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1. Introduction

While the concept of convex function comes to the forefront with its applications in many branches
of mathematics, it is a frequently used concept especially in inequality theory studies. The Hermite-
Hadamard inequality, a classical inequality that produces bounds on the Cauchy mean value of a convex
function, is one of the most famous inequalities proven in this sense. We will now start by recalling
this inequality.

Suppose that f : I € R — R is a convex mapping defined in the interval / of R where a, b € I such
that a < b. The statement below:

b
f(a+b)s;ff(x)dxs M
b-a 2
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holds and known as Hermite-Hadamard inequality. Both inequalities are reversed if f is concave.

Although the concept of convex function has various types and generalizations, it has also been
carried to different spaces. In [1], Dragomir touched upon the issue of transferring convex functions
to multiple dimensions. This modification is very attractive due to its wide usage in many inequalities
and applications in different fields of mathematics, especially convex programming.

Definition 1.1. Let us consider a bi-dimensional interval A = [a, b] X [c,d] in R*> witha < b, ¢ < d. A
function f : A — R will be called convex on the co-ordinates if the partial mappings f, : [a,b] — R,
fw) = f(u,y) and f; : [c,d] — R, fu(v) = f(x,v) are convex where defined for all y € [c,d] and
x € [a, b]. Recall that the mapping f : A — R is convex on A if the following inequality holds,

JAx+ (1 =Dz, Ay + (1 = DYw) < Af(x,9) + (1 = D f(z,w)
for all (x,y),(z,w) € Aand 4 € [0, 1].

Giving modifications of the convex function concept in multidimensional spaces undoubtedly
revealed the fact that concerning Hadamard type inequalities will be proved for these new function
classes. In [1], Dragomir has performed some integral inequalities for double integrals as the expansion
of Hermite-Hadamard inequality to a rectangle from the plane R? as following:

Theorem 1.2. Suppose that f : A = [a,b] X [c,d] — R is convex on the co-ordinates on A. Then one
has the inequalities:

a+b c+d
f( ) ) (1.1)
1|1 b c+d 1 a+b
= E[b—alf(x’ 2 )dx+d—cff( 2 ,y)dy]
1 b
= b-ad- )fa | Sy
< l[; bf(x,c)dx # bf(x,d)dx
41b-a) J, b-a)J,
d 1
+m ) f(a,y)dY+(d_c) ) f(b,y)dy]
< fla,c) + fa,d) + f(b,c) + f(b,d)
< 1 .

The above inequalities are sharp.

Numerous variants of this inequality were obtained for convexity and other types of convex
functions in co-ordinates by several researchers (see the papers [2—11]). Also, we can state that the
authors have established new integral identities in order to prove new inequalities in these papers as
following:

Lemma 1.3. [I10] Let f : A ¢ R* — R? be a partial differentiable mapping on A = [a,b] X [c,d] in

R? witha < band c < d. If% € L(A), then the following equality holds:

fla,0)+ fb.c)+ f(ad)+ f(b.d) 1 ”fl
4 " (b—a)d-c) ‘fa ) f(x, y)dxdy
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1| 1 4 1
—E[Ef f(d,)’)dyﬁ“ﬁfdf(b,ﬁdy
1 b 1 b
EL f(x,C)dX'FmL f(X,d)dX]

(b—-a)d-c)

1l 5
xf f (1—2t)(1—2s)—f(ta+(1—t)b sc+ (1 —s)d)dsdt.
0o Jo

We shall proceed to recall an interesting class of functions that is called n—polynomial convex
functions as follows:

Definition 1.4. (See [12]) Letn € N, f: I C R — R is an n—polynomial convex function, if
1 v 1 v
Fax+A -0 <-> A== fF@+= > A=)
n u=1 n pu=1

is valid for each x,y € I and ¢ € [0, 1].

We will indicate by POLC(I) at the interval I as the class of all n— polynomial convex functions.
Recently, a lot of developments are done for functions of such classes (see [13—15]) and references
therein. In [12], the following Hadamard type of inequality have been demonstrated by Toplu et al. for
n—polynomial convex functions.

Theorem 1.5. Let f € POLC(I), ifa < b and f € Lla, b), then the following Hermite-Hadamard type
inequality holds:

1 b fa) f(b)
E(m;n—l)f(a;) ff( r < 20 Zu+1

Theorem 1.6. (See [16]) Let f : [a,b] — R be an n—polynomial p—convex function. If a < b and
f € la, b], then the following Hermite-Hadamard type inequalities holds:

1 P4 bt
§(n+znn_1)f([a 1) (1.2)
p f(x) f(a) +f(b) Z

bp —ar J, xlp

u+1

»F| hypergeometric function which will be used in order to prove the main findings can be defined
as (see [17]):

1 ! .
SFy (a,b;c;7) = mf A -0t A —z7%dt, ¢c>b >0,z < 1.
» U 0

One of the effective ways to find precise and optimal boundaries for Hadamard type inequalities is
to use different kinds of convex functions. As a product of this effort, a new concept (m, n)—polynomial
(p1, p2)—convex function will be constructed on the co-ordinates and properties in this article. Also,
new integral inequalities of Hadamard type will be proved with this new function class. Considering
some special cases of the results, scientific knowledge in this field will be contributed.
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2. Main results

We start by introducing the following new class of function unifying convexity and harmonic
convexity on the co-ordinates:

Definition 2.1. Let m,n € N and A = [a, b] X [c,d] be a bi-dimensional interval. A non-negative real
valued function f : A — R is said to be (m, n)— polynomial (p;, p)- convex function on A on the
co-ordinates, if the following inequality holds:

f([tx"’1 +(1- t)zp‘]ﬁ, [sy?* + (1 - s)w"z]i
1 n l m
<= ) == 3 (1 =1 =9))f(x.y)
u=1 v=1

1< IR
F= (=(1 =0y > (1 =s")f(x, w)
n/,[:l mv:l

1< 1< 1< 1 <
+= D (== 3 (1= (=9 @)+~ ) (A=)~ > (1= )fGw)
pu=1 v=1 p=1 v=1

Where (X,y)’ (-x’ W)a (Zsy)a (Z7 W) € A7 D1, P2 € R and t’ ANS [O’ 1]

Remark 2.2. If we choose m = n = 1, it is easy to see that the definition of (m, n)—polynomial (py, p»)-
convex function reduces to the class of (pi, p2) convex functions.

Remark 2.3. If we choose py = p, = 1 and p, = p, = —1, the definitions of (m,n)—polynomial
(p1, p2)-convex function can be easily declared to be reduce to the class of (m,n)—polynomial convex
Junction and (m,n)—Harmonically polynomial convex function on co-ordinates on A, respectively.

Remark 2.4. The (2,2)—polynomial (p;, p>) convex functions satisfy the following inequality

Al + A= 0277, [7 + (1 = syw]m

3t—1*3s— §2 3t—1*2—s5—s?
<
2—t—13s— 5% 2—t—12—s5—5%
T fey + o faw)

where (x,y), (x,w), (z,y), (z,w) € Aand 1, s € [0, 1].

Example 2.5. Assume that f, : (0, 00) X (0, 00) — R be a family of (m, n)—polynomial (p,, p,)-convex
functions, and f(x,y) = sup fo(x,y). If

K ={u€[a,b] C(0,),v € [c,d] C (0,)}

is nonempty, then K is a bi-dimensional interval and f is an (m,n)—polynomial (p,, p»)-convex function
on K.
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Theorem 2.6. Assume that b > a > 0,d > ¢ > 0, f, : [a,b] X [c,d] — [0,00) be a family
of the (m,n)—polynomial (pi, p2)-convex function on A and f(u,v) = sup f,(u, v) Then, f is
(m, n)—polynomial (py, p,)-convex function on the co-ordinates, if K = {x,y € [a,b] X [c,d] : f(x,y) <
oo} is bidimensional interval.

Proof. Fort,s € [0,1] and (x,y), (x,w), (z,y), (z,w) € A, we can write
A + (=027 [sy? + (1 = syw]7)
= sup fuo( [t + (1= 027177, [y” + (1 = s)wP]7 )

< % #Z:J(l -(1- r)”)% VZ:(I — (1= 5)") sup foo(x,y)
+ % i(l —(1- t)")% 2(1 — ") sup foo(x, w)

+ - Z(l - rﬂ)— Z(l — (1 - 5)") sup fu(z,)

+= ;(1 - tf‘)E ;(1 ~ 5")sup fuolz, w)

- % #Z:J(l —(1- t)”)% Z(l — (1 =8)")f(x,y)

+ % g(l -(1- t)“)nl1 Z(l = 5")f(x,w)

+ % g(l - tf‘)nl1 Z(l -1 =9)")f(zy)

1 < 1 ¢
A== > (1= ) w).
n u=1 m v=1

Which completes the proof. O

Lemma 2.7. Every (m,n)—polynomial (p;, p,)-convex function on A is (m,n)—polynomial (pi, p»)-
convex function on the co-ordinates.

Proof. Consider the function f : A — R is (m, n)—polynomial (p;, p,)-convex function on A. Then,
the partial mapping f : [c,d] — R, fi(v) = f(x,v) is valid. Then, we can write

(1w + (1= op)7)
= fx [w? + (1= 2]7)
= f(ex? + (1= 022 70, [P + (1 = 1yvP2] 52 )

1< BN
<= QA=A =)fm+ — 3 (1= f(x.v)
u=1 u=1
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1 n 1 n
= = DA = A= )fw) + = (1= 1) £(v).
3 =

for V¢t € [0,1] and v,w € [c,d]. This shows the n—polynomial p,—convexity of f,. By a similar
argument, one can see the m—polynomial p;—convexity of f;,. We omit the details. O

Now, we will establish associated Hadamard type inequality for (m, n)—polynomial (p;, p;)- convex
function on the co-ordinates.

Theorem 2.8. Suppose that f : A — R is (m, n)—polynomial (pi, p>)- convex on the co-ordinates on
A, then the following inequality holds:

1 m n
Z(m+2—m— 1)(n+2‘”— 1)

xf([apl ;_bm ]ﬁ’ [sz _,2_dpz]plz)
1 f aP1+bf’1 )
_4[(n+2”— dP2—cP2fd lm dy
1
flx[=52=]7)
+ (m + zrilm — 1)[)171111 ab! L xl-m dx]

Pip2 f(x,y)
= (bPr — aPr)(dr: _sz)f x!=piyl=p A

11 p * f(a,y) P2 fby) \ 1
<z|- dy + dy —
2(n\dr2 —cr2 J. yl-pr dr:—cr2 J. yl-m pt t+
s ( p (Tfxo, (T fxd) dx) oS

m\brr —arr ), x!-r brr —art ),  xl-m — 5+ 1

f(a ¢) + fla,d) + f(b,c) + f(b, d)z Z
s+1 r+1

) (2.1

where forV t,s € [0,1] and py, p> € R.

Proof. Since f is (m,n)—polynomial (p;, p>)- convex function on the coordinates, it follows that
the mapping A, and h, are (m,n)—polynomial (p;, p»)- convex functions. Therefore, by using the
inequality (1.2) for the partial mappings, we can write

cP2 + dr2 5
? +d™; 2.2
2(m+2m—1)hx([ 2 ] ) 2:2)
P2 S x(c) + hy(d) Z
dar: — cr2 c ylpz y_ s+1°
Namely,
1 m c” +dP 5
S [——]") (2.3)
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f(xy) (XC)+f(Xd)
dar> _cpz fd 1=p2 Z

Dividing both sides of (2.3) by W and integrating the resulting inequality over [a, b], we have

s+ 1

o f’f< =k

2 m+2m— 1 b — g PR 24
b
< P12 Sy dxdy
(bPr — am)(dm —ch?) xl pnyl —P2
<[ P " flx, C) P * f(x,d) l N
“Lprr—gr ), xl-m bm —ar J, xl_Pl m £

By a similar argument for (2.3), but now for dividing both sides by d,,2+,,2 and integrating over [c, d]
and by using the mapping h, is (m, n)—polynomial (p;, p,)- convexity we get

VSR f"f([%]’”’y)

2°n+2"—1"br1 — gP 1-p» dy (2.5

d
PP f(xy)
= (bPr — aPr)(dP2 — cP?) f . xlmPyl=p Tyt 4y

<[ f@y p f(b,y)]lz": t

dr —cr2 J. yl-r dr —cr2 J. yl-r n & r+1

By summing the inequalities (2.4) and (2.5) side by side, we obtain the second and third inequalities
of (2.1).

By the inequality (1.2), we also have

P1 bPlpL D2 dpsz
et | Rl (N

D2 fdf([%]pll’y)

dl’z — cP2 yl—pz

IA

dy

14! bP1 5 D2 arz pL
2(n+2’j 1)f([a er ]1’[6 ; ]2)

L n s,

X.
bpl — aP1

_xl —P1

Which gives the first inequality of (2.1) by addition.
Finally, by using the inequality (1.2), we obtain

P2 f(ay)y fa, C)+f(ad)2

dp2 —ch2 c yl P2 s + 1

AIMS Mathematics Volume 7, Issue 12, 20461-20489.
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2 f(by) f(b C)+f(bd)z

dPZ — P2 yl P2 S+1
P f(XC) f(a C)+f(ad)z

b1 — gb xl=m t+1
D1 " fx, d) f(a d)*‘f(b d):g:

brr — ar x!l=p r+1

We can provide the last inequality of (2.1) by addition.

O

Remark 2.9. If we choose py = p, = 1, then we get the Hermite- Hadamard type inequality for
(m, n)—polynomial convex function on coordinates on A.

i) (55
)
= 411 (m+2njm—1)bia£ f(x C;d)dx
() [ (55
= B a)(d—c)f ff(x Dy
< —H(d S [ v+ ot )fdﬂby)dy)gﬂﬁl
( ff(x c)dx+(b ff(x d)dx)yzr:n;vil
L (f(a o)+ fla, d)n;f(b .0) + f(b, d))[Z'“ 1 Z H 1J
Remark 2.10. If we choose p, = p» = —1, then we get the (m, n)—Harmonically polynomial convex
function on A (See [18]).

Lemma 2.11. Let f : A — R be a twice partial differentiable function on A =

[a,b] X [c,d] C

(0, 00) X (0, 00) witha < b and ¢ < d. Ifata € Li(A), then we have

AIMS Mathematics

M(pi1, p2s f)
(bm _ am)(dpz _ sz)
4pip>

e 1-2¢ 1 —2s

S
[taP' + (1 —p)bPr] r17 [scP2 + (1 — s)dP2]

f 1 1

xﬁ( [ta” + (1 — b |71, [sc” + (1 — s)d"]7 )dtds
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where
M(pi, p2; f)
_ f(a,c) + f(b,c) + f(a,d) + f(b,d)
4
1 p " fx0) . flxd)
Bl E{bpl - am{ x!l=ri dx+ xl=pi dx}
P2 fla,y) f(b,y)
dPZ —CPZ{ ¢ yl—[’z d + yl—PZ dy}
b
pip2 fxy)
* (bPr — aPr)(dP2 — cP?) fa . xlmpiyl=p dxdy
for p1, p2 €R.
Proof. It suffices to note that,
M(py, p2; f)
B (bpl _ apl) (dm _ cpz)
4pip>

Xfl[ 1-2 ]{fl[ 1-2r )
o \[tan + (1 = br )77 ) Vo \[rer + (1 = rydrm)' %

O? 1 1
x I (1ra + (1= 0B 1% e + (1= r) a1 ) dr b,
otor

We will denote

: 1-2r
Il = f L
0 [rcpz + (1 — r) dpz] P2

>’ f 1 n
X (110" + (1= 0613 [P + (1= 1) a1 ) dr,
otor

Now, by applying integrating by parts for /;, we have

_ P2 af 1 1 T,l
I]— ma([fﬂp +(1—l)bp]1,C)
P2 af( » 1 )
- - - 1 1 - P17 p;
+ @ o) o [ta? + (1 — )b ] ,d

2 ' € N
— a chpz) f 8{ ([taPl +(1=0)b"]7 [re> + (1 —7) dpz]pz)dr'
- 0

Integrating again the equality above and using also the (2.6), we get

: 1-2¢ af 1
L= f [ 1 ]— [ta’' + (1 — 1) bP' ], c|dt
R 3f( )

(2.6)
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2p; "fxo

(bri —any* Jo X7

= Ff(a .0) + f(b,o)}y -

! - 1
I = f[ -2 l]af([ta"‘+(1 t)bpl]ﬂ,d)dt
o \[ram + (1 —nybr)" "o ) Ot

o ) 2]9% f(x d)
= G —am GOy )
, fl{fl( 1-2¢ )
4= 1
o “Jo \[tar + (1 = 1) bri1' "7
x?a_]; ([taf’l + (1= [re? + (1 - r)dPQ]é)dt}dr

Summing up of above I; to I, and changing of the variables, we complete the proof of the lemma. O

Theorem 2.12. Let f : A — R be a twice partial differentiable function on A = [a,b] X [c,d] €
O, 00) X (0,00) witha < b and ¢ < d. If 6[(') is (m, n)—polynomial (p, p2)- convex functions on A such

that 2L Mv € Li(A), then one has the inequality:

‘M(pl,pz;f)‘
1 1 D _ P2 2 2
Gl “:)(dp Cp)[ af(a c)‘+C2 f(a d)‘
P1P2
62
+C3 (b )' Cil3 f(b d)”

for py, p» € R where

ap]

1&[ 1 1 a’ 1
Cl :ZZ[W(ZFl(l_E,Z’?),I_ﬁ)_ZFl(l_ITI’LLI__

br

1
+2F1(1—— 1;3; =

+1

1
2
apl
(/1+1)(#+2)2F1(1 o BET S 1_5))

bP1
——,,u+1,u+2 1——)

aP1

+a(l71 1 (/,l‘l‘l

4 bP1
F 1——, +2u+3;1 - —
S u+2? 1( pH ok al)

! Fill- ! 1: 311 b
P+ D+ 2)° 1( pH TR _( _5)))

1 & 1 1 cP

b

P1 1 1
(1—“—)) - zFl(l—;l,l;wz;l——

a
P1
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1 D2 1 1 D2
R 1= 121 - ,F (1o =132 (1 - &
)2 danr: 223 2 anr:

1 1 P2
2F1(1 e liv+2:1- C—))
v+ 1 P2 dr

2 1 1 ch?
T Fl1- ,20v+ 31— —
T+ 1( 7 dp)

1 2 1 ar
—( 2F1(1——v+1v+21——)
+1 D2 ch2

4 1 dr
- 2F1(1 V+2 V+31——)
% j2% cr

! Fil1 ! + 1; +3'11 dm
> v+ ho+2)2 U T T YT T )]

1 ¢ 1 1 a’ 1 a’!
C = ;;[m(zﬂ(l—1)—1,2,3,1—5)—2&(1—171,1,2,1—%)

e d (1 ")+ Fi (1 L2194
2L p bl’l 121 ], iy 5 Hot
2 1 al!
S S— N R, Ty T [
(u+ D +2)° 1( o b”l)
1 2 1 P
m(ﬂ+12F1(l—p—ﬂ+lﬂ+21—;)

4 1 b
o F 1——,,U+2/,£+31——
p+2 )2 ab

1 1 1 bP
- Fill——u+Lu+3;=(1-—
20N + 1)(u + 2) P 2 ar
1 1 1 ch 1 ch?
w2l (=) e )

1 P2 1 1 P2
o [1- = 1315 )+ Bl = v+live2.1-S
)23 dr: v+1 )2 dp2

2 1 ch?
- Fil1- 2; 1 - —
(v+2)2 1( P ,V+2:v+3; dp)

! Fil1 ! +1; +3'11 d
2> v+ Ho+2)2 U T T YT T @)

1 ¢ 1 1 a’ 1 a’!
CF‘Z[WI - (zFl(l E,z,s,l—ﬁ)—zFl(l—])—,l,z 1_177)

u=1

1 1 al! 1 1 al!
+o.F (1l -—, 13, |1 —— ||+ Fill-—pu+Lpu+2;1-—
’ 1( P’ 2( b”‘)) p+ 1’ 1( pt T b”)
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2 1 P1
- DFi (1= =+ 2+ 301 =

u+2) D1 b

1 1 1 anm

- Fille = u+lu+3:.-0-L

2+ D +2)° 1( oo a3l bpl)))]

I « 1 1 cP? 1 cP?
x =3 |—[LF [1-=.2:31- ) F [1-=.1.2.1 -
m; dr>=b) (2 1( p2 dm) ’ 1( p2 dm)

1 P2 1 1 P2
+2F1(1——,1,31—C—)+ zFl(l——,l,v+21—c—)
p

ar +1 D2 dr
2 Lefi-Loyisi-<
- -—,2;v+31-—
v+Do+2p" ' p dr:

1 (2 1 n\ 4 1 2
+— [ F1-— vty - P {1=— v +2v+31 -
cPD\yv + 1, )2 dr|  v+2? D2 dr:

1

Fil1 ! +1;v+3 ! 1 dpz
- -— v+ Lv+351-—|]]|
2 lv+ Hov+2)> '\ py 2 c

1 Y 1 1 apl 1 apl
Cy= —Z[b(m m (2F1(1 p1,2;3;1_ﬁ)_zFl(l_p_l’l;Z;l__)

br1
l‘t_
1 1 apl 2 1 apl
+oF (1l -—, 153, |1 - — |- Fill- = u+2:u+3:1-2
’ ]( 4 2( bm)) (u+2), 1( p H+2u bm)
1 1 apl
- Fill1-—, 1; 3—(1-—
2+ D +2)° 1( 'y A+ lu+ ( bm))
Y PP vy i | I Y OO TG S B
24 p1 ) h ﬂ+12 1 p,/J ) o
1 1
- Fill-—pu+1Lu+3z(1-—
2+ D +2)° 1( prt T ( bm)))]
1 m l 1 CPZ 1 sz
XI’I_1VZ:; d(pz—l)(zFl(l_5’2’3’1_%)_2}71(1—;,1,2 1_d7)

1 P2
+2F1(1——,1,3 1—0—)
p

dr

1 1 ch? 2 1 cP?
+ Fill-—v+1;v+2;1-—|- Fill- +2;v+3;1 - —
v+l 1( p T d”z) v+2)° 1( p T d”)

! Fil1 ! +1;v+3 ! 1 a
- - — v+ Lv+3 -1 - —
2 lv+ Dv+2)2 ' p, 2 cp2

and A, = [ta” + (1 — )bP'], By = [sc” + (1 — 5)dP?] for fixed t, s € [0, 1].

Proof. From the definition of (m, n)—polynomial (p;, p,)- convex functions, we can write

02f
_Ap Bp
s " 2
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oL a0
+= Z(l ~(1- t)ﬂ)a Z(l - %) ﬁm, d)j
+ - Z(l —t’“‘)— (b c)’
+= ;(1 - t")% ;(1 — ) ﬁ(b, d)|.
By using the above inequality with lemma, we have
‘M(pl,pz;f)‘
(b — aP)(dP — ) 11— 261 =28 *f , & L
= 4pip> f f l—ﬁBl‘E 5t5S(A b )dtds
L W =y ) f f 11 =211 -2
4p1p2 mB FZ
Z(l -1 - r)ﬂ)— Z( (a o)
2f
+ 22(1 - —z)ﬂ)—z
pu=1
1< | & )
+ Z(l - 1)~ Z(l - ") %w, o)
+- Z(l - Z(l L, d)”dtds
which implies
)M(Plapz;f)‘
(b”1 —a’)(d"” — c”) )32}0 f |1—2t|(1—(1—f)")
4P1P2 otds 1—ﬁ
1< [ =241 - =9
" Z:; fo B
o f -2 - -0y =260 =5,
* 1305 d>' f o f
o f |1—2;|(1—zﬂ) |1—2s|(1—s)
atas(b C)‘ f f Bl‘ﬁz

2.7)
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O f =201 =) IL=2si(1 ="
atas(b d)' f 1—ﬁ f 1—;2 S].

By computing the above integrals, we can easily see that

’M(Pl,l?z;f)‘
(bm _ a”l)(dm _ sz) (92f Zf
4p1p2 [ -G, c)‘ +Co| =@ d)’

+c3 (b c)' C, —(b d)”

This completes the proof.

(2.8)

O

Corollary 2.13. If we set m = n = 1 in (2.8), we have the following inequality for (p;, p,)-convex

function on A.

‘M(pl,pz;f)‘
(P = aP)(dP? — ) 5> &
= 1 X [Cu f(a C)’ + C22 f(a d)’
P1D2
2f 2f
+C33'%(b, C)' +C44 (b d)”
where
1 1 al! 1 aP!
Cn = 5o 1)[2F1(1 ” 2333 l—bT)—zFl(l p,1,21—b7)
1 1 1 al!
Fi(1 - - )) (=t )
2’ 1 apl
-1 - —,2;u+ 31 - —
(u+ D +2)° 1 oM bp])]
1 2 1 bP!
m[ﬂ+12F1(1—p— U+ 1u+2; 1—;)
4 1 bP1
Fill-— u+2;u+3;1-—
:u+22 1( P1 H da am)
1 1 bP1
- Fi(l-—u+1Lu+3;=(1-—
2T+ D +2)° I o HTH ( ))]]
1 1 CPZ
[d(pz 1)[2F1(1 2 31 - dT)
1 CPZ 1
_zFl(l_172’1’2’1_5)”1?1(1_;7 (1_%))
1 1 CPZ
+ Fi(l-—, Lyv+21-—
——2Fi( ol =)
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2 1 1 »
= — F(1-—2v 431 - )]
v+ D +2) pay ) 2) dar:

—1 2 1 ar:
cp2— 1)[V+12F1(1 _172 v+ 1;v+2; 1—;)_
4 1 ar?

2F1(1—— v+2;v+3; 1__)
v+2 P2 ch2

1 1 1 ar:
- F(l-— 1: 1 -
(v + 1)(y+2)2 1( pz,v+ ;v + 3; ( il ))]]

1 1 14
€22 [b(p 1)[2F1(1 p1’2;3;1_2%)
1 " 1 1
_2F1(1—171,1;2;1—2‘—[”)+2F1(1_E,1;3 2(1_5))
! 2F1(1—pi1,1;,u+2;1—%)

+
u+1

2 1 P1
- e e n - )

—1 2 1 bP!
M a(m—l)['u+ 12F1(1 - 17,/1+1 s+ 251 — E)
4

_u+2

1 bP1
2F1(1——,u+2 u+3; 1—_)
P1 bl

1 1 1 bP1
- Fi\l -—,u+Lu+3;-(1-—
2N+ 1)(/1+2)2 1( D1 H H 2( ap ))]]
CPZ

1 1
[d(l?z 511 - p »253; l_d_P)
(1= 120 = ) R (1= 1 - )
1 1 P2
V+12F1(1—172,v+1;v+2;1—%)
2 1 CPz)

(v+2)2F‘(1 0y’ S

+

! 1 1 dr:
- Fi(l-—v+1; -
2T+ H(v + 2)° 1( pz,v+ 3V +3; ( i ))]]

Cs; [b@j 1)[2F1(1 pl 2;3; 1—2—:)
_2F1(1—%,1;2;1—%)+2F1(1_ 1

1 al?

2F1(1—pi,ﬂ+1 [+2; 1_b7)

1 apl
3’ 5(1 - ﬁ))

+

u+1
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2 1 P
— A2+ 3 1—“—)

- Fi(1-
u+2)’ i pi br:

_ 1 F (1 1 ETEY (1 aPl ))]
2t Da+2) VT H T R T
1 1 CPZ 1 sz
dP- 1)[2F1(1 p2’2;3;1_ﬁ)—2F1(1 e ,1:2; 1—%)
1 1 1
Fi(l-— 1 - —
. 1( p 2( dpz)) v+ 1

2 1 1 CPZ
- F(1-—.2v+31-—
v+ DHv+2) 2 ‘( P2 v dpz)]
P2

1 2 Fi(1 : Lv+2;1
* o 1)[V+12 1( s v+ 1, v+ _E)_

sz

2F1(1 pl I;v+2; 1_d_P)

4 1 arz
2F1(1—— v+ 2;v+3; 1——)
v+2 D2 cP?

1 1 ar:
T2+ v + 2)2F1(1 — p—z,v+ I;v+3; (1 - _))]]

1 1 141
Cuy [b(l’ 1)[2F1(1 o ,2:3; I—ZT)
—2F1(1—pi,1,2 1- bm

1 1 apl
Fill-—u+1lu+2;1-—
/¢t+12 1( pl"u M bpl)
2 1 apl
F U+ 2 u+ 31— —
Cw+2)’ (1~ T HToH )

bp1
- 1 2F1(1 l u+ Lu+3; (1——))]
2+ D) +2) » 2 T e
CPZ

1 1
[m[ﬂ?l(l - p—2,2;3; 1- E)

1 P2 1 P2
_2F1(1—172,1;2;1—%)+2F1(1 153 1-—)
1 1 P2
v+12F1(1_172 v+ 1v+2; 1—27)
2 1 sz)

Fi(l1- +2;v+3;1 - —
(V+2)2 l( p2V v an

)+2F1(1 pll,1;3 (l—ﬁ))

+

+

F ,V + + — [
:ZV_I(V ])(V 2)2 1 e

Corollary 2.14. If we set p; = p, = 1 in (2.8), then we have the following inequality for
(m, n)—polynomial convex function on A.
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(M1, 15 )

(b—a)(d—c) 2#(,:2+u+2) u 2V(v2+v+2)—2
Z 22+ D+ 2) Z‘ 2V+1(v+1)(v+2)]

{%”4 gt o] 280,01+ 25000
4

where

M(,1; f)
R COLY RS (CORY GO
- "o a)(d—c>fff(”)dydx

[ fdf(ay)dy+—ff(by)dy

P f f(x,0)dx + f f(x,d)dx]
—aJa b-a ],

Corollary 2.15. If we set p; = p, = -1 in (2.8) then we have the following inequality for
(m, n)—harmonically polynomial convex function on A.

fort,s € [0, 1].

[M-1,-15 1)
_ _ P &
¢ Qb c)[ o7 @,0]+ 35 f L (a.a)
| P "
+C3 ﬁ(b,c)‘ +C ﬁ(b,d)”
where
IM(~1,-1; f)
B f(a,c)+ f(b,c) + f(a,d) +f(b,d) abcd f(x, y)
- 4 (b a)(d - c) f (xy)2
1| cd fla,y) cd f(b,y)
_E[d—cf y? dy+d—cf y? ay
b b
ab f f(x;C)dx+ ab f f(x’d)dx],
-aJ, «x b-aJ, x*
Ll b
C =~ ; [a2[2F1(2,2;3;1 - 5)
AIMS Mathematics
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—oFi(2.1:2;1 - g) +2F(2,153; %(1 - S))

2
(u+ D +2)
DFi(2p+ L+ 21 - g)

+ 112F1(2,1;M+2;1—Z)— 2F1(2,2;,u+3;1—§)]

+b2[

2
(u+1

2F1(2,,u+2;,u+3;1—g)— !

2N+ D+ 2)

4
S (u+2)
o F (2 0+ L+ 3; %(1 - g))]]

n%Z [C2[2F1(2, 2,3, 1- g) - 2F1(2, 1,2, 1 - g)

! 2F1(2,1;v+2;1— il)

1 d
2P (213050 = D) + — :

2 d
—szl(Z,Z;v+3;l— E)]
+d2[(vi 1)2F1(2,v+ 1;v+2;1—§)
_ (v12)2F1(2,v+2;v+3;1 —2)

1
27l v+ Dy +2)

W27+ Ly + 3; %(1 - 2))]]

ct :% Z [a2[2F1(2, 2:3;1 - g) —oFi(2.1:2:1 - ]3)

pu=1 a
FaF(2 13500 ) + ;}T—9+ﬂqzl3-a__»
2

b
?_w+nw +2)

2F1(2,M+1;#+2;1—g)— (M42)2 1(

+ 2Fi(2.2:p 4+ 311 - ZZ)]

1
Fi2,,u+2;1-
+1° 1( H

+ 0 2/1+2,u+31—5)

2
(u+1D

1
S 1)(u+2)2F1(2"“+ 1?:“+3§§(1 _E))]]
1 d J
p :1[ 2F1(2,2:3; 1——) 2171(2,1;2;1_2)
+2F( —(1——)) 112F1(2,v+1;v+2;1—§)
(V—|2—2)2F1(2 V+2;v+3;1_§)

1
T2y + D+ 2)

2Fi(2.v+ 1y +3; %(1 - ‘Zl))]]
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3 :% [aZ[zFl(Z, 2;3;1 - Z) —oFi (21321 - ’Z)

p=1 a

+Jﬂ1n&%a—§»

1 b 2 b

+ +12F1(2’“+1;“+2;1_5)_(ﬂ+2)2F1(2’“+2;“+3;1_;)
2 a
Fi(2 1; 2:1——
+(/J+1)2 1( S M+ LU+ 23 b)

1
2+ D +2)

,712[ 2Fi(2.2:3; 1—‘—1) 2171(2,1;2;1—‘—61)

+2F(2, 1;3;5(1 - E)) +
2

21@u+1u+3—a——M]

ilel(Z,l;v+2;l—c—Ci)

d
- szl(Z,Z;v+ 3:1--)

C
+d2[(w2r 1)zFl(z,wr Lv+2:1- Cfl)
- (ij)2F1(2,v+2;v+3;1— 2)

1
- v+ Dv+2)

5 1(2 v+ 1;v+3; —(1——))]]

and

[a2[2F1(2,2;3; 1- g) —2Fy(2.1:2:1 - g)

ilel(z,M 1;u+2;1—§)

+2F1(2,1;3;%(1—§))+ﬂ

2 b
- Fi(2 2; i B
(,u+2)2 1( M2+ 3 a)

+

2 a
Fil2, 1; 2;1——
(,u+1)2 1( pt+ Lut b)
1
27N+ D +2)

[ 2F1 2 2:3; 1—‘—1) 2F1(2,1;2;1—§)

Jﬂzu+hu+&%a—§nﬂ

! 12F1(2,v+ Lv+2;1— g)

+2F1(2,1:3; —(1——))
2

2F1(2 v+2;v+3;1—%1)

v+2)
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1
27 v+ D(v +2)

2Fi(2.v+ Ly +3; (1—%1))]].

Theorem 2 16 Let f : A = [a b] X [c,d] € (0,00) X (0,00) — R be a partial differential mapping
on A and L ara

a is (m,n)—polynomial (p,, p,)- convex function on A, then one has the

following mequalzty

‘M(pl,pz;f)‘
(bP' — aP)(dP? — sz)[ (92f

apipar+ )i |00
&2

@, c)"’ +Cq aZ_f(a d)’

1

>’f f(b d)‘ ]

+C| 2 b, c)‘ + G|

where

Cs
:_Zf(l—(l—)/‘)A WL Zf(l—(l B, ds

1 1 P1
_Wﬁz [zFl(q(l - 2’7)

p=l

2F1(Q(1 - ), Lu+2;51 - b_ijl)]

11 .
XWEZ[zFl(q(l— ),1,21—27)

v=1

+1

1 P2
2Fi(g(l = =), v +2;1 - c—)]
D2

+1 dr:

Cs

:_Zf(l—(l—)”)A gL Zf(l—s)B gy

1 1 aP!
_mﬁg[zﬂ(g(l ——) 1;2; 1—5)
—2Fi(a1 - ),1,u+21—Z—Z')]
1 1 & P2
XW;;[ZFI( (1——)121—27)

zFl(q(l——) v+ 1y +2; 1—C—p2)]

+1 dr:
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C;

:—Zf(l—t")A i dt f(l—(l— 9B s

I 1
_W;Z[ZFI(CI(I__) 1 2 1—2—17)

p=1
Pl
+12F1(q(1——)u+1 H+2; l—ﬁ)]
1 1 © c?
x—dq(m_l%z_;[zﬂ( (1——) 1;2; 1—d—p)
1 CPZ
+ 12F1(CI(1 - Z)’ 1’V+23 1 - %)]’

and

Zf(l—t”)A gL Zfa— Y R

1 1 D1
_WZZ[ZFI(Q(l - —) 1 2 I—ZT)

u=1

1 aPl
+12F1(Q(1——),U+1 u+2 1——)

bp
1 1 N CPZ
Xmgg[zﬂ(ﬂl——) 1;2; l_ﬁ)

1 Cp2
- - 12F1(q(1 - p—z),V+ 1,V+2,1 - E)]

where A; = [ta”" + (1 — )bP'] and B = [scP* + (1 — s)d"?] for fixed t,s € [0,1], r,g>1 and% + é.

Proof. With the aid of the identity that is given in Lemma 2.11 and by using the Holder inequality for
double integrals, we get

|M(P1,P2;f)'

bPr — gPr)(dP? — cP? 1=2411-=2 2

( a’)( c )f fl I 5| c?f(A,,prz)dtds
4p1pa 1—531—5 otds

bPl _ PI dpz _ D2

B Gl it )ffll—Ztl - 2s|’dtds)
4pip>

ff AR MR g ‘a (A7 BP)
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Taking into account (m, n)—polynomial (p;, p»)- convexity of | s |q we obtain

|M(p1, p2; ) (2.9)
(bPl — am)(dpz — sz)( 1 )%
r+1

»’f g1 -+

'ata (@ c)' Zf(l—(l—t)")A dt
Tt —é)

x;Zf(l—(l—s))Bs ds

82f —q( —ﬂ)
+ |5 d)' Zf(l—(l—t)")A di

Y —q(—%)
X%Zf(l—s)Bs ds
)
M 9T, )‘ Zf(l— "y
oy d1=5)
XZZI(I—(I—s))BS ds

62 q1 —q(1--L)
f(bd)' Zf(l— A" gy
1 f —q(1=55) "
X — (1-s)B, ™ ds] .
m ; 0

We get the desired result by computing the above integral. O

Corollary 2.17. If we set m = n = 1 in Theorem 7, we have the following inequality (p;, p>)-convex
function on A.

|M(p1,pz;f)'
(bm _ ap')(dpz _ cpz)[ 82f
> Css
4pip2(r+ 1)7 0tds

(@,0) + Cag i(a o[

1

f

1 apl
Css =7 1)[2 (g1 - )121——)

2 2
9T, c)’q + Cyg —f(b d)

+C77'8t(9s

where

bpri

- pehfa - 131 - )
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Cp2

1
d‘l(Pz 1)[2 l(q(l ), 1;2;1 - dT)

1

- 2Fila -2 HBliﬂ

1 apl
Ces :W[zﬂ(q(l - ), 1:2:1 - ﬁ)
1 apl
_EZFI(C](l_ —), 1;3; l—bT)]

Cp2

1
dq(pz 1)[2 1(4(1 - ),1,2 1- dT)

_%2F1(‘I(1— —).2:3;1 - f;z)]

abl

1
QFME+NW—>¢N_ﬁ)

_lel(C](l _ ) 2 3 - Pl):|

2 b
1 Cp2
dq(pz 1)[2 1(‘1(1 - ), 1;2;1 - dT)
1 C.DZ
_ EzFl(q(l ), 131 - )]

and

1 apl
Css = b 1)[2 1(‘](1_ ) 1;2; l—ﬁ)

_lel(‘l(l— .23 1_1)]

2 o
1 cl’z
dq(pz 1)[2 1(‘1(1— ),1,2 1 - dp)
1 cpZ
_EZFI(Q(I— —),2;3; 1_d7)]

Corollary 2.18. If we set p; = p, = 1 in Theorem 7, then we get (m, n)—polynomial convex function
on A.

M1, 15 )|
b-a)d-c); 1 31 u A\l vl
1 ) G G )
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m&wﬂ (M
2 2 é
o Liv.of + éiww]

fort,se[O,l]and%+cl]:1.

Corollary 2.19. If we set p; = p, = —1 in Theorem 7, then we get the (m, n)—harmonically polynomial
convex function on A (See [18]).

‘M(‘L—l;f)|
bd(b - a)(d - c) azf g 82f ,
dac(r + 1)+ [ ol s(a,C)' +C; ﬁ(a,d)‘
1
Cilgrasts- ] i Vwmr
where
c3
1 + b .
= = [2F1(2q, 1;2;1 - 5) T+ 12F1(2q, Lu+2;1- 5)]
1 © J . )
E;[zﬂ 2q,1;2;1 - E)_ o+ 12F1(2q,1;v+2;1 — E)]
Cs
I + b ,
:;; = [2F1(2(],1;2; 1 - ;)_ L+ 12F1(2q,1;/¢ +2:1-— ;)}
1 © J | )
Z;[ZFl 2q,1;2;1 - ;)_ v 12F1(2q,v+ Lv+2;1— ;)]’
c
1 © b 1 ,
= = [2F1(2q,1;2;1— 5)_,u+ 12F1(2q,,u+ Lpu+2;1- 5)]
X%Z [2F1(26], 1;2;1 - %l) - vj— 12F1(2q, Liv+2;1 - g)l’
v=1
and
Cy
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:,ll [zFl(zq,1;2;1—g)—ui12F1(26[,/1+1;,u+2;1_§)]

X%;[2F1(2C],1;2;1—§)— Vi12F1(2q,v+1;V+2;1—%l)].

Theorem 2.20. Let f : A = [a,b] X[c,d] €— R be a partial differential mapping on A and 2L M e L(A).

If azab is (m, n)—polynomial (pi, p>)- convex function on A, then one has the following inequality for
q>1
[M(p, pos ) (2.10)
S(bpl — apl)(dpz _ cpz)(D)l_é
4p1p>
9 5
o°f ’f q
Ci|z-(@.0) +Co| 22 (a.d)
1
92 92 7
+ G —f(b o +ci f(b ok ]
where

1 1 1-L 1-L
_ f f 1 =244 7|1 = 26|B. " drds
0 0

1 1 a? 1 a’!
= 1)[2F1(1 231 %) —Fy(1- L2l - o)
1
+2F (1 - PR La- ﬁ))]
1 1 cP? 1 cP?
Ty [ZFI(I k- ﬁ) —oF(1- Lzl - d—p)
1 1 ch?
+,Fll-——,153; =(1 = —
oF PR dm))]
for Cy,C,, C5 and C4 are same with Theorem 2.12.
Proof. We have the following
M1, ps; 1)
bPl — aP\)(dP? — P2 1 =241 = 25l &2
( a’)( c )f f | I ls| f(A”B”)dtds
4p1p2 A gl 1010s
A, B
(b"’1 —al)(dr — c”2) f f |1 - 2t||1 - 2s| 1-1
ds)
4p1p> mB

t

1 =2t|1 = 25| 6* 1
f f | I S|) f pl sz)dtds)q.
l—ﬁB 61‘6

t
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By applying the (m, n)—polynomial (p;, p»)- convexity of | ataqu we get

[M(p1. 23 1) @.11)
1 — 1 2 2 1 _ _ _1
(b" a: )d? Cp)(f 11 121t||11 ?Sldtds)l i
P1D2 0 AI_HB “n
|02f q1 -2 - -0y =200 -(1-9)
otds f <1—i> f (1—¢>
Of I —2t|(1 — (1 =1 I —2s|(1 — )
+|5 o d) f (14) di— Zf s e s
Of - 2z|(1 - 11— 2s|(1 - (1 -
oy > c) f (1—% f <1—i>
oF ol I —2z|(1 - 11— 2sl(1 =) . |7
+5 0 d) Z f (I_L) Z f = d) :
O

We get the desired result by computing the above integrals.

Corollary 2.21. If we set m = n = 1 in (2.10), we have the following inequality (p;, p,)-convex

function on A.

‘M(Pl,l?z;f)‘
(b a:l)(dm =)y
P1P2
2
c| 2L L of + o L af
+ Cys i(b o +Cul azf b ]

where Cy;, Cy,, C33 and Cy4 are same in Corollary 2.13.
Corollary 2.22. If we set p; = p = 1 in (2.11), then we get the (m, n)—polynomial convex function

on A.
[m(1,15 )

<(b—a)(d—c)( 1 )2‘5(1 d [2ﬂ(,12+,1+2)—2]
= 4 p+ 1 \n &l i+ D +2)

u=l1

I 2702 +v+2) =24\
m Z [2"+1(v+ (v + 2)])

& & & ? g
% ‘ata];( )'q 8tc’£( d)' (%g;(b )‘ af(b d)”
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Corollary 2.23. If we set p; = p, = —1 in (2.10), then we get the (m, n)—harmonically polynomial
convex function on A.

[M=1,-15 )
Sabcd(b —4a)(d -0) (Dl)l_é
5 5 & ;
<|ctfstaof + cilfLwal + cilgLeof + il gL w.a |

where

D,
Vet =241 -2
:ff' A= 28] g
o Jo (A)* (By)

b b 1 b
:a2[2F1(2,2;3; 1-=)—2F(2,1;2;1 = =) +2F1(2,153; (1 - —))]
a a 2 a

d d 1. d
02[2F1(2’2;3§ l-=)—2F1(2,1;2;1 - E) +,F(2,1;3; 5(1 - E))]
c

for CT, C3,Cy and Cj are same in Corollary 2.15.
3. Conclusions

This paper will give directions to several researchers who would like to extend and generalize the
main findings. We have introduced the concept of (m, n)—polynomial (p;, p»)- convex functions on
the co-ordinates and proved some further properties of this interesting class of function. We have
expanded the argument by giving a new variant of Hermite-Hadamard inequality on the co-ordinates.
The findings have supported by giving earlier results in the special cases.
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