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1. Introduction and preliminary definitions

In his survey-cum-expository review article, Srivastava [1] presented and motivated about brief
expository overview of the classical g-analysis versus the so-called (p, g)-analysis with an obviously
redundant additional parameter p. We also briefly consider several other families of such extensively
and widely-investigated linear convolution operators as (for example) the Dziok-Srivastava,
Srivastava-Wright and Srivastava-Attiya linear convolution operators, together with their extended
and generalized versions. The theory of (p,g)-analysis has important role in many areas of
mathematics and physics. Our usages here of the g-calculus and the fractional g-calculus in geometric
function theory of complex analysis are believed to encourage and motivate significant further
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developments on these and other related topics (see Srivastava and Karlsson [2, pp. 350-351],
Srivastava [3,4]). Our main objective in this survey-cum-expository article is based chiefly upon the
fact that the recent and future usages of the classical g-calculus and the fractional g-calculus in
geometric function theory of complex analysis have the potential to encourage and motivate
significant further researches on many of these and other related subjects. Jackson [5, 6] was the first
that gave some application of g-calculus and introduced the g-analogue of derivative and integral
operator (see also [7, 8]), we apply the concept of g-convolution in order to introduce and study the
general Taylor-Maclaurin coefficient estimates for functions belonging to a new class of normalized
analytic in the open unit disk, which we have defined here.

Let A denote the class of analytic functions of the form

2 ::Z+Zamzm, z€A:={zeC:ld<1) (1.1)
m=2
and let S € A consisting on functions that are univalent in A. If the function & € A is given by
h() =2+ ) bud", (Z€A). (1.2)
m=2

The Hadamard product (or convolution) of f and h, given by (1.1) and (1.2), respectively, is
defined by

(f # @) =2+ ) anbp?", z€ A. (1.3)
m=2

If f and F are analytic functions in A, we say that f is subordinate to F, written as f(z) < F(z), if
there exists a Schwarz function s, which is analytic in A, with s(0) = 0, and |s(z)| < 1 forall z € A, such
that f(z) = F(s(z)), z € A. Furthermore, if the function F is univalent in A, then we have the following
equivalence ( [9, 10])

f(@) < F(z) © f(0) = F(0) and f(A) C F(A).
The Koebe one-quarter theorem (see [11]) prove that the image of A under every univalent function

f € 8 contains the disk of radius 7 Therefore, every function f € S has an inverse f~! that satisfies

1
FF ) = w, (IWI <ro(f), ro(f) = Z)’

where

gw) f_l(w) =w—aw + (2a§ - a3) w — (Sag - Saza; + a4) wha o

(o]
w+ Z A"
m=2

A function f € A is said to be bi-univalent in A if both f and f~! are univalent in A. Let X represent
the class of bi-univalent functions in A given by (1.1). The class of analytic bi-univalent functions
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was first familiarised by Lewin [12], where it was shown that |a,| < 1.51. Brannan and Clunie [13]
enhanced Lewin’s result to |a,| < V2 and later Netanyahu [14] proved that |a,| < %.
Note that the functions

z 1 1+z
@=—7  L@=zlog—:  f3(z) = -logl —2)
1-z2 2 1-z2
with their corresponding inverses
2w w
W e =1 o, ev—1
fi (W)_1+w’ 5 (W)—m, i w) = o

are elements of X (see [15, 16]). For a brief history and exciting examples in the class X (see [17]).
Brannan and Taha [18] (see also [16]) presented certain subclasses of the bi-univalent functions class
2 similar to the familiar subclasses S* (@) and K («) of starlike and convex functions of order «
(0 < a < 1), respectively (see [17,19,20]). Ensuing Brannan and Taha [18], a function f € A is said
to be in the class S5 (a) of bi-starlike functions of order @ (0 < a < 1), if each of the following
conditions are satisfied:

. zf'@)|  an
€Y, with |ar < — (zeA),
! 0 12
and ,
‘arg wg'(w) < ax (weA),

gw) 2
where the function g is the analytic extension of f~! to A, given by

gw)y=w-— aw? + (2a§ - a3)w3 - (Sag —Sazas + a4) wha (weA). (1.4)

A function f € A is said to be in the class Ky (a) of bi-convex functions of order @ (0 < @ < 1), if
each of the following conditions are satisfied:

feX, with arg(l + Z]]:’,;g)) < % (zeN),
and .,
arg(l + W;(E}V;)) < % weA).

The classes S5 (@) and K (@) of bi-starlike functions of order « and bi-convex functions of order «
(0 < @ < 1), corresponding to the function classes S* (@) and K (@), were also introduced analogously.
For each of the function classes S§ (@) and Ks (@), they found non-sharp estimates on the first two
Taylor-Maclaurin coeflicients |a,| and |az| ( [16, 18] ).

1.1. Faber polynomial expansion of functions f € A

The Faber polynomials introduced by Faber [21] play an important role in various areas of
mathematical sciences, especially in Geometric Function Theory of Complex Analysis (see, for
details, [22]). In 2013, Hamidi and Jahangiri [23-25] took a new approach to show that the initial
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coeflicients of classes of bi- starlike functions e as well as provide an estimate for the general
coeflicients of such functions subject to a given gap series condition.Recently,their idea of application
of Faber polynomials triggered a number of related publications by several authors (see, for
example, [26-28] and also references cited threin) investigated some interesting and useful properties
for analytic functions. Using the Faber polynomial expansion of functions f € A has the form (1.1),
the coeflicients of its inverse map may be expressed as

31
s = f W =w ) —K M (anaz, W, (1.5)
m=2

where

—m _ (=m)! m—1 (=m)! m-3
Kuli(az, as,..) = T 1% T Gom )y o2 93

(—m)! m—4 (=m)! m->5
o) 1% A4t G5 s %2

—m)! -6 i
+Wﬂ? lag + (=2m + 5) azay] + Z Clg1 'U;, (1.6)

+ [a5 +(-m+2) ag]

i>7

such that U; with 7 < i < m is a homogeneous polynomial in the variables a,, as, ..., a,,, In particular,
the first three terms of K™, are

1_2 = —2a,
2 =3 (Za% - a3) ,
7(3_4 = —4 (Sag - Saraz + a4) .

In general, an expansion of K" (n € N) is (see [29-33])

_ nn-1) n! 3 n!
K" = m + ——— D+ ——D + ...+ —Z)m,
m =14 2 T3 _3) ml(n—m)l "

where O = D (a,, as, ...) and

(o)

Dy (ar, as, ...am) =

m=1

p!

il!...lm!

al..ay

My

while a; = 1 and the sum is taken over all non-negative integers i...i,, satisfying

hW+i+..+i, = p

hW+2h+..+mi, = m.

Evidently

Di(ay,az, ...ay) = ay.
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1.2. Quantum calculus operator

Srivastava [1] made use of several operators of g-calculus and fractional g-calculus and recollecting
the definition and representations. The g-shifted factorial is defined for x,q € C and n € Ny = N U {0}

as follows

| (1 , m=0
(K,q)m—{(1_K)(1—Kq).--(1—l<q"‘1) , meN ~

By using the g-Gamma function I'y(z), we get

e v d=-@" Tyk+m)
(q ’q)m - Fq (K)

(m € Np),

where (see [34])
(4 @eo

r,@=>1-¢9'"
==,

(gl < 1).
Also, we note that

W =] -k da<D,
m=0
and, the g-Gamma function I'y(z) is known
Lyz+ 1) =1[z], Ty(2),

where [m], symbolizes the basic g-number defined as follows

, meC
= m-1 .
M =110 Y ¢ men
=1
Using the definition formula (1.7) we have the next two products:
(1) For any non-negative integer m, the g-shifted factorial is given by

1, if m=0,
| — m
Il : i), if men.

(i1) For any positive number r, the g-generalized Pochhammer symbolis defined by

1, if m=0,
= r+m—1
Flgm : [T [nl,, if meN.

n=r

It is known in terms of the classical (Euler’s) Gamma function I' (z), that

I@—->Tk asqg—1".

(1.7)
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Also, we observe that

. G"; D
ql—>l{(1 )} (K »

where (k),, is the familiar Pochhammer symbol defined by

(x)m—{l o

kk+1D..k+m-1), if meN.

For 0 < g < 1, the g-derivative operator (or, equivalently, the g- difference operator) El-Deeb
et al. [35] defined D, for f * h given by (1.3) is defined by (see [5,6])

D,(f*h) () : =D, (z +> ambmz'"]

m=2

_xh) @)= (f*h)(q2)
Z(l-¢q)

=1+ ) [mlyanb,?""  (zeA),

m=2
where, as in the definition (1.7)
[m], = =l Z ¢ (men), (1.8)
0 (m = 0).

For k > —1 and 0 < ¢ < 1, El-Deeb et al. [35] (see also) defined the linear operator H,? : A — A
by
Hy f(2) * Mgun1(2) =2Dg (fx ) () (€D,

where the function M, ., is given by

[k + 1] .-
My1(2) = Z+Z _i]] = amlm (z€A).
q

A simple computation shows that

|
Hf(2) —Z+Z—ambmzm (k>-1,0<g<1, z€A). (1.9)

qm 1
From the definition relation (1.9), we can easily verify that the next relations hold for all f € A:
(i) &+ HA Q) = K, H @ + ¢ 2 Dy (M @) (ed);

(i) I%f(z) := lim HAL@) = 2+ Z Wambmzm (zeA). (1.10)
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Remark 1. Taking precise cases for the coeflicients b,, we attain the next special cases for the operator
H,
(i) For b,, = 1, we obtain the operator I p defined by Srivastava [32] and Arif et al. [36] as follows

ml !
I f(2) —Z+Z%amzm k>-1,0<qg<1, z€A); (1.11)
q,m—

- Tw+1
(i1) For b,, = 4’"‘(1(m)— 1)5;(’71 _z D)’ v > 0, we obtain the operator N,’j’q defined by El-Deeb and
Bulboaci [37] and El-Deeb [38] as follows

. D™ 'T(w+1) [m],! "
=z + . m
Nugl (@) =2 Z = DITm +0) [k + gt ™
[m]q m
Z T anz >0, k>-1,0<g<1, z€A), (1.12)
[K + 1]qm 1
where 1
-DH™'r 1
Um 1= D w+l) > (1.13)
4m=Y(m - DH'T'(m + v)
+1\"
(iii) For b,, = (n+ ) , @ > 0, n > 0, we obtain the operator M, defined by El-Deeb and
n+m
Bulboaca [39] and Srivastava and El-Deeb [40] as follows
n+1\" [m],!
X - . 2" A); 1.14
Mo f(@) = z+2( +m) TER TG AL (1.14)
m—1
(iv) For b,, = p l)'e‘p, p > 0, we obtain the g-analogue of Poisson operator defined by El-Deeb
m—1)!
et al. [35] (see [41]) as follows
I f(z) =z + i P e’ L, an?" (z€A) (1.15)
a ST L (m-1)! [+ gt ' '

1+6+um-1)1"

(v) For b, T+ 7 ,n€zZ,€>0,u >0, we obtain the g-analogue of Prajapat operator
defined by El-Deeb et al. [35] (see also [42]) as follows
1+ €+um-1D]" [m, g]!
=z+ . nl eN); 1.16
qfﬂf(z) =2 Z 1+¢ ] [K+1,q]m_1a ¢ (zed) ( )

(vi) Forbm:(n-i_m_2
m—1

distribution operator defined by Srivastava and El-Deeb [28] (see also [35,43,44]) as follows

)9’”‘1 (1-6)",neN, 0<86<1,we obtain the g-analogue of the Pascal

00 _ |
el (@ ::z+Z( n;"j : 2 )0’"“(1 —0)”-%%5” (zeA). (1.17)
m=2 > Adm=
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The purpose of the paper is to present a new subclass of functions L1 (17; h; @) of the class Z, that
generalize the previous defined classes. This subclass is defined with the aid of a general H,? linear
operator defined by convolution products composed with the aid of g-derivative operator. This new
class extend and generalize many preceding operators as it was presented in Remark 1, and the main
goal of the paper is find estimates on the coefficients |a;|, |as|, and for the Fekete-Szeg6 functional for
functions in these new subclasses. These classes will be introduced by using the subordination and the
results are obtained by employing the techniques used earlier by Srivastava et al. [16]. This last work
represents one of the most important study of the bi-univalent functions, and inspired many
investigations in this area including the present paper, while many other recent papers deals with
problems initiated in this work, like [33,44—48], and many others. Inspired by the work of Silverman
and Silvia [49] (also see [50]) and recent study by Srivastava et al [51], in this article, we define the
following new subclass of bi-univalent functions Mg’K (@, 9, h) as follows:

Definition 1. Let @w € (—x, 7] and let the function f € X be of the form (1.1) and 4 is given by (1.2),
the function f is said to be in the class Mg"( (@, 1, h) if the following conditions are satisfied:

R ((?{,’j’qf (z)), + %z (?{,f’q f(z))/,) > 9, (1.18)
and .
% ((Wg’qg(w)), + L2 (r7500) ) > (1.19)

withk > —1,0 < g < 1,0 <9 < 1 and z,w € A, where the function g is the analytic extension of f~!
to A, and is given by (1.4).

Definition 2. Let w = 0 and let the function f € X be of the form (1.1) and % is given by (1.2), the
function f is said to be in the class ML" (8, h) if the following conditions are satisfied:

R((H@) +2(Hf@) ) > o, (120)
and ) ,
R ((H57g) +w(H7g0m) )> 9 (1.21)

withk > -1,0< g < 1,0 <9 < 1 and z,w € A, where the function g is the analytic extension of f~!
to A, and is given by (1.4).

Definition 3. Let @ = 7 and let the function f € X be of the form (1.1) and 4 is given by (1.2), the
function f is said to be in the class HML" (9, h) if the following conditions are satisfied:

R((H1@) >0 and %((w;’qg(w))')w (1.22)

withk > -1,0< g < 1,0 <9 < 1 and z,w € A, where the function g is the analytic extension of £
to A, and is given by (1.4).

AIMS Mathematics Volume 7, Issue 2, 2989-3005.
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Remark 2. (i) Putting ¢ — 1~ we obtain that lil’{l Mg"( (@, h) = G (@, h), where G5 (@, 9 h)
g—1"

represents the functions f € X that satisfy (1.18) and (1.19) for 7—(;:"’ replaced with 77 (1.10).
1" 'T(w+1
(ii) Fixing b,, = 4m_(1 (m) — 1)5111(,% _z ) v > 0, we obtain the class BL" (w, ?, v), that represents the
functions f € X that satisfy (1.18) and (1.19) for 7-{,';"1 replaced with Ng,q (1.12).

I
(iii) Taking b,, = (” il
n—+m

functions f € X that satisfy (1.18) and (1.19) for 7-{,';”1 replaced with M5 (1.14).
pm—l
m—1)!
f € X that satisfy (1.18) and (1.19) for H,* replaced with 7,” (1.15).

1+¢ -
Al _Iﬁ(;n )] ,n€Z,£>0,u>0,we obtain the class ML (@, d, n, €, ),

that represents the functions f € X that satisfy (1.18) and (1.19) for 7—(2"’ replaced with J° ;:;,u (1.16).

a
) ,a@ > 0,n > 0, we obtain the class L1 (w,d, n, @), that represents the

(iv) Fixing b,, = e, p > 0, we obtain the class ML (@, 9, p), that represents the functions

(v) Choosing b,, =

2. Coefficient bounds for f € M (w,9; h)

Throughout this paper, we assume that
we(-mn]l, k>-1, 0<¥<1l, O<g<l

Recall the following Lemma which will be needed to prove our results.

Lemma 1. (Caratheodory Lemma [11]) If € P and $(2) = 1 + 3, ¢ 2" then |c,| < 2 for each n, this
inequality is sharp for all n where P is the family of all functions ¢ analytic and having positive real
part in A with ¢(0) = 1.

We firstly introduce a bound for the general coefficients of functions belong to the class
M (@, 95 h).

Theorem 2. Let the function f given by (1.1) belongs to the class MY* (@, 9 h). If ax = 0 for 2 < k <

m—1, then
40 - [c+ 1,gln

|a’7‘l| S . .
m|2 +(1+e@)(m-—1)| [m,ql! b,

Proof. If f € MY (w,9; h), from (1.18), (1.19), we have

((%’;"If(z))' S (s <z>)”)
- iw [ 4 ]' m-
= 1+;%[2+(1+e )(m—l)]ﬁbmamz ! (zeh), 2.1)

AIMS Mathematics Volume 7, Issue 2, 2989-3005.
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and
((w“ rgn) + L0, (w,f’qg<w>)")
= 1+ Z [2+ (1 +€7) (- 1)| 2L, AW
=1+ Z 2 + 1 + e””) (m — 1)] [KJE'I"”;’]]" by jﬂ( (@ ey AW (weA).
Since

feEMY (@, 9:h)  and  g=f"eMI(y.n.9:h),

we know that there are two positive real part functions:

Uz =1+ i ",

m=1

and .
Viw) =1 + Z d,w,
m=1
where
RWUE)>0 and  REVW)>0  (zweA),
so that . 0
(Hy @) + S (1 0) =9+ (- UG
—1+(1 —19)Zcmzm,
m=1
and . 0
(H90m) + +2€ Lo (11900) = 9+ (1= ) Vow)

=1+ —ﬂ)idmwm.

Using (2.1) and comparing the corresponding coefficients in (2.3), we obtain

% 2+ (1+&7)m- D] 224 p,a,, = (1 -9 e,

[K+l’q]m71

and similarly, by using (2.2) in the equality (2.4), we have

% 2+ (1+ &) (m - 1)] Lt bm%(}(,;’_”l(az,@, tiy) = (1 =) dyy,

[K+1,Q]m—1

under the assumption a; = 0 for 0 < k <m — 1, we obtain A,, = —a,, and so
[m, q]!
) e b = (1= 9) ey,

m iw
—[2+(1+e )(m -1 TS

2

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

AIMS Mathematics Volume 7, Issue 2, 2989-3005.
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and
m [m, g]!

2 [K + la Q]m—l
Taking the absolute values of (2.7) and (2.8), we conclude that

[2+(1 +eiw) (m — 1)] bpay, = (1 =9 d,_i,

2(0 =P [k + 1,g)m-1Cm-1
m([2+ (1 +e®@)(m—1)] [m,q]'b,
2 - [k+1,qlm-1dn
‘m [2+ (1 +e@)(m—1)] [m,q]' b,

la,| = ‘

Applying the Caratheodory Lemma 1, we obtain

o« A= Dt 1gl
T mRA+ (1 +e®) (m—1)| [m,ql'b,’

which completes the proof of Theorem.

Theorem 3. Let the function f given by (1.1) belongs to the class MY* (w, 9; h), then

iw|? 2 2
2(1-Mlk+1,4] [3+e|" ([2,q1) [k+2,q103
= /- 1 < —

[3+¢@|[2,911b2 , 09 <1 3|2+ei@| [3.4]! [k+1,q1b3

las| < ’
0D Bl @aviean g
3f2+e™| Bgltbs 3[2+e| Bl lerlglbs =

20 - [k+1,q]

312+ | [3,q]'b;

las| <

and

2(1 =P [k+1,q]
-242l < : .
Ja = 2a3] < 312+ €] [3,4]! b3

Proof. Fixing m = 2 and m = 3 in (2.5), (2.6), we have

iw [2,61]' _
(3 +e ) mbzaz =(1-%c,

Bl
3 (2 + €lw) % b3a3 = (1 - '19) Co,
s Y12
iy 124!
_(3+€ )[K+—(l]q]b2612:(1—19)d1,
and B3.41!
~3(2+¢€7) ﬁlg@ag—@):(l — ) db.

From (2.12) and (2.14), by using the Caratheodory Lemmal, we obtain

AIMS Mathematics Volume 7, Issue 2,
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(- k+1qgllal _A-9k+1,4q]ld
13 + e [2,q]'b, 13 + e [2,q]'b,

2(1 -9 [k+1,4q]

13 +e@|[2,q]'b,

Also, from (2.13) and (2.15), we have

|as|

iwy 3.9
6(2+€ )mbgd%:(l—ﬁ)(CZ'Fdz),
oo 0=Dlcvlah o

6(2+¢€)[3,q]!bs
and by using the Caratheodory Lemma 1, we obtain

o) < \/2(1 — 9 k+1,qh

312+ e [3,41! by

From (2.16) and (2.18), we obtain the desired estimate on the coefficient as asserted in (2.9).

To find the bound on the coefficient |as|, we subtract (2.15) from (2.13). we get

iw [3’Q]' _
6(2+€ )mb3(d3—a%)—(l—ﬂ)(02—d2),
or
o, (=N -d)[k+1,q]

6(2+e™)[3,q]b;

substituting the value of ag from (2.12) into (2.19), we obtain

Lo 9’ [« + 1,q)%c? L A=D (e -d)k+1,qh
3 = ) - .
(3 + @) (12,91 b3 6(2+¢™)[3,4]!b;

Using the Caratheodory Lemma 1, we find that
L 4da -9’ [k + 1,q]° L2 =D k+1.q0
T B+em([2,q1)? 02 312+e7[3,q]lbs

|as]

and from (2.13), we have
(I =-Dk+1,qhc

G B2 e B, qllbs
Appling the Caratheodory Lemma 1, we obtain
20 - [k+1,qg)
312 +¢€@|[3,q]'bs

las| <

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

Combining (2.20) and (2.21), we have the desired estimate on the coefficient |as| as asserted in (2.10).

Finally, from (2.15), we deduce that

oy U =D k+1ghldl 20 -9)[k+1,4g
|a3 —2a2| < ‘ = . .
312+ €| [3,q]! b3 312+ €| [3,q]! b3

Thus the proof of Theorem 3 was completed.

O
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3. Fekete-Szego inequality for [ € ML (w, 9; h)

Fekete and Szegd [52] introduced the generalized functional |a; — Na%l, where N is some real
number. Due to Zaprawa [53], (also see [54]) in the following theorem we determine the
Fekete-Szego functional for f € MY* (@, 9; h).

Theorem 4. Let the function f given by (1.1) belongs to the class MY* (w, 9, h) and X € R. Then we

have
(I-P[«+1,ql

312+ ¢™|[3,91!bs

la — Raj| < {12 — N + [N]}.

Proof. From (2.17) and (2.19)we obtain

(1-8)A-PD[x+ 1,9
62 +¢) (3,41 by

(I-P[k+1,q)

6@+ emB.qllb; 2P
d1-PDk+1,4g]

6(2+¢) (3,41 by

as — N(l% (ch + dz)

){[(1 = 8)+ ey + [(1 = N) - 1]do}.

So we have
(I-P[«+1,q]

6(2+e@)[3,q]!b;
Then, by taking modulus of (3.1), we conclude that

as — Na; = ( ){(2 —N)ey + (—=N)d,}. (3.1

-9+ 1,4
312+ €™|[3,q]! b3

las — Na3| < ( ){|2 — N[+ NI}

Taking N = 1, we have the following result.

2 20 =D k+ 1,4l
312 +e@|[3,q]! b3

4. Conclusions and observations

In the current paper, we mainly get upper bounds of the initial Taylors coefficients of bi-univalent
functions related with g— calculus operator. By fixing b,, as demonstrated in Remark 1, one can
effortlessly deduce results correspondents to Theorems 2 and 3 associated with various operators listed
in Remark 1. Further allowing ¢ — 17 as itemized in Remark 2 we can outspread the results for
new subclasses stated in Remark 2. Moreover by fixing @ = 0 and @ = 7 in Theorems 2 and 3, we
can easily state the results for f € ML (9;h) and f € HML* (9;h). Further by suitably fixing the
parameters in Theorem 4, we can deduce Fekete-Szego functional for these function classes.

By using the subordination technique, we can extend the study by defining a new class

iw

[(Wg’qf(Z)), + (1 re <Y¥Y(2)

. )z(?{;"’f(z))ﬂ
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where W(z) the function ¥ is an analytic univalent function such that R (¥) > 0 in A with ¥(0) =
I, ¥(0) > 0 and ¥ maps A onto a region starlike with respect to 1 and symmetric with respect to
the real axis and is given by W(z) = z + Bz + Byz> + B3z’ + -+ ,(B; > 0). Also, motivating further
researches on the subject-matter of this,we have chosen to draw the attention of the interested readers
toward a considerably large number of related recent publications (see, for example, [1,2,4]). and
developments in the area of mathematical analysis. In conclusion,we choose to reiterate an important
observation, which was presented in the recently-published review-cum-expository review article by
Srivastava ( [1], p. 340), who pointed out the fact that the results for the above-mentioned or new
g— analogues can easily (and possibly trivially) be translated into the corresponding results for the
so-called (p; g)—analogues(with 0 < |g| < p < 1)by applying some obvious parametric and argument
variations with the additional parameter p being redundant.
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