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Abstract: In this paper, the steady flow of an incompressible hybrid Casson nanofluid over a vertical 

permeable exponential stretching sheet is considered. The influence of the induced magnetic field is 

investigated. The influence of heat production and nonlinear radiation on slip effects is studied. 

Typically, three hybrid nanofluidic models are presented in this paper, namely: Xue, Yamada-Ota, and 

Tiwari Das. A study of a single-walled carbon nanotube and a multi-walled carbon nanotube with base 

fluid water is also provided. The governing equations are developed under flow assumptions in the 

form of partial differential equations by using boundary layer approximations. Using the appropriate 

transformations, partial differential equations are converted into ordinary differential equations. The 

ordinary differential equations are solved by the fifth-order Runge-Kutta-Fehlberg approach. Impacts 

concerning physical parameters are revealed by graphs and numerical values through tables. 

Temperature profile increases as concentration of solid nanoparticles increases. Because the thermal 

conductivity of the fluid is enhanced due to an increment in solid nanoparticles, which enhanced the 

temperature of the magneto-Casson hybrid nanofluid. The skin friction achieved higher values in the 

Yamada-Ota model of hybrid nanofluid as compared to the Xue model and Tiwari Das model. The 

results of this study show the Yamada-Ota model achieved a higher heat transfer rate than the Xue and 

Tiwari Das models of hybrid nanofluid. 
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1. Introduction 

Energy crises are among the most pressing issues the world faces today. Several researchers 

discussed various methods for producing energy at a lower cost. In the past years, common fluids such 

as water, engine oil, and ethylene glycol had poorer heat transfer rates due to their lower thermal 

conductivity. Due to the higher abilities of metals, which contain more thermal conductivity properties 

than ordinary fluids. The nanosize metals are added to the ordinary fluids which enhance the transfer 

rate due to an enhancement in thermal conductivity. In real-world applications, nanofluid is used in 

different procedures namely nano-technological and industrial developments such as nuclear reactors, 

vehicle cooling, heat exchanger, etc. Furthermore, magneto nanofluids are effective in wound 

treatments, cancer therapy, artery blockage removal, magnetic resonance imaging, and a variety of 

other applications. Hamad and Bashir [1] presented the influence of nanofluid under the power law 

model on a vertical stretching surface. They investigated Brownian motion and thermophoresis 

impacts on the vertical surface in their analysis. The influence of nanofluid flow on moving surfaces 

was studied by Bachok et al. [2]. They also developed the results by emphasizing the effects of the 

plate moving in the same or opposite direction in the free stream. The study of flow of nanofluid on 

an exponentially stretching sheet for nanomaterial fluid flow was presented by Nadeem and Lee [3]. 

Bég et al. [4] studied the steady flow of magnetic hydrodynamics mixed convection of nanofluid at 

the permeable nonlinear stretching sheet. Ramesh [5] highlighted the effects of nanofluid with Darcy-

Forchheimer over stretching sheets. Khan et al. [6] discussed the Maxwell nanofluid model on a 

nonlinear stretching sheet. Khan and Nadeem. [7] analyzed the influence of chemically reactive 

nanomaterial Casson fluid with thermal slip over an exponentially stretching surface. Ramesh et al. [8] 

discussed the squeezing flow of micropolar Casson nanomaterial fluid with slip effects at stretching 

surfaces. Recently, a few authors developed results on the boundary layer flow of nanofluid at a 

stretching sheet (see [9,10]). 

Many interesting works have been carried out on the hybrid nanofluid, which is an extended 

version of nanofluid. A hybrid nanofluid is a combination of two different nanosized particles and 

water as the base fluid. Devi and Devi [11] emphasized the impact of hybrid nanofluid on porous 

sheets numerically. Heat and mass transfer of hybrid nanofluid in a circular cylinder are discussed by 

Nadeem et al. [12]. They considered the magnetic hydrodynamic effects under the stagnation region. 

Nadeem et al. [13] worked on the fluid flow of hybrid nanomaterial at curved surfaces. 

Abbas et al. [14]  inspected the impact of hybrid nanomaterial fluid flow with inclined magnetic 

hydrodynamics at a nonlinear stretching cylinder. Jyothi et al. [15] discussed the Casson hybrid 

nanomaterial fluid with squeezing flow with a sink or source. Several authors worked on the hybrid 

nanofluid for different flow assumptions and various physical aspects see [16,17]. 

The interest in magnetic hydrodynamics with hybrid nanofluid has been developed by the authors 

due to its many engineering applications. Because they can be used to control the rate of heat transfer 

by using an external magnetic field. Ali et al. [18] studied the influence of the laminar flow of the 

induced magnetic field on a stretching sheet. They implemented a numerical scheme to solve nonlinear 
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differential equations. Thammanna et al. [19] utilized MHD to study the time-dependent flow of 

Casson nanomaterial fluid at an unsteadiness stretching sheet. Junoh et al. [20] emphasized the effects 

of the induced magnetic field with the stagnation point region. Moreover, the heat transfer rate at the 

stretching/shrinking sheet was analyzed by utilizing a two-phase model. Al-Hanaya et al. [21] 

discussed the micropolar hybrid nanomaterial fluid in the presence of a stagnation point region. They 

also highlighted the effects of the induced magnetic field on the curved surface. The hybrid 

nanomaterial fluid flow of the induced magnetic field transport mechanism has been studied by 

Alharbi [22]. Hafeez et al. [23] discussed the induced magnetic field of hybrid nanomaterial liquid for 

different aspects. Ali et al. [24] deliberated the influences of melting and MHD flow of nanomaterial 

liquid on the stretching surface. Some researchers have developed an interest in investigating the 

induced magnetic field for various flow assumptions, see [25–28]. 

In this study, we discuss the two-dimensional flow of Casson hybrid nanofluid over a vertical 

permeable exponential stretching sheet. We consider the induced magnetic field under the stagnation 

region. Furthermore, we discuss the effects of nonlinear radiation and heat generation. Besides, we 

present a study of three hybrid nanofluid models, namely: Xue, Yamada-Ota, and Tiwari Das. We also 

present a study on a single-wall carbon nanotube and multiwall carbon nanotube with base fluid water. 

We utilize boundary layer approximations to develop the governing equations under the assumptions 

of flow in the form of partial differential equations. Also, we use the Lie symmetry method to develop 

a suitable transformation. With the help of appropriate transformations, we convert partial differential 

equations into ordinary differential equations. Next, we use the fifth-order Runge-Kutta Fehlberg 

approach to analyze the ordinary differential equations. We investigate the effect of the concerning 

physical parameters by graphs and numerical values through tables. These findings are unique and 

may be helpful in the engineering and industrial fields. 

2. Materials and methods 

The steady flow of incompressible Casson hybrid nanofluid over a permeable exponential 

stretching sheet is deliberated (see Figure 1). 

 

Figure 1. The flow pattern of Casson hybrid nanofluid. 
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The induced magnetic field is taken into account under the stagnation point flow. Heat generation 

and nonlinear radiation effects are discussed. The fluid wall temperature is 𝑇𝑤 and the ambient fluid 

temperature is 𝑇∞. 𝑈𝑒 is free stream velocity, and 𝐻𝑒 is the free stream magnetic velocity function. 

A mathematical model in differential form is built for flow analysis, such as (see [29–32]): 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0,                                 (1) 

𝜕𝐻1

𝜕𝑥
+

𝜕𝐻2

𝜕𝑦
= 0,                                (2) 

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
−

𝜇𝑓

4𝜋𝑝
(𝐻1

𝜕𝐻1

𝜕𝑥
+ 𝐻2

𝜕𝐻1

𝜕𝑦
) = 𝑈𝑒

𝑑𝑈𝑒

𝑑𝑥
−

𝜇

4𝜋𝑝
𝐻𝑒

𝑑𝐻𝑒

𝑑𝑥
+ ν𝑓

𝜌𝑓

𝜌ℎ𝑛𝑓
(

1

(1−𝜙1)2.5(1−𝜙2)2.5 +
1

𝛽1
)

𝜕2𝑢

𝜕𝑦2 −

𝜌𝑓k

𝜌ℎ𝑛𝑓
𝑢,                                   (3) 

𝑢
𝜕𝐻1

𝜕𝑥
+ 𝑣

𝜕𝐻1

𝜕𝑦
− 𝐻1

𝜕𝑢

𝜕𝑥
− 𝐻2

𝜕𝑢

𝜕𝑦
= 𝜇𝑒

𝜕2𝐻1

𝜕𝑦2 ,                      (4) 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼ℎ𝑛𝑓

𝜕2𝑇

𝜕𝑦2 + 𝑄
(𝜌𝐶𝑝)

𝑓

(𝜌𝐶𝑝)
ℎ𝑛𝑓

(𝑇 − 𝑇∞) −
(𝜌𝐶𝑝)

𝑓

(𝜌𝐶𝑝)
ℎ𝑛𝑓

𝜕𝑞𝑟

𝜕𝑦
.               (5) 

With relevant boundary conditions are as follows: 

𝑢 = 𝛽∗𝜇𝑓 (
1

(1−𝜙1)2.5(1−𝜙2)2.5 +
1

𝛽1
)

𝜕𝑢

𝜕𝑦
, 𝑣 = 𝑉𝑤, 𝐻1 = 0, 𝐻2 = 0, 𝑇 = 𝑇𝑤 + 𝛾∗ 𝜕𝑇

𝜕𝑦
, at 𝑦 → 0, 

𝑢 → 𝑈𝑒, 𝐻1 → 𝐻𝑒, 𝑇 → 𝑇∞, as 𝑦 → ∞.                   (6) 

Introducing the stream functions are (see [29–32]) 

𝑢 =
𝜕𝜓

𝜕𝑦
, 𝑣 = −

𝜕𝜓

𝜕𝑥
, 𝐻1 =

𝜕𝜓1

𝜕𝑦
, 𝐻2 = −

𝜕𝜓1

𝜕𝑥
, 𝑇 = 𝑇∞ + (𝑇𝑤 − 𝑇∞)𝜃(𝜂).       (7) 

𝜓1 = 𝐻𝜊𝑒𝑥 2𝐿⁄
√

𝜐

𝑈𝜊
g(𝜂) and 𝜓 = √2𝑢𝜊𝜐𝐿𝑒

𝑥

2𝐿𝑓(𝜂) are the stream functions of the magnetic field 

and velocity. By using these values, the suitable transformations can be written as 

𝑢 =
𝜕𝜓

𝜕𝑦
= 𝑢𝜊𝑒𝑥 𝐿⁄ 𝑓′(𝜂), 𝑣 = −

𝜕𝜓

𝜕𝑥
= −√

𝑢𝜊𝜐

2𝐿
𝑒𝑥 2𝐿⁄ (𝑓 + 𝜂𝑓′), 𝐻1 =

𝜕𝜓1

𝜕𝑦
=

𝐻𝜊𝑒𝑥 2𝐿⁄

√2𝐿
𝑔′(𝜂), 

𝐻2 = −
𝜕𝜓1

𝜕𝑥
= −

𝐻𝜊𝑒𝑥 2𝐿⁄

2𝐿
√

𝜐

𝑈𝜊
(𝑔 + 𝜂𝑔′).                      (8) 

Using the above suitable transformation, the partial differential equations are converted into 

ordinary differential equations as below: 

𝜌𝑓

𝜌ℎ𝑛𝑓
(

1

(1−𝜙1)2.5(1−𝜙2)2.5 +
1

𝛽1
) 𝑓′′′(𝜂) + 𝑓′′𝑓 + 2(1 − 𝑓′) + 𝛾1[2(𝑔′2(𝜂) − 1) − 𝑔𝑔′′] −

𝑀
𝜌𝑓

𝜌ℎ𝑛𝑓
(𝑓′(𝜂) − 1) + 𝛿𝜃 = 0,                       (9) 
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𝜆𝑔′′′(𝜂) − 𝑔𝑓′′ + 𝑔′′𝑓 = 0,                         (10) 

𝐾ℎ𝑛𝑓

𝐾𝑓

(𝜌𝑐𝑝)
𝑓

(𝜌𝑐𝑝)
ℎ𝑛𝑓

1

𝑃𝑟
(1 +

4

3
𝑅𝑑) 𝜃′′ + 𝑓𝜃′ +

(𝜌𝑐𝑝)
𝑓

(𝜌𝑐𝑝)
ℎ𝑛𝑓

𝐾𝜃 = 0,               (11) 

with boundary conditions 

𝑓(0) = 𝑆, 𝑓′(0) = 𝜆1 (
1

(1−𝜙1)2.5(1−𝜙2)2.5 +
1

𝛽1
) 𝑓′′(0), 𝑓′(∞) = 1, 𝑔(0) = 0, 𝑔′(0) = 0, 𝑔′(∞) =

1, 𝜃(0) = 1 + 𝛿1
𝐾ℎ𝑛𝑓

𝐾𝑓
(1 +

4

3
𝑅𝑑)𝜃′(0), 𝜃(∞) = 0.                  (12) 

Some physical quantities of interest are melting rate at stretching sheet or Nusselt number 𝑁𝑢𝑥 

and skin friction 𝐶𝑓. The skin friction drag is presented as 𝐶𝑓 =
𝜏𝑤

𝜌𝑓𝑈𝑤
2, the ratio of conductive and 

convective heat transfer rate is defined as 𝑁𝑢𝑥 =
𝑥𝑞𝑤

𝑘(𝑇∞−𝑇𝑤)
. The surface shear stress and heat flux are 

presented as below: 

𝜏𝑤 = 𝜇𝑓 (
1

(1 − 𝜙1)2.5(1 − 𝜙2)2.5
+

1

𝛽1
) (

𝜕𝑢

𝜕𝑦
)

𝑦=0

, 𝑞𝑤 = −𝑘ℎ𝑛𝑓 (1 +
4

3
) (

𝜕𝑇

𝜕𝑦
)

𝑦=0

. 

Using Eq (8), the above quantities become as 

𝑅𝑒𝑥
1/2

𝐶𝑓 = (
1

(1 − 𝜙1)2.5(1 − 𝜙2)2.5
+

1

𝛽1
) 𝐹′′(0), 𝑅𝑒𝑥

1/2
𝑁𝑢𝑥 = −𝑘ℎ𝑛𝑓 (1 +

4

3
) 𝜃′(0). 

The local Reynolds number is 𝑅𝑒𝑥 =
𝑈𝑤𝑥

𝜈
. Some expressions are presented as: 

𝜇ℎ𝑛𝑓

𝜇𝑓
=

1

(1−𝜙1)2.5(1−𝜙2)2.5, 
𝜌ℎ𝑛𝑓

𝜌𝑓
= (1 − 𝜙1)(1 − 𝜙2) + 𝜙1

𝜌𝑠1

𝜌𝑓
+ 𝜙2

𝜌𝑠2

𝜌𝑓
, 

(𝜌𝐶𝑝)ℎ𝑛𝑓

(𝜌𝐶𝑝)𝑓
= (1 − 𝜙1)(1 − 𝜙2) + 𝜙1

(𝜌𝐶𝑝)𝑠1

(𝜌𝐶𝑝)𝑓
+ 𝜙2

(𝜌𝐶𝑝)𝑠2

(𝜌𝐶𝑝)𝑓
. 

The thermophysical characteristics of base fluid and nanoparticles in Table 1(see [21]). 

Table 1. Thermophysical characteristics of base fluid and nanoparticles. 

Physical properties Base fluid Nanoparticles 

 Water SWCNTs MWCNTs 

𝐶𝑝 (
𝐽

𝑘𝑔 𝐾⁄ ) 4179.0 425.00 796.0 

𝜌(𝑘𝑔/𝑚3) 997.10 2600.0 1600.0 

𝐾(𝑊/𝑚𝐾) 0.6130 6600.0 3000.0 
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2.1. Numerical procedure 

The system of differential equations is a nonlinear boundary value problem. Several methods have 

been applied to solve the nonlinear boundary value problem arising in fluid dynamics. The system of 

nonlinear higher-order differential equations subject to boundary conditions is solved through the fifth-

order Runge-Kutta-Fehlberg approach. The higher-order nonlinear differential equations are 

transformed into first-order differential equations. The procedure of the transformed equations is as 

follows (see [30]): 

𝑦(1) = 𝑓(𝜂), 𝑦(2) = 𝑓′(𝜂), 𝑦(3) = 𝑓′′(𝜂), 𝑦𝑦1 = 𝑓′′′(𝜂),              (13) 

𝑦𝑦1 = [M{y(2) − 1} −
𝜌𝑓𝛾

𝜌ℎ𝑛𝑓
{2(𝑦2(5) − 1) − y(4). y(6)} − 2(1 − 𝑦(2) − 𝑦(3). 𝑦(1) +

𝛿𝑦(7)]
𝜌ℎ𝑛𝑓

𝜌𝑓
. [

1

(1−𝜙1)2.5(1−𝜙2)2.5 +
1

𝛽1
)−1],                    (14) 

𝑦(4) = 𝑔(𝜂), 𝑦(5) = 𝑔′(𝜂), 𝑦(6) = 𝑔′′(𝜂), 𝑦𝑦2 = 𝑔′′′(𝜂),            (15) 

𝑦𝑦2 = [𝑦(6). 𝑦(1) − 𝑦(4). 𝑦(3)]
1

𝜆
,                     (16) 

𝑦(7) = 𝜃(𝜂), 𝑦(8) = 𝜃′(𝜂), 𝑦𝑦3 = 𝜃′′(𝜂),                  (17) 

𝑦𝑦3 = −[y(1). y(8) −
(𝜌𝑐𝑝)

𝑓

(𝜌𝑐𝑝)
ℎ𝑛𝑓

𝐾𝑦(7)]
𝐾𝑓

𝐾ℎ𝑛𝑓

(𝜌𝑐𝑝)
ℎ𝑛𝑓

(𝜌𝑐𝑝)
𝑓

𝑃𝑟[1 +
4

3
𝑅𝑑]−1.      (18) 

With boundary conditions are 

𝑦0(1) − 𝑆; 𝑦0(2) − 𝜆1 (
1

(1−𝜙1)2.5(1−𝜙2)2.5 +
1

𝛽1
) 𝑦0(3);  𝑦𝑖𝑛𝑓(2) − 1;  𝑦0(4); 𝑦0(5); 𝑦𝑖𝑛𝑓(5) −

1;  𝑦0(7) − 1 − 𝛿1
𝐾ℎ𝑛𝑓

𝐾𝑓
(1 +

4

3
𝑅𝑑)𝑦0(8); 𝑦𝑖𝑛𝑓(7).             (19) 

The fifth-order Runge-Kutta-Fehlberg approach is used to solve the nonlinear higher-order 

differential system. The numerical outcomes will converge if the boundary residuals 

(R1(𝑢∗
1, 𝑢∗

2, 𝑢∗
3), R2(𝑢∗

1, 𝑢∗
2, 𝑢∗

3), R3(𝑢∗
1, 𝑢∗

2, 𝑢∗
3)) are not more than tolerance error i.e., 10−6. 

Newton’s approach is used to change the initial approximations, and it is repeated until the required 

convergence basis is met. The residuals of boundary are offered as below: 

R1(𝑢∗
1, 𝑢∗

2, 𝑢∗
3)  = |y2(∞) − y2̂(∞)|, 

R2(𝑢∗
1, 𝑢∗

2, 𝑢∗
3)  = |y5(∞) − y5̂(∞)|, 

R3(𝑢∗
1, 𝑢∗

2, 𝑢∗
3)  = |y7(∞) − y7̂(∞)|. 

Hence, 𝑦2̂(∞), 𝑦5̂(∞), and 𝑦7̂(∞) are computed boundary values. Validation of the numerical 

scheme using the grid-independent test. The models of hybrid nanofluid are introduced. The Yamada-

Ota model expression is defined as below (see [14]): 
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𝑘𝑏𝑓

𝑘𝑓
=

1+
𝑘𝑓

𝑘𝑠1

𝐿

𝑅
𝜙1

0.2+(1−
𝑘𝑓

𝑘𝑠1
)𝜙1

𝐿

𝑅
𝜙1

0.2+2𝜙1(
𝑘𝑠1

𝑘𝑠1−𝑘𝑓
)𝑙𝑛(

𝑘𝑠1+𝑘𝑓

2𝑘𝑠1
)

1−𝜙1+2𝜙1(
𝑘𝑓

𝑘𝑠1−𝑘𝑓
)𝑙𝑛(

𝑘𝑠1+𝑘𝑓

2𝑘𝑓
)

, 

𝑘ℎ𝑛𝑓

𝑘𝑏𝑓
=

1+
𝑘𝑏𝑓

𝑘𝑠2

𝐿

𝑅
𝜙2

0.2+(1−
𝑘𝑏𝑓

𝑘𝑠2
)𝜙2

𝐿

𝑅
𝜙2

0.2+2𝜙2(
𝑘𝑠2

𝑘𝑠2−𝑘𝑏𝑓
)𝑙𝑛(

𝑘𝑠2+𝑘𝑏𝑓

2𝑘𝑠2
)

1−𝜙2+2𝜙2(
𝑘𝑏𝑓

𝑘𝑠2−𝑘𝑏𝑓
)𝑙𝑛(

𝑘𝑠2+𝑘𝑏𝑓

2𝑘𝑏𝑓
)

. 

Xue model expression is defined as below: 

𝑘𝑏𝑓

𝑘𝑓
=

1−𝜙1+2𝜙1(
𝑘𝑠1

𝑘𝑠1−𝑘𝑓
)𝑙𝑛(

𝑘𝑠1+𝑘𝑓

2𝑘𝑓
)

1−𝜙1+2𝜙1(
𝑘𝑓

𝑘𝑠1−𝑘𝑓
)𝑙𝑛(

𝑘𝑠1+𝑘𝑓

2𝑘𝑓
)

, 

𝑘ℎ𝑛𝑓

𝑘𝑏𝑓
=

1−𝜙2+2𝜙2(
𝑘𝑠2

𝑘𝑠2−𝑘𝑏𝑓
)𝑙𝑛(

𝑘𝑠2+𝑘𝑏𝑓

2𝑘𝑏𝑓
)

1−𝜙2+2𝜙2(
𝑘𝑏𝑓

𝑘𝑠2−𝑘𝑏𝑓
)𝑙𝑛(

𝑘𝑠2+𝑘𝑏𝑓

2𝑘𝑏𝑓
)

. 

Tiwari-Das model expression is defined as below: 

𝑘𝑏𝑓

𝑘𝑓
=

(𝑛−1)𝑘𝑓−(𝑘𝑓−𝑘𝑠1)𝜙1(𝑛−1)+𝑘𝑠1

(𝑘𝑓−𝑘𝑠1)𝜙1+(𝑛−1)𝑘𝑓+𝑘𝑠1

, 

𝑘ℎ𝑛𝑓

𝑘𝑏𝑓
=

(𝑛−1)𝑘𝑏𝑓−(𝑘𝑏𝑓−𝑘𝑠2)𝜙2(𝑛−1)+𝑘𝑠2

(𝑘𝑏𝑓−𝑘𝑠2)𝜙2+(𝑛−1)𝑘𝑏𝑓+𝑘𝑠2

. 

3. Results and discussion 

A system of nonlinear ordinary differential Eqs (9)–(11) with boundary conditions (12) is solved 

through a numerical technique using the Matlab software packages. The involving physical parameters 

namely: 𝑀  porosity parameter, 𝛽1  Casson fluid parameter, 𝛾1  magnetic parameter, 𝛿  bouncy 

force parameter, 𝜆  reciprocal magnetic Prandtl number, 𝑃𝑟  Prandtl number, 𝐾  heat generation, 

𝑅𝑑  radiation parameter, 𝑆  suction parameter, 𝜆1 velocity slip parameter, and 𝛿1  thermal slip 

parameter effects on the velocity profile, induced magnetic profile and temperature profile are revealed 

through Figures 2–13. In this analysis, we considered three models of hybrid nanofluid, namely: the 

Xue, Tiwari Das, and Yamada-Ota models. Two kinds of nanoparticles are discussed: single-wall and 

multi-wall carbon nanotubes with base fluid water. Thermo-physical characteristics of base fluid and 

nanoparticles are used which are revealed in Table 1. The variation of the velocity profile and 𝛽1 is 

shown in Figure 2. The curves of the velocity profile declined due to increasing the values of the 

Casson fluid parameter. The viscosity of fluid increased due to an increment in the Casson fluid 

parameter, which ultimately reduced the velocity of the fluid at the permeable vertical Riga sheet. The 

influence of 𝛾1 on the velocity function is presented in Figure 3. The velocity profile curves decrease 

as the values of 𝛾1  rise. As the electromagnetic forces enhanced due to increment of magnetic 

parameter which declined the velocity function. 
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Figure 2. Effect of 𝛽1 on the 𝐹′(𝜂). 

 

Figure 3. Effect of 𝛾1 on the 𝐹′(𝜂). 

The impacts of 𝜆1 on the velocity profile are revealed in Figure 4. The velocity profile increased 

due to growing values of 𝜆1. This is due to the fact that when the slip condition arises, the velocity of 

the stretching sheet is different from the flow velocity nearby. The variation of the porosity parameter 

and the velocity profile is presented in Figure 5. It is prominent that the velocity function declined due 

to enhancing values of the porosity parameter. The velocity boundary layer thickness increases with 

the porosity value, reducing the fluid flow resistance. 
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Figure 4. Effect of 𝜆1 on the 𝐹′(𝜂). 

 

Figure 5. Effect of 𝑀 on the 𝐹′(𝜂). 

Figure 6 highlights the influence of 𝜙2 on the velocity profile. The curves of the velocity profile 

decline due to higher values of 𝜙2 . As a result, the magneto-Casson hybrid nanofluid's effective 

viscosity increases for positive values of the nanoparticle volume fraction and exhibits high resistance 

to liquid motion. The impact of solid nanoparticles concentration on the induced magnetic profile is 

presented in Figure 7. The induced magnetic profile declined due to increasing values of solid 

nanoparticle concentration. The magnetic field provides an impulse to the fluid that is being slowed 

down by viscous force as well as stabilizing the viscous impacts. 
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Figure 6. Effect of 𝜙2 on the 𝐹′(𝜂). 

 

Figure 7. Effect of 𝜙2 on the 𝑔′(𝜂). 

The variation of the magnetic Prandtl number with the induced magnetic profile is revealed in 

Figure 8. The induced magnetic profile increased due to increasing values of magnetic Prandtl number. 

The variation of the bouncy force parameter with temperature function is shown in Figure 9. The 

temperature profile increased due to rising values of the bouncy force parameter. 
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Figure 8. Effect of 𝜆1 on the 𝑔′(𝜂). 

 

Figure 9. Effect of 𝛿 on the 𝜃(𝜂). 

Figure 10 exposes the influence of thermal slip on the temperature profile. The curves of the 

temperature profile decline due to increasing values of thermal slip. The influence of 𝐾  on the 

temperature profile is illustrated in Figure 11. As heat generation increased, the temperature function 

at permeable vertical sheet improved. 
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Figure 10. Effect of 𝛿1 on the 𝜃(𝜂). 

 

Figure 11. Effect of 𝐾 on the 𝜃(𝜂). 

Figure 12 shows the impacts of 𝑅𝑑 on the temperature profile. The curves of the temperature 

profile increased due to larger values of the radiation parameter. Radiation is a heat exchanger between 

two surfaces. As the temperature enhanced due to enhancing the values of radiation parameters. The 

variation of 𝜙2 with the temperature profile is presented in Figure 13. The temperature profile shows 

an inciting nature towards higher concentration of solid nanoparticles. Because the thermal 

conductivity of the fluid was enhanced due to an increment in solid nanoparticles, which enhanced the 

temperature of the magneto-Casson hybrid nanofluid. 
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Figure 12. Effect of 𝑅𝑑 on the 𝜃(𝜂). 

 

Figure 13. Effect of 𝜙2 on the 𝜃(𝜂). 

The involving physical parameters, namely: 𝑀 porosity parameter, 𝛽1 Casson fluid parameter, 

𝛾1  magnetic parameter, 𝛿  bouncy force parameter, 𝜆1  reciprocal magnetic Prandtl number, 𝑃𝑟 

Prandtl number, 𝐾 heat generation, 𝑅𝑑 radiation parameter, 𝑆 suction parameter, 𝜆 velocity slip 

parameter, and 𝛿1 thermal slip parameter effects on the skin friction and Nusselt number are presented 

in Tables 2 and 3. The variation of the thermal slip with skin friction is presented in Table 2. The values 

of thermal slip are enhanced which increases skin friction. The inspiration of 𝑅𝑑 for skin friction is 

revealed in Table 2. The values of skin friction increased due to higher values of radiation parameters. 

As the radiation is enhanced it resists to enhance the skin friction. 
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Table 2. Comparative numerical analysis of the Yamada-Ota model, Tiwari-Das model, and Xue 

model for skin friction with physical parameters. 

Physical parameters 𝑅𝑒𝑥
1/2

𝐶𝑓 

𝛿1 𝑅𝑑 𝐾 𝛾1 𝑀 𝛿 𝜆1 𝛽1 𝜆 𝜙2 𝑆 
Yamada-

Ota Model 

Xue-

Model 

Tiwari-Das 

Model 

0.2 04 0.4 0.1 0.3 0.5 0.4 0.3 0.5 0.04 0.4 3.9277 3.9265 3.8982 

0.4 - - - - - - - - - - 3.9331 3.9321 3.9217 

0.6 - - - - - - - - - - 3.9379 3.9371 3.9378 

0.4 0.2 - - - - - - - - - 3.9293 3.9284 3.9259 

- 0.4 - - - - - - - - - 3.9331 3.9321 3.9217 

- 0.6 - - - - - - - - - 3.9364 3.9354 3.9191 

- 0.4 0.0 - - - - - - - - 3.9284 3.9278 3.9321 

- - 0.2 - - - - - - - - 3.9302 3.9294 3.9276 

- - 0.4 - - - - - - - - 3.9331 3.9321 3.9217 

-2 - 0.6 - - - - - - - - 3.9380 3.9368 3.9130 

- - 0.4 0.1 - - - - - - - 3.9331 3.9321 3.9217 

- - - 0.3 - - - - - - - 3.1784 3.1774 3.1647 

- - - 0.5 - - - - - - - 2.3019 2.3008 2.2825 

- - - 0.1 0.0 - - - - - - 4.2479 4.2479 4.2479 

- - - - 0.3 - - - - - - 3.9331 3.9321 3.9217 

- - - - 0.6 - - - - - - 3.5766 3.5746 3.5555 

- - - - 0.3 0.0 - - - - - 4.0232 4.0232 3.9422 

- - - - - 0.5 - - - - - 3.9331 3.9321 3.8047 

- - - - - 1.0 - - - - - 3.8436 3.8416 3.6662 

- - - - - 0.5 0.2 - - - - 3.8979 3.8969 3.7675 

- - - - - - 0.4 - - - - 3.9331 3.9321 3.8047 

- - - - - - 0.6 - - - - 3.9540 3.9530 3.8266 

- - - - - - 0.4 0.1 - - - 5.8775 5.8766 5.6973 

- - - - - - - 0.3 - - - 3.9331 3.9321 3.8047 

- - - - - - - 0.5 - - - 3.5737 3.5727 3.4533 

- - - - - - - 0.3 0.0 - - 5.2763 5.2749 5.0492 

- - - - - - - - 0.5 - - 3.9331 3.9321 3.8047 

- - - - - - - - 1.0 - - 3.1172 3.1165 3.0330 

- - - - - - - - 0.5 0.005 - 3.3073 3.3070 3.2240 

- - - - - - - - - 0.02 - 3.5631 3.5625 3.4621 

- - - - - - - - - 0.04 - 3.9331 3.9321 3.8047 

- - - - - - - - - 0.06 - 4.3394 4.3381 4.1788 

- - - - - - - - - 0.04 0.0 3.6943 3.6933 3.5161 

- - - - - - - - - - 0.2 3.8118 3.8108 3.6568 

- - - - - - - - - - 0.4 3.9331 3.9321 3.8047 

- - - - - - - - - - 0.6 4.0575 4.0567 3.9526 
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Table 3. Comparative numerical analysis of Yamada-Ota model, Tiwari-Das model, and Xue 

model for Nusselt number with physical parameters. 

Physical parameters 𝑅𝑒𝑥
1/2

𝑁𝑢𝑥 

𝛿1 𝑅𝑑 𝐾 𝛾1 𝑀 𝛿 𝜆1 𝛽1 𝜆 𝜙2 𝑆 
Yamada-

Ota Model 

Xue-

Model 

Tiwari-Das 

Model 

0.2 04 0.4 0.1 0.3 0.5 0.4 0.3 0.5 0.04 0.4 3.5558 3.4796 1.8070 

0.4 - - - - - - - - - - 3.3573 3.2804 1.4694 

0.6 - - - - - - - - - - 3.1795 3.1024 1.2376 

0.4 0.2 - - - - - - - - - 3.0678 3.0002 1.3549 

- 0.4 - - - - - - - - - 3.3573 3.2804 1.4694 

- 0.6 - - - - - - - - - 3.6307 3.5450 1.5672 

- 0.4 0.0 - - - - - - - - 5.4398 5.3008 1.8099 

- - 0.2 - - - - - - - - 4.5319 4.4212 1.6671 

- - 0.4 - - - - - - - - 3.3573 3.2804 1.4694 

- - 0.6 - - - - - - - - 1.7182 1.6821 1.1640 

- - 0.4 0.1 - - - - - - - 3.3573 3.2804 1.4694 

- - - 0.3 - - - - - - - 2.8416 2.7778 1.3849 

- - - 0.5 - - - - - - - 1.9747 1.9312 1.2451 

- - - 0.1 0.0 - - - - - - 3.5143 3.4338 1.4973 

- - - - 0.3 - - - - - - 3.3573 3.2804 1.4694 

- - - - 0.6 - - - - - - 3.1609 3.0883 1.4347 

- - - - 0.3 0.0 - - - - - 3.4099 3.3318 1.4704 

- - - - - 0.5 - - - - - 3.3573 3.2804 1.4587 

- - - - - 1.0 - - - - - 3.3036 3.2278 1.4465 

- - - - - 0.5 0.2 - - - - 3.3233 3.2475 1.4544 

- - - - - - 0.4 - - - - 3.3573 3.2804 1.4587 

- - - - - - 0.6 - - - - 3.3762 3.2986 1.4612 

- - - - - - 0.4 0.0 - - - 2.5806 2.5223 1.3223 

- - - - - - - 0.3 - - - 3.3573 3.2804 1.4587 

- - - - - - - 0.6 - - - 3.6019 3.5190 1.5034 

- - - - - - - 0.3 0.0 - - 2.5647 2.4973 1.1972 

- - - - - - - - 0.5 - - 3.3573 3.2804 1.4587 

- - - - - - - - 1.0 - - 3.7602 3.6767 1.5657 

- - - - - - - - 0.5 .005 - 2.5001 2.4666 1.4006 

- - - - - - - - - 0.02 - 2.8923 2.8389 1.4266 

- - - - - - - - - 0.04 - 3.3573 3.2804 1.4587 

- - - - - - - - - 0.06 - 3.7799 3.6816 1.4876 

- - - - - - - - - 0.04 0.0 1.6248 1.5507 0.196851 

- - - - - - - - - - 0.2 2.5003 2.4258 0.85367 

- - - - - - - - - - 0.4 3.3573 3.2804 1.4587 

- - - - - - - - - - 0.6 4.1876 4.1061 1.8678 

The influence of 𝐾 on skin friction is highlighted in Table 2. The values of skin friction increased 
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due to higher values of the heat generation parameter. Table 2 reveals the variation of porosity 

parameters and skin friction. The values of skin friction decline due to higher values of the porosity 

parameter. The porous body's pore volume to total nominal volume ratio resists decreasing skin friction. 

The impact of the bouncy force parameter on the skin friction reveals in Table 2. The values of skin 

friction are reduced due to higher values of the bouncy force parameter. A body submerged partially 

or completely in a fluid appears to drop weight or to be lighter due to the buoyant force. 

The impact of velocity slip on skin friction is revealed in Table 2. Values of skin friction increased 

due to higher values of 𝜆1. This is due to the fact that when the slip condition arises, the velocity of 

the stretching sheet is different from the flow velocity nearby as well as skin friction is enhanced. 

Table 2 reveals the influence of the Casson fluid parameter on skin friction. The skin friction declines 

due to larger values of 𝛽1. The variation of the magnetic Prandtl number and skin friction is presented 

in Table 2. The skin friction is found to be decreasing behavior due to higher values of magnetic 

Prandtl number. The influence of 𝜙2 on skin friction is revealed in Table 2. The values of skin friction 

are found to be increasing due to higher values of 𝜙2  because of solid particles in the fluid are 

enhanced, which increases the skin friction phenomena. 

The variation of suction parameters with skin friction is revealed in Table 2. The values of skin 

friction increased due to larger values of 𝑆 because the section parameter enhanced, which resisted 

the flow of fluid as well as enhanced skin friction. The influence of thermal slip on the Nusselt number 

is revealed in Table 3. The values of the Nusselt number increased due to enhancing values of 𝛿1. 

The variation of radiation parameter and Nusselt number is revealed in Table 3. The values of the 

Nusselt number are enhanced due to boosting values of the radiation parameter. As a result of the 

addition of radiation, the heat transfer phenomenon was enhanced. The impacts of heat generation on 

the Nusselt number are presented in Table 3. The heat generation parameter is enhanced, which 

declines the values of the Nusselt number. The impacts of magnetic parameters on the Nusselt number 

are revealed in Table 3. The values of the Nusselt number are found to be declining due to higher 

values of the magnetic field parameter. 

The variation of the porosity parameter and Nusselt number is revealed in Table 3. The values of 

the Nusselt number are reduced due to porosity parameter enhancement. The variation of 𝛿 bouncy 

force parameter and Nusselt number are presented in Table 3. The values of the Nusselt number decay 

due to greater values of 𝛿  bouncy force parameter. The influence of velocity slip on the Nusselt 

number is shown in Table 3. The values of the Nusselt number are enhanced due to higher values of 

𝜆1 . The variation of 𝛽1  and Nusselt number reveals in Table 3. As the value of the 𝛽1  grew, the 

Nusselt number moved up. The impact of the magnetic Prandtl number on the Nusselt number is 

revealed in Table 3. The Nusselt number enhances for higher values of 𝜆. 

The influence of solid nanoparticle concentration on the Nusselt number is shown in Table 3. The 

heat transfer rate enhances due to higher values of 𝜙2. The thermal conductivity of the fluid increased 

due to the increment in solid nanoparticles in the base fluid, which boosted the values of the heat 

transfer rate. The inspiration of the suction parameter on the Nusselt number is highlighted in Table 3. 

The Nusselt number rises as the value of the suction parameter rises. Table 4 offers the comparative 

results of Zainal et al. [33] and Bachok et al. [34] for various values 𝜙2 on skin friction when the rest 

of values are zero such as 𝑀 = 𝛾1 = 𝛿 = 𝜆1 = 𝐾 = 𝑅𝑑 = 𝑆 = 𝜆 = 𝛿1 = 𝜙1 = 0  and 𝛽1 → ∞ . It 

should be noted that our results were found to be in good agreement with existing results. 
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Table 4. Comparison with Zainal et al. [33] and Bachok et al. [34] for different values 𝜙2 on the 

skin friction when the rest of values are zero such as 𝑀 = 𝛾1 = 𝛿 = 𝜆1 = 𝐾 = 𝑅𝑑 = 𝑆 = 𝜆 =

𝛿1 = 𝜙1 = 0 and 𝛽1 → ∞. 

𝜙2 Zainal et al. [33] Bachok et al. [34] Present results 

0.0 1.687218 1.687200 1.687221 

0.1 2.579342 2.579400 2.579317 

0.2 3.590122 3.590100 3.590111 

4. Conclusions 

In this analysis, the steady flow of hybrid Casson nanofluid over a vertical permeable exponential 

stretching sheet is considered. The impacts of the induced magnetic field are studied in this analysis. 

The influence of heat generation and radiation with a slip effect is studied. Three models of hybrid 

nanofluid, namely: Yamada-Ota, Xue, and Tiwari Das are debated. The key points are presented as 

follows: 

• The skin friction achieved higher values in the Yamada-Ota model of hybrid nanofluid as 

compared to the Xue model and the Tiwari Das model. 

• The Nusselt number achieved higher values in the Yamada-Ota model of hybrid nanofluid as 

compared to the Xue model and Tiwari Das model. 

• Temperature profile increased due to larger values of the radiation parameter. Radiation is a 

heat exchanger between two surfaces. 

• The temperature profile shows in inciting nature towards higher concentration of 

nanoparticles. Because the thermal conductivity of the fluid was enhanced due to an increment in solid 

nanoparticles, which enhanced the temperature of magneto-Casson hybrid nanofluid. 

• The velocity profile increased due to increasing the values of 𝜆1. This is due to the fact that 

when the slip condition arises, the velocity of the stretching sheet is different from the flow velocity 

nearby. 

• The velocity profile declined due to increasing the values of the Casson fluid parameter. Higher 

values of the Casson fluid parameter cause a reduction in viscosity of the fluid as a result 

velocity reduces. 

• The values of skin friction are found to be increasing due to higher values of 𝜙2 because 

solid particles in the fluid are enhanced, which increases the skin friction coefficient. 
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