=1

i=1

2
= [(71 _1n +2) 6] mod(6n — 3) 6.

If n=2mod12 = n=12k+2
[ (up) = [(504k> + 102k + 5) 8] mod(72k +9) 6 = [(39% + 5) 6] mod(72k +9) &

1 —
= [ 3”4 O) §1 mod(6n - 3) 6.
_4
Similarly, If 7= 0mod 12 = n =12k then f*(u) = (" ) 81 mod(6n - 3)..
17n -8
"4 ) 5] mod(6n — 3) 6.

If n=4mod12 — n=12k+4 then [f*(up) = [(
Volume 7, Issue 3, 3554-3589.
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21n - 10
”T) 1 mod(6n - 3) 6.

If n=8mod12 = n=12k+8 then f"(uy) = [ (Z) 0] mod(6n — 3) 6.

If n=6mod12 = n=12k+6 ,then f*(up) = [(

Sn—2
If n=10mod 12 = n=12k+10 then f*(up) = [(”T) 81 mod(6n - 3) 6.

Case (2): When n is odd, n > 3, we define the labeling function f as follows:

SWiuigr) =06 (i), for 1<i<n-1,
3
f(VoMi)=5[§(n—1)+i], for 1<i < n,
O9n -3
Foo ) = 8 (===, for 1<i<n.
0(Bn-1), if i=1;
Om-5 i o
fivig) =3 0( 2 ;E)’ if i=24,--,n-3,n-1;
6 (n+ ). if =35 - .n-4 n-2.
§ G(n—1)), if i=1;
Fu; vier) = o0(6n-2-1), if i=2,3, ---,n-2;
-1
sl if i=n—1.
0 (6n—3), if i=1;
Sn-3 | o
fiug) =3 6¢( 3 +1), if i=23, --,n-1;
o0 (5n-2), if i= n.

In view of the above labeling pattern then the induced vertex labels are:

S (o) = 0, S = (7n2+1)5, ff)= Ao, ffv)= @n-1)4,
Fa= Gn=26  fun=6n-50  fu)=>2)
£ = (§n—12—7+i>5mod[(6n—3)5]:(%H’)a for 3<i<n—1,
Py = (222 1y 8 mod [(6n— 3)6] = P2 + iy 6, for 2<i<n-2,

2
Finally, f*(uo) = X, fluovi) =[5 f(uovi) + f(uovr) + f(ugva)] mod(6n — 3)

= [Z?;zl(gn - % +10) 0+ (5n —2) 6] mod(6n — 3) 6 = [(3n* — 2n) 8] mod(6n — 3) &
n=lmod2 = n=2k+1
f*(up) = [(12k*> + 8k + 1) 8] mod(12k +3) 6 = [(5k + 1) 6] mod(12k +3) 5 = ( ) 0.

Hence the vertex labels are all distinct and a multiple of 6. Therefore S’(F,) admits an edge o—
graceful labeling. O

S5n—-73

Ilustration: The splitting graphs S’(F3) with an edge 5— graceful labeling and S’(F9) with an edge
4— graceful labeling are presented in Figure 6.
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130 135

Figure 6. The graphs S’(Fg) with an edge 5— graceful labeling and S’(Fy) with an edge 4—
graceful labeling.

2.3. Edge 6—graceful labeling of the splitting graph S’(Cr,) of the crown graph

Theorem 2.3. For any positive integer 9, the splitting graph S’(Cr,) of the crown graph is an edge
o0— graceful graph.

Proof. Let {vi,vy, ---, v, } and {uy,up, ---, u, } be the vertices of the crown Cr,, to form the
splitting graph S’(Cr,) we add newly vertices {v{,v}, ---, v} and {u},u5, ---, u, } corresponding

to the vertices of the crown Cr,. The edges set of the splitting graph S'(Cr,) are {v; u}, v, vi,i,
Vi Vs ViViel, Vi Wi, ui vy, 1 <i<n}, seeFigure 7. The graph S’(Cr,) has p = 4n vertices and

q = 6n edges, k = max(p,q) = 6n.
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Figure 7. The splitting graph S’(Cr,) of the crown graph.

Case (1): When n is odd. We define the labeling function f : E(S'(Cr,) ) — {6, 26, ---, (6bn)d} as
follows:

FOW i) =6 (n+1i), for 1<i<n,

SOiuw) =6 (n-1i), for 1< i< n,

S v;) =6 (6n -1, for 1<1i<n,

n—1, and  f(v,v)) = 6(6n),

foivi)=6Gn—i),  for 1<i
fnvi) = 6(Gn),

fivig) = 6 Bn+1), for 1<

IAIA
S
|
=
o
=
o

o (n), if i=1;
fiu) =16 @), if for2<i<n-1;
0, if i= n.

In view of the above labeling pattern then the induced vertex labels are:

) =mné,  fa)=296 f0H=0[fv)=On-16  f)=@2n-1)9,

f*(u;)) = (5n—2i) 6, for 1< i < n,
@)= @), for 2< i< n-—1,
ff0)=Q0CBn-i+1)¢, for 2<1i < n,
ffv)y= An+2i-2)0, for 2<i < n-1.

AIMS Mathematics Volume 7, Issue 3, 3554-3589.



3563

Case (2): When n is even. The labeling function f : E(S'(Cr,) ) — {3, 26, ---, (6n)d} defined as
follows:
Swivi) =6 @), for 1< i < n,
fOivie) =06 Bn+1i), for 1< i < n,
fivi,)=060Gn+1-1i), for 1< i< n,
fu)) = 6(6n), fiu)=62n+1-1i), for 2<1i < n,
fO u) = 6 (6n-2), fOiu)=06Q2n+i), for 2< i < n,
§Gn—1+2i), if 1stsg;
n
0(2n+1), if i=—<-+1;
Sivig) = ( ) 2
0 (4n+2i-2), if 2+2<i< n-1,
0 (2n), if i=n.

In view of the above labeling pattern then the induced vertex labels are:

FO)=@n+2)6  fn)=6  [u)=Gntds  f 1) =6n-3)
fa)=06n-16  f@)=0, f0)=wms

ff(u;) = 2n+2i) 9, for 2< i < n,
fw)=2n+1-1)6, for <1i<on,
FO)=@En+i+2)s, for 2<i<n,

') = Qn+4i-3)6, for 2<i< g
Fr) = (4i—5) 6, for t+3<i<n-l.

Hence the vertex labels are all distinct. Therefore S’(Cr,) admits an edge 6— graceful labeling. O

Hlustration: The splitting graphs S’(Crg) of the crown graph with an edge 5— graceful labeling and
S’(Crg) with an edge 3— graceful labeling are shown in Figure 8.

AIMS Mathematics Volume 7, Issue 3, 3554-3589.



3564

Figure 8. The graphs S'(Crg) with an edge 5— graceful labeling and S’(Cry) with an edge
3— graceful labeling.
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3. Edge 56— graceful labeling of the shadow graph of some graphs

3.1. Edge 6— graceful labeling of the shadow graph D,(P,)

Theorem 3.1. For any positive integer 6, the shadow graph D»(P,), n > 2 of the path P, is an edge
0— graceful graph.

Proof. Let {vi,v,, ---, v,} be the vertices in first copy of P, and {u;,u,, ---, u,} be that in second
copy of P,. The edges set in the shadow graph D,(P,) are {v;v;.1, Villiy1, UiVit1, Uillivy, 1 <i<n—1}.
The four vertices vy, v,, u; and u, are of degree 2 and the remaining vertices are of degree 4, so the
graph D,(P,) has p = 2n vertices and g = 4n — 4 edges, k = max(p,q) = 4n— 4.

e If n =2 the graph D,(P,) is not an edge 6— graceful graph since it isomorphic to Cy4 [2].

o If n =3 the graph D,(P;) is an edge 0— graceful graph for any positive integer ¢ define the
labeling function f : E(D,(P3)) — {0, 26, ---, 80} as shown in Figure 9.

66 55 45
46 .

36 76 0 66 5

Figure 9. The shadow graph D,(P5) with edge 6— graceful labeling.

e If n > 4. We define the labeling function f : E(D,(P,)) — {06, 26, ---, (4n—4)5} as follows:
fiuip) =901, for 1<i<n-1,
fiviy) =0 (@n—-4-1), for 1<i<n-1,
fWivip)=02n—-i-1), for 1<i<n-1,
Sy up) =6(4n—4), flupuz) =6Q2n), f(uzuy) =6(2n-1),
fu; uiy1) =0 2n+1i-—3), for 4<i<n-1.

In view of the above labeling pattern then the induced vertex labels are:

=0, ffv)=26 fw)= 2n=-2)6, [f'(u,)=4n=5)4,
ffx)= 26, fuz)= Cn+1)6,  f(uy) = 2n+2)6,

F o) =) + fimv) + finizy) + f(vitie)] mod [(4n — 4)6]
= 2n+1-20)9, for 2<i<n-1.

Similarly, f*(u;) = 2n—-5+2i)06, forS<i<n-1.

Hence the labels of the vertices are all distinct numbers and a multiple of 6. Thus D,(P,) is an
edge o— graceful graph. m|

Ilustration: The shadow graph D,(P,3) with edge 3— graceful labeling is presented in Figure 10.
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5 57 1
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Figure 10. The shadow graph D,(P;3) with edge 3— graceful labeling.

3.2. Edge 6— graceful labeling of the shadow graph D,(C,) of the cycle C,

Theorem 3.2. For any positive integer d , the shadow graph D,(C,), n >3 of the cycle C, is an edge
0— graceful graph.

Proof. Let {vi,v,, ---, v,} be the vertices in first copy of C,, and {u,u,, ---, u,} be that in second
copy of C,. According to the construction of the shadow graph D,(C,) of the cycle C,, the edges set
in the shadow graph D,(C,) are {v;v;.1, Villiy1, UiVir1, Uitliyg , L= 1,2, --- ,n}. All the vertices v; and

u; are of degree 4, so the graph D,(C,) has p = 2n vertices and ¢ = 4n edges, k = max(p, q) = 4n.
There are two cases:

Case (1): When n is odd, we define the labeling f : E(D,(C,) — {9, 20, 39, ---, 4n 6} as follows:
fvivy)=0n, [f(ivi)=01i for 1<i<n-1,
f(uyu,) =02n,  f(uuip) =06 m+1) for 1<i<n-1,
fOiu,)=03n, fOiuy)=0@n-i for 1<i<n-1,
fuyvy) =04n, f(u;viy) =0 2n+1i) for 1<i<n-1.

In view of the above labeling pattern we have:
ffvp)=noé and f(v)=[26(m+i—1)]mod (4n)o?, for 2<i<n,
f(u,) = 3nd6 and f*(u;) = (26 i) mod (4n) 9, for 1<i<n-1.

Hence the labels of the vertices v,, v3, v4, -+, Vuq, Vo are 20(m+ 1), 2 6(n +2), 2 o6(n +
3), -+, 20(2n-2), 26(2n — 1), respectively,and the labels of the vertices u, u,, us, -+, t,_1, Uy,
are 20,49, 606, ---, 26(n—1), 36 n, respectively, which are distinct numbers.

Case (2): When n is even, we define the labeling f as follows:
SWiviy) =06, for 1<i<n,
fviv,) =06@n-1), Jiviy) =0 2n+1), for 1<i<n-1,
f(v, uy) =90 2n, fOiug)=00@n—-1-1), for 1<i<n-1,
f(u, uy) =6 4n, fu; uiyy) =6 (n+10), for 1<i<n-1.

In view of the above labeling pattern we have:

fru) =(3n+2)6, ffu)=(2n-1)6, f*(vi)= Bn=2)6, f'(v))= 2n=3)6,

f(u)= 2n—1+2i)6 mod (4n) 6, for 2<i<n-—1,

f*(v)) =10 2i — 3)] mod (4n) 6, for 2<i<n-1.
Obviously the vertex labels are all distinct. Thus, the graph D,(C,) is an edge 6— graceful graph
for all n. O

Illustration: The shadow graph D,(Cy) with an edge 5— graceful labeling and D,(C;() with an edge
3— graceful labeling are shown in Figure 11.
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Figure 11. The shadow graph D,(Cy) with an edge 5— graceful labeling and D,(Cy,) with
an edge 3— graceful labeling.

3.3. Edge 6— graceful labeling of the shadow graph D,(F),) of the fan graph F,

Theorem 3.3. For any positive integer 9, the shadow graph D,(F,), n >3 of the fan graph F, is an
edge 60— graceful graph.

Proof. Let {vo,vi,v2, -+, v,} be the vertices in first copy of F, and {ug, uy,u,, ---, u,} be that in
second copy of F,. The edges set in the shadow graph D,(F,) are {viu;s1, Vivit1, UiVie1, Uilkiv1, 1 <
i<n—-1}U{uvy, ving, vivo, uou;, 1 <i<n},sothegraph D,(F,) has number of total vertices
p = |V(Dy(F,)| =2n + 2 and edges g = |[E(D,(F,)| =8n—4, n=2,3,4, ---, see Figure 12. There
are three cases:

Figure 12. The shadow graph D,(F,) of the fan graph F,.
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Case (1): When n=0mod 4 and n =2 mod 4, we define the labeling

[ E[Dy(F,)] — {0, 20, 30, ---, (8n —4) 6} as follows:
fov) =01, for 1 < i<n,
fou)=6@8n—4-1i), for 1 <i<n,
JWiviy) =0 (n+1), for 1 <i<n-1,
f(uiuip)) =0 Bn—-1-1i), for 1 <i<n-1,
fiuip) =0 (6n—-3-1i), for 1 <i<n-1,
fWwivis) =0 (n—4-1i), for 1 <i<n-1,
flupu;)) =6 (4n—1-1), for 1 < i<n,
f(ugvy) =90(8n—-4), fupv)=00Gn-1-1i for 1 <i<n
In view of the above labeling pattern, we can check that
1) [fvov) + f(vou;))] mod [(8n—4)6]= 0, for 1 < i<n.
(1) [f(uo i) + f(uo i)l mod [(8n—4)6] =0,  for 0 < i< 3.

Then, the induced vertex labels are:

J o) = Zisil fvo vi) + f(vo u)] mod [(8n — 4) 6] = 0,

o) = 2 [ fluo vi)+ f(uo u;)l mod [(8n—4) 8] = [f(uo vi)+ f(uo u)lmod (8n—4) 6 = (4n—2)6,
ffo) = (n-1)4, fvn) = (5n) 6, Siu) = (4n-3)6, Sr(u,) = né,
) = ivie) + fvicr vi) + f(viug) + f(vi vo) + f(vi wi1) + f(uizy vi)] mod [(8n — 4) 6]
=[06 Bn—4i)] mod [(8n — 4) 6], for 2 <i<n-1.
S = [f i i) + fQuioy wi) + f(ui uo) + f(w; vo) + f(u; vigr) + f(viey u)l mod (8n—4) 6
=[6@Bn-2i)] mod [(8n —4) 6], for 2 <i<n-1.
Hence the labels of the vertices v,, vz, V4, -+, Vo, Vo are 6(8n — 8), 6(8n — 12), 6(8n —
16), ---, 6(4n + 8), 6(4n + 4), respectively, and the labels of the vertices uy, us, ug, -+, Uy, Uy_q
are 0(3n—4), 6(3n—-06), 6(3n—-18), ---, d(n+4), 6(n + 2), respectively, which are distinct numbers.

Case (2): When n = 1 mod 4, we define the labeling f as follows:

fov)=06m—1+1i), for 1 < i<n,
fOvou) =06 (Tn—-3-1), for 1 < i<n,
fu;uy) =0 (@4n—-3-1), for 1 <i<n-1,
f (ugv;) =0(n—1i, for 1 <i<n-—1, f (upvy,) =06 @4n-3),
f (uo u;) = 6(8n—4 -1, for 1 <i<n-1, f (upu,) =06 @8n—-4),
fiug)=06(2n—1+1), for 1 <i<n-2, f e u,) =06 (4n-2),
f (uy vp) =0(4n - 1), f (Ui viy) =0(6n -2 —1i), for 2 <i<n-—1,
o(4n +1), if i=1;
f viviy1) =16(4n), if i=2;
6 (4n—-1+1), if 3 <i<n-1.
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In view of the above labeling pattern, the induced vertex labels are:

o) =0, Jrv) =456, fr(v) =86,
ffv3) = 6Q2n+7), [ (ae1) =506, 1) = 6,
J (o) = (4n=3) 6, [ru)=0n=6)6, [f'(u)=(5n-3)6,

ffv)=102n+2+2i)] mod [(8n —4) 6], for 4 < i<n-2.

Finally, f*(u;) =[06 (7n—4 —4i)] mod [(8n — 4) 6], for 2 <i<n-1.

Hence the labels of the vertices v,, vi, V4, -+, Vo2 , V1 are 0(8n — 8), 0(8n — 12), 6(8n —
16), ---, 6(4n +8), 6(4n + 4), respectively, and the labels of the vertices u,, us, ug, -+, Uy—n, Uy
are 0(7n—12), 6(7n—16), 6(Tn—-20), ---, 6(3n+4), 6(3n), respectively, which are distinct numbers.

In this labeling, the induced labeling of the vertex uy will equal the induced labeling of the vertex

i.e., when n=4k+3 = n=3mod4.

u; when i =

Case (3): When n = 3 mod 4, we define the labeling f as in the case n = 1 mod 4 but we change the
labeling of two edges (uyv,) and (u;v,) as follows:

f(upvy)) =0 @n—-1) and  f(uvy) =06 (4n-3).

The induced vertex labels are:

f (o) = 0, frv) =446, fr() =66,
ffv)=0Q@2n+7), [ 1) =5n0, [ vy) =306,
[ () = (4n—1)6, fru)=(0n-28)4, f(un) = (5n =3) 6,

ffv) =10 Rn+2+2i)] mod [(8n —4) 6], for 4 < i<n-2

f*(w)) =16 (Tn—4—4i)] mod [(8n — 4) 5], for 2 < i<n-1.

Hence the vertex labels are all distinct and a multiple of 6. Therefore the shadow graph D,(F),)
admits an edge o0— graceful labeling. O

Hlustration: The shadow graphs D,(Fg) with edge 4— graceful labeling, D,(Fy) with edge 3—
graceful labeling and D,(F;) with an edge 5— graceful labeling. are presented in Figure 13.
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Figure 13. Some shadow graphs D,(F,) with distinct edge 6— graceful labeling.

AIMS Mathematics Volume 7, Issue 3, 3554-3589.



3571

4. Edge 6— graceful labeling of the middle graph of some graphs

4.1. Edge 6— graceful labeling of the middle graph M(P,)

Theorem 4.1. For any positive integer ¢ , the middle graph M(P,) of path P, is an edge 6— graceful
graph when n is even and n = 1 mod 4.

Proof. Let {vy, vo, ---, v, } be the vertices and {u;, up, ---, u,—;} be the edges of path P,. Then
VIM(P,)] = V(P,)UE(P,) and E[M(P,)] = {viu;; 1 <i<n—1, viui; 2<i <n, uitiyy; 1 <i <
n—2}. Here p = 2n —1 vertices and g = 3n —4 edges, k = max(p,q) = 3n—4.

Case (1): When n is even, We define the labeling function f : E(M(P,)) — {3, 26, ---, (3n — 4)d}
as follows:

o(n—-2i-2), if 1<i<%-12

o(n-1), if i=2-1;

Wi uiy) = . . 2,

0 (2n—-2i-95), if 3<i<n-3;

o (n-2), if i=n-2.

o (n—73), if i=1;

S (uivy) = . . .
o(n+i-2), if 2<i<n-1.

fiui) =02n—4+1), for 2<i< n.
Then the induced vertex labels are:
ffv) = 6(n-3), ffv)=0,  f'u)=m-56,  f(u,1)= 3n-35)4,
ffun2)= Bn-6)6,  f'(uz)= Bn-T7)6, and f*(uz_1)= 2n-2)6,
1) = [fiuicy) + f(viu)l mod [Bn —4)0] = (2i—2)06,  for 2<i<n-1;
Sru) = [fuisu) + f(uuing) + fuvi) + f(uviz)] mod [(3n — 4)6]
= 2n-3-2i)6, for 2<i<35-2, and
f*(u;)) = (4n -9 - 2i) 6, for S+1<i< ---,n-3.
Case (2): Whenn = 1 mod 4, We define the labeling function f : E(M(P,)) — {96, 206, -+, (3n—4)d}
as follows:
fiu) =01, for 1
S ui) =6 (n+1i), for 1
0(C2n+i-3), if 2<i<n-1;

Vi lli-1) = .
I 1) {611, if i=n.

Then the induced vertex labels are:
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frv) =6, frvn) =né, ffu) =56,  fup-1)= (n+1)6,
v = [fiuizy) + fviu;)] mod [(3n — 4)6] = (2n—3 + 2i) omod [Bn—4)6] 2< i< n-1,
Fr@) = [f uimui) + f(uinin) + fuvi) + f@ivie)] mod [(3n — 4)6]

= [(n+ 1+ 4i) 6] mod [(3n — 4)5], for 2 <i<n-2.

Hence the labels of the vertices vy, v3, -+ ,Vv,.0, Vo1 are 2n+1)o, 2n+3)o, ---, (n=3)0, (n—1)0,
respectively, and the labels of the vertices u,, us, --- ,u,-3, u,—» willbe (n+9)6, (n+13)9, ---, 2n—
7)o, (2n—3)0, respectively. Hence the vertex labels are all distinct and a multiple of 6. Therefore M(P,,)
admits an edge ¢ graceful labeling when 7 is odd. O

Illustration: The middle graphs M(P4) with an edge 2— graceful labeling and M(P;3) with an edge
3— graceful labeling are shown in Figure 14.

18 20 42 16 38 12 34 3 30 4 52 54 70 18 62 14 58 10 54 6 50 2 2 5, 74
vv v" vq' vv vv \62 / Vﬁ' v vv vv vv \74 /\76
22
.
22 4 8 12 16 20 24 28 32 36 40 44 48 0

15 0 66 45 78 48 90 51 102 54 9 57 21 60 33 63 45 66 57 69 69 7 42
3
3 81 87 93 9 0 6 e S S
Figure 14. The middle graphs M(P;4) with an edge 2— graceful labeling and M(P;3) with
an edge 3— graceful labeling.

4.2. The middle graph M(C,), n >3 of the cycle C,

Theorem 4.2. For any positive integer O, the middle graph M(C,), n > 3 of the cycle C, is an edge
o0— graceful graph when n is odd number.

Proof. Let {v{,v,, ---, v, } be the vertices of the cycle C, and {u,u,, -, u,_; } be the edges of the
cycle C,. The V[M(C,)] = V(C,) U E(C,) and E[M(C,)] = {uuir1, viui, u;vir1; 1 <i<n},so the
number of vertices p = |V[M(C,]| = 2n and edges g = |E[M(C,)]| =3n, n=3,4, ---

When #n is odd, we define the labeling function f : E(M(C,) ) — {0, 26, ---, (3n)d} as follows:
SfWiviy) =0 3i—-2), for 1< i< n,
S ui) =0 3i—1), for 1< i< n,
fviu) = 3n9, fOiu)=303G—-1), for 2< i< nm.
In view of the above labeling pattern,the induced vertex labels are:
frn) =6G3n-12), J (i) = (6i - 8) 6 mod [(3n)d], 2<i<n,
[ (uy) = 20, [ (w;) = (12i —10) 6 mod [(3n)d], 2< i< n
Hence the vertex labels are all distinct and a multiple of 6. Therefore M(C,) admits an edge o—
graceful labeling. O
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Illustration: The middle graph M(Cy) of the cycle Cy with an edge 6— graceful labeling is shown in
Figure 15.

Figure 15. The middle graph M(Cy) with an edge 5— graceful labeling.

4.3. The middle graph M(Cr,) of the crown graph Cr,

Theorem 4.3. For any positive integer O, the middle graph of the crown graph Cr, is an edge 6—
graceful graph.

Proof. Let {vy, vo, ---,v,} and {u;, up, ---,u,_; } be the vertices of the crown graph Cr, and
vi, vy, -+, v, and u), uy), ---, u,_, be the edges of the crown graph Cr,. Then
V(M(Cr,)) = V(Cr,,) U E(Cr,) and
E(M(Cr,)) = (v}, Vivier, vivie widl, wv,, v, Vivi,; 1 <i<n},sop= 4n vertices and

q = Tn edges, k = max(p,q) = Tn, see Figure 16.

un “2

Figure 16. The middle graph M(Cr,) of the crown graph Cr,,.
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Case (1): When 7 is odd, we define the labeling function f : E(M(Cr,)) — {5, 26, ---, Tnd} as
follows:
fiv) =06 n+i), for 1< i<n,
JOivie) =6 Bn—i+1), for 1< i<n,
JOug,,) =6 (4n+ 1), for 1<i<n,
Jiuw) =6 @Gn+i), for 1< i<n,
fviu))=6(n), fiu) =41, for 2<i<n,
J (uuy) =6, fuiu)=6n+1-1i), for 2< i<n,
0 (6n — 2i), if 1< is%;
o0(6n-1), if i:%,

VARV =
foivi) § (Tn — 2i), if MB<i<n-1;

6 (6n), if i=n

Then the induced vertex labels are:

D= QCn+Do, [f,)= 2n+2)0, ff0v.s)=0Cno,  f(v,)= (Bn+3)6,

2 2
ffv) = Bn+2)o, Srur) =0, fruy) = (n+2)6,
ffvi))= @n+i+2)0, for 2< i<n,
ffu)= (Tn—i+1)6, for 2< i<n,
@) = (2i) s, for 2< i<n,
£ & (2n = 2i + 3) mod [(Tn)d], if 2< i<zl
V) =
’ S (4n = 2i + 3) mod [(Tn)é], if 2<i<n-1
Hence the labels of the vertices v}, vj, --- ,v,,, v,, are 2n—-1)6, 2n-3)6, ---, (n+
6) 6, (n + 4) ¢, respectively, and the labels of the i/erticés Viss Vs "7 2V 5, Vi are (3n —

2 2

2)0, Bn—4)0,---, 2n+7)0, 2n+5) 9, respectively.
Case (2): When n = Omod 6, and n = 2 mod 6. We define the labeling function f : E(M(Cr,)) —
{6, 20,---, 7Tno} as follows:

Siu) =461, for 1 <i<n,
f(V: Vie1)=0Bn—i+1), for 1 <i<n,
Jiv) =6 (n+i, for 1 <i<n,
, 0(Bn+1), if i=1;
f(uiui): . . .
o(Mn—i+1), if 2 <i<n.
, 6 (Tn), if i=1;
fuiv) = . ) )
0 (Bn+1i), if 2 <i<n.

i i+l T

Foru oSG i L <i<n-;
5 (4n + 1), if i=n.
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Forv) - {5 (5n+2i— 1),

0 (4n + 2i), if J+1<i<n
Then the induced vertex labels are:
ffvi)= Bn+3)0, f'(v))= (dn+i+?2)6, for 2 <i<n,
ffu))= GBn+1)0, [fwu)= (Tn—i+1)¢, for 2 <i<n,
)= 36, ffw)= 2i+1)6, for 2 <i<n,
ffop=06n+d)s,  ffvy,)= (2n+5)4, ffvy)=GBn)é and
2
) 0 (6i — 2) mod [(Tn)d] if 2,<i<?Z;
V) =
' 0 (5n + 6i) mod [(Tn)d] if 2+2<i<n-1
Hence the labels of the vertices vj, v, ---, v, ,, v, are 106, 166, ---, 3n —8) 96, (3n —
2 2
2) 6, respectively, and the labels of the vertices Vv, ,, Vi, 5, =+ ,V, 5, V,_, are (n+12)6, (n+

18)6, ---, (4n—12) 6, (4n — 6) 6, respectively.

We notice that, these values are distinct for all n even except when n = 4 mod 6, since

Vi, = (n+12)6 = v, = 166, when n=4

V= (n+12)6= v, = 226, when n=10

V= (n+12)6= vi= 286, when n=16
Case2(3): When n = 4 mod 6. Define the labeling function f : E(M(Cr,)) — {6, 26, ---, 7nd} as
in the first case with changes in the following edges

L, 0 (5n + 2i), if 1<i<?;
v = . e ;
0(@n+2i-1), if 3+1<i<n

Then the induced vertex labels are:

v = Gn+4)o, [0, )= 2n+5)0, ffv)y=0Bn-2)6 and

2
£ 6 (61) mod [(Tn)d] if 2<i<z;
V) =
' 0 (5n + 6i —2) mod [(Tn)d] if J+2<i<n-1
Hence the labels of the vertices v}, v;, -, v, _,, v, are 126, 186, ---, 3n—6) 6, (3n) 6,
2 2
respectively, and the labels of the vertices Vi Vi 0 Vil Vi are
2 2

(n+10)0, (n+16)0, ---, (4n—14) 6, (4n — 8) 0, respectively. Hence there are no repetition in the
vertex labels which completes the proof. O

Hlustration: The middle graphs M(Cryy) with an edge 3— graceful labeling and M(Crg) with an edge
2— graceful labeling are shown in Figure 17.
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Figure 17. The middle graphs M(Cry) with an edge 3— graceful labeling and M(Cry) with
an edge 2— graceful labeling.
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5. Edge 6— graceful labeling of the total graph of some graphs

5.1. Edge 6— graceful labeling of the total graph T(P,)

Theorem 5.1. For any positive integer 9, the total graph T(P,) of the path P, is an edge 6— graceful
graph.

Proof. Let{vy, vy, ---, v,} be the vertices of the path P, , the total graph T'(P,) of path P, has vertices
set V(T(P,)) ={vi, 1 <i<n} U{y, 1 <i<n-1}andedgesset E(T(P,)) = {viVis1, Villiy UiVir1, 1 <
i <n-1} Ufuuy, 1 <i < n-2}, sothe graph T(P,) has p = 2n—-1and g = 4n -5,
k = max(p,q) = 4n—>5.

If n =2 the graph T(P,) is an edge 6— graceful graph since it isomorphic to C; [15]. There are
two cases:

Case (1): When n is even, n > 4. We define the labeling function f : E(T(P,)) — {9, 20, ---, (4n —
5)6 } as follows:
fviu) =901, for 1<i<n-1,
fivi)=0m—-1+1), for 1< i<n-1,
fu;viy) =06 (@n—-5-1), for 1<i<n-1,
6 (4n-5), if i=1;
S i) = . . .
0(2n—-3+1), if 2<i<n-2.

In view of the above labeling pattern then the induced vertex labels are:
ffop=m+Dé, ffv)=m-D6, [fu)=0, ffu)= 2n-16, [f(u-1)=0CBn-5)9,
f*v) = [2n -2 + 2i) 6] mod [(4n — 5)0], for 2<i<n-—1,
fu)= 2i-2)0, for 3<i<n-2.
Hence the labels of the vertices are all distinct numbers.
Case (2): When 7 is odd:

o If n =3 the graph T(P;) is an edge 6— graceful graph for any positive integer ¢ define the
labeling function f : E(T(P3)) — {0, 26, ---, 76} as shown in Figure 18.

56 35 0
56
75
P Y

Figure 18. The total graph 7'(P;) with edge ¢6— graceful labeling.

e If n > 5. Define the labeling function f : E(T(P,)) — {9, 26, ---, (4n —5)d } as follows:
Siuw) =461, for 1< i<n-1,
S uip) =06 2n—2+1), for 1< i<n-2,
fWiviy) =0 (2n—1-1), for 1< i<n-1, and
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0(4n-5), if i=1;
Jivie) =100Bn—-4+1), if 2<i<n-2;
0 (3n —3), if i=n—-1.

In view of the above labeling pattern then the induced vertex labels are:

ffvp=206, f'(v2)= (n+3)s, [ 1) = (m+1)6,
ffv)=26, [f(u)= 356, S (Uup—1) = no,

f (v) = [(1 + 2i) 6] mod [(4n — 5)4], for 3<i<n-2, and

[ (u) = [ 2n— 1+ 2i) 8] mod [(4n — 5)d], for 2< i<n-2.

Hence the labels of the vertices v3, v4, -+ ,V,—3, Vo Willbe 76, 906, ---, 2n—-5)6, 2n—
3) 9, respectively, and the labels of the vertices u,, us, ---, u,—3, u,—, willbe (2n+ 3) 0, 2n +
5)06, -+, (4n—"T) 0, 0, respectively.

In this case we have f*(v% ) will equal f*(u,_1), so we change the labeling of two edges (V% v§)

0 0
and (V% Vit ) as follows f(v§v%) = 5(7n —11). and f(v% Vit ) = §(7n —13).
Then f*(v% ) = (n—3)0 and f*v% = (n — 1) 6 Hence the vertex labels are all distinct and a
multiple of ¢. Therefore 7(P,) admits an edge 6— graceful labeling. O

Ilustration: The total graphs 7'(P,p) and T(P;;) with an edge 6— graceful labeling are shown in
Figure 19.

Figure 19. The total graphs T'(P;p) and T(P;;) with an edge 6— graceful labeling.

5.2. Edge 6— graceful labeling of the total graph T(C),)

Theorem 5.2. For any positive integer 6, the total graph T(C,), n >3 of the cycle C, is an edge 6—
graceful graph.

Proof. Let {v;, i = 1,2, ---, n} be the vertices of the path C, , the total graph T(C,) of path C,
has vertices set V(T(C,)) = {vi, w;, i = 1,2, .-+ ,n}and E(T(C,)) = {vivis1, Vitti, UiVis1, Uillipy, 1 =
1,2, ---, n}, sothe graph T(C,) has p = 2nand g = 4n, k = max(p, q) = 4n. There are two cases:
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Case (1): When n is even, we define the labeling f : E(T(C,) — {6, 26, 30, ---, 4n 6} as follows:

Jivip) =0 (n+1), for 1< i<n,
fu; v)) =6 (4n —1i), for 1< i<n,
f(uy u,) =064n,  f(u;ui) =901, for 1< i<n-—1,
fviu) =0n, f(u;viy)=0Q2n+i), for 1< i<n-1,

In view of the above labeling pattern we have:

ffoon=0, fu)=2n+1)6, fru) = (n =1)6,

ffv)=26@G—-1), for 2< i<n,
f(u)=06QRi+2n-1), for 2<i<n-1.
Hence the labels of the vertices v,, vz, V4, -+, Vi ,Vyare 20, 46, 606, ---, 206(n-2), 26(n—1),
respectively, and the labels of the vertices u,, us, uyg, -+, Uy, U,—y are 6 2n+3), 6 2n+5), 6 2n+
7, -+, 6(4n —5), 6 (4n — 3), respectively.

It is easy to see that: f*(u,) = f*(v;) wheni= %, but » is even number, so all the labels are
distinct numbers.
Case (2): When nis odd, we define the labeling f as in the above case where n is even but we change
the labeling of two edges (u,v;) and (v,v;) as follows f(u,vi) = 2n ¢ and f(v,v;) = nd.

The induced vertex labels are:

S D) =11 va) + [ v) + f(ug vi) + f(u, vi)] mod (4n) 6 = 0,
f*(vn) = [f(vn Vl) + f(vn—l Vn) + f(un Vn) + f(un—l Vn)] mod (4n) 0=296 (l’l - 2),
Srun) = [f (g ur) + oy wn) + f(uy vi) + f(un vi)] mod (4n) 6 = (2n — 1) 6.
It is easy to see that: f*(v,) = f*(v;) wheni = g, but n is odd number, so all the labels are distinct
numbers. =

Illustration: The total graph 7(Cyo) of the cycle Cyo with an edge 5— graceful labeling and the total
graph T(Cy) of the cycle Cy with an edge 6— graceful labeling are shown in Figure 20.

105

Figure 20. The total graph 7'(C;,) with an edge 5— graceful labeling and 7(Cy) with an
edge 6— graceful labeling.
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5.3. Edge 6— graceful labeling of the total graph T(Cr,)

Theorem 5.3. For any positive integer 6, the total graph of the crown graph Cr,, is an edge 6— graceful
graph.

Proof. Let {v{, vo, ---, v, } and {uy, up, ---, u, } be the vertices of the crown graph Cr, and
v, vy, -+, v} and {u], u), ---, u,} be the edges of the crown graph Cr,. Then V(T'(Cr,)) =
V(Cr,) U E(Cr,) and

E(T(Cr,)) = {vitt}, Vivier, vivi, uu;, u.v;, v;ugﬂ, ViV, Villi, vivisrs 1 <0 < n}, see Figure 21.

Here p = 4n vertices and g = 9n edges, k = max(p,q) = 9n.

Figure 21. The total graph 7'(Cr,) of the crown graph.

Case (1): When n is odd. Define the labeling function f : E(T(Cr,)) — {0, 26, ---, 9n 6} as
follows:
, o(n+1), if i=1;
viu.) =
S Qi) {61‘, if 2<i<n
Sfuiu}) =06 2n+2-1), for 1< i<nm,

i

0(@Bn+1), if i=1;
fviu) = .
0(2n+1), if 2<i<n.
F i) \ if i=1;
ViVv.) =
' 6 Bn +1), if 2<i<n.

SOivig) =6 (4n + 1), for 1< i<n,
f(vi Vir1) = 6 (5n + 1), for 1< i<n,

o0 (Tn—1i), if 1<i<n-1;

FOivia) = {5 (Tn). if i=n.
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foiu,)=6(n+1i), for 1< i<n,
fiu)=060On+1-1), for 1< i<n.
Then the induced vertex labels are:
ff(vi)= B8n+3)0, ffvi)y= 8n+4i—1)06 mod [(9n)d], for 2< i<n,
f@)) = (Sn+ 3)0, W)= 2n+2i+1)0, for 2< i<n,
[ (u;)) = 2n+3-2i) 6, for 1< i<n,
ffovp=m+3)s,  f'(v,)= (6n+1)6, fO)=0Cn+1+2i)6, for 2<i<n-—1.
Case (2): When n = 2 mod 4. The labeling function f : E(T(Cr,)) — {06, 26, ---, 9n 6} defined
as follows:
Sfu;u?) =06 (), for 1< i<n,
S@;v) =06 n+1i, for 1< i<n,
fOlu) =6 2n+1i), for 1< i<n,
Jivi) =0 Bn+1), for 1< i<n,
fOWvi) =06 GBn+1-1), for 1< i<n,
SOvi)=60Gn+i+1), for 1<i<n-1, f,v)=060Gn+1),
fiv) =06 (6n+1), for 1< i<n,
Jfoiu,)=06(n+1), for 1< i<n,
fiu) =06 @8n+i), for 1< i<n.
Then the induced vertex labels are:
f*(u;)) = (8n + 2i) 6 mod [(9n)d], for 1< i<n,
@) = (2n+ 3)0, ffw)= mn+4i-1)6, for 2< i<n,
ffvi)= 8n+4i+1)6 mod [(9n)d], for 1< 1i<n,
(v = (Bn+6)0, ffv)=(©6n+2)6, f@O)=0Cn+2+4)6, for 2< i<n-1.

These values are distinct for all n = 2 mod 4, but
ff0)=Q0CBn+4i+2)6= f'(v,)= (6n+3)0, when i= 34_n i.e., when n= 0mod 4.
Case (3): When n = 0 mod 4 define the labeling function f as follows:
fuiu)) =6 @), for 1< i<n,

f@W,vi)y=6n+i), for 1< i<n,
§@Bn+i), if 1<i<n-1;
fivia) = o
0(2n+1), if i=n.
f (V,' u,’) = . . i
6 (2n +1), if 2<i<m
FOvie) =6 Gn+1-), for 1< i<n,
JWivi,) =6 Gn+i), for 1< i<n,
fiv) =06 (6n+1i), for 1< i<n,
JOiu ) =06 (Tn+1i), for 1< i<n,
fiu) =06 8n+i), for 1< i<n.
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Then the induced vertex labels are:

[ (u;)) = (8n + 2i) 6 mod [(9n)d], for 1< i<n,

) = (4n+2)6, ffw)= m+4i-1)0, for 2< i<n,

f (v = (6n+3) 0, fO)=0Bn+4i)o, for 2<i<n,

ffvp) = (6n+6)6, f(v)= (n+2)0,

ffviy= Bn+4i+1)06 mod [(9n)d], for 2<i<n-1.

We notice that, these values are distinct for all n = 0 mod 4. It should be notice that:
n+2

ff )= Q0Cn+4i)o= f*(u))= (4n+2)5, when i=
there are no repetition in the vertex labels which completes the proof. O

i.e., when n = 2 mod 4. Hence

Hlustration: The total graphs T (Crg) and T'(Cry) of the crown graph with an edge 3— graceful labeling
are shown in Figure 22.

6. Edge o— graceful labeling of the twig graph TW,

Definition 6.1. The twig graph TW ,n > 4 is the graph obtained from path P, = {vi,vy,---,v,} by

7

attaching exactly two pendant edges to each internal vertex of the path P,,.

Theorem 6.1. For any positive integer 0, the twig graph TW is an edge 6— graceful graph when n

n

is odd.
Proof. Let {v{,v2, ---, v,} be the vertices of the path P, and the new attaching vertices are
{ur,us, -+, u,—1} and {wp,ws, ---, w,_1}. The edges of TW, are denoted by {a;, b;, c;,d; }, where

a;, = {V(nfég+3) V(n—éH—S)}, b,- = {V(nga) V(n+4¥—l)}, d,- = {V(nféﬂrl) V(nfég+3)} and C; = {V(nﬁg—l) V(n+zg+1)} Where,

. {1,2, ---,—”;1 if i=1mod4;
l =
n+

1,2,---,71 if i=3mod4.

The graph TW, has p = 3n—4 vertices and g = 3n—>5 edges, k = max(p,q) = 3n—4. see, Figure 23
We define the labeling function f : E(TW,) — {6, 26, ---, (3n—4) 6} as follows:

At the beginning, we determine the middle vertex = in the path P, and we start the labeling from
this vertex by using the following algorithm.

First step: Label the edges a;, by, ¢; and d; in the following order:

flar) = 6, f(by) = 6(3n-5), f(c1) =26 and

fld) =1[fb1) - fla)lmod[6 Bn—-4)]= 6(3n-06).

Second step: Label the vertices a;, b;, ¢; and d; by the following algorithm respectively

(1) fl@) = [f(cic) = fdi-)lmod [6 Bn—=4)],  for =23, .- 12,

(ii) f(b) = Bn—-4)6 - fla),

(iii) f(c)) =[f(@) = fb)lmod [6 BGn—=4)],  for i=2,3, - 2,

(iv) f(d) = [f(b) = fla)l mod [6 Bn—=4)].  for i=2,3, --- ",
and repeats the second step until we fish the labeling of all edges in the path P,,.

At the end, the edges (v;u;) and (v;w;), 2 <i < n— 1 take any number from the reminder set of the
labeling such that [ f(v;u;) + f(viw;))] mod [6 Bn—4)] =0mod [6 Bn—4)] for i=2 <i<n-1.

In view of the above labeling algorithm, the labels of the vertices are,
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198
N
3 195
24 102 204
22 216 /N .
, 192 27 J96 6/
117 ) \ 45 198
48 3
W16 144 120
189 30 51 75\r’ 354
\ 102 ) 141 123 150/
156 o3 78 0
213 165 117 174\
7 S
18- 21 105 = 45 — 63 138 126 115 = 33 =57 =9 =210
186 105 153 201
~
1ag 0 81 1os
/ 1;’~ 135 129 Y 114 \
66 51 87 84 27 177
N 132 /
ﬁzl 108 AN 150y
// g3 — 159 39 111 20— 60\ 7«
210 93— \ . / 69
/18 65 39 180 204 12,
12 \8'1/ 0

Figure 22. The total graphs 7(Crg) and T(Crg) of the crown graph with an edge 3— graceful

labeling.
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Figure 23. The twig graph TW, with ordinary labeling.

Oy ) =fa) + f(b) + fluy 4 1)+ fwy 4 1) mod [6 Bn —4)] =0,

2 2
vy —1)=f0b) =6Gn-5), vy 43)=fla) =9,

oy : 3) = flen) = 26, A 5)2: fd) = 6 (3n-6),
f*(Vn%5):f(b2)= 6 (3n-38), f*(V2n+7)=f(az)=45,
JOny (ji— ) =fla).  fvy_@i-3)) =2f(bi), for i=12 - =L
f*("n+(ji+1)):f(di), f*(Vn_(i,'_l))=f(c,-), for i=1,2, -+ 13
2 2

The pendant vertices v; and v, of the path P, will take the labels of its pendant edges, i.e.,

o If n=1(mod4), then f*(vi) = f(dw1), and S Wanm1) = flew).
o If n=3(mod4), then f*(vi) = f(aw1), and J W) = f(bu).
It is clear that the labels of the vertices of the path P, take the labels of the edges of the path and
each pendant vertex takes the labels of its incident edge. Then there are no repeated vertex labels,
which completes the proof. m|

Ilustration: The twig graph T W5 is presented in Figure 24 with an edge 4— graceful labeling.

20 24 28 36 40 44 48 52 56 60 68

116

Figure 24. The twig graph 7W,;; with an edge 4- graceful labeling.
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7. Edge 6— graceful labeling of the snail graph §,

Definition 7.1. A snail graph S, is obtained from path P, = {vi,v,, ---,v,} by attaching two
parallel edges between v; and v, i, fori=1,2, ---, [5].

Theorem 7.1. For any positive integer 6, the snail graph S ,, n > 2 is an edge d— graceful graph.

Proof.

Case (1): When n is even, the vertices of the graph S, are {vy,v{,v,, ---, v,} and the edges are
ler, e1, -++, €1, a1, az +++, az, by, by ---, bz} where {e; = vy, = 1,2,---,n—-1}

and {a; = b; = vw,_ir1, j= 1,2, --- ,% }, see Figure 25, in this case p = n, ¢ = 2n -1 and

k =max(p,q) = 2n—1.

Figure 25. The sinal graph S, with ordinary labeling when 7 is even.

We define the labeling function f : E(S,)) — {0, 29, ---, (2n — 1) 6} as follows:

flaj) =6i, for 1<i<}
fb) =6@2n—i-1), for 1<i<?,

o(i+ 3), if 1<i<§-1;
f(ei): 6(2’1_1)9 if i= %;
5(g+i—1), if 2+1<i<n-1

The induced vertex labels are:

frv) = [ fla) + f(by) + f(er) 1 mod [(2n - 1) 0] = o[5 + 1],

£ =1 f@) + fB) + flear) 1mod [(2n — 1)5] = & [% -2],
Fon=6m-1,  f)=én

AIMS Mathematics Volume 7, Issue 3, 3554-3589.
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) =1f@) + f(b) + fle) + fleimr) ] mod 2n - 1) 6]
_Jo(n+2i-1)mod[2n—-1)¢6] if 2<i<F-1;
|6 +2i-3)mod [2n—-1)8]  if s+2<i<n-1L
Hence the labels of the vertices vy, v3, ---, va_y are 6 (n+3), 6 (n+5), ---, 6 (2n—3) , respectively,

and the labels of the vertices Viig, Vi3, o0, Vpop are 26,40, ---, 6 (n—4), respectively.
Note that S 4 is an edge 6— graceful graph but not follow this rule, see Figure 26.

Figure 26. The sinal graph S, with an edge 6— labeling.

Case (2): When nis odd. Let {e;,e;, -+, e,_1,a1,a2, -+, a%,bl,bz cee b%l} be the edges of
S, which are denoted as in the Figure 27, in this case p =n, ¢ =2n—2, k = max(p,q) = 2n—2.

Figure 27. The snail graph S, with ordinary labeling when n is odd.

Define the labeling function f : E(S,)) — {0, 2,---,(2n — 2) ¢} as follows:

fle) =i, for 1<i<n-1,
fla) =6m+i-1), for 1<i<zl
fb) =6@2n—-i-1), for 1<i<

b
n=1
5 .

Therefor, the induced vertex labels are
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ffv)=06m+1), f*(v%) =nd, f*(vp) = 6 and

o) =1f(a) + fbi) + fle) + fleimr) 1 mod [(2n — 2)6]
=6 (n+2i—1)mod [2n—-2)5], if i=23, ---,5, 22 ... p_1,

s T3

,Vit are om+3),o0mn+5), ---,02n-4),0,
m5, ttt, Vnog, Vp- Are 46,606, ---,(n=-3)0, (n—1)6,
respectively. Overall all vertex labels are distinct and a multiple of 6 numbers. Hence, the snail graph
S, 1s an edge 0— graceful for all n. O

Hence the labels of the vertices v,,v3, -+, Va

-3
2
respectively, and the labels of the vertices Vass, Vas,

Illustration: In Figure 28, we present a triple graceful labeling of the graph S, and an edge 4 graceful
labeling of S ;3.

72
@4@8/\12/\16@20@0\32@36@40@44@48@)

&2 &Y
76

80
84
88
92
96

Figure 28. An edge 3— graceful labeling of §, and an edge 4— graceful labeling of S ;3.

8. Conclusions
Recently, edge graceful labeling of graphs has been studied too much and these objects continue to
be an attraction in the field of graph theory and discrete mathematics. A senior number of published

papers and results exist. So far, numerous graphs are unknown if it is edge graceful or not.

AIMS Mathematics Volume 7, Issue 3, 3554-3589.
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In this work, we pushed the new type of labeling (edge o— graceful labeling ), by finding more
graphs that have edge o6— graceful labeling. We prove the existence of an edge ¢— graceful labeling,
for any positive integer ¢, for the following graphs. The splitting graphs of the cycle, fan, and crown
graphs. The shadow graphs of the path, cycle, and fan graphs. The middle graphs and the total graphs
of the path, cycle, and crown graphs. Finally, we display the existence of an edge 6— graceful labeling,
for the twig and snail graphs.
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