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Abstract: This work examines the multi-rogue-wave solutions for the Kadomtsev-Petviashvili (KP)
equation in form of two (3+1)-dimensional extensions, which are soliton equations, using a symbolic
computation approach. This approach is stated in terms of the special polynomials developed through
a Hirota bilinear equation. The first, second, and third-order rogue wave solutions are derived for these
equations. The interaction of many rogue waves is illustrated by the multi-rogue waves. The physical
explanations and properties of the obtained results are plotted for specific values of the parameters α
and β to understand the physics behind the huge (rogue) wave appearance. The figures are represented
in three-dimensional, and the contour plots and the density are shown at different values of parameters.
The obtained results are significant for showing the dynamic actions of higher-rogue waves in the deep
ocean and nonlinear optical fibers.
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1. Introduction

The soliton solutions of nonlinear evolution equations (NLEE) play an important role to understand
the various advantages of physical phenomena in fluids, plasmas, etc [1, 2]. Rational solutions are a
particular type of soliton solutions, which include lump and rogue waves.

A rogue wave which is a type of rational solution is isolated. It is reported in [3, 4] that the mean
height of rogue waves is at least double times the height of the neighboring waves. Rogue waves come
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from nowhere and disappear with no trace [5, 6] and superfluids [7]. The applications of rogue waves
with their rational solutions for the Boussinesq equation can be found in [8].

Rogue waves can be seen in the thick ocean [7, 9], water tanks [10, 11], and optical fibers [10, 12].
The purpose for the rogue wave is to understand the physics of the huge waves appearance and its

relations to the environmental conditions (wind and atmospheric pressure).
In the literature, many methods were proposed to derive the rogue wave solutions such as an

inverse scattering method [13], Hirota bilinear method [14], Darboux transformation method [15],
Bäcklund transformation method [16], variational direct method, simplified extended tanh-function
method, Exp-function method, extended rational Sin-Cos and sinh-cosh methods. In [17] the author
derives the periodic wave solution for the fractional complex nonlinear Fokas-Lenells equation via an
ancient Chinese algorithm so called the Ying Bu Zu Shu. Also in [18] the authors deduced the
abundant solitons and periodic solutions of the (1+2)-dimensional chiral nonlinear Schrödinger
equation using the extended He’s variational method. In [19] the same authors gave the explicit
solutions for the Benney-Luke equation in dark solitary, dark-like solitary, kinky dark solitary and
periodic wave solutions by the variational direct method (VDM).

The KP equation is a nonlinear partial differential equation in one temporal and two or three spatial
coordinate, describes the evolution of nonlinear long waves for small amplitudes.

Furthermore, the (KP) equation was proposed to deal with slowly varying perturbation wave in
dispersion media. This equation has been studied in a variety of scientific fields, such as solid state,
physics, plasma physics, fiber optics, propagation of waves, oceanography [20].

The importance of the nonlinear terms is to obtain the rogue waves which are nonlinear waves
phenomena, so they can be represented with a variety of nonlinear wave equations. Bilinear equation
was obtained for soliton equation only and can be used to handle the nonlinear wave equations.

The novelty of this work is handling the higher-order rogue wave solution by the (KP )equation in
form of two (3+1)-dimensional extensions

The multi-rogue wave solutions are found for the (3+1)-dimensional Jimbo-Miwa equation [21]
and (3+1)-dimensional Hirota bilinear equation based on the bilinear form for this equation using a
symbolic computation approach [22]. It is noted that there are similarity between the results in the
references [21, 22] and the obtained results in this paper which prove the correctness of the proposed
approach.

N-soliton solutions are obtained based on the simplified Hirota approach and kinky-lump breather,
combo line kink and kinky-lump breather are derived for (3+1)-dimensional Sharma-Tasso-Olver-like
(STOL) model [23]. By the bilinear form for the extended BKPA-Boussinesq equation the abundant
breather waves, multi-shocks waves and localized excitation solutions are obtained [24].

The symbolic computation approach method was chosen because it is a simple method to obtain the
higher order rogue wave solution without need to obtain a Darboux transformation [25].

Multi rogue waves of the Boussinesq type equation [26–28].
A rogue wave can be formed when wave energy is focused, usually during a storm. When the storm

produces waves that go against the prevailing ocean current, the wave frequency shortens.
In [29] the authors constructed the multiple lump solutions of the (3+1)-dimensional potential

Yu-Toda-Sasa-Fukuyama equation in fluid dynamics, in [30] the authors studied (2+1)-dimensional
asymmetrical Nizhnik-Novikov-Veselov equation. By adding some new constraints to the N-soliton
solutions and the resonance Y-type soliton and in [31] the authors investigated the multiple lump
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solutions for the generalized (3+1)-dimensional KP equation. With the aid of the variable
transformation

In this work, section 2 introduces the description of the symbolic computation approach [32].
Section 3 introduces the multi-rogue waves and bilinear system of the first extended
(3+1)-dimensional KP equation. The first, second, and third-order rogue waves for this equation are
derived in subsections 3.1–3.3. Section 4 introduces the multi-rogue waves and bilinear form of the
second extended (3+1)-dimensional KP equation. Subsections 4.1–4.3 introduces the derivations of
the first, second, and third-order rogue waves for this equation. Section 5 introduces the results and
conclusions of the outcome results.

2. Materials and methods

The nonlinear partial differential equations (NLEEs) are:

H(u, ut, ux, uy, uz, uxt, uxy, uxz...) = 0. (2.1)

Here, H is a function in u(x, y, z, t) and its derivatives.
The main steps of the proposed approach are:

Step 1. Following the Painlève analysis

u(x, y, z, t) = u(ζ, z). (2.2)

Step 2. By using (2.2) in NLEEs (2.1), the Hirota’s bilinear form is:

F(Dζ ,Dz) = 0, (2.3)

where ζ = x + y − et. The D-operator is defined by [33]

Dk
xDm

y Dn
z Dl

tg(x, y, z, t) · f (x, y, z, t) = (−1)k+m+n+l(
∂

∂x′
−
∂

∂x
)k(
∂

∂y′
−
∂

∂y
)m(
∂

∂z′
−
∂

∂z
)n

(
∂

∂t′
−
∂

∂t
)l[ f (x, y, z, t)g(x′, y′, z′, t′)] |x′=x,y′=y,z′=z,t′=t . (2.4)

Step 3. Let

F = Gn+1(ζ, z;α, β) = 2α zPn (ζ, z) + Fn+1 (ζ, z) + 2 β (ζ) Qn (ζ, z) +
(
α2 + β2

)
Fn−1 (ζ, z) , (2.5)

where

Fn(ζ, z;α, β) =

1
2 n(n+1)∑

k=0

 k∑
i=0

z2 ian(n+1)−2 k,2 iζ
n(n+1)−2 k

 ,
Pn(ζ, z) =

1
2 n(n+1)∑

k=0

 k∑
i=0

z2 ibn(n+1)−2 k,2 iζ
n(n+1)−2 k

 ,
Qn(ζ, z) =

1
2 n(n+1)∑

k=0

 k∑
i=0

z2 icn(n+1)−2 k,2 iζ
n(n+1)−2 k

 . (2.6)
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F0 = 1, F−1 = P0 = Q0 = 0, α, β, am,l, bm,l and cm.l, (m, l = 0, 2, 4, ...., n(n + 1)) are real numbers. α, β
are used to control the rogue-wave center.
Step 4. By substituting (2.5) into (2.3) and taking the coefficients of z and ζ equal to zero, a system of
polynomials is obtained.
Step 5. For getting the multi rogue wave solutions in terms of z and ζ, the values of am,l, bm,l and cm,l

are substituted into (2.5).

3. The bilinear form and multi rogue waves for the first extended (3+1)-dimensional KP
equation

The first extended (3+1)-dimensional KP equation [34]:

(ut + δuux + µuxxx)x + χ(uxx + uyy + uzz) = 0, (3.1)

where δ, µ and χ are plasma parameters. And u is a wave amplitude functions in x, y, z and t. The
rogue-waves solutions for (3.1) can be obtained by finding the Hirota bilinear form.

In (3.1) setting ζ = x + dy − et,

µuζζζζ + (d2χ + δ u − e + χ)uζζ + δu2
ζ + χuzz = 0. (3.2)

Using the following variable transformation

u = u0 +
12µ
δ

(ln F)ζζ . (3.3)

Where u0 is a constant, the Hirota bilinear form for (3.1) is obtained by substituting (3.3) into (3.2):

(µD4
ζ + (d2χ + δ u0 − e + χ)D2

ζ + χD2
z )F · F = 0. (3.4)

If χ = 1, µ = −(1/3), e = d2 + δ u0, then (3.1) converts to the Boussinesq equation [8].
The multi rogue wave solutions of the first extended (3+1)-dimensional (KP) equation (3.1) can be

obtained as follows.

3.1. First-order rogue waves n = 0

Here, F is selected as

F = G1 = a2,0ζ
2 + a0,2z2 + a0,0. (3.5)

Let a2,0 = 1 with no loss of generalization.
The coefficients a0,0 and a0,2 are obtained by substituting (3.5) into (3.4) and taken zero value for

the coefficients of all powers of z and ζ

a0,0 = −
3µ

d2χ + δ u0 + χ − e
, a0,2 =

d2χ + δ u0 + χ − e
χ

. (3.6)

The first-order rogue waves of Eq (3.1) is obtained by inserting (3.6) in (3.5) we get

u = u0 +
12µ
δ

(ln G1)ζζ , (3.7)
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where

G1 =
(d2χ + δ u0 + χ − e)(z − α)2

χ
+ (ζ − β)2 −

3µ
d2χ + δ u0 + χ − e

. (3.8)

Figure 1 shows first-order rogue wave solutions (3.7) at α = β = 0. These solutions have three centers
(0, 0) and (±3

√
−

µ

d2χ+δ u0+χ−e , 0). In three-dimensional, contour plot and the corresponding density plot
is presented. It is remarked that there is one peak, and the first-order rogue wave has the minimum
amplitude −8 d2χ+7 δ u0+8 χ−8 e

δ
at (0, 0) and maximal amplitude d2χ+2 δ u0+χ−e

δ
at (3

√
−

µ

d2χ+δU0+χ−e , 0) when

µ > 0, d2χ + δ u0 + χ < e. The first-order rogue wave solutions (3.7) at α = −5, β = −5 the center

of rogue wave will be (−5,−5) and (−5 d2χ−5 δ u0+3
√
−χ d2µ−δ µ u0−χ µ+eµ−5 χ+5 e

d2χ+δ u0+χ−e ,−5) as shown in Figure 2,

moreover, the minimal and maximal amplitudes also change into −8 d2χ+7 δ u0+8 χ−8 e
δ

and d2χ+2 δ u0+χ−e
δ

respectively.

(a) (b) (c)

Figure 1. The first-order rogue wave solution (3.7). (a) 3D plot; (b) Contour plot; (c) Density at
α = β = 0.

(d) (e) (f)

Figure 2. The first-order rogue wave solution (3.7). (d) 3D plot; (e) Contour plot; (f) Density at
α = β = −2.
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3.2. Second-order rogue waves n = 1

The second-order rogue wave solutions of Eq (3.1) can be found by setting n = 1 in Eq (2.5) as:

F = G2 (ζ, z;α, β) = 2α zP1 (ζ, z) + F2(ζ, z) + 2 β ζ Q1 (ζ, z) +
(
α2 + β2

)
F0 (ζ, z) =

a6,0ζ
6 +
(
z2a4,2 + a4,0

)
ζ4 + 2 ζ3β c2,0 +

(
z4a2,4 + 2α zb2,0 + z2a2,2 + a2,0

)
ζ2 + 2 β(

c0,2z2 + c0,0

)
ζ + a0,6z6 + a0,4z4 + 2α z3b0,2 + a0,2z2 + 2α zb0,0 + a0,0

(
α2 + β2 + 1

)
. (3.9)

Substituting (3.9) in (3.4) and taking the coefficients of all powers of ζ and z equal to zero, the set of
parameters am,l, bm,l, cm.l, (m, l = 0, 2, 4, 6) can be obtained as:

a0,0 =
1

9 ((d2 + 1)χ + δ u0 − e)3(α2 + β2 + 1)
(9 (c2,0

2(d2 + 1)β2 +
1
9
α2b2,0

2)(d2 + 1)2χ3

−27 (c2,0
2(d2 + 1)β2 +

2α2b2,0
2

27
)(d2 + 1)(−δ u0 + e)χ2 + 27 (c2,0

2(d2 + 1)β2 +
1

27
α2b2,0

2)

×(−δ u0 + e)2χ − 9 c2,0
2(−δ u0 + e)3β2 − 16875 µ3), a0,2 =

475µ2

χ
(
d2χ + δ u0 + χ − e

) ,
a0,4 = −

17µ
(
d2χ + δ u0 + χ − e

)
χ2 , a0,6 =

(
d2χ + δ u0 + χ − e

)3
χ3 ,

a2,0 = −
125µ2(

d2χ + δ u0 + χ − e
)2 , a2,2 = −

90µ
χ
, a2,4 =

3
(
d2χ + δ u0 + χ − e

)2
χ2 ,

a4,0 = −
25µ

d2χ + δ u0 + χ − e
, a4,2 =

3 d2χ + 3 δ u0 + 3 χ − 3 e
χ

,

b0,0 = −
5µ b2,0

3 d2χ + 3 δ u0 + 3 χ − 3 e
, b0,2 = −

b2,0

(
d2χ + δ u0 + χ − e

)
3 χ

,

c0,0 =
µ c2,0

d2χ + δ u0 + χ − e
, c0,2 = −3

(
d2χ + δ u0 + χ − e

)
c2,0

χ
, (3.10)

where b2,0 and c2,0 are arbitrary parameters.

The second-order rogue wave of Eq (3.1) can be found as:

u = u0 +
12µ
δ

(ln G2 (ζ, z;α, β))ζζ . (3.11)

Figures 3 and 4 show the two high peaks of the second-order rogue waves for (3.11) at α = β = 0. The
second-order peak breaks apart and for sufficiently big parameters at α = β = 1000. The set of three
first order rogue waves are forming a triangle called rogue wave triplet.
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(a) (b) (c)

Figure 3. The second-order rogue wave solution (3.11). (a) 3D plot; (b) Contour plot; (c) Density at
α = β = 0.

(d) (e) (f)

Figure 4. The second-order rogue wave solution (3.11). (d) 3D plot; (e) Contour plot; (f) Density at
α = β = 1000.

3.3. Third-order rogue waves n = 2

The third-order rogue wave of Eq (3.1) is given by establishing n = 2 in Eq (2.5) as follows:

F = G3 (ζ, z;α, β) = 2α zP2 (ζ, z) + F3(ζ, z) + 2 β ζ Q2 (ζ, z) +
(
α2 + β2

)
F1 (ζ, z)

= a12,0ζ
12 + a10,0ζ

10 + a10,2z2ζ10 + a8,0ζ
8 + a8,2z2ζ8 + a8,4z4ζ8 + ζ6 + a6,2z2ζ6 + a6,4z4ζ6

+a6,6z6ζ6 + a4,0ζ
4 + a4,2z2ζ4 + a4,4z4ζ4 + a4,6z6ζ4 + a4,8z8ζ4 + a2,0ζ

2 + a2,2z2ζ2

+a2,4z4ζ2 + a2,6z6ζ2 + a2,8z8ζ2 + a2,10z10ζ2 + 2 β (c6,0ζ
6 + c4,2z2ζ4 + c4,0ζ

4 + c2,4z4ζ2

+c2,2z2ζ2 + c2,0ζ
2 + c0,6z6 + c0,4z4 + c0,2z2 + c0,0) (ζ) +

(
α2 + β2

)
(a2,0ζ

2 + a0,2z2

+a0,0) + a0,0 + 2α z(b6,0ζ
6 + b4,2z2ζ4 + b4,0ζ

4 + b2,4z4ζ2 + b2,2z2ζ2 + b2,0ζ
2 + b0,6z6

+b0,4z4 + b0,2z2 + b0,0) + a0,2z2 + a0,4z4 + a0,6z6 + a0,8z8 + a0,10z10 + a0,12z12. (3.12)
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Substituting (3.12) in (3.4) and taken all coefficients of all powers of ζ and z equal to zero, the set of
parameters am,l, bm,l, cm.l, (m, l = 0, 2, 4, 6) are found as:

a0,0 =
1

1863225 ((d2 + 1)χ + δ u0 − e)6µ (α2 + β2 + 1)
(−33075 (d2 + 1)6

×(β2d2c4,0
2 + β2c4,0

2 +
169α2b4,0

2

11025
)χ7 + 231525 (−δ u0 + e)(d2 + 1)5(β2d2c4,0

2 + β2c4,0
2

+
338α2b4,0

2

25725
)χ6 − 694575 (−δ u0 + e)2(β2d2c4,0

2 + β2c4,0
2 +

169α2b4,0
2

15435
)(d2 + 1)4χ5

+1157625 (β2d2c4,0
2 + β2c4,0

2 +
676α2b4,0

2

77175
)(−δ u0 + e)3(d2 + 1)3χ4 − 1157625 (−δ u0

+e)4(d2 + 1)2(β2d2c4,0
2 + β2c4,0

2 +
169α2b4,0

2

25725
)χ3 + 694575 (−δ u0 + e)5(d2 + 1)(β2d2c4,0

2

+β2c4,0
2 +

338α2b4,0
2

77175
)χ2 − 231525 (−δ u0 + e)6(β2d2c4,0

2 + β2c4,0
2 +

169α2b4,0
2

77175
)χ

−33075 β2δ7u0
7c4,0

2 + 231525 β2δ6eu0
6c4,0

2 − 694575 β2δ5e2u0
5c4,0

2 + 1157625 β2δ4e3u0
4c4,0

2

−1157625 β2δ3e4u0
3c4,0

2 + 694575 β2δ2e5u0
2c4,0

2 − 231525 β2δ e6u0c4,0
2 + 33075 β2e7c4,0

2

+181938957825625 µ7),

a0,2 =
1

1863225 ((d2 + 1)χ + δ u0 − e)4µ2χ (α2 + β2 + 1)

×(11025 (d2 + 1)6(β2d2c4,0
2 + β2c4,0

2 +
169α2b4,0

2

11025
)χ7 − 77175 (−δ u0 + e)(d2 + 1)5

×(β2d2c4,0
2 + β2c4,0

2 +
338α2b4,0

2

25725
)χ6 + 231525 (−δ u0 + e)2(β2d2c4,0

2 + β2c4,0
2

+
169α2b4,0

2

15435
)(d2 + 1)4χ5 − 385875 (β2d2c4,0

2 + β2c4,0
2 +

676α2b4,0
2

77175
)(−δ u0 + e)3(d2 + 1)3χ4

+385875 (−δ u0 + e)4(d2 + 1)2(β2d2c4,0
2 + β2c4,0

2 +
169α2b4,0

2

25725
)χ3

−231525 (−δ u0 + e)5(d2 + 1)(β2d2c4,0
2 + β2c4,0

2 +
338α2b4,0

2

77175
)χ2

+77175 (−δ u0 + e)6(β2d2c4,0
2 + β2c4,0

2 +
169α2b4,0

2

77175
)χ + 11025 β2δ7u0

7c4,0
2

−77175 β2δ6eu0
6c4,0

2 + 231525 β2δ5e2u0
5c4,0

2 − 385875 β2δ4e3u0
4c4,0

2 + 385875 β2δ3e4u0
3c4,0

2

−231525 β2δ2e5u0
2c4,0

2 + 77175 β2δ e6u0c4,0
2 − 11025 β2e7c4,0

2 − 186879449006250 µ7),

a0,4 =
16391725 µ4

3
(
d2χ + δ u0 + χ − e

)2 χ2
, a0,6 = −

798980 µ3

3 χ3 , a0,8 = 4335

(
d2χ + δ u0 + χ − e

)2
µ2

χ4 ,

a0,10 = −58

(
d2χ + δ u0 + χ − e

)4
µ

χ5 , a0,12 =

(
d2χ + δ u0 + χ − e

)6
χ6 ,

a2,0 =
1

1863225 ((d2 + 1)χ + δ u0 − e)5µ2(α2 + β2 + 1)
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×(11025 (d2 + 1)6(β2d2c4,0
2 + β2c4,0

2 +
169α2b4,0

2

11025
)χ7 − 77175 (−δ u0 + e)(d2 + 1)5

×(β2d2c4,0
2 + β2c4,0

2 +
338α2b4,0

2

25725
)χ6 + 231525 (−δ u0 + e)2(β2d2c4,0

2 + β2c4,0
2

+
169α2b4,0

2

15435
)(d2 + 1)4χ5 − 385875 (β2d2c4,0

2 + β2c4,0
2 +

676α2b4,0
2

77175
)(−δ u0 + e)3

×(d2 + 1)3χ4 + 385875 (−δ u0 + e)4(d2 + 1)2(β2d2c4,0
2 + β2c4,0

2 +
169α2b4,0

2

25725
)χ3

−231525 (−δ u0 + e)5(d2 + 1)(β2d2c4,0
2 + β2c4,0

2 +
338α2b4,0

2

77175
)χ2 + 77175 (−δ u0 + e)6

×(β2d2c4,0
2 + β2c4,0

2 +
169α2b4,0

2

77175
)χ + 11025 β2δ7u0

7c4,0
2 − 77175 β2δ6eu0

6c4,0
2

+231525 β2δ5e2u0
5c4,0

2 − 385875 β2δ4e3u0
4c4,0

2 + 385875 β2δ3e4u0
3c4,0

2

−231525 β2δ2e5u0
2c4,0

2 + 77175 β2δ e6u0c4,0
2 − 11025 β2e7c4,0

2 − 99239431541250 µ7),

a2,2 = 565950
µ4

(d2χ + δ u0 + χ − e)3χ
, a2,4 = 14700

µ3

χ2(d2χ + δ u0 + χ − e)
,

a2,6 = 35420
(d2χ + δ u0 + χ − e)µ2

χ3 , a2,8 = −570
(d2χ + δ u0 + χ − e)3µ

χ4 ,

a2,10 = 6

(
d2χ + δ u0 + χ − e

)5
χ5 , a4,0 = −

5187875 µ4

3
(
d2χ + δ u0 + χ − e

)4 ,
a4,2 = −220500

µ3(
d2χ + δ u0 + χ − e

)2 χ, a4,4 = 37450
µ2

χ2 ,

a4,6 = −1460

(
d2χ + δ u0 + χ − e

)2
µ

χ3 , a4,8 = 15

(
d2χ + δ u0 + χ − e

)4
χ4 ,

a6,0 = −
75460 µ3

3
(
d2χ + δ u0 + χ − e

)3 , a6,2 = 18620
µ2

χ
(
d2χ + δ u0 + χ − e

) ,
a6,4 = −1540

µ
(
d2χ + δ u0 + χ − e

)
χ2 , a6,6 = 20

(
d2χ + δ u0 + χ − e

)3
χ3 ,

a8,0 = 735
µ2(

d2χ + δ u0 + χ − e
)2 , a8,2 = −690

µ

χ
, a8,4 = 15

(
d2χ + δ u0 + χ − e

)2
χ2 ,

a10,0 = −98
µ

d2χ + δ u0 + χ − e
, a10,2 =

6 d2χ + 6 δ u0 + 6 χ − 6 e
χ

, b0,0 =
539 b4,0µ

2

9
(
d2χ + δ u0 + χ − e

)2 ,
b0,2 =

7 µ b4,0

3 χ
, b0,4 = −

(
d2χ + δ u0 + χ − e

)2
b4,0

15 χ2 , b0,6 = −

(
d2χ + δ u0 + χ − e

)4
b4,0

105 µ χ3 ,

b2,0 = 19
µ b4,0

3 d2χ + 3 δ u0 + 3 χ − 3 e
, b2,2 = −

38 b4,0

(
d2χ + δ u0 + χ − e

)
21 χ

,
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b2,4 =
3
(
d2χ + δ u0 + χ − e

)3
b4,0

35 µ χ2 , b4,2 =

(
d2χ + δ u0 + χ − e

)2
b4,0

21 χ µ
,

b6,0 = −
b4,0

(
d2χ + δ u0 + χ − e

)
21 µ

, c0,0 =
12005 c4,0µ

2

39
(
d2χ + δ u0 + χ − e

)2 ,
c0,2 = −

535 µ c4,0

13 χ
, c0,4 =

45
(
d2χ + δ u0 + χ − e

)2
c4,0

13 χ2 ,

c0,6 = −
5
(
d2χ + δ u0 + χ − e

)4
c4,0

13 µ χ3 , c2,0 = 245
µ c4,0

13 d2χ + 13 δ u0 + 13 χ − 13 e
,

c2,2 = −
230 c4,0

(
d2χ + δ u0 + χ − e

)
13 χ

, c2,4 =
5
(
d2χ + δ u0 + χ − e

)3
c4,0

13 µ χ2 ,

c4,2 =
9
(
d2χ + δ u0 + χ − e

)2
c4,0

13 χ µ
, c6,0 = −

c4,0

(
d2χ + δ u0 + χ − e

)
13 µ

, (3.13)

where b4,0 and c4,0 are arbitrary constants.

Then the third-order rogue wave solution for Eq (3.1) is defined as:

u = u0 +
12µ
δ

(ln G3 (ζ, z;α, β))ζζ . (3.14)

Figures 5 and 6 show three high peaks of the third-order rogue waves for (3.14) at α = β = 0. The
third-order peak breaks apart and for sufficiently big parameters at α = β = 108, the third-order rogue
waves consist of five first-order rogue waves. These waves are located in the corners of a pentagon and
the other sit in the center.

(a) (b) (c)

Figure 5. The third-order rogue wave solution (3.14). (a) 3D plot; (b) Contour plot; (c) Density at
α = β = 0.
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(a) (b) (c)

Figure 6. The third-order rogue wave solution (3.14). (d) 3D plot; (e) Contour plot; (f) Density at
α = β = 108.

4. The multi rogue waves for the second extended (3+1)-dimensional (KP) equation

The second extended (3+1)-dimensional (KP) equation [34] is:

(ut + δuux + µuxxx)x + χ(uxx + uyy + uzz) + ρ(uxy + uyz + uzx) = 0, (4.1)

where δ, µ, χ and ρ are constants and u is a wave amplitude functions in x, y, z and t.

The rogue-waves solutions for (4.1) can be obtained by finding the Hirota bilinear form by setting
ζ = x + dy − et. Then, the ODE of (4.1) can be obtained as:

µuζζζζ + (δu − e + 2χ − ρ)uζζ + δu2
ζ + χuzz = 0. (4.2)

Using the following variable transformation

u = u0 +
12µ
δ

(ln F)ζζ . (4.3)

Then we can obtain the Hirota bilinear form for (4.1) by inserting (4.3) into (4.2) as

(µD4
ζ + (δu0 − e + 2χ − ρ)uζζ + χD2

z )F · F = 0. (4.4)

The multi rogue wave solutions of the second extended (3+1)-dimensional KP equation (4.1) are given
as Figures 7 and 8.

AIMS Mathematics Volume 7, Issue 11, 20085–20104.
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(a) (b) (c)

Figure 7. The first-order rogue wave solution (4.6). (a) 3D plot; (b) Contour plot; (c) Density at
α = β = 0.

(d) (e) (f)

Figure 8. The first-order rogue wave solution (4.6). (d) 3D plot; (e) Contour plot; (f) Density at
α = β = −5.

4.1. Case 1. n = 0

The coefficients a0,0 and a0,2 in Eq (3.5) can be give as follows

a0,0 =
3µ

−δ u0 − 2 χ + e + ρ
, a0,2 =

δ u0 + 2 χ − e − ρ
χ

. (4.5)

Inserting (4.5) into (3.5), the first-order rogue waves for Eq (4.1) can be obtained in the form

u = u0 +
12µ
δ

(ln F)ζζ , (4.6)

where

F =
δ u0 + 2 χ − e − ρ

χ
(z − α)2 + (ζ − β)2 +

3µ
−δ u0 − 2 χ + e + ρ

. (4.7)

The first-order rogue wave solutions (4.6) when α = β = 0 are shown in Figure 7. This figure has
three centers (0, 0) and (±3

√
−

µ

δ u0+2 χ−e−ρ , 0) in three-dimensional, contour plot and the corresponding
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density plot. It is remarked that, there is one peak only because energy of the rogue wave is focused
on the high peaks. The first-order rogue wave has the minimal amplitude −7 δ u0−16 χ+8 e+8 ρ

δ
at (0, 0) and

maximal amplitude 2 δ u0+2 χ−e−ρ
δ

at (±3
√
−

µ

δ u0+2 χ−e−ρ , 0) where µ > 0, χ < 1
2 (−δ u0 + e + ρ). The first-

order rogue wave solutions (4.6) at α = −5, β = −5 with the centers of rogue wave will be at (−5,−5)

and (
5 δ u0−5 e+10 χ−5 ρ−3

√
µ (−δ u0−2 χ+e+ρ)

−δ u0−2 χ+e+ρ ,−5) as shown in Figure 8. The minimal and maximal amplitudes
are changing into −7 δ u0−16 χ+8 e+8 ρ

δ
and 2 δ u0+2 χ−e−ρ

δ
respectively.

4.2. Case 2. n = 1

For this case the second-order rogue wave solutions of Eq (4.1) is:

u = u0 +
12µ
δ

(ln G2 (ζ, z;α, β))ζζ , (4.8)

where G2 (ζ, z;α, β)) is given by (3.9) with n = 1 and

a0,0 =
1(

9α2 + 9 β2 + 9
)

(−δ u0 − 2 χ + e + ρ)3 (9 c2,0
2 (−δ u0 − 2 χ + e + ρ)3 β2 − 4α2χ3b2,0

2

+4α2b2,0
2 (−δ u0 + e + ρ) χ2 − α2b2,0

2 (−δ u0 + e + ρ)2 χ + 16875 µ3),

a0,2 = −475
µ2

χ (−δ u0 − 2 χ + e + ρ)
, a0,4 = 17

µ (−δ u0 − 2 χ + e + ρ)
χ2 ,

a0,6 = −
(−δ u0 − 2 χ + e + ρ)3

χ3 , a2,0 = −125
µ2

(−δ u0 − 2 χ + e + ρ)2 , a2,2 = −90
µ

χ
,

a2,4 = 3
(−δ u0 − 2 χ + e + ρ)2

χ2 , a4,0 = 25
µ

−δ u0 − 2 χ + e + ρ
, a4,2 =

3 δ u0 + 6 χ − 3 e − 3 ρ
χ

,

b0,0 = −
5µ b2,0

3 δ u0 + 6 χ − 3 e − 3 ρ
, b0,2 =

b2,0 (−δ u0 − 2 χ + e + ρ)
3 χ

, c0,0 = −
µ c2,0

−δ u0 − 2 χ + e + ρ
,

c0,2 = 3
c2,0 (−δ u0 − 2 χ + e + ρ)

χ
, (4.9)

where b2,0 and c2,0 is an arbitrary parameters.

In Figures 9 and 10, the two high peaks of the second-order rogue waves of (4.6) at α = β = 0 are
shown. At sufficiently big parameters, the set of three first order rogue waves forms and the centers are
formed a triangle entitled a rogue wave triplet.
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(a) (b) (c)

Figure 9. The second-order rogue wave solution (4.8). (a) 3D plot; (b) Contour plot; (c) Density at
α = β = 0.

(d) (e) (f)

Figure 10. The second-order rogue wave solution (4.8). (a) 3D plot; (b) Contour plot; (c) Density at
α = β = 1000.

4.3. Case 3. n = 2

The third-order rogue wave solutions for this case of Eq (4.1) can be obtained as follows

u = u0 +
12µ
δ

(ln G3 (ζ, z;α, β))ζζ , (4.10)

where G3 (ζ, z;α, β)) is given by (3.12) with n = 2 and

a0,0 =
1

1863225 µ (α2 + β2 + 1)(−δ u0 − 2 χ + e + ρ)6 ((−32448α2b4,0
2
− 4233600 c4,0

2β2)χ7

+14817600 (c4,0
2β2 +

169α2b4,0
2

25725
)(−δ u0 + e + ρ)χ6 − 22226400 (−δ u0 + e + ρ)2(c4,0

2β2

+
169α2b4,0

2

30870
)χ5 + 18522000 (c4,0

2β2 +
338α2b4,0

2

77175
)(−δ u0 + e + ρ)3χ4 − 9261000 (c4,0

2β2

+
169α2b4,0

2

51450
)(−δ u0 + e + ρ)4χ3 + 2778300 (−δ u0 + e + ρ)5(c4,0

2β2 +
169α2b4,0

2

77175
)χ2
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−463050 (c4,0
2β2 +

169α2b4,0
2

154350
)(−δ u0 + e + ρ)6χ − 33075 β2δ7u0

7c4,0
2 + 231525 c4,0

2β2δ6

×(e + ρ)u0
6 − 694575 c4,0

2β2δ5(e + ρ)2u0
5 + 1157625 c4,0

2β2δ4(e + ρ)3u0
4 − 1157625 c4,0

2β2δ3

×(e + ρ)4u0
3 + 694575 c4,0

2β2δ2(e + ρ)5u0
2 − 231525 c4,0

2β2δ (e + ρ)6u0 + 33075 β2e7c4,0
2

+231525 β2e6ρ c4,0
2 + 694575 β2e5ρ2c4,0

2 + 1157625 β2e4ρ3c4,0
2 + 1157625 β2e3ρ4c4,0

2

+694575 β2e2ρ5c4,0
2 + 231525 β2eρ6c4,0

2 + 33075 β2ρ7c4,0
2 + 181938957825625 µ7),

a0,2 =
1

(1863225α2 + 1863225 β2 + 1863225)(−δ u0 − 2 χ + e + ρ)4µ2χ
((10816α2b4,0

2

+1411200 c4,0
2β2)χ7 − 4939200 (c4,0

2β2 +
169α2b4,0

2

25725
)(−δ u0 + e + ρ)χ6 + 7408800 (−δ u0

+e + ρ)2(c4,0
2β2 +

169α2b4,0
2

30870
)χ5 − 6174000 (c4,0

2β2 +
338α2b4,0

2

77175
)(−δ u0 + e + ρ)3χ4

+3087000 (c4,0
2β2 +

169α2b4,0
2

51450
)(−δ u0 + e + ρ)4χ3 − 926100 (−δ u0 + e + ρ)5(c4,0

2β2

+
169α2b4,0

2

77175
)χ2 + 154350 (c4,0

2β2 +
169α2b4,0

2

154350
)(−δ u0 + e + ρ)6χ + 11025 β2δ7u0

7c4,0
2

−77175 c4,0
2β2δ6(e + ρ)u0

6 + 231525 c4,0
2β2δ5(e + ρ)2u0

5 − 385875 c4,0
2β2δ4(e + ρ)3u0

4

+385875 c4,0
2β2δ3(e + ρ)4u0

3 − 231525 c4,0
2β2δ2(e + ρ)5u0

2 + 77175 c4,0
2β2δ (e + ρ)6u0

−11025 β2e7c4,0
2 − 77175 β2e6ρ c4,0

2 − 231525 β2e5ρ2c4,0
2 − 385875 β2e4ρ3c4,0

2

−385875 β2e3ρ4c4,0
2 − 231525 β2e2ρ5c4,0

2 − 77175 β2eρ6c4,0
2 − 11025 β2ρ7c4,0

2

−186879449006250 µ7), a0,4 =
16391725 µ4

3 χ2 (−δ u0 − 2 χ + e + ρ)2 ,

a0,6 = −
798980 µ3

3 χ3 , a0,8 = 4335
(−δ u0 − 2 χ + e + ρ)2 µ2

χ4 ,

a0,10 = −58
µ (−δ u0 − 2 χ + e + ρ)4

χ5 , a0,12 =
(−δ u0 − 2 χ + e + ρ)6

χ6 ,

a2,0 =
1

(1863225α2 + 1863225 β2 + 1863225)(−δ u0 − 2 χ + e + ρ)5µ2

×((−10816α2b4,0
2
− 1411200 c4,0

2β2)χ7 + 4939200 (c4,0
2β2 +

169α2b4,0
2

25725
)(−δ u0 + e + ρ)χ6

−7408800 (−δ u0 + e + ρ)2(c4,0
2β2 +

169α2b4,0
2

30870
)χ5 + 6174000 (c4,0

2β2 +
338α2b4,0

2

77175
)

×(−δ u0 + e + ρ)3χ4 − 3087000 (c4,0
2β2 +

169α2b4,0
2

51450
)(−δ u0 + e + ρ)4χ3

+926100 (−δ u0 + e + ρ)5(c4,0
2β2 +

169α2b4,0
2

77175
)χ2 − 154350 (c4,0

2β2 +
169α2b4,0

2

154350
)

×(−δ u0 + e + ρ)6χ − 11025 β2δ7u0
7c4,0

2 + 77175 c4,0
2β2δ6(e + ρ)u0

6 − 231525 c4,0
2β2δ5

×(e + ρ)2u0
5 + 385875 c4,0

2β2δ4(e + ρ)3u0
4 − 385875 c4,0

2β2δ3(e + ρ)4u0
3 + 231525 c4,0

2β2δ2

×(e + ρ)5u0
2 − 77175 c4,0

2β2δ (e + ρ)6u0 + 11025 β2e7c4,0
2 + 77175 β2e6ρ c4,0

2
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+231525 β2e5ρ2c4,0
2 + 385875 β2e4ρ3c4,0

2 + 385875 β2e3ρ4c4,0
2 + 231525 β2e2ρ5c4,0

2

+77175 β2eρ6c4,0
2 + 11025 β2ρ7c4,0

2 + 99239431541250 µ7),

a2,2 = −565950
µ4

χ (−δ u0 − 2 χ + e + ρ)3 , a2,4 = −14700
µ3

χ2 (−δ u0 − 2 χ + e + ρ)
,

a2,6 = −35420
µ2 (−δ u0 − 2 χ + e + ρ)

χ3 , a2,8 = 570
(−δ u0 − 2 χ + e + ρ)3 µ

χ4 ,

a2,10 = −6
(−δ u0 − 2 χ + e + ρ)5

χ5 , a4,0 = −
5187875 µ4

3 (−δ u0 − 2 χ + e + ρ)4 ,

a4,2 = −220500
µ3

χ (−δ u0 − 2 χ + e + ρ)2 , a4,4 = 37450
µ2

χ2 ,

a4,6 = −1460
(−δ u0 − 2 χ + e + ρ)2 µ

χ3 , a4,8 = 15
(−δ u0 − 2 χ + e + ρ)4

χ4 ,

a6,0 =
75460 µ3

3 (−δ u0 − 2 χ + e + ρ)3 , a6,2 = −18620
µ2

χ (−δ u0 − 2 χ + e + ρ)
,

a6,4 = 1540
(−δ u0 − 2 χ + e + ρ) µ

χ2 , a6,6 = −20
(−δ u0 − 2 χ + e + ρ)3

χ3 ,

a8,0 = 735
µ2

(−δ u0 − 2 χ + e + ρ)2 , a8,2 = −690
µ

χ
, a8,4 = 15

(−δ u0 − 2 χ + e + ρ)2

χ2 ,

a10,0 = 98
µ

−δ u0 − 2 χ + e + ρ
, a10,2 =

6 δ u0 + 12 χ − 6 e − 6 ρ
χ

, b0,0 =
539 µ2b4,0

9 (−δ u0 − 2 χ + e + ρ)2 ,

b0,2 =
7 µ b4,0

3 χ
, b0,4 = −

b4,0 (−δ u0 − 2 χ + e + ρ)2

15 χ2 , b0,6 = −
b4,0 (−δ u0 − 2 χ + e + ρ)4

105 µ χ3 ,

b2,0 = 19
µ b4,0

3 δ u0 + 6 χ − 3 e − 3 ρ
, b2,2 =

38 b4,0 (−δ u0 − 2 χ + e + ρ)
21 χ

,

b2,4 = −
3 b4,0 (−δ u0 − 2 χ + e + ρ)3

35 µ χ2 , b4,2 =
b4,0 (−δ u0 − 2 χ + e + ρ)2

21 µ χ
,

b6,0 =
b4,0 (−δ u0 − 2 χ + e + ρ)

21 µ
, c0,0 =

12005 µ2c4,0

39 (−δ u0 − 2 χ + e + ρ)2 , c0,2 = −
535 µ c4,0

13 χ
,

c0,4 =
45 c4,0 (−δ u0 − 2 χ + e + ρ)2

13 χ2 , c0,6 = −
5 c4,0 (−δ u0 − 2 χ + e + ρ)4

13 µ χ3 ,

c2,0 = 245
µ c4,0

13 δ u0 + 26 χ − 13 e − 13 ρ
, c2,2 =

230 c4,0 (−δ u0 − 2 χ + e + ρ)
13 χ

,

c2,4 = −
5 c4,0 (−δ u0 − 2 χ + e + ρ)3

13 µ χ2 , c4,2 =
9 c4,0 (−δ u0 − 2 χ + e + ρ)2

13 µ χ
,

c6,0 =
c4,0 (−δ u0 − 2 χ + e + ρ)

13 µ
, (4.11)

where b4,0 and c4,0 are arbitrary constants.
In Figures 11 and 12, the three high peaks of the third-order rogue waves for (4.6) at α = β = 0 are

introduced. The third-order peak breaks apart and for sufficiently big parameters for α = β = 108, the
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third-order rogue waves consists of five first-order rogue waves are located in the corners of a pentagon
and other one sites in the center.

(a) (b) (c)

Figure 11. The third-order rogue wave solution (4.10). (a) 3D plot; (b) Contour plot; (c) Density at
α = β = 0.

(d) (e) (f)

Figure 12. The third-order rogue wave solution (4.10). (a) 3D plot; (b) Contour plot; (c) Density at
α = β = 108.

5. Conclusions

In this paper, we investigated the first, second, and third-order rogue waves for two
(3+1)-dimensional extensions of the (KP) equation by the bilinear method via the symbolic
computation approach. The properties of the two (3+1)-dimensional extensions of the (KP) equation
are examined by introducing several figures. The obtained higher-order rogue waves have the
property limx→±∞ = limy→±∞ = limz→±∞ = limt→±∞ = u0. The figures were depicted in three
dimensional, contour and density with the center controlled by the parameters α and β. The results
obtained in this work are useful to understand the dynamic behaviors of higher-rogue waves in the
deep ocean and nonlinear optical fibers. Thus, the characteristics of these solutions are discussed
through some diverting graphics under different parameter choices. The dynamics behaviors of
higher-rogue waves related to the optical rogue waves are pulses of light similar to rogue or freak
ocean waves. Rogue waves in optical fibers can be described mathematically by the nonlinear
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Schrödinger equation and its extensions that take into account third-order dispersion. We can apply
this technique to completely integrable nonlinear evolution equations.
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