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1. Introduction

1.1. Selection principles

Covering properties of a topological space is one of the most active research fields and has a long
history which appears in papers [1-4]. More recently, the theory known as infinite combinatorial
topology or selection principles in mathematics was introduced by M. Scheepers [5, 6] applying
selection principles to different open covers of a topological space and initiated a systematic study
of selection principles. One of the most important features of the theory is to gather topology with
the other fields of mathematics such as game theory, Ramsey theory, algebraic structures, etc. The
theory has been widely studied and is still being studied. It also gives new viewpoints and frames for
theoretical and applicable areas (see [7-9]). Several topological properties and concepts are defined
and characterized by way of two classical selection principles stated in [6] as follows:

Let X be an infinite set, and A and B are the families of subsets of it.

S (A, B) is the selection principle: For every sequence (A, : n € N) of members of (A, there exists
a sequence (b, : n € N) such that foreachn e N, b, € A, and {b, : n € N} € B.

S sin(A, B) 1s the selection principle: For every sequence (A, : n € N) of members of A, there is a
sequence (B, : n € N) such that B, C A, where B, is a finite set for all n € N and | J,,c;y B, € B.
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In [3] Menger introduced the Menger basis property for metric spaces. In [1], Hurewicz introduced
a property which is nowadays known as the Menger property (MP) and proved that the Menger basis
property is equivalent to the MP. It is known that a topological space X having the MP is equivalent
to X € S 4;,(0, O) in Scheepers’ notation where O is the family of open covers of X and defined as the
following:

X has the MP if for all the sequence (D,),cny Where D, is an open cover of X for each n, there exists
a finite subset C,, C D, such that |, JC, = X.

Hurewicz showed that the statement that a metrizable space is o-compact if and only if it has MP
is equivalent to Menger conjecture. In [2], he introduced a property which is stronger than the MP
currently referred to as the Hurewicz Property that is defined as the following.

Let X be a topological space and (D, : n € N) be any sequence of open covers of X. If there is
a sequence (C, : n € N) such that each C, is the finite subset of 9, for each n and all member x of
X,|{neN:x¢ JC,} |< wholds. It is well known that every o-compact topological space has
the Hurewicz property, and every topological space which has the Hurewicz property has the Menger
property.

The Menger property has recently been studied extensively [10—12]. Also, general forms of the
Menger property have been studied. Kocinac [13, 14] introduced the almost Menger property. A
topological space X called almost Menger if every sequence (D,),cn of open covers of X there is
a sequence (C,).en Where each C, is finite subset of O, for eacn n € N and X = [, m
Kocev [15] studied this notion systematically. Also, the weak Menger property has been introduced
in [16] and studied in [17, 18]. These generalizations of the Menger property got their place in many
papers [19-24].

1.2. Relatively topological spaces and set covering properties

In [25], a cardinal function sL was defined by Arhangel’skii. Let X be a topological space. Then
the sL(X) of X is the minimal cardinality x such that for every subset S C X and every open cover D
of S, there is a subfamily D* c D providing | D* |[< kand S c |J D*. If sL(X) = w, then the space X
is called s-Lindelof space.

In any topological subject, it could be important to know “how a given subspace of a topological
space is located in the space”. Let X be a topological space, and denote with $(X) the power set of X.
Let Y c X and P C P(X). The properties of the subset Y or each member of P depend on how Y or
members of P are placed in X. That is why it is so natural that two investigation areas arise. One of
them is assigning a relative S of the subset ¥ of X for given a topological property S, and second one
is assigning a property P-S showing how every member P located in X. With his collaborators, A.V.
Arhangel’skii first applied these investigations [25-27]. In this sense, the same investigations have
been applied to selection principles, too (see [21,28-31]).

Motivated by the definition of an “s-Lindeldf cardinal function” of Arhangel’skii and this line of
investigations, in [32] Kocinac and Konca defined set-Menger, set-Rothberger, set-Hurewicz spaces
and their weaker forms considering the Menger, Rothberger and Hurewicz covering properties. Later,
they defined in [33] the star versions of related spaces, and they initiated the investigation new sorts of
selective covering properties known as set covering properties (see also [34]).

Definition 1.1. [32] Let X be a topological space and P C P(X) such that O ¢ P. X is said to be:
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(1) P-Menger if for all S € P and each sequence (D,)nen of open covers of S, there is a sequence
(D;)nenw) where D, is the finite subfamily of D, for eachn and S C | J,a0 U D;,.

(2) Almost P-Menger if S C | e U D:.
If P = P\ {0} it is said that X is set-Menger (for short SM) or almost set-Menger (ASM), respectively.

In this sense, we extend this investigation and introduce the ij-almost-set-Menger (i j-ASM)
property and study it in bitopological spaces. Bitopological selection principles, which is the active
research field, have been discussed in several papers [35—-43]. The paper is generated as follows. In
Section 2, we introduce the ij-almost-set-Menger property in bitopological context. After giving some
examples for this kind of spaces, we investigate the equivalences of these spaces to other spaces like
set-Menger and i j-almost Lindelof. We also look at the behavior of i j-almost-set-Menger spaces under
some different types of mappings defined in bitopological spaces. Later, in Section 3, We keep in
sight the preservation of this property under union, subspaces and products. We introduce the class of
ij-almost P,-set and investigate some properties in Section 4.

2. Definitions, equivalences and examples

We use usual notations and terminology for topological spaces as in [44]. Our notation and
terminology will follow [45] for bitopological spaces. By N, P and R, we denote the sets of natural,
irrational and real numbers, respectively. During the paper, by (X, o) we denote a topological space
while (X, o1, 0,) (sometimes X) denotes a bitopological space (or shortly, bispace) which is a set X
equipped with two topologies, in general unrelated, o; and o, (see [46]). For any A C X, o;-cl(A)
denotes closure of A, and o;-int(A) denotes the interior of A with respect to the topology o; (i = 1,2).

Definition 2.1. A bitopological space (X, 01, 0) is said to be i j-almost-set-Menger (i j-ASM, for short)
(i,j = 1,2) if, for all nonempty A C X and for each (D,),en Sequence of o-open covers of o -
cl(A), there exists a sequence (C,)nen Of finite families such that C, C D, for eachn € N and A C

Unenr Uvec, o j-cl(V)

In the light of this definition, we can give the following proposition.

Proposition 2.1. Let (X, 01, 0,) be a bitopological space,
(1) If (X, 071) is a Menger space (or SM), then (X, 01, 0,) is 12-ASM.
(2)If (X,071) is ASM and o0, < 0 (07, is coarser than o), then (X, 01, 073) is 12-ASM.

Proof. (1) Obvious from the corresponding definitions.

(2) LetA C X, and (D,),en be any sequence of o-j-open covers of o;-cl(A). Since (X, 01) is ASM, then
there exists a sequence (C,)ner Where C, C D, is finite for eachn € Nand A C (e Uvec, T1-
cl(V) holds. Since o < o7, then o-cl(V) C 0,-cl(V) for all V € C, and n € N. This shows that
(X,0,07)1s 12-ASM.

O

Example 2.1. Assume R equipped with cocountable topology o and the Sorgenfrey topology o . Since
R,o0) is SM, (R,0,0) is 12-ASM.
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Example 2.2. Assume the bispace (R, o ,0,) where o and o, are the Smirnov’s deleted topology
and usual topology, respectively (see [47]). The topological space (R, o) is Menger (and SM) and
0, < 0. So the bispace (R, 01, 0,) is 12-ASM.

On the other hand, the assertion converse in Proposition 2.1(1) does not hold in general as the
following example illustrates.

Example 2.3. Let P be the irrational numbers set and a € P fixed point. Assume particular point
topology oy ={U CR:acU}U{0}and o, ={U NP : U € o}. Then, the followings are obtained.

(1) Since a € U forall U € o it is obvious that o < 0.

(2) D = {{x,a} : x € R} is an open cover for (R, o). Choose D, = D for all n € N, then (D,),en is the
sequence of open covers of (R, o1). This sequence assures that (R, o) is not Menger (so not SM).

(3) Since each nonempty open subset is dense in (R, 0y), then (R, 01) is ASM.
(4) (R, 0,07) is 12-ASM with the statement 1.

That is why it is so natural to discuss under what conditions the converse assertion in
Proposition 2.1(1) holds. In this sense, we firstly give the following definition.

Definition 2.2. [48] A bispace (X, 01, 0>) is said to be an ij-regular space (i, j = 1,2, i # j) if, for
each element x € X and each o;-closed set F with x ¢ F, there are a o;-open set U and o j-open set V
suchthatxe U, VO FandUNYV = (.

Theorem 2.1. If (X, 0, 03) is ij-ASM and an i j-regular bispace, then (X, o) is SM.

Proof. Let A C X and (D,),en be a sequence of o;-open covers of o;-cl(A). Then, for each n € N
and x € o;-cl(A), we can choose U € D, such that U’ contains x. Since (X, 0,07) is an ij-regular
bispace, there exist V € o; for each x € o-cl(A) and U such that x € Vi C o;-cl(V}) C U (see [48]).
Now let G, = {V} : x € 0;-cl(A)} for all n € N. (G,) is a o;-open cover of o;-cl(A) for all n € N and

o -cl(Gy) = {oj-cl(V]) : VI € G}

is a refinement of 9),,. On the other side, since (X, o, 0) 1s ij-ASM, there is a sequence (C,),en such
that C,, is the finite subset of G, and A C J, ey Uyec, 0j-cl(V). For each n € N and V € C, we can
choose Uy € D, such that o;-cl(V) C Uy due to that o;-cl(G,) refines D,. Let G, = {Uy : V € C,}.
Then each G, C D, is finite and |,y U G}, O A which completes the proof. O

The class of i j-ASM bispaces can be characterized in terms of ij-regular open sets. We now give
the characterization such this spaces with i j-regular open sets.

Definition 2.3. [45,49] Let (X, 01, 03) be a bispace and A C X. A subset A of X is i j-regular open set
(respectively ij-regular closed set) if A = o-int(o j-cl(A)(respectivelyA = o-cl(oj-int(A)).

It can easily be seen that every i j-regular open set in (X, 071, 07,) is o;-open.

Theorem 2.2. A bispace (X, 0y, 0) is i j-ASM if and only if for each A C X and every sequence (D)) en
of covers of o;-cl(A) by ij-regular open sets in X, there is a sequence (C,),en Where each C, is finite
subset of D, for all n, and A C | J,eiy Uyec, 0 j-cl(V).
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Proof. (=) Obvious.

(&) Let A ¢ X and (D,),en be the sequence of o;-open covers of o;-cl(A). 1If we put C, = {o-
int(oj-cl(U)) : U € D,} for all n, we obtain a sequence (C,)neny Of covers of o;-cl(A) by ij-regular
open sets in X. Then, by assumption, there is C;, C C, for all n such that C; is the finite subset and
A C U,ar Uoj-cl(Cy) where o j-cl(C;) = {oj-cl(V) : V € C,}. For every n € N and every V € C,,
there is Uy € O, such that V = o-int(c j-cl(Uy)). Then, the sequence (D;),ex is the desired one where
D;, ={Uy : V € C;}. For seeing this, one can observe that o ;-cl(Uy) is a ji-regular closed subset of X,
and

oj-cl(V) = oj-cl(oi-int(oj-cl(Uy))) = o j-cl(Uy).
Thus, A C U,ax U 0 j-cl(D,). O
We now give the relations between ij-ASM and i j-Almost Lindel6f bispaces.

Definition 2.4. [/50] A bipsace (X, o1, 07,) is said to be i j-almost Lindelof (for short ij-AL) if for every
oi-open cover D of X, there is a countable subset {V, : n € N} of O such that X = |, 0 j-cl(V,).

In the following theorem, we see that every i j-ASM bispace is i j-AL.
Theorem 2.3. Every ij-ASM bispace is i j-AL.

Proof. Let (X, 0, 07,) be a bispace and D be any o;-open cover of X. Let D, = D for each n € N and
A C X. Put B= X\ A. Since D is a o;-open cover of X, then D, is a o;-open cover of both o;-cl(A)
and o;-cl(B). Then, we clearly obtain a sequence (9,),n of o-open covers of o;-cl(A) and o;-cl(B).
Since (X, o1, 0) is ij-ASM, there exist C2,C8 c D, where C# and C? are finite for all n € N with
A C Unew Uyeer 0j-cl(V) and B C U e Uyece 0j-cl(U). Since C# and C? are finite, then the family
W, = C* U CB is a finite family for each n € N. Then ‘W = (J,ox ‘W, is a countable subfamily of D,
which is clearly providing that X = AU B C ,av Uwew, o j-cl(W). So, X is ij-AL. O

The following example shows the inverse implication, in general not true.

Example 2.4. Consider R endowed with the two topologies; o is the Sorgenfrey topology, and o, is
the family of sets U\ C, where U € 0y and C C R and | C |< w. The bispace (R, 0, 03) is 12-AL, since
(R, 01) is Lindelof. But it fails to be 12-ASM since (R, oy) is not almost Menger so not ASM (see [17])
and o(-cl(U) = o,-cl(U) for every o-open set U.

It is a quite natural question under what conditions these properties are equivalent. Let us give the
definition of P-space.

Definition 2.5. [51] A space X is called P-space if every intersection of countably many open sets is
open.

Theorem 2.4. Let (X,0,0,) be ij-AL. If (X, 0;) is a P-space, then (X, 0y, 0) is i j-ASM.

Proof. Let A C X and (D,),cn be a sequence of o;-open covers of o;-cl(A). We may suppose that
every D, is closed under finite unions without loss of generality. Now, if we put G = {(),a U, :
U, € D,}, then since (X, o) is P-space, we obtain an o;-open over of o;-cl(A) . On the other hand,
since (X, 01,07) is ij-AL, o;-cl(A) is ij-AL. Then there is a countable subset G* = {G,, : n € N} of G
providing o;-cl(A) C U,en 0 -cl(G,). Let G, = (,,en U,, where U, € D,,. Since G, C U, for each
n € N, we clearly obtain A C | J,,an 0 j-cl(U})). So (X, 01, 07) is i j-ASM. O
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Corollary 2.1. Let (X, 0,0,) be an ij-regular bispace, and (X, o) is P-space. Then, the following
expressions are equivalent:

(1) (X,0) is Menger,
(2) (X,01) is ASM,
(3) (X,01,0%) is ij-ASM,
(4) (X,01,07) is ij-AL,
(5) (X, 0) is Lindelof.
In what follows, we study some behaviors of ij-ASM bispaces under some types of mappings.

Definition 2.6. [45] Let (X, 0,0%) and (Y, p1,p2) be bispaces and f : X — Y be a mapping. f is
said to be d-continuous (pairwise continuous) if the mappings f; : (X,o0;) — (Y,p;) are continuous
(i-continuous) fori = 1,2.

Theorem 2.5. Let (X, 0,0%) be ij-ASM bispace, and let (Y, p1,p2) be a bispace. If f : X — Y isa
d-continuous surjection, then (Y, py, p2) is ij-ASM

Proof. Let B C Y, (D,).en be a sequence of open sets of Y providing p;-c/(B) € |J D, foralln € N
and A = f~1(B). Since f is d-continuous, f~'(U) € o; foralln € N and U € D,. Moreover, by the
d-continuity of f, we obtain oi-cl(A) C f~'(pi-cl(B)) C f~ (U D,) for all n € N. Then, (D?),ay is
the sequence of o;-open covers of o;-cl(A) where D? = { f'(U) : U € D,} for each n € N. Since
(X,01,0) is an ij-ASM bispace, then there is a C* ¢ D? such that C? is finite for all n € N, and
A C Unew Uyreca 0j-¢l(V’) holds. We can choose a Uy, € D, such that V' = f YUy forall vV’ € C4
andneN. LetC, ={Uy : V' € Cf,‘}. Then each C,, is the finite subset of D, for all n, and

B=f@c flJ | oetv)

neN yreci

c|J U petcrvy

neN yrecd

=J U prev)

neN VeC,
which concludes that (Y, py, p2) is ij-ASM. O

Definition 2.7. [52] A mapping f : (X,01,02) = (Y, p1,p2) is 12-continuous if f* : (X,01) = (Y, p2)
is continuous.

Proposition 2.2. Let (X, 0, 07) be 12-ASM bispace and f : (X, 01,0,) — (Y, p1,p2) is 21-continuous.
If oy < 0y, then (Y, py, p2) is 12-ASM.

Definition 2.8. /53] Let (X, 0, 03) and (Y, p1,p2) be bispaces and f : (X,0,03) — (Y,p1,p2) be a
mapping. f is i j-strongly-0-continuous if each x € X and every U € p; such that f(x) € U, there exists
an open set V € o such that x € V and f(oj-cl(V)) C U.

Clearly, if f is an ij-strongly-8-continuous mapping, then f is i-continuous.

AIMS Mathematics Volume 7, Issue 12, 20579-20593.



20585

Theorem 2.6. Let (X, 01, 0,) and (Y, p1, p2) be bispaces, and f : (X, 01,03) — (Y, p1,02) is i j-strongly-
0-continuous and surjective. Then, (Y, p;) is SM.

Proof. Let B C Y and (D,),en be a sequence of p;-open covers of p;-cl(B). Let A = f~(B) and x € o7-
cl(A). We obtain f(x) € f(o;-cl(f~1(B))) = pi-cl(B) for all x € o-cl(A), since f is i-continuous. Then,
we can choose a U? € D, such that f(x) € U’ for each n € N. Since f is ij-strongly-6-continuous,
there is a o;-open V{ such that x € Vi and f(o;-cl(VY})) C U%. Then, (D),en is a sequence of oj-open
covers of o;-cl(A) where D? = {V" : x € o-cl(A)}. Since (X, 0y, 07) is ij-ASM, there is C* ¢ D
such that C? is a finite subset for each n € N providing that A C |,y U C2. Let F, be a finite subset
of oi-cl(A) for each n € N and let C* = {V" : x € F,}. Then, C, = {U" : x € F,} is the finite subset of
D, for each n € N. Indeed, we have

firtan =B e il o

neN xefF,

c | fiojcicvy

neN xefF,

Uyw

neN xeF,

-UlUe-

neN

So, (¥, p;) is SM. m|

Since every i j-strogly-8-continuous mapping is i-continuous, we can give the following result.

Corollary 2.2. If f : (X,01,07) — (Y, p1,p2) is an i-continuous mapping, and (X, oy, 07,) is i j-regular
and an i j-ASM bispace, then (Y, p;) is SM.

What about the pre-images of ij-ASM bispaces? We need some definitions for looking at the
behavior.

Definition 2.9. [45] Let (X, 0, 03) and (Y, p1, p2) be bitopological spaces. A mapping f : X — Y is
called d-closed if induced mappings f; : (X,o0;) = (Y, p;) are closed fori = 1,2.

Definition 2.10. A bispace (X, 01, 0) is called d-compact if the spaces (X, o;) are compact fori = 1,2.

Definition 2.11. [54] Let (X, 0, 03) and (Y,p1,p2) be bispaces and f : X — Y is d-closed and
d-continuous mapping. f is called perfect if for all y € Y, the set f~'(y) is d-compact in X.

Definition 2.12. [55] Let (X, 0, 03) and (Y, p1,p2) be bispaces and f : X — Y be a mapping. f is
called ij-preopen if f(V) C p; — int(pj — cl(f(V))) for all V € o;.

Proposition 2.3. [56] f : (X,01,03) — (Y,p1,p2) is an ij-preopen mapping if and only if f~'(p; —
cl(U)) c oy — cl(f~(U)) for all U € p,.

Theorem 2.7. Let (Y,p1,p2) be ij-ASM, and [ : (X,01,03) — (Y,p1,02) is a perfect ji-preopen
mapping. Then, (X, 0, 0,) is i j-ASM.
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Proof. Let A C X and (D,),an be the sequence of open covers of o;-cl(A). Let B = f(A) C Y and
y € pi=cl(f(A)). Then, there is a finite subset C} of D, for each n € N such that ' c U Cy. Let
UCy = V. Since fis i-closed, Uy = Y\ f(X \ V) is a p;-open neighbourhood of y. For every n € NN,
let H, = {U;1 :y € pi-cl(f(A))}. Then, (H,).en is a sequence of p;-open covers of p;-cl(f(A)). Since
(Y. pi,pj) is ij-ASM, there is finite H; C H, for all n such that f(A) C U,en Unegr; pj-cl(H). Let
F, C f(A) be finite for all n € N and H,; = {U;, : i € F,}. Then, D;, = U;cp, C}, C D, is finite for all
n € N. Then, since f is ji-preopen, we have the following:

Ac '@y | U ey

neN ieF,

| JJeelr @y

neN ieF,

C U U oj-cl(V})

neN ieF,

= U U o -cl(UCY)

neN ieF,

= J U e

neN U*eDy
Hence, (X, 07y, 07) is ij-ASM. m]

Definition 2.13. A mapping f : (X, 01,02) — (Y, p1,p2) is called k-continuous if the inverse image of
every p;-open set is i j-regular open.

Theorem 2.8. A k-continuous surjection image of an i j-ASM bispace is i j-ASM.
3. Union, subspaces and products

We consider the preservation of ij-ASM property under union, subspaces and products in this
section.

Theorem 3.1. Being ij-ASM bispace is closed under countable union.

Proof. Let {(X,, 01,,p1,) : n € N} be countable family of ij-ASM bispaces and X = |, X,,- Suppose
that 7 and o are the first and second topologies on X, respectively. Let A C X and (D,),en be the
sequence of T-open covers of 7-cl(A). Without loss of generality, we may assume that A, C X, for
each n € N such that A = [ J,y A, Let N, be an infinite subset of N, N, N N,, = 0 for each n,m € N
and N = (J,ay N,,. Since 0,-cl(A,) C 1-cl(A) foreachn € N, §,, = (D, : k € N,) is the sequence of
o,-open covers of 0;,-cl(A,). Since (X, 071,,p2,) 1s ij-ASM, there is finite C, C Dy foreach k € N,
and n € N such that A, C Uen, Uvec, pj,-cl(V) holds. Then D = {{Uey, 0-cl(Cy) : n € N} is the
desired cover of A. O

Theorem 3.2. Every o;-closed and o j-open subspace of an ij-ASM bispace is i j-ASM.

Proof. Let (A, 014,024) be a oj-closed and o j-open subspace of i j-ASM (X, o1, 0,). Let B any subset
of A and (D,),an be sequence of o;,-open covers of o;,4-cl(B). Then we can choose Vi for each
UeD,andneNsuchthat U =ANVy. Let D, ={Vy : U € D,}. Since A is o-closed, we have
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ois-cl(B) = AN oi-cl(B) = g;-cl(A N B) = g;-cl(B).

Then, (D},),en 1s sequence of o-open covers of o;-cl(B). Since (X, 0,07%) is ij-ASM, there is a
finite subset C,, of D;, for each n € N such that Uy, cc: 0;-cl(Vy) is a cover of B. Let C, = {U =
ANVy:VyeCylforeachn e N. AsA € ojand foralln € Nand U € C,, we have

ciU)=0c;,(ANVy)=Anac;-cl(Vy)
holds and thus B C |J,en Uyec, 0j,-cl(U). Hence (A, 014, 024) s ij-ASM. O
In this manner, being i j-ASM bispace is not hereditary property as the following example illustrates.
Example 3.1. An ij-ASM bispace whose a subspace is not i j-ASM.

Consider the set X = [0, Q] is the set of ordinals such that « < Q for all @« € X where Q denotes
the first uncountable ordinal together with the order topology oy and o, is the discrete topology on X.
Then the bispace (X, 01, 0%) is 12-ASM, since (X, 01) is compact so it is ASM (see [47]). If we consider
the subset Y = X \ {Q} with its corresponding topologies oy and oy, the bispace (Y, o1y, 02y) is not
12-AL (see [57]), so by the Theorem 2.3, it is not 12-ASM.

Theorem 3.3. Let (X, 0,0%) be ij-ASM bispace and (Y, p1,p>) be a d-compact bispace. Then (X X
Y, o1 X p1,073 X py) is i j-ASM.

Proof. Let A and B be any subsets of X and Y, respectively, and (D,),n be any sequence of o; X p;-
open covers of o;-cl(A) X p;-cl(B) = o; X pi-cl(A x B). Without loss of generality, we can assume that
D, = A, X B, where D, is a o;-open cover of o;-cl(A), and B, is a p;-open cover of p;-cl(B) for each
n € N. Let x € o;-cl(A). Since Y is p;-compact, p;-cl(B) is p;-compact. Then, we can choose a finite
subset C, of D, for each n € N such that {x} X p;-cl(B) ¢ |JC,. Say C, = ﬂ&") X BEC") for all n. If
U™ = N A™, one can observe that

() x p-cl(B) < U ((NAY) x B) € U (AP x BY”)

foreachn € N. Let G, = {U)(C”) : x € o;-cl(A)} for each n € N. Then, (G,).an 1S a sequence of
o;-open covers of o;-cl(A). Since (X, 0, 0%) is ij-ASM, there is a finite subset H, of G, such that
H, = {U)(C'Z) : k € F,,} where F, is the finite subset of o;-cl(A) for each n € N, and

k

A C Unen U 0j-cl(H,)
holds. If we choose O; = (ﬂi’ﬁ) X BE;?), then 9;, is the finite subset of 9, and we have
k k

AX B Co-cl(A)x B C (U U o -cl(H,)) x B

neN

C U U (O-j ij—cl(U)).

neN UeDy,
So, (X X Y,01 X p1,07 X py) is i j-ASM. O

Definition 3.1. [6] An open cover D of a topological space (X, o) is an w-cover if X ¢ D and each
finite subset of X is contained in some element of D.
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Theorem 3.4. Let (X, 01, 07) be a bispace. The power bitopological space (X", 0|, 07) (see [58]) is
ij-ASM if and only if for every A C X and for every sequence (D,),en of 0i-w-covers of oi-cl(A), there
is a sequence (C,),eny where C,, C D, is finite for each n € N and for all finite subset F of A, there is at
leastn € Nand 'V € C, such that F C o j-cl(V).

Proof. (=) Let A c X and (D,).en be a sequence of o;-w-covers of o;-cl(A). Let K, be infinite
subset of N with K, N K,, = @ for all t,n € N and N = |J,q K;. For every n € N and k € K, let
D, ={U": U € D;}. Then (D) )k, is a sequence of oi-open covers of (o-cl(A))" = oi-cl(A’). Since
(X', 0, 0%) is ij-ASM, there is a finite subset C; C Z)’ for each k € K, and A’ C UkeK’ Uvect 0']'
cl(V) holds. For every k € K; and V € C,, we can choose Uy € Dy such that V = Uj,. Now say
Cr ={Uy : V € C}} for each k € K,. Then, the sequence (C)e, is the desired sequence. It obviously
is that each Cy is finite subset of Dy and if F = {x1, x,, ..., x,} C A, then there is an at least k € K, and
V € C such that (x1, x, ..., x,,) € O'f—cl(V). On the other hand, V = Uy, for an Uy € Dy. Then, we have

oj-cl(V) = o-cl(Uy) = (0', Cl(Uv))

and hence F C o j-cl(Uy).

(=) Let A C X" and (D,),en be a sequence of o7i-open covers of o-cl(A). Let D, = {U,i") tkeS,}
foreachn e Nand A = A X Ay, X ... X A;. Let F,, C 0;-cl(A,) be finite subset for each p € {1,2,...,t}.
Then, F; X F, X ... X F, is a finite subset of X’. Then, there is a finite subset S,fl C S, such that
FixXFy,X..XF,C Ukes? U,(c"). On the other hand, there is a o-open set Vg, for each p € {1,2, ..., 1}
such that F, C Vg, and Vi, X Vg, X ... X Vg, C | kes™ U,(C") (see [47]). Then, for all finite subsets F4, of
o-cl(A,) for each p € (1,2, ...,1}, c“’) {Vr,, : Fa, C gi=cl(A,) is finite } is a 0-w-cover of o-cl(A )
for each n € N. By assumption, there is finite subset G ¢ C”’ for eachn € Nand p € {1,2, ..., 1}, and
for every finite subset P of A,, one canfindan € Nand G € Q(p ) such that P C o i-cl(G). Let Rﬁ,p ) be a
finite index set for eachn € N and p € {1, 2, ..., t}. Assume that, g(” ) {VF;‘]} irE Rff )}. In this sense,

. Fy »
ifK,=1{keS,” :pe{l,2,..t}and r € R,”’}, then

Unert Usek, o-cl(U") 2 A

holds. To see this, let x = (x1, x2,...,x;) € A. Then, {x,} C A, for each p € {1,2,...,¢}. Thus, there is
n,, € Nand G,, € Q(p ) such that {xp} € 0j-cl(G,,). Let G,, = Vv, for some r,, € Rﬁ,’i ]) Then, we

74

Ap
have
{(x1, %2, .., xp)} C O-J"CI(VFZI) X ... X O'j—cl(VF:{:,)
1
- O'j'Cl(VF:{Il X.XV mr)
c | J o-awp.
F
keS,,Ap
Hence, there is k € K, such that x € a';.—cl(U,((")). So, (X', o, 0'3.) is i j-ASM. O

Question 3.1. An ij-ASM bispace (X, 07, 02) such that (X*, 03, 03) is not ij-ASM?
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4. ij-Almost P,-sets

The concept of a y-set was introduced by Gerlits and Nagy in [59]. Later, in [15] Kocev introduced
the concept of an almost y-set and studied. In this section, we will give the definition of ij-almost
P,-set based upon the definitions of y-set and almost y-set. We will investigate the characterization
of this class of ij-almost P,-sets with ij-regular open sets and their preservation under d-continuous
surjection.

Definition 4.1. Let (X, 01, 0,) be a bitopological space and A C X and let D be an infinite o;-open
cover of A. If the set (U € D : x ¢ o ;-cl(U)} is finite for all x € A, then we say that D is an ij-almost
P,-cover of A.

Definition 4.2. A bispace (X, 01, 0) is called ij-almost P,-set (shortly ij-AP,S if for all A C X and
for any sequence (D,),en of 0i-w-covers of oi-cl(A), there is a sequence (U,),en such that U, € D,
for eachn € N and the set {U, : n € N} is an i j-almost P,-cover of A.

Based upon this definiton, We can give following proposition,
Proposition 4.1. Let (X, 0y, 0,) be a bispace. If (X, 0y) is y-set (see [59]), then (X, 0y, 0) is ij-AP,S.
Remark 4.1. Statement converse in Proposition 4 is not true in general.

Example 4.1. Endow the real line by the two topologies: o is the particular point topology (see
Example 2.3), and o is the indiscrete topology. Then, the bispace (R,c,0,) is clearly 12-AP,S,
while (X, 071) is not a y-set.

Theorem 4.1. A bispace (X,0,07) is ij-AP,S if and only if for every A C X and every sequence
(D)nen of Ti-w-open covers of o;-cl(A) by ij-regular open subsets of X, there is a sequence (U,),en
such that U,, € O, for each n € N and the set {U, : n € N} is an i j-almost P,-cover of A.

Proof. (=) It is an obvious consequence from the fact that every ij-regular open set is o;-open.

(&) Let (D,)nen be a sequence of o;-w covers of o-cl(A). Then, (D;),ey is the sequence of o;-w
covers of o;-cl(A) by i j-regular open sets of X where D) = {o-int(o j-cl(U) : U € D,} for eacnn € N.
There exists a sequence (U}),en With U}, € D, for every n € N and D* = {U; : n € N} is P,-cover of
the set A. On the other hand, we can choose an U, € D, such that U, = o-int(c j-cl(U,). Then, one
can easily see that © = {U,, : n € N} is the desired cover of A. Hence, (X, 01,0) 18 ij-AP,S. O

Theorem 4.2. d-continuous surjection of an ij-AP,S bispace is ij-AP,S.

Proof. Let (X,01,07) be ij-AP,S and f : (X,01,02) — (¥, p1,p2) be a d-continuous surjection. Let
B cCY, f/i(B) = A, and (D,),a be a sequence of p;-w-open covers of p;-cl(B) by ij-regular open
subsets of Y. Since f is i-continuous, o-cl(A) C f~!(p;-cl(B)) holds, and (C,),ev is the sequence of
oi-w covers of o-cl(A) where C, = {f'(U) : U € D,} for each n € N. Since (X, 0, 0) is ij-AP,S,
there is a sequence (V,),cv providing that V,, € C, foreachn € N and C = {V,, : n € N} is ij-almost
P,-cover of A. On the other side, there is a U, € O, such that V,, = f~(U,) for each n € N. Then,
O ={U, : n € N} is an ij-almost P,-cover of B. To see this, let y € B and f(x) = y for some x € A.
Since C is an ij-almost P,-cover of A, the set F, = {V,, € C : x ¢ o j-cl(V,)} is finite. Then, there is
no € N such that x € o;-cl(V,) for all n > ny. Then, f(x) =y € f(o;-cl(V,)), and thus y € p;-cl(U,)
for all n > ny. Therefore, we conclude that the F” = {U, € D" : y ¢ p;-cl(U,)} is finite, and since C is
infinite, O is infinite. So, (¥, p1, p2) is ij-AP,S. O
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5. Conclusions

In this paper, we dealed with the almost-set-Mengerness in bitopological spaces. Further
investigations may be the similar properties of almost-set-Hurewicz and almost-set-Rothberger
property (we began to investigate) in bitopological spaces. we now give the related definitions as
the followings.

Definition 5.1. A bitopological space (X, 0y, 0>) is called:

(1) ij-almost-set-Hurewicz (for short, ij-ASH) if for all A C X and for every sequence (D,),en Of
o;-open covers of oi-cl(A) there is a sequence (C,),en Such that C, is a finite subset of D,, and each
x € A belongs to all but finitely many sets o j-cl(UC,). (in other words, the set {UC, : n € N} is
ij-almost P,-cover of A.)

(2) ij-almost-set-Rothberger (ij-ASR) if for all A c X and for every sequence (D,),en of oi-open
covers of oi-cl(A) there is a sequence (U,),en such that U, € D, and A C |, 0 j-cl(U,).

Also, we give the definition of an i j-weakly-set-Menger bispace as follows:

Definition 5.2. (X, 0, 0%) is said to be ij-weakly-set-Menger (for short, ij-WSM) if for all A C X
and for every sequence (D,)nen Of 0i-open covers of o-cl(A), there is a sequence (C,)uen Such that
C. C D, is a finite subset for eachn € N and A C O'j—Cl( Unen U C‘,,)

It would be interesting to study and investigate the properties of i j-WSM bispaces in bitopological
context as well as the relations between those kind of bispaces and ij-ASM bispaces. Furthermore, if
these properties have game-theoretic characterization can be scrutinized in bitopological context and
those ones can open a way to applicable area. The possible applications of statistical convergence to
the open covers of topological spaces and selection properties were given in [60, 61]. This notions
also can be studied and extended under the convergence in binary metric spaces and their induced
topologies [62]. Also, the results obtained may be generalized to fuzzy bitopological spaces and
associated with the fixed point theory [63,64].

We also define ij-weakly-set-Hurewicz (ij-WSH) and ij-weakly-set-Rothberger (ij-WSR)
bitopological spaces in a similar way.
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