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1. Introduction

The classical Hermite-Hadamard inequality is one of the most well-established inequalities in
the theory of convex functions with geometrical interpretation and it has many applications. This
inequality may be regarded as a refinement of the concept of convexity. Hermite-Hadamard inequality
for convex functions has received renewed attention in recent years and a remarkable refinements and
generalizations have been studied [1,2].

The importance of the study of set-valued analysis from a theoretical point of view as well as from
their applications is well known. Many advances in set-valued analysis have been motivated by control
theory and dynamical games. Optimal control theory and mathematical programming were an engine
driving these domains since the dawn of the sixties. Interval analysis is a particular case and it was
introduced as an attempt to handle interval uncertainty that appears in many mathematical or computer
models of some deterministic real-world phenomena.

Furthermore, a few significant inequalities like Hermite-Hadamard and Ostrowski type inequalities
have been established for interval valued functions in recent years. In [3, 4], Chalco-Cano et al.
established Ostrowski type inequalities for interval valued functions by using Hukuhara derivatives
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for interval valued functions. In [5], Roman-Flores et al. established Minkowski and Beckenbach’s
inequalities for interval valued functions. For other related results we refer to the readers [6].

In this paper, we establish Hermite-Hadamard type inequalities and He’s inequality for interval-
valued exponential type pre-invex functions in the Riemann-Liouville interval-valued fractional
operator settings.

2. Preliminaries

We begin with recalling some basic concepts and notions in the convex analysis.
Let the space of all intervals of R is R. and A € R, given by

A1=[<A,‘Z’]:{ve%|<4)<v<7}, AAeR.

>

Various binary operations are given as follows [7]:
Scalar multiplication: 7 € R,

H .
[TA),TA], if 0<m,
T.A]Z 0, lf TZO,
AN.rAl if 1<0
kg TAL

Difference, addition, product and reciprocal for A;, A, € R, are respectively given by
—> —> —> —>
Ay = Ay = [Ay, Al = [Ag, Aol = [A = Ay, Ay = Agd,
> —> > >
«—> —> —> —>
AL+ Ay = [A, A ]+ [Ag, Ao ] = [A + A, Ay + Az,
—> > > >
. — o o
Ay X Ay = [min{A; Az, Ay Aa, Ay Aa, Ay As
Ll ard — &

—> — o>
max{A; Ay, Ay Ay, Ay Ag, Ay Al = {uv | u € Ay, v € Ayl
A d — —

! {1|0¢ EA} [1 1]
- =49— Vi =l— =\
A Vi (4) A

A —1 = —1 lueA,0veA,=|A —1 A —1
. u. u , % . y . .
! As 1% ! 2 <—>l A, ! A,

Let R4, R} and R denote the collection of all closed intervals of R, the collection of all positive
intervals of R and the collection of all negative intervals of R respectively. In this paper, we examine
a few algebraic properties of interval arithmetic.

Definition 2.1. [7] A mapping Q is called an interval-valued function of v on [ay, by] if it assigns a
nonempty interval to every v € [ay, b], that is

«—
Qv) =12, LI, (2.1)
—
where Q (v) and (Q} (v) are both real valued functions.
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Consider any finite ordered subset C be the partition of [ay, by], that is
C ar=a,...a, = bl.
The mesh of ( is
mesh(C) = max{a;; —a;; i = 1,...,n}.

The Riemann sum of Q : [ay,b;] — R, can be defined by
$(@,C.¢) = T, Q) a1 — a),

where mesh(() < c.

Definition 2.2. /8] A mapping Q : [a;,b;] — R, is called an interval-Riemann integrable on
[a1,b1] if A A € R, such that for every § > 0 satisfying

dS(Q,C,c),A) <6,

we have

by
A = (IR)f Qv)dv. (2.2)

Lemma 2.1. [9] Let Q : [a;,b,] — R, be an interval-valued function as in (2.1), then it is interval-
Riemann integrable if and only if

b1

by — by
(IR)f Qw)dv = [(R) Q (v)dv, (R)f (g)(v)dv].

aj
>
In simple words, Q is interval-Riemann integrable if and only if Q (v) and (g) (v) are both Riemann
integrable functions.

Definition 2.3. [10] Let Q € L,[a,, b,], then the Riemann-Liouville fractional integrals of order m > 0
with 0 < a; are defined by

" QW) = ﬁ f v(v - " \Qdr v > ay, (2.3)

b1
I,’J"I_Q(v) = ﬁ f (r—v)"'Q(r)ydr ,v < b. 2.4

Definition 2.4. [11,12] Let Q2 : [a;,b;] — R, be an interval-valued, interval-Riemann integrable
function as in (2.1), then the interval Riemann-Liouville fractional integrals of order m > QO with 0 < a,

are defined by
IZ?.Q(V) Tm )(IR)f(v N Qdr v > ay, (2.5)

by

Q(v) = m(IR) (r=v)"'Q(r)dr ,v < b,. (2.6)
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Corollary 2.1. [12] Let Q : [a;,b;] — R, be an interval-valued function as in (2.1) such that

B(v) and (Q) (v) are Riemann integrable functions, then
QW) = 1" Qw), 1" @
now = |12 2w, 1G],
m m m A=g
QW) = [Ib Q.19 (v)].

1>

Definition 2.5. [13] A set A C R" with respect to a vector function n : R" x R" — R" is called an
invex set if
b] +TT](a1,b1) GA, Val,bl EA, T1 € [0,1]

Definition 2.6. [13] A function Q on the invex set A with respect to a vector functionn : A X A — R"
is called pre-invex function if

Q(by + m(ay, by)) < (1 —1)Q(by) + 12(a,),Ya,, by € A, T, € [0, 1]. 2.7)

Lemma 2.2. [14,15]If Aisopenandn: A X A — R, thenVay,b; € A, 1,7, 7, € [0, 1], we have

n(by, by + (a1, b)) = —tn(ay, by), (2.8)
n(ai, by + n(ai, b)) = (1 = t)nlay, by), (2.9)
n(by + Tan(ay, by), by + Tin(ar, by)) = (r2 — t)n(ay, by). (2.10)

In [16], Noor presented Hermite-Hadamard-inequality for pre-invex function, as follows:

2a; + n(by,ar) 1 fa””(b““” Qay) + (by)
Q( ) < Qwv)dy £ ——=,
2 n(bi,ay) ap v 2

Definition 2.7. [15] Let us consider an interval-valued function Q on the set A, then Q is pre-invex
interval valued function with respect to n on an invex set A C R" with respect to a vector function

n:AXA— R"f
Qb +Tin(a, b)) 2 (1 —7)Q(by) + 1182(ay1), Vai,by € A, 71 € [0,1]. (2.11)

Taking motivation from the exponential type convexity proposed in [17], we introduce the
following notion:

Definition 2.8. A function Q2 on the invex set A is called exponential-type pre-invex function with
respect to a vector functionn : A X A — R" if

Qby + in(ar, b)) < ("7 = Db + (" = DRar),  Yai, by € A, 71 €[0,1]. (2.12)

It is important to note that a pre-invex function need not to be convex function. For example, the
function f(x) = —|x| is not a convex function but it is a pre-invex function with respect to r, where

u—-v, ifug<0,v<0,v>0,u>0,
n(v,u) =

V—u, otherwise.

AIMS Mathematics Volume 7, Issue 2, 2602-2617.



2606

Theorem 2.1. Let Q : [a;,b;] = R be an exponential-type pre-invex function with respect to a vector
functionn : AX A — R". Ifa; < by and Q € Llay, b,], then we have

1 1
2(er — 1) n(b1,ar)

Proof. At first, from exponential-type-pre-invexity of €2, we have

1 1+n(b1,a1)
Q(al + En(bl,al)) < fﬂ QW)dv < (e — 2)[Q(ay) + Q(by)].
1 1 1
Q(Cll + En(blaal)) :Q(z[bl +1n(ay, by)| + E[al + Tlﬂ(bl,al)])
<(e} - 1)[Q(b1 +1imay, b)) + Qa; + Tln(bl,al))].
Integrating the above inequality with respect to 7, € [0, 1] yields

1 ] 1 1
far + Snran) < (e - 1)( f Qby + Tinlar, b)), + f 2 +Tm(b1,a1))dﬁ)
0 0

2(6% -1 ai+i(by.,ar)

= QW) dv.
n(by,ay) a
Now, taking v = by + 711(ay, by) gives
1 ay+n(by,ar) 1
f QWw)dv :f Q(by + Tin(ay, b)) dry
n(bb al) ai 0
1
< [l = Do) + (0 - nesplarn,
0
=(e - 2)[Q(a1) + Q(by)].
This completes the proof. O

By merging the concepts of pre-invexity and exponential type pre-invexity, we propose the
following notion:

Definition 2.9. Let A C R" be an invex set with respect to a vector functionn : A X A — R". The
interval valued function Q2 on the set A is exponential-type pre-invex interval valued function with
respect to n if

Qby + Tim(ay, by)) 2 ("7 = DQb) + (" = DAay), Va, b €A, 1, €[0,1]. (2.13)

Remark 2.1. In Definition 2.9, by taking h(t,) = ¢™ — 1, where h : [0,1] C [a1,b1] = R and h # 0,
then we get h-pre-invex interval valued function with respect to n, that is

.Q(b] + T]I](Cl],b])) 2 h(l - T]).Q(b]) + h(T])Q(Cl}), Ya;,,by € A, 11 € [O, 1]. (214)

Remark 2.2. Let A C R" be an invex set with respect to a vector function g : R" x R" — R". The
interval valued function Q on the set A is exponential-type-pre-invex function with respect to n if and

—>
only if Q, g are exponential-type pre-invex functions with respect to n, that is

— (1-11) — . —

Qb +1inla, b)) < (e V-1 Qb)) +(e" -1 Q(a), Ya,byeA, 7€[0,1], (215
(I-71) _ T

L +7imlan, b)) < (e = DL (b)) +(e" = 1) Q2 (@), Va,b €A, 7 €[0,1].  (2.16)
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Remark 2.3. If @ (v) = Q(v), then we get (2.12).

Remark 2.4. Sincet, < e"' —land 1—71; < e' ™ —1forall 1, € [0, 1], so every nonnegative pre-invex
interval valued function with respect to 1 is also exponential-type pre-invex interval valued function
with respect to .

3. Interval fractional Hermite-Hadamard type inequalities

In this section, we establish fractional Hermite-Hadamard type inequality for interval-valued
exponential type pre-invex. The family of Lebesgue measurable interval-valued functions is denoted
by L([vi, v2], Ro).

Theorem 3.1. Let A C R be an open invex set with respectton : AX A — R and a;,b; € A with
ay < ay +nby,ay). If Q : a1, a; + n(by,a)] — R is an exponential type pre-invex interval-valued
function such that Q € Lla,,a, + n(by,a,)] and m > 0, then we have (considering Lemma 2.2 holds)

1 1 Tm+1) .,
(e% N 1).Q(Cl + En(dl,CI)) 2 m[[<cl+n(dl’cl))_Q(C]) + ICT‘Q(CI + U(d],C]))]
2 mP(Q(cy + n(d,, cy)) + 2(c1)), (3.1
where
1 m
P=- m[(em+e)(—l) IFrm+1,H)+(m-1)I'(m+1,-1)
+(—em—-¢e)(-1)"+m+ DI'(m+ 1)+2(—1)m]. 3.2)

Proof. Since £ is an exponential type pre-invex interval-valued function, so

|
e+ ) 21060 + 000}

Taking a; = ¢y + (1 — 7)n(dy, cy) and by = ¢y + (11)n(d,, c1) gives

1 1
1 1)Q(cl + (=T )+ (e + (e, + (= T e))

(e2 —
2 [Q(cr + (1 =1)n(dy, 1)) + (et + (t1)n(dy, c1))],

implies

1
01+ (i, en) 2 9 + (1 = T, ) + et + Eondi, ),
(¢t-1 V2

By multiplying by 7"~! on both sides and integrating over [0, 1] with respect to 71, we get
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1
Q(C] + E?](d] s C1))dT1

1
(IR) f !
0

1
2 (U’?)f0 Qe + (1 =1n(d, 1) + Qe + (r)n(d), e1))ldT),

1
(R) f oy %_ Oer + 3t Jan

1 ! 1 < 1
(R)f @ -1 H( ¢+ Eﬂ(dl,a))dn,(R)v[(; T’I"—l(e% T Q(C1 + En(dl,cl))drl],

(IR) f - (c1 ¥ ln(czl,co)aln
=[m 9(61 + U(dl,C1)) ﬁ(ﬁ(c’l + %77(611701))]
=ﬁg(a + 3, e) (3.3)

1
(IR)f 7' Qer + (r)n(d,, 1))
0

1 c1+(Tn(di.cr) | 1 c1+(Tn(di.cr) =

Lo rom) .,
(IR)fO 77Q(ey + (r)n(dy, 1)) = m[l(mn(dm», Q () It enidrery _Q(cl)]
I'm) .
- ml(cwn(dl,m»-g(cl)- (3.4)
Similarly
(IR) f 210y + (1= 1) 1) —% (12 2 (e1 +n(ds. ). 1% B (1 + n(dr, )
r
‘%If Qer +n(dy, c1)). (3.5)
From (3.3)—(3.5), we get
1 1 r
s 1)9(61 + 3n(dise) 2 S (c(zlfi)cl)Ulem(dwwrg(c‘) FIQ i e)l. (6)
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Now, from the interval valued exponential type pre-invexity of €2, we have

Q(ci +in(dy, c1)) = Qci +n(dyi, i) + (1 = T)n(er, e +n(dy, c1)))
D (" = DQ(cy + n(dy, c1)) + ('™ = DQ(ey). (3.7)

Similarly

Qcy + (1 =1)n(d, c1)) = ey +n(dy, c1) + (T1)n(er, ¢ +n(dy, c1)))
2™ = DQ(c; + n(dy, c1)) + (e = DQ(cy). (3.8)

Thus, by adding (3.7) and (3.8), we get
Q(ci +Tindy, ¢1) + ey + (1 = t)n(dr, ¢1)) 2 [e + '™ = 2](Q(ct + n(dy, 1)) + Q).

By multiplying by T’ln‘l on both sides and integrating over [0, 1] with respect to 7, we get

1 1
(IR) T'fHQ(Cl +7in(dy, c1))dt; + (IR)f Trfle(Cl + (1 = 7n(d;, c1))dr,
0

0
1
2 (IR) f 7 e™ + e = 21(Q(cy + n(dy, 1)) + Q(cy))dr.
0
Now, from (3.2) we get
1
(IR) f I e™ + e = 2](Q(cy + n(ds, c1)) + ey))dr
0
1
:[(R)‘f0 Trln_l[en +el7 2](£>(C1 +n(di,cy)) + g(cl))dTl,

1 — =g
(R)f ' e™ + e = 2](Q (e +n(dy, 1)) + Q(Cl))dTl]
0

=|P(Q 1 +ntdi ) + Q) P(F(er + iy, e + B en)
=P(Q(ci +n(dy, c1)) + Q(c1)). (3.9)

Also from (3.4), (3.5) and (3.9), we get

r
e C(,T)Cl) LI ey R(1) + 12 Q(cr +m(dy, €1))] 2 P(Q(cy + n(dy, c1) + Q(cy))- (3.10)

Combining (3.6) and (3.10), we get

1 1 Tm+1) .
‘ 1)Q(c1 * 577(0'1,01)) 2 U o,y en) + 15 er +n(dy, en)]

(e} -

n"(dy, c1)
2 mP(Q(c; +n(dy, cy)) + Q(cy)).

O
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Corollary 3.1. If <3(\/) = g (v), then (3.1) leads to the following fractional inequality for exponential
type pre-invex function:

I'(m+1)
r]m(dl > Cl)
< mP(Q(c; +n(dy, c1)) + cy)).

1
Q(Cl + En(dl, Cl)) < [I(mcﬁ,,(dl,cl))—g(cl) + IZ}Q(Cl +1(d1, c1))]

(e3 1)

Theorem 3.2. Let A C R be an open invex set with respectton : A X A — R and a;,b; € A with
ay < a; +nby,ay). If 2,Q, : [ay,a; + n(by,a,)] — R are exponential type pre-invex interval-valued
functions such that Q,Q, € Lla,,a, + n(by,a;)] and m > 0, then we have (considering Lemma 2.2
holds)

I'm) ., m
m[I(clﬂ,(dl,cl))—9(01)-91(01) + 15 Qe+ 1(dy, €1))-Qi(cr +n(dy, €1)]
2 PiT(ai,ay +n(by,a1)) + 2P, Ts(ay, a; +n(by, ay)), (3.11)
where
2 2
P, :e I'm)—e“T'(m,2) £ el (m. 1)+ 2I'(m,—1) ;Zr(m)
2m (=D
I'(m)-T(m,-2) 2
Ciyran -~ 2elm (3.12)
_ I'(m,-1) I (m) e 1
Pr=el(m 1)+ = = i —eTm + (3.13)
Yi(ar, a1 +nby,ar)) = [2a) + (b1, a1)).2i(a; + n(by, ar)) + ar).L2:(ay)], (3.14)
and
Taolar, ar + n(by, ar)) = [ay + (b, a1)).Qi(ar) + Lay).Qi(ar + n(by, ar))). (3.15)

Proof. Since Q and Q; are exponential type pre-invex interval-valued functions, so we have

Qa, + 1in(by, a1)) = Xai + nby,ar) + (1 —tnlay, ay + (b, ayr)))
D (¢" — DQay + n(b1,ar)) + (€™ = DQAay)

and

Qi(ay + Tin(by,ar)) = Qi(ay +n(by,ar) + (1 — t)nla,, a; + n(by, ay)))
2 (e" = DQi(a; + by, a)) + ("™ = DQy(ay).

Since 2, Q, € R}, so

Qa, + T in(by,a1)).Qi(a; + Tin(by, ay))
2(e™ = 1’Qa; + n(by, a1)).Qi(ay + (b, an) + (€' = 1)*Qar).Q(ar)
+(e" = D" = D[QAa; +n(bi,ar)).21(ar) + La1).Qi(ay +n(bi,ar))]. (3.16)
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Similarly, we have

Qa; + (1 —7)n(bi,a1)).21(a; + (1 —t)nb1, a1))
("™ = 1°Q(ay + (b, a1)).L2i(ar + n(by, ar)) + (" — 1)°Aay).Q(ar)
+ (e = ("™ = D[Q(a; + b1, a1)).2i(ar) + 2ar).Qi(a; + n(by, ar))]. (3.17)

Adding (3.16) and (3.17) yields

Qa, + Tin(by,a1)).21(ar + Tin(by,a1)) + Qa, + (1 —7)n(by,a1)).21(a; + (1 — 71)n(by, ay))
D" = 1) + (¢" = D*][Q(ar + n(bi,a1)).Q1(ay + n(by, ay)) + Lay).Q:(ay)]
+2(e™ = 1) = D[Aay + n(by, a1)).Q1(ar) + Qa).2i(ar + n(bi, a)))-

From (3.14) and (3.15), we have

Qa, + Tin(by,a1)).2i(ar + Tin(bi, 1)) + Qa; + (1 — )by, a1)).Q21(a; + (1 — t1)n(by,a1))
D[ = 1)* + (" = D] 1(ar, a1 + by, ar)) + 2(e™ = 1) ™ = 1)Ya(ar, ar + n(by, ay)).

Multiplying by 77! on both sides and integrating over [0, 1] with respect to 7| gives

1
(IR)f 7’111719(01 +71n(b1, a1)).Q21(a; + Tin(by, ar))dr,
0
1
+ (IR)f TT_IQ(al + (1 =1)nb1,a1)).L2(a; + (1 —1)n(by, a1))dr,
0
1
Q(IR)f T'ln_l[(e(l_m — )% + (" = 1)*|T1(ar, a1 + n(by, a)))dr
0

1
+ 2(1R)f TT_I(E'T' — )" = DYy(ar, ar + n(by, ay))d;.
0

L(m)

So
1
(IR)f ' Qay + Tin(by, a1)).Q(ar + Tin(by, ay))dT) = — Q(c1)-1(cr)
0
d

1 (dl,cl) (c1+n(dy,c1))”
an
|
(IR)f 7 Qay + (1 = )by, a1)).2:(ar + (1 = 7)n(by, ay))dT,
0
T'(m
(m) I7.Q(cy + n(d,, ¢1)).2:i(c1 +n(d,, c1)).

Cp(dy,cp)
From (3.12) and (3.13), we get

!
(IR)f @™ = 1)? + (7 = 1?1 (ar, a1 + n(by, a)))dt) = Py Yi(ar,a; + n(by, ap))
0
and

1
(IR)f Trln_l(eﬁ — )" = DYy(ar, ar + (b, a))dt = Py a(ar, a + (b, ay)).
0
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Thus,

I'(m)

Um(dl ,C ) (cr+n(dy,c1))

[Im 7Q(C1).Q1(C1) + IZ?Q(Cl + n(dl, cl)).Ql(cl + ﬂ(dl, Cl))]
2 P\Y(ar,a; +n(bi,a)) + 2P,y (ay, ar +n(by, ay)).
O

Corollary 3.2. If B(v) = g (v), then (3.11) leads to the following fractional inequality for exponential
type pre-invex function:
I'(m)

———[I} Qc1)-L:1(cr) + I 2(cy +n(dy, 1)).21(c1 +n(dy, c1))]
n"(dy,c) 1

(c1+n(dy,c1))”

< PiTi(ar, a1 + by, ay)) + 2P Ya(ay, ar + n(by, ay)).

Theorem 3.3. Let A C R be an open invex set with respect ton : A XA — R and a;,b; € A
with a; < a; + n(by,ay). If Q,Q, : [a1,a; + n(by,a,)] = R are exponential type pre-invex interval-

valued functions such that Q,Q, € Lla,,a, + n(by,a;)] and m > 0, then from (3.12)—(3.15), we have
(considering Lemma 2.2 holds)

1 1
Qe + En(dlacl))-gl(cl + En(dlacl))

2(9% — 1)}mP,a(ar, a; + n(by,a)) + mP,Y(ay, a; +n(by,ay))

N I'm+1)
n™(d;,cr)

Proof. Since Q is an exponential type pre-invex interval-valued function, so we have

[129(01 +n(d1, ¢1))-L21(c1 +ndi, 1) + I iy eny-Lc1)-L1(e)]|- (3.18)

1 .
Q(m + 3(b1,a) 2 (e = DI@) + Qb))
Taking a; = ¢y + (1 — 7)n(dy, cy) and by = ¢; + (11)n(d;, c1) gives

1
Qe+ (1 =2, ) + Ju(er + @, ey + (1= Ty, )

D (e? — D[Q(cy + (1 —t)n(dy, ¢1)) + Qcy + (T)n(dy, )],

implies
Qe + %n(dl, 1) 2 (e7 — D[Q(c, + (1 — t)n(dy, ¢1)) + Q(cy + (T)n(dy, en)]. (3.19)
Similarly
Qi(ct + %n(dl, 1) 2 (e7 = D[Qi(c1 + (1 — t)n(dy, ¢1)) + Q1 (cy + (T)n(dy, ep)]. (3.20)

Multiplying (3.19) and (3.20) gives
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1 1
Qe + Eﬂ(dl,cl))-Ql(Cl + En(dl,cl))

(e = 1[Qcr + (1 = 7)n(dy, ). 2i(c1 + (1 = )p(d, 1))
+Q(c1 + (1 = 7)n(dy, 1)).21(c1 + (T1)n(dy, c1))
+Q(c + (r)n(dy, €1))-21(c1 + (1 = T)n(dy, ¢1))
+Q(c; + (r)n(dy, €1))-Q2:(c1 + (T)n(dy, c1))].

(3.21)

Since Q,Q, € R}, are exponential type pre-invex interval-valued functions for 7, € [0, 1], so

we have
Qer + (1 =1)n(dy, ¢1)).2i(ci + (t)n(dy, ¢1))
("™ = 1°Q(ay + (b, a1)).Q2i(ar) + (€7 — 1°Q(ar).Q2:(ay + (b, ar))
+ (" = ("™ = D[Q(a; + (b1, a1)).2i(a, + n(bi,ar)) + Qar).Qi(a)].
Similarly

Qci + (t)n(dy, ¢1)).21(ci + (1 = t)n(dy, ¢1))
2(e™ — 1)°Q(a; + n(by, a1)).2i(ar) + ('™ = 1)2Q(a)).Q:(a; + n(by, ar))
+ (" = )™ = D[Qa; + n(b1,a1))-21(ar +n(by,ar)) + Qay).2i(ar)].

Adding (3.22) and (3.23) yields

(3.22)

(3.23)

Qcy + (1 = 1)n(dy, 1)) 2(ct + (x)n(dy, c1)) + Qci + (r)ndy, ¢1)).Qi(c; + (1 = 1)n(dy, c1))

D[(e™ — 1)* + ("™ — 1*1(a; + n(by,a1)).Q1(ar) + 2a1)-2i(ar + n(by, ar)))
+2(e™ = ("™ = D[Q(a; + (b1, a1)).21(a; + by, ar)) + Aar).Q2:(a)].

Now from (3.21), we can write
1 1
ey + En(dl’ c1))-LQi(c; + 577(0'1, c1))

D(e? — DY|[(e" = 1)? + (¢ = 12]Ty(ay, ay + n(by, ay))

+2(e™ = 1) = 1)Y1(ar, ar + n(by, ar))
+ Qe + (1 = 1)n(d, ¢1)).21(c; + (1 —t)n(d, 1))

+ Q(Cl + (Tl)n(dl, Cl)).Ql(C‘] + (Tl)n(dl, Cl)) .
Multiplying by 7}"~! on both sides and integrating over [0, 1] with respect to 7, yields
: m—1 1 1
(IR) " ey + En(dl,cl))-gl(cl + En(dl,cl))dﬁ
0

1
2(6% - 1)2[(1R)f TT_l[(eT' — 1) + ("7 = 1)*]Ta(ay, ar + n(by, a)))dT
0
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+ Z(IR)f e = 1) = )Y (ay, ay + by, ay))dr
+ (IR)f Q(cr + (1= T)n(dy, €1))-2i(c1 + (1 = T)n(dy, ¢1))dT

+ (IR)f ~Q(cr + (rn(dy, €1)-21(c1 + (T)n(dy, ¢1))dry |-
Thus from (3.12)—(3.15), we get

1 1
Qe + En(dlacl))ugl(cl + 577(0'1,01)) D (e? — 1|mP\Ya(ay, a) + n(bi,a,)) + mPy Y (ay, a

+n(b1,ar)) + Lon+ 1) U (e +n(dy, €0))-Ri(er +1(dy, €0) + 12y - 2en)-Lalen)]|-

7(dy,cr)
O

Corollary 3.3. If B}(v) = g (v), then (3.18) leads to the following fractional inequality for exponential
type pre-invex function:

1 1
Qe + En(dlacl))gl(cl + 577(0'1,01))

<(e? = ?|mPYy(a1, ar + n(b1, a1)) + mPy Y (ay, a) + n(by, a1))

Ton+ 1)

+ m(dl c )[Im.Q(Cl +n(dl’ Cl)) Q (Cl +n(d],C])) + (61+T](d1 C1))_!2(6'1)_91(6-1)] .

4. Interval fractional Hermite-Hadamard type Inequality via He’s fractional derivative

In this section, we establish Hermite-hadamard type inequality in the setting of the He’s fractional
derivatives introduced in [18].

Definition 4.1. Let Q be an L, function defined on an interval [0,n,]. Then the k,-th He’s fractional
derivative of 2(n,) is defined by

— —n) Q(ty)dT,.
ity an fo (r1 = )7 Q(r))dry

The interval He’s fractional derivative based on left and right end point functions can be defined by

L)Q(m) =

Ile — _ i—k;— lQ d
n (n1) = TG kl)dn f (t1—n) (t1)dT
lk] Q Q d , ,
F(l kl)dnlf (t1 —n) [ (t1), Q(1)ldti,n > ny
where | p 1
Ik] o] — - _ \i—ki—1 [e) 4.1
m &2 () = F(i—kl)dn’l‘fo (11 =m)™7 Q(r)dry,n > n 4.1)
and
—
IﬁIQ(m)_Wd f (1 —n)™h~ 1~Q(Tl)6l'T1,7’l>nl 4.2)
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Theorem 4.1. Let Q : [ny,ny] — R be an exponential type pre-invex interval-valued function defined
on[ny,ny] C A, where A is an open invex set with respectton : AXA — R and Q : [n;,m] ¢ R — R}

is given by Q(n) = [g(n), <5)(n)]f0r alln € [ny,m]. If Q € Li([n1, 2], R), then

(e - l)nk‘

(=D, Q1 = m)b) + Iy Q(nb)]. (4.3)

2
Proof. Let Q : [n1,n;] — R be an exponential type pre-invex interval-valued function defined on

[I’l], I’Lz], then

1 |
Q(”ll + 577(”2,”1)) 2 (e2 — D[Q(ny + Tin(ny, np)) + Q(ny + 7n(ny, ny))]
and

1 i
2+ 310 < (€8 = DI (02 + T, ) + @ s + iz, m)]

(r1 —n)h~!

Taking n, = 0, 0 < n; and multiplying by rG— k)
I =K

, we get

(1 —n) 0! n (1 —n) =01
I'i —ky) <—>(2)_( b I'i —ky)

Integrating with respect to 7; over [0, n;] gives

”1 o Niki-1
Q( 3 e kl)f(Tl )44z,

Ly _ 1-1) (™ .

(21 =mm) + G(mim)

implies
=\2) TG-k)

Popy .
gl 3, g o+ (—kl)f (T =)™ @ md.

Getting i-th derivative on both sides and using (4.1), we get

|
ikt o (M) _ (€2 = Dnt imky—1 7k k
-1 Q(E) < T[(—]) 1= I(ll n)bQ((l n)b)+1n1‘79(nb)]

Similarly
1
(N er — l)nk1 i —
CDHB(G) < e L, B - b+ 1 Db,

1
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Thus, we can write

i—ki— my\ 5 ﬂ
cvg(3)9(3)
3 — 1 ki — A
_(e — )” [( 1y ol (1 =m)b), 2 (1 - mb)] + I’;;)[g)(nb), Q (nb)]|.
1
So,

(e - l)n

(—1)“1‘@(%) [~ Q((1 = n)b) + I' Q(nb)).

(1-n)b
1

O

Corollary 4.1. If <5)(\/) = g (v), then (4.3) leads to the following fractional inequality for exponential
type pre-invex function:

ref):

(e2 — l)nk'

n

[( 1)1 k1 — llkl

(1-mp€2((1 = n)b) + 14.Q(nb)].

1

5. Conclusions

In this paper we studied the interval-valued exponential type pre-invex functions. We established
He’s and Hermite-Hadamard type inequalities for interval-valued exponential type pre-invex functions
in the setting of Riemann-Liouville interval-valued fractional operator.
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