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1. Introduction

With the exception of symmetry of fuzzy norm in [5], Alegre and Romaguera [2] introduced the
concept of fuzzy quasi-norm with general t-norm, and obtained characterizations of those
paratopological vector spaces [1] that are quasi-metrizable, locally bounded, quasi-metrizable locally
convex, and quasi-normable, respectively, in terms of appropriate kinds of fuzzy quasi-norms. After
that, in [4], Alegre and Romaguera proved some results, such as the uniform boundedness theorem, in
fuzzy quasi-normed spaces. Recently, Gao et al. [7] gave the decomposition theorem for a fuzzy quasi-
norm. Hussein and Al-Basri [9] introduced quasi-fuzzy normed algebra over a fuzzy field and studied
its completion.

Just as pointed in [2], a fuzzy quasi-normed space provides a suitable framework for the
complexity analysis, it seems of important roles in discussing some questions in approximation theory
and in theoretical computer science. Therefore, it is worthy of further study on fuzzy quasi-normed
space.
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It is well known that one of the fundamental principles of functional analysis is the Hahn-Banach
extension theorem for a linear functional dominated by a sublinear functional. In 2014, Alegre and
Romaguera [3] prove an extension theorem for continuous linear functionals on a fuzzy normed space.
So, the following question arises in a natural way: Is it possible to give a theorem of Hahn-Banach
type in the frame of fuzzy quasi-normed spaces? In this article, we shall give a positive answer to this
question. Based on this theorem we shall prove some separation results for convex subsets of fuzzy
quasi-normed spaces. These separation theorems will be very efficient tools in the treatment of
optimization problems in the framework of fuzzy quasi-normed spaces.

The organization of the paper is as follows. Section 2 comprises the basic notions on fuzzy quasi-
normed spaces and some preliminary results. In Section 3, we study continuous linear functionals on
a fuzzy quasi-normed space. First, we obtain a characterization of continuous linear functionals, and
point out that the set of all continuous linear functionals forms a convex cone which is called the quasi
dual. Next, we equip the quasi dual with a weak fuzzy quasi-norm. Finally, in Section 4, we prove a
theorem of Hahn-Banach type and two separation theorems for convex subsets of fuzzy quasi-normed
spaces. Besides, we obtain some properties of the Minkowski gauge functional defined on a
paratopological vector space.

In this paper, R and N stand for the set of all real numbers and the set of all positive integers,
respectively; X denotes a real vector space, 6 is the null element of X .

2. Preliminaries

First, let us recall the concept of a continuous t-norm.
Definition 2.1 ([10]). A binary operation *: [0,1]x[0,1] -[0,1] is a continuous t-norm if it

satisfies the following conditions: Va,b,c,d €[0,1],
(l)axb=Db=*a (commutativity);
(2) (a * b) *C=a* (b * C) (associativity);

(3)axb<c*d whenever a<c and b<d (monotonicity);
(4)ax*l=a (boundary condition);
(5)= is continuous on [0,1]x[0,1] (continuity).

Three paradigmatic examples of continuous t-norms are A, - and * (the Lukasiewicz t-

norm), which are defined by
arb=min{a,b}, a-b=ab and a* b=max{a+b-10}, respectively.

Definition 2.2 ([2]). A fuzzy quasi-norm on a real vector space X isapair (N,*) such that =
is a continuous t-norm and N is a fuzzy setin X x [0, +oo) satisfying the following conditions: for
every X,yeX,

(FQN1) N (x,0)=0;
(FQN2)N (x,t)=N(-x,t)=1 forall t>0<x=6,;
(FQN3) N (Ax,t)=N(x,t/4) forall 1>0;
(FQN4)N (x,t)*N(y,s)<N(x+y,t+s) forall t,s>0;
(FQNS) N (X,
(FQN6) I|

[0,+00) »[0,1] is left continuous;

)
N(xt)=1
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Obviously, the function N(x,_) is increasing for each xe X .
By a fuzzy quasi-normed space we mean a triple (X,N,*) such that X is a real vector space
and (N,*) isa fuzzy quasi-normon X .

If condition (FQNG6) is omitted we say that (N , *) is a weak fuzzy quasi-normon X .

T

Each fuzzy quasi-norm () on X induces a '© topology “N on X which has a base

given by the family of open balls
B(X)={By (x,r,t):re(0,1),t>0}
at Xe X, where

By (x,r,t)={yeX: N(y-xt)>1-r}. (2.1)

We denote by Cl A the closure of A and by Int A the interior of A in the topological
space (X,7y).

A subset A ofareal vector space X is
(1) semibalanced [8] provided that for each xe A, rxe A whenever 0<r<1;
(2) absorbing provided that for each X € X, thereis A,>0 such that 4 Xe A

Remark 2.1. Obviously, we have
()if A issemibalanced, then A is absorbing if and only if for each Xe X , thereis A4,>0 such
that Axe A whenever 0<A<4;.

(2)if e A and A isconvex,then A issemibalanced.
Proposition 2.1([2]). Let (X,N,*) be a fuzzy quasi-normed space and let () the family of open

balls with center in the origin €. Then:
(1) By (6?, r,t) is absorbing forall t>0 and re (0,1).

(2) By (0,r,t) issemibalanced forall t>0 and re(0.1).
(3) ABy(0.r,t)=B(6.r,At) forevery A>0, t>0 and re(01).

A If Ue 5(0),thereis V € £(0),suchthat V+V cU .
B)If U,V e 5(0), thereis W € £(6) suchthat W cU V.

(6) V xeX, x+By(0,r,t)=B(xr,t).
Remark 2.2. If the continuous t-norm * is chosen as " A", then each element of £(€) is convex.
Remark 2.3. By Proposition 2.1, the mappings: (X,y)— X+Yy and (4,X)— AX are continuous on

X x X and [0, OO)X X, respectively, and the topology 7, is translation invariant.
Proposition 2.2 (|2]). If (X, N,*) is a fuzzy quasi-normed space, then (X,TN,*) is a quasi-

metrizable paratopological vector space.
Proposition 2.3 ([7]). Let (X, N,*) be a fuzzy quasi- normed space, and let « < (0,1). The function

I-Il,: X =[0,%0) is given by
| ]| =inf {t>0:N(x,t)>a}. 2.2)

Then, forall x = X and t>0:
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(1) | x|, is increasing with respect to e € (0,1);
) | x],=sup{t>0:N(x,t)<a};
(3) N(x.t)>¢q impliesthat ||, <t;
(4) N(x,t) <« implies that x|l =t.
The set {|| i e (0,1)} is denoted by P, .
Definition 2.3. ([7]). Let X be a vector space, * be a continuous t-norm.
P= { P, : P, isa function from X to [0,0), & 6(011)} is called a family of star quasi-seminorms if it
satisfies the following conditions: forall x,ye X, «,f € (0,1) and ce[0,x),
(*QN1) p, () =cp,(X),
(*QN2)  Pes (X+Y) < P, () + Py (Y)-
If P satisfies the following condition:
(*QN3) p,(X)=p,(—x) =0 for every « (0,1) implies x=6,

then, P 1is said to be separating.
Remark 2.4. From (*QN1), we know p_(6)=0 for every « <(0,1).

Remark 2.5.In[7], P is defined to be separating, if p,(X)=0 forevery p,6 P impliesthat x=6.

Obviously, this condition is strictly stronger than (*QN3). We have to point out that definition in [7] is
imperfect. In fact, the proofs of the related results in [7] are not true. However, they are true under the
condition that P is separating in the sense of (*QN3).

In this paper, a separating family of star quasi-seminorms is always in the sense of (*QN3).

Proposition 2.4. Let P ={P, : P, isa function from X to [0,:0),  €(0,1)} be a family of star quasi-
seminorms. For each x e X, let

UF,(X)={U(X;0¢1,052,---,ozn;g):5>O;0¢1,052,---,05n e(O,l),neN},

where
Uy, a3 8)={y e X 1 p, (Y-X) <&, €(0,1),i=1,2,---,n}

:ﬂinzl{y eX:ip, (Y-X) <&, € (0,1)}

z{y € X% Prraxgg acicny (Y =X) < g} .
Then, U,(Xx) is a basis of neighborhoods of X.
The topology taking U, (X) as abasis of neighborhoods of X is said to be the topology induced
by P anddenoted by 7.

Proposition 2.5 ([7]). Let (X, N,*) be a fuzzy quasi-normed space. % = {””a NeAS (0’1)} where
||l is defined by (2.2) forall « € (0,1). Then,
(1) &, 1s a separating family of star quasi-seminorms;
(2) the topology 7, inducedby & coincides the topology 7z .
R, 1s called a family of star quasi-seminorms induced by (N , *) .

Let X be areal vector space. Recall that a functional p: X —R is called sublinear if
(S1) p(cx)=cp(x), VvxeX,Vcel0,x);
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(S2) p(x+y)< p(X)+p(y),"™*yeX.

A positive sublinear functional is a quasi seminorm. A sublinear functional p is called a

seminorm if instead of (S1) it satisfies

(S1)! p(cx) =|c|p(x), Vxe X, VceR.
Remark 2.6. If the continuous t-norm #* is chosen as "A", then a family of star quasi-seminorms is
a family of quasi seminorms.

3. Continuous linear functionals on a fuzzy quasi-normed space

On the field R of real numbers, consider the quasi norm U(x) = max{x,0}. The topology (u)
generated by U is called the upper topology of R. A basis of open 7(u)-neighborhoods of a point
X e R is formed of the intervals (—00, X+8) , &>0. While, the intervals (—oo,a) , aeR, forms a
basis of 7(u).

The quasi dual (X,N,x)" of a fuzzy quasi-normed space (X,N,*) is formed by all
continuous linear functionals from (X,TN) to (R,T(u)) , or equivalently, by all upper semi-
continuous linear functionals from (X,z,) to (R, |-|). In the sequel, (X,N, *)# will be simply

denoted by X* if no confusion arises.
Theorem 3.1. Let (X,N,*) be a fuzzy quasi-normed space. f e X”* if and only if there are

a<(0,1]) and M >0 suchthat f(X)<M| x|, forall xeX.
Proof. Necessity. Suppose that f is continuous, then f is continuous at #.Applying Proposition
2.5, it follows that there exist ae(0,1) and &£>0 such that fU (e, ¢))c (—00,1) , Where

U(a,e)= {X e X | x]|,< 5} . Take Xe X arbitrarily.
(1) If || x||,#0, then &x/||x||,eU(e, &), so that

f (3X/||x||a><1, that is, f (X)S(l/s)”X”a.

(i) If || x|[,=0, then ||/1X||a = /I||x||a =0 for any A>0, so that AxeU(a, &), implying
AT (X)=f (1x) <1, thatis, f(x)<1/A.]It follows from the arbitrariness of 1 that f(x)<0.

Combining (i) and (ii), the Necessity is proved.
Sufficiency. Suppose there are o <(0,1) and M >0 such that f(x)<M| x|, for all xeX.

Then f(U(a,e/M))c(—»,a) forany a>0. Since U(a,&/M) isa 7, openballat &, f is
continuous at @ . By Remark 2.3, f iscontinuouson X .[]
Corollary 3.1. Let (X,N,*) be a fuzzy quasi-normed space. (X, N, *)# 1S a convex cone.

In the rest of this section, we shall equip (X, N, *)# with a weak fuzzy quasi-norm.

First, we introduce the concept of a family of star extended quasi-seminorms.
Definition 3.1. Let X beavector space andlet p,: X — [0, oo] be an extended functional for every

el.If { p,riel } satisfies the conditions of star quasi-seminorms, then it is called a family of star
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extended quasi-seminorms.

If {p:ie I} is a family of star extended quasi-seminorms on X , we say that the family is

separating if it satisfies the following condition:
(*QN3)" forall xe X, x#0,thereare j kel suchthat(i) p;(x)#0 or p;(-x)=0, (i)

P, (X) #o.
Theorem 3.2. Let P= {” |, e (0,1)} be an increasing family of separating star extended quasi-
seminorms on a real vector space X ,andlet |||, begivenby ||, =0 forall xe X . The function

N,(x,t): X x[0,0)—[0,1] is given by

0, t=0

SUp{aE(O,l):”X”a <t}, t>0’ (3.1)

NP(X1t):{
Then, the pair (N . *) is a weak fuzzy quasi-normon X .
Proof. (1) (FQNI) is obvious.

(FON2). If N, (x,t)=N,(=x,t)=1 forall t>0, then ||X||a <t and ||—X||a <t forall a<(0,1)
from (3.1). Therefore, |X||a = ||—X||a =0 for all « (0,1). Since P is separating, X=4@ . Conversely,
if Xx=6, then it follows from Remark 2.4 that ||X||a :||—X||a =0<t for all t>0. By (3.1),
N, (X, t) =N, (—x,t) =1,

(FQN3). Let ¢>0. From (*QNI1), we have

Np (ex,t) =sup{a € (0,2) :ox||, <t} =sup{a € (0,1):]}x], <t/c}=Ny(x.t/c)-

(FQN4). Let x,yeX and s,t>0, and let N,(Xx,t)=4, Ny(y,s)=y . Without loss of

generality, we suppose that 0<min{A,y}. For any 0<e&<min{pB,y}, there exist &', " (0,1

such that a'>pf-¢, @">y—¢,

X|| <t and ||y|,.<s. Thus,

., <t and [yl , <s. And

hence,

|x+ y||(ﬂ_g)*(y_g) <|Ixl,_, +llyl _, <t+s. By 3.1), No(x+y,t+s)>(f-¢)*(y—¢). By the
arbitrariness of & >0 and the continuity of #*, we know
N, (x+Yy,t+8)> By =Ny (x1)*N,(y,s).
(FQNS). Obviously, N,(6,_)=1, and hence, N,(8, ) is continuous. Now, take X, X \{6}
and t, >0 arbitrarily. If N,(X,t,)=0, then N,(xt)=N,(xt)=0 forall t<t,. So, N,(x,_)

is left continuous at t,. Now, we suppose 0< N, (X,t,)<1.Take &>0 arbitrarily, from (3.1), there

exists @, €(0, 1) such that |X||ao<t0 and N, (X1t)—&<a,.So, wehave N,(Xt)>ea, forany t

with ||X||a0 <t<t,. Hence, N,(Xty)—N;(xt)<N,(Xt)-a, <s. Therefore, N,(x,_) is left

continuous at t;. [

Now, for each f e X*, we define || f |[{'=0 and
4 .
If1E=sup{f ()Ax1.<1} vae(1), (3.2)

Theorem 3.3. Let (X, N,*) be a fuzzy quasi-normed space, f e X*, ae(0,1).

AIMS Mathematics Volume 7, Issue 3, 3290-3302.
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(HIf f =0, then || f|’>0.

@) I f IE=sup{f (%)l x|l <1}.

G3) I fI=sup{f(x):N(x1)=1-c}.

(4)If N(x,_) isincreasing strictly, then || f ||Z=3up{ f(x):N(x1) >1—a}.
Proof. (1) If f =0, then there exists an X, € X such that f(X,)#0. Suppose that f(x,)>0
(otherwise, replace X, with —X,). If || %, [, =0<1, then | f |’ > f(x,)>0.If ||x,|_,>0, then
E1E2 £ O/ 1% Doy ) =F O 1%l > 0. Tna word, | £|>0.

(2) It remains to show that || f ||} <sup{f(x):|x|l_,<1}. Indeed, if xe X is such that
| x|l_,=1, then |In(n+1)*x|,_, =n(n+)7*|| x|, <1. So that n(n+1)*f(x) = f(n(n+1)"'x) <
sup{ f (x):ll x|l_,<1}, forall neN. Letting n—>oo, it follows that f(x) <sup{f (x):[I x|l_,<1},
implying || f |} <sup{f (x):l|xl|_,<1}.

(3) By Proposition 2.3, we obtain

sup{ f (x):N(x,1) 21—} <sup{f (x):l x|l <1}
sup{ f (x):ll xll_, <1} <sup{f(x):N(x,)21-a}.
Which together with (2) implies that
| f1l=sup{f(x):N(xD)21-a}.
(4) It remains to show that
sup{ f (x):N(x,1) >1-a} > sup{f (x):N(x,]) 21-a}.
Indeed, if X,€X is such that N(x,)=1-a« , then it follows N(n(n+1)7x,1)
=N(X,,(n+)n™") >1—a from the hypothesis. So that
sup{ f (x):N(x,) >1-a} 2 f(n(n+1) %) =n(n+1)* f(x,), forall neN.
Letting n—> o0, it follows that
sup{ f (x):N(x,1) >1-a} > f(x,),

implying sup{ f (x):N(x,)) >1-a} = sup{f (x):N(x,1) =1-a}.
Theorem 3.4. Let (X,N,=*) be a fuzzy quasi-normed space. Then
(D) {|| e e (0,1)} is a family of separating star extended quasi-seminorms on X *;
(2) {|| ae (O,l)} is increasing with respect to « €(0,1).
Proof. (1) Let f,geX”, «,B<€(01) and ce[0,).
C*QN1). Icf [ =sup{cf (x):ll X[l <1} =c-sup{f (x):lI x|l <1} =c| f L.
(*QN2). Since a*f<a and a*p<f,then
I f+g 1. = sup{ f (%) +g(x) I X ||y <1}

AIMS Mathematics Volume 7, Issue 3, 3290-3302.
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<sup{ ()1 X ll_gup <1} +sup{g(X) :fl X |l s <1}
<sup{ f ()l x|}, <L} +sup{g ()l xl ,<1
=l F I+l gll-

(*QN3)' . (i) Suppose that || f |[’<]|—f |.=0 and for all a<(0,1). For each xe X \{8}, it
follows from Proposition 2.5 that {|| ae (O,l)} is separating, implying that there is a /8 €(0,1)
such that |x|_, >0 or [|-x|_, >0.

If ||x]_, >0, then HXlHXHl—ﬂ

: # #
» =1. By the hypothesis, we know that|| f [[,=]|-f |[,=0, so

that f(x/||x||l_ﬁ)£0 and - f (x/||x||l_ﬁ)so, implying that f(x)=0.1If ||-x|_, >0, thena

similar treatment leads to f (x)=0. By the arbitrariness of x and f(6)=0, we get f(x)=0
forall xe X ,thatis, f =0.
(ii) For any g € X* with g =0, by Theorem 3.1, there are S€(0,1) and M >0 such that

g(x) <M || x]|, forall xeX It follows that ||g||f_ﬁ <M <+,

(2) If a,ﬂe(O,l) with a<pg, then |[x|l_,>| X[, for all xe X . By (3.2), we have
[REle( .
Remark 3.1. || f || can be infinity even in symmetrical situations (see Example 19 in [3]).

The following theorem is obvious by Theorem 3.2 and Theorem 3.4.
Theorem 3.5. Let (X,N,=*) be a fuzzy quasi-normed space. For each f e X*, let

NE(F =)0 (3.3)
U supfe [0 f I <tht>0’ '
Then, (Nfﬁ ,*) is a weak fuzzy quasi-norme on X7,
N will be simply denoted by N* if no confusion arises.
Theorem 3.6. Let (X, N,*) be a fuzzy quasi-normed space, f e X*, t>0. Let
#
S :sup{ae(o,l):||f||a <oo}, (3.4)
then,
N*(f,t)=sup{a e[0,5,): fIf<t}. (3.5)

Proof. If f =0, then || f ||Z =0<o0 forall ae(0,1),sothat o; =1, implying (3.5).

If f#0,by Theorem 3.1, there is an & €(0,1) such that |f ||Z <. It follows that &, >0.In
this case, it is obvious that N*(f,t) Zsup{a e[0,0,) f ||Z<t} ,Forany »>0 with y <N*(f,t),
there exists an « €(0,1) such that >y and || f|/<t. By (3.4), &, >a>y. It follows from
Theorem 3.4(2) that || f ||j£|| f |’ <t, so that Sup{a e[0,0,) f ||z<t} > 7. By the arbitrariness of

AIMS Mathematics Volume 7, Issue 3, 3290-3302.
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y.weget sup{ae[0,5,):| f|[i<t}=N*(f,t). Which implies that (3.5).

4. Hahn-Banach type theorems and the separation of convex sets

In this section, we shall give the Hahn-Banach type theorem and the separation of convex sets in
the frame of the fuzzy quasi-normed space in which the continuous t-norm = is chosen as " A". First,
we recall the classical Hahn-Banach extension theorem for a linear functional dominated by a sublinear
functional (see, e.g, Theorem 2.2.1 in [6]).

Lemma 4.1. Let X be a real vector space and p be a sublinear functional on X . If X, is a

subspace of X and f, is a linear functional dominated by p on X, then there exists a linear
functional f dominatedby p on X suchthat f[, =f,.

Theorem 4.1. (Hahn-Banach Extension Theorem) Let (X,N,A) be afuzzy quasi-normed space,

andlet f; be a continuous linear functional on a subspace (XO, N| %, ,/\) of (X,N,A).Then, there
exists Je (0,1] for which the following two conditions are satisfied:
(1)forall ae(0,5),thereis f, (X, N,/\)# suchthat f, |, =f, and | f,|[=I| f, [}, , where
Il fo 115, =sup{ o (X): x € X, Xl ,<1} 5
) N§ (fot)=sup{N*(f,.t):ae(0,5)}, vt>o0.
Proof. Put

& =sup{a e (0,2):| f, II} x, <o} - (4.1)

#
Since f, e (XO, N |x ,/\) ,weget §¢e(0,1] by using the similar proof in Theorem 3.6.

(1) For any «€(0,5), (4.1) implies that || f, ||’ x <co. Define a functional p, on X as:
p, (x) = f, ||:XO|| X|l_,, VxeX. It follows from Remark 2.6 that ||-||_, is a quasi seminorm,
implying that p, is a sublinear functional on X .

Let xe X,.If ||x]_,>0, then f,(x/lx|l._,)<Ilf, ||§’X0 , so that f(x)<p,(x).If ||x]}_,=0,

then ||/1X||HC = /1||X||HC =0 for all 1>0. By the definition of || f, ||Z'i’XO , we get || f, ||:XOZ f,(A1X),
thatis, f,(x)<|| f,|[L. x, /4 > which together with the arbitrariness of 1 implies that f;(x) <0=p,(X).
Thus, f, is dominatedby p, on X,.

By Lemma 4.1, there is a linear functional f, on X such that f [, =f, and f_(X)
< f, ”:Xo” X|l_, forall xeX.Now,weprovethat | f, | = f,I, -Since f, [ = f,,itisobvious
that || f_ | > f, I.x, - On the other hand, by f,(x) <[l f ||§'X0|| X|l_, , we know that f,(x)

<l fo I, whenever || x||,_, <1, which means that

I, M5=sup{f, (x):xe X, [ xll, <1} <l T, II

a, Xy *
Thus, || f, [l;=ll fo Il% x, -

(2) Forany @ €(0,6) and y€[0), since f, |, = f,, it is obvious that || f, |[J || f, | , it

7. X0
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follows that
Ny, (fort)=sup{y €[0,):]| f, II! x, <t} Zsup{y e[0.1):[| f, [ <t} =N*(f,.t).

By the arbitrariness of «, we get Nio (fo.t) Zsup{N#( f.t)ae (0,5)} )

On the other side, for each t>0 and £>0, by the definition of Nj (f,,t), there exists
pe (0,1) such that S > Nio ( fo,t)—g 2p and | f, ||;Xo<t. It follows from the definition of &
that &> /4> ', which together with (1) implies that || f, ||; = fo I3 x, Il fo Il x, <t , so that
N#( fﬂ,,t) > f3', hence Sup{N#( f.t)a 6(0,5)} > ' =N; (f,,t)—&. By the arbitrariness of &,
we have Sup{N#( f,.t):a 6(0,5)} >Ny (o). 0

To prove the separation of convex sets in the frame of the fuzzy quasi-normed space, we first give

some properties of the Minkowski gauge functional defined on a paratopological vector space.
Lemma4.2. Let A be asemibalanced and absorbing subset of a paratopological vector space ( X, z') .

1, is the Minkowski functional of the set A, thatis, s, (x) =inf {i >0:Xe AA} , Vxe X.Put

B ={xu,(x)<1}, C={xu,(x)<1}.

(D) g, (AX)=4 u,(x), VA>0, ¥xeX.
(2)If A isconvex, then u,(X+Y) <, (X)+u(y), VX yeX.
(3) int, AcBcAcCccl A.
(4) The followings are equivalent:
(i) mn: (X,7)>(R,z(u)) is continuous at &,
(i) int. A=B,
(i) feint_A.
(5) If A is convex, then g, : (X,r)—)(R,r(u)) is continuous at @ if and only if u, is
continuous on X .

Proof. (1) and (2) are two general properties.
(3) Take an Xxeint_ A arbitrarily. Since (X,T) is a paratopological vector space, there exist a

neighborhood V of x and an 56(0,1) such that [1,1+5)VgintTA c A . So that

(1+&/2)xe A, implying u,(x)<(1+&/2)" <1.Hence, xe B.By the arbitrariness of x,we have
intA <B.
Conversely, take an X € B arbitrarily, then ,(X)<1. By the definition of ,, there exists

0<A'<1l such that xeA'A. Noting that A is semibalanced, we get Xe A’/Ac A. By the
arbitrariness of x, we have Bc A.
The fact that Ac C is obvious. It remains to verify that C ccl A.Takean xeC arbitrarily,

then ,(x)<1 . Then, ,uA(n(n+1)‘lX):n(n+l)‘1,uA(X)<1 for all neN , and hence

n(n+1)*xeBc A. Letting n—>oo, it follows that x=limn(n+1)"x ecl_A. By the arbitrariness

n—oo

of x,wehave Cccl A.

(4) ()=(ii). Suppose u, is continuous at €. It follows that Bez from (-,1)ez(u). By
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Bc A,weget Bcint. A. Which together with (3) implies that B=int_A.

The implication (i1)=(iii) follows from 8 € B immediately.

(ii))=>(i). Suppose that Heint. A. Take an &>0 arbitrarily. Since ¢gint. A is an open
neighborhood of &, for each Xxegint_ A, there is a yeint. AcB such that x=¢gy, so that

0< p,(X)=py(ey)=¢u,(y)<e.Thus, u, iscontinuousat 6.
(5)If A is convex, it follows from (2) that |z, (X)— 4 (Y)| € pa(X—y), VX, y € X . Noting that

the topology 7 is translation invariant, we know that (5) is true. [J
Theorem 4.2. Let (X,N,A) be a fuzzy quasi-normed space and A, B two disjoint nonempty

convex subsets of X with A open. Then, there exists a &€ (0,1] such that: for each a<(0,6),
thereisan f, e X* suchthat f, (x)<f, (y), VxeA, VyeB.
Proof.Let & €A, 17,e€B,andlet § =1,—&;.Since A isopenand the topology rz, is translation

invariant, the set C=A—-B+{ is open too. It is obvious that C is also convex and #<C. By
Lemma4.2, the Minkowski functional x. of C issublinear, 7(u)-continuous.Since ANB=¢,
then ¢ ¢C.ByLemma4.2(3), ux.({)>1.

Let X, be the one-dimensional subspace generated by ¢ . Define a linear functional f:
X,—>R by f(t{)=t , VteR . Since f (t¢)=t<tu ()=u (&) for t>0 , and
fo(t¢)=t<0< . (t&) for t<O,itfollowsthat f (x)<pu.(x), Vxe X,.By z(u)-continuity of s,
f, is 7(u)-continuous.

By Theorem 4.1, there exists & e (0,1] such that: for each « (0,5), there is an f, e X*
such that f, |, =f,. For each X€A and yeB,since f({)=1, x-y+£eC and C is

open, it follows from Lemma 4.2 that
fo ()= 1, (¥)+1=f, (x=y+ &)< pe (x-y+{) <L,

implying f_ (X) <f,(y).O
We prove now another separation theorem.
Theorem 4.3. Let (X,N,A) be a fuzzy quasi-normed space and A, B two disjoint nonempty

convex subsets of X ,with A compactand B closed. Then, there existsa & <(0,1] such that: for

each o e(0,5), thereisan f, e X" such that sup f, (x)< ing f,(y).
XeA ye

Proof. Let B =B (6,r,1), re(0,1).Since ANB=¢ and B isclosed, foreach xe A there
exist ,€(0,1) and t >0 such that

(x+2t,B, )"B=4g. (4.2)
The open cover {X +4,B, xe A} of the compact set A , contains a finite subcover

{X+tB, :i=12,..,n}, where t=t_ and §=r for i=12..,n. Put t=min{t:i=12,..n},

r=max{r:i=12,..,n}. Then, B S4B, for i=12,..,n. Now, we show that

(A+tB,)nB=4. (4.3)
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Indeed, if X' =x+tbeB for some xeA, beB, , choosing ke{i=12,..,n} such that

xex +4B, . We have

X'=x+thex +t,B, +tB = x +tB, +tB, =X +2tB

r 2

in contradiction to (4.2). So that, (4.3) holds.
The set C=A+tB, is convex, open and disjoint from B . By Theorem 4.2, there exists a

5€(0,1) such that, forany «e(0,5), thereisan f, (X, N,*)# such that
f,(x)+tf, (2)< f, (y), VxeA, vzeB,, VyeB. (4.4)

Let 0<r'<r<1, then B, ={x:N(x1)>1-r} o{x:N(x1)>1-r} 2B,
By (4.4), f,#0, so that by Theorem 3.3(3) || f ||, =sup f(Br)>0. Passing in (4.4) to

supremum with respectto z ¢ B, , we get

f,()+t fIf,<f (y), VxeA, VyeB,

implying leejE f, (X)+t]l FIF, < iyrlg f. (Y). 1t follows that leeJ/E) f, (x)< iyg f.(¥).0

5. Conclusions

In this paper, the Hahn-Banach extension theorem and the separation of convex sets are
generalized to fuzzy quasi-normed spaces. With the help of these important results, the question of
extending the related results to fuzzy quasi-normed spaces, deserves attention in a further work. On
the other hand, the main results in the paper are obtained under the condition that the continuous t-
norm * is chosen as "A". Therefore, the following question is also worthy of further study: Is it
possible to give types of these theorems in the framework of fuzzy quasi-normed spaces with the
general continuous t-norms?
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