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1. Introduction

The theory of fixed points is one of the interesting areas of research in mathematics. In 1890,
Picard [1] established the concept of fixed point theory by using the successive approximations
method and proved the existence of solutions of differential equations. In the field of mathematics,
many researchers have made their contributions to fixed point theory by applying different types of
contraction mappings and spaces. In 1922, Banach [2] proved a “Banach Contraction Principle”
which is stated as follows: “A single-valued contractive type mapping on a complete metric space has
a unique fixed point”. Since then, many mathematicians have generalized in many directions and
proved distinct contractive-type fixed point theorems in the framework of metric spaces for single-
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and multi-valued operations. Some of their findings in different types of metric spaces can be found
in [3–10].

In 1972, Grossman and Katz [11] established an advanced type of calculus called multiplicative
calculus by replacing the roles of difference and sum with the roles of division and multiplication,
separately. By applying the concept of multiplicative calculus, Bashirov et al. [12] proved the basic
theorem of multiplicative calculus and defined the notion of multiplicative metric space (MM-space).
The characterization of completeness in MM-space was discussed by Sarwar and Rom [13]. He
et al. [14] established some common fixed point theorems for weak commutative mapping on
MM-space. In [15], Jiang and Gu proved some common coupled FP results in MM-spaces with
applications. For more detail, we shall refer the readers to [16–26]and the references are therein.

In the present paper, we prove some new fixed point results for linear-mapping in multiplicative
metric spaces under the generalized contraction conditions. Our main results consist of the maximum
and minimum types regarding contraction conditions. We also present some demonstrative examples
and an application in support of our generalized results to validate our work.

2. Preliminaries

Definition 2.1. [12] Let W , ∅ seT, Then, a mapping d? : W × W → R+ is called a multiplicative
metric if it satisfies the following conditions:

(m1) d?(p̃, δ̃) ≥ 1 and d?( p̃, δ̃) = 1⇔ p̃ = δ̃, for all p̃, δ̃ ∈ W.

(m2) d?(p̃, δ̃) = d?(δ̃, p̃) for all p̃, δ̃ ∈ W.

(m3) d?(p̃, δ̃) ≤ d?( p̃, δ̃◦).d?(δ̃◦, δ̃) for all p̃, δ̃, δ̃◦ ∈ W.

A pair (W, d?) is said to be an MM-space.

Example 2.2. [12] Consider W = (R+)ξ containing all ξ-tuples of positive real numbers. Let d? :
(R+)ξ × (R+)ξ → R be defined as follows:

d?( p̃, δ̃) =

∣∣∣∣∣ r1

s1

∣∣∣∣∣ · ∣∣∣∣∣ r2

s2

∣∣∣∣∣ · · ·
∣∣∣∣∣∣ rξsξ

∣∣∣∣∣∣ ,
where p̃ = (r1, r2, ..., rξ), δ̃ = (s1, s2, ..., sξ) ∈ (R+)ξ, and | · | : R+ → [1,+∞) is defined as

|ξ| =

{
ξ if ξ ≥ 1, and

1
ξ

if ξ < 1
}
.

Then, it is conclusive that all the given conditions of an MM-space are satisfied, and hence
(
(R+)ξ, d?

)
is an MM-space.

Definition 2.3. [15, 24] Let (W, d?) be an MM-space and {pξ} be a sequence in W. Then,

(i) pξ is convergent to p ∈ W as ξ → +∞ iff d?(pξ, p)→ 1 as ξ → +∞.

(ii) {pξ} is called a multiplicative Cauchy sequence if it holds that for all ε > 1, there exists a natural
number ξ0 ∈ N such that d?(pξ, pς) < ε for all ξ, ς > ς0.
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(iii) (W, d?) is called multiplicative complete if every multiplicative Cauchy sequence in (W, d?) is
multiplicative convergent in W.

Lemma 2.4. [24] Let (W, d?) be an MM-space and {pξ} be a sequence in W. If a sequence {pξ} is
multiplicative convergent, then the multiplicative limit is unique.

Theorem 2.5. [24] Let (W, d?) be an MM-space and sequence {pξ} in W be multiplicative convergent,
Then, it is a multiplicative Cauchy sequence.

3. Main results

In this section, we define and prove some generalized contraction theorems on MM-spaces.

Definition 3.1. Let (W, d?) be an MM-space. A mapping Γ : W → W is said to be a Generalized
multiplicative contraction (GM-contraction), if there exists λ̃1, λ̃2, λ̃3 ≥ 0 with (λ̃1 + 4λ̃2 + 2λ̃3) < 1 and
satisfying:

d?(Γ p̃,Γδ̃) ≤ (d?( p̃, δ̃))λ̃1 ·

(
d?( p̃,Γ p̃) · d?(δ̃,Γδ̃)
· d?( p̃,Γδ̃) · d?(δ̃,Γ p̃)

)λ̃2

·

(
max

{
d?( p̃,Γ p̃), d?(δ̃,Γδ̃),
d?( p̃,Γδ̃), d?(δ̃,Γ p̃)

})λ̃3

, (3.1)

for all p̃, δ̃ ∈ W.

Theorem 3.2. Suppose (W, d?) is a complete MM-space and a function Γ : W → W is a
GM-contraction satisfying (3.1). Then, Γ has a unique fixed point in W.

Proof: Fix p0 in W, and a sequence {pξ} in W is defined by pξ+1 = Γpξ for ξ ≥ 0. Now, from (3.2),

d?(pξ+1, pξ) = d?(Γpξ,Γpξ−1)

≤ (d?(pξ, pξ−1))λ̃1 ·

(
d?(pξ,Γpξ) · d?(pξ−1,Γpξ−1)
· d?(pξ,Γpξ−1) · d?(pξ−1,Γpξ)

)λ̃2

·

(
max

{
d?(pξ,Γpξ), d?(pξ−1,Γpξ−1),
d?(pξ,Γpξ−1), d?(pξ−1,Γpξ)

})λ̃3

= (d?(pξ, pξ−1))λ̃1 ·

(
d?(pξ, pξ+1) · d?(pξ−1, pξ)
· d?(pξ, pξ) · d?(pξ−1, pξ+1)

)λ̃2

·

(
max

{
d?(pξ, pξ+1), d?(pξ−1, pξ),
d?(pξ, pξ), d?(pξ−1, pξ+1)

})λ̃3

= (d?(pξ, pξ−1))λ̃1 ·

(
d?(pξ, pξ+1) · d?(pξ−1, pξ)
·1 · d?(pξ−1, pξ+1)

)λ̃2

·

(
max

{
d?(pξ, pξ+1), d?(pξ−1, pξ),

1, d?(pξ−1, pξ+1)

})λ̃3

≤ (d?(pξ, pξ−1))λ̃1 ·

(
d?(pξ, pξ+1) · d?(pξ−1, pξ)
· d?(pξ−1, pξ) · d?(pξ, pξ+1)

)λ̃2

·
(
d?(pξ−1, pξ) · d?(pξ, pξ+1)

)λ̃3

= (d?(pξ, pξ−1))λ̃1 ·
(

(d?(pξ, pξ+1))2 · (d?(pξ−1, pξ))2
)λ̃2
·
(
d?(pξ−1, pξ) · d?(pξ, pξ+1)

)λ̃3
.

After simplification, we obtain that

d?(pξ+1, pξ) ≤
(
d?(pξ, pξ−1)

)h
, where h =

λ̃1 + 2λ̃2 + λ̃3

1 − 2λ̃2 − λ̃3
< 1. (3.2)

Similarly,

d?(pξ−1, pξ) ≤
(
d?(pξ−2, pξ−1)

)h
, where h =

λ̃1 + 2λ̃2 + λ̃3

1 − 2λ̃2 − λ̃3
< 1. (3.3)
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Now, from (3.2) and (3.3), and by induction, we have

d?(pξ, pξ+1) ≤
(
d?(pξ−1, pξ)

)h
≤

(
d?(pξ−2, pξ−1)

)h2

≤ · · · ≤
(
d?(p0, p1)

)hξ
→ 1, as ξ → +∞. (3.4)

Hence, the sequence {pξ} in (W, d?) is contractive. Now, ξ < ς, and by using the triangular property of
(W, d?), we have that

d?(pξ, pς) ≤ d?(pξ, pξ+1) · d?(pξ+1, pξ+2) · · · d?(pς−2, pς−1) · d?(pς−1, pς)

≤
(
d?(p0, p1)

)hξ
·
(
d?(p0, p1)

)hξ+1

· · ·
(
d?(p0, p1)

)hς−1

·
(
d?(p0, p1)

)hς

≤
(
d?(p0, p1)

)(hξ+hξ+1+···+hς−1+hς)

≤
(
d?(p0, p1)

)( hξ
1−h

)
→ 1, as ξ → +∞.

Hence it is show that {pξ} is a Cauchy sequence in (W, d?). By the completeness of (W, d?), there exists
κ ∈ W, so that lim

ξ→+∞
pξ = κ, and therefore

lim
ξ→+∞

d?(pξ, κ) = 1. (3.5)

Now, we have to show that Γ(κ) = κ. Then, from (3.1) and (3.5), we have that

d?(κ,Γκ) ≤ d?(κ, pξ+1) · d?(pξ+1,Γκ) = d?(κ, pξ+1) · d?(Γpξ,Γκ)

≤ d?(κ, pξ+1) · (d?(pξ, κ))λ̃1 ·

(
d?(pξ,Γpξ) · d?(κ,Γκ)
· d?(pξ,Γκ) · d?(κ,Γpξ)

)λ̃2

·

(
max

{
d?(pξ,Γpξ), d?(κ,Γκ),
d?(pξ,Γκ), d?(κ,Γpξ)

})λ̃3

= d?(κ, pξ+1) · (d?(pξ, κ))λ̃1 ·

(
d?(pξ, pξ+1) · d?(κ,Γκ)
· d?((pξ,Γκ) · d?(κ, pξ+1)

)λ̃2

·

(
max

{
d?(pξ, pξ+1), d?(κ,Γκ),
d?(pξ,Γκ), d?(κ, pξ+1)

})λ̃3

→
(
d?(κ,Γκ)

)2λ̃2+λ̃3 as ξ → +∞.

Hence, we obtain that

d?(κ,Γκ) ≤
(
d?(κ,Γκ)

)2λ̃2+λ̃3
⇒

(
d?(κ,Γκ)

)(1−2λ̃2−λ̃3)
≤ 1

is a contradiction. Hence, we get that d?(Γκ, κ) = 1 implies that Γκ = κ, which shows that κ is a FP of
Γ in (W, d?).

Uniqueness: Suppose µ ∈ W is another FP of the mapping Γ, so that Γµ = µ. Now, we prove that
κ = µ. From the view of (3.1), we have

d?(κ, µ) = d?(Γκ,Γµ)

≤ (d?(κ, µ))λ̃1 ·

(
d?(κ,Γκ) · d?(µ,Γµ)
· d?(κ,Γµ) · d?(µ,Γκ)

)λ̃2

·

(
max

{
d?(κ,Γκ), d?(µ,Γµ),
d?(κ,Γµ), d?(µ,Γκ)

})λ̃3

= (d?(κ, µ))λ̃1 ·

(
d?(κ, κ) · d?(µ, µ)
· d?(κ, µ) · d?(µ, κ)

)λ̃2

·

(
max

{
d?(κ, κ), d?(µ, µ),
d?(κ, µ), d?(µ, κ)

})λ̃3

=
(
d?(κ, µ)

)(λ̃1+2λ̃2+λ̃3)
.
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This implies that
d?(κ, µ) ≤

(
d?(κ, µ)

)(λ̃1+2λ̃2+λ̃3)
⇒

(
d?(κ, µ)

)(1−λ̃1−2λ̃2−λ̃3)
≤ 1,

is a contradiction. Hence, we get that d?(κ, µ) = 1 implies that κ = µ. Thus, Γ has a unique fixed point
in W.

If we reduce and use separately the second and third term values of the statement of Theorem 3.2,
we get the following two corollaries.

Corollary 3.3. Let (W, d?) be a complete MM-space and let a function Γ : W → W satisfy,

d?(Γ p̃,Γδ̃) ≤ (d?( p̃, δ̃))λ̃1 ·
(
d?( p̃,Γp̃) · d?(δ̃,Γδ̃)

)λ̃2
·
(
max

{
d?( p̃,Γp̃), d?(δ̃,Γδ̃)

})λ̃3
,

for all p̃, δ̃ ∈ W and λ̃1, λ̃2, λ̃3 ≥ 0 with (λ̃1 + 2λ̃2 + λ̃3) < 1. Then, Γ has a unique FP in W.

Corollary 3.4. Let (W, d?) be a complete MM-space and let a function Γ : W → W satisfy,

d?(Γ p̃,Γδ̃)) ≤ (d?( p̃, δ̃))λ̃1 ·
(

d?(δ̃,Γp̃) · d?( p̃,Γδ̃)
)λ̃2
·
(
max

{
d?(p̃,Γδ̃), d?(δ̃,Γp̃))

})λ̃3
,

for all p̃, δ̃ ∈ W and λ̃1, λ̃2, λ̃3 ≥ 0 with (λ̃1 + 2λ̃2 + 2λ̃3) < 1. Then, Γ has a unique FP in W.

Now we present a supportive example for our first main result.

Example 3.5. Assume that W = [0,+∞[, and d? : W → R is a complete MM-space which is defined
as d?( p̃, δ̃) = 2| p̃−δ̃| for all p̃, δ̃ ∈ W. Now, we define a function Γ : W → W by Γ( p̃) =

p̃
10 for p̃ ∈ W.

Now, from (3.2), we have

d?(Γ p̃,Γδ̃) = 2
∣∣∣∣ p̃−δ̃

10

∣∣∣∣ ≤ 2
∣∣∣∣ 7p̃+2δ̃

50

∣∣∣∣ = 2
∣∣∣∣ 28 p̃+8δ̃

200

∣∣∣∣ = 2
∣∣∣∣ 10 p̃−10δ̃+18 p̃+18δ̃

200

∣∣∣∣
= 2

∣∣∣∣ p̃−δ̃
20 +

18 p̃+18δ̃
200

∣∣∣∣ ≤ 2
(∣∣∣∣ p̃−δ̃

20 |+|
18 p̃+18δ̃

200

∣∣∣∣)
= 2|

1
20 ( p̃−δ̃)| · 2|

1
200 (18 p̃+18δ̃)|

≤
(
2|( p̃−δ̃)|

) 1
20
·

(
2
∣∣∣∣ 18 p̃+18δ̃

10

∣∣∣∣) 1
20

·

(
max

{
2
∣∣∣∣ 9p̃

10

∣∣∣∣, 2
∣∣∣∣ 9δ̃

10

∣∣∣∣, 2
∣∣∣∣ 10 p̃−δ̃

10

∣∣∣∣, 2
∣∣∣∣ 10δ̃−p̃

10

∣∣∣∣}) 1
5

= (d?( p̃, δ̃))
1

20 ·

(
d?( p̃,Γp̃) · d?(δ̃,Γδ̃)
· d?( p̃,Γδ̃) · d?(δ̃,Γ p̃)

) 1
20

·

(
max

{
d?( p̃,Γp̃), d?(δ̃,Γδ̃),
d?( p̃,Γδ̃), d?(δ̃,Γp̃)

}) 1
5

.

Hence, all properties of Theorem 3.2 are satisfied for particular λ̃1 = λ̃2 = 1
20 and λ̃3 = 1

5 , and Γ has a
unique fixed point, that is, Γ(0) = 0.

Now, we present our second main result for minimum condition,

Theorem 3.6. Let (W, d?) be a complete MM-space and let a function Γ : W → W satisfy;

d?(Γ p̃,Γδ̃) ≤ (d?( p̃, δ̃))λ̃1 ·

(
d?(p̃,Γ p̃) · d?(δ̃,Γδ̃)
· d?( p̃,Γδ̃) · d?(δ̃,Γ p̃)

)λ̃2

·

(
min

{
d?( p̃,Γ p̃), d?(δ̃,Γδ̃),
d?( p̃,Γδ̃), d?(δ̃,Γ p̃)

})λ̃3

, (3.6)

for all p̃, δ̃ ∈ W and λ̃1, λ̃2, λ̃3 ≥ 0 with (λ̃1 + 4λ̃2) < 1. Then, Γ has a unique fixed point in W.

Proof. Fix p0 in W, and a sequence {pξ} in W is defined pξ+1 = Γpξ for ξ ≥ 0. Now, from (3.6),
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d?(pξ+1, pξ) = d?(Γpξ,Γpξ−1)

≤ (d?(pξ, pξ−1))λ̃1 ·

(
d?(pξ,Γpξ) · d?(pξ−1,Γpξ−1)
·d?(pξ,Γpξ−1).d?(pξ−1,Γpξ)

)λ̃2

.

(
min

{
d?(pξ,Γpξ), d?(pξ−1,Γpξ−1),
d?(pξ,Γpξ−1), d?(pξ−1,Γpξ)

})λ̃3

= (d?(pξ, pξ−1))λ̃1 ·

(
d?ξ , pξ+1) · d?(pξ−1, pξ)
·d?(pξ, pξ) · d?(pξ−1, pξ+1)

)λ̃2

·

(
min

{
d?(pξ, pξ+1), d?(pξ−1, pξ),
d?(pξ, pξ), d?(pξ−1, pξ+1)

})λ̃3

= (d?(pξ, pξ−1))λ̃1 ·

(
d?(pξ, pξ+1) · d?(pξ−1, pξ)
·1 · d?(pξ−1,Γpξ+1)

)λ̃2

·

(
min

{
d?(pξ, pξ+1), d?(pξ−1, pξ),

1, d?(pξ−1, pξ+1)

})λ̃3

≤ (d?(pξ,ξ−1 ))λ̃1 ·

(
d?(pξ, pξ+1) · d?(pξ−1, pξ)
·d?(pξ−1, pξ) · d?(pξ,Γpξ+1)

)λ̃2

= (d?(pξ, pξ−1))λ̃1 ·
(

(d?(pξ, pξ+1))2 · (d?(pξ−1, pξ))2
)λ̃2
·

After simplification, we obtain that

d?(pξ+1, pξ) ≤
(
d?(pξ, pξ−1)

)h
, where h =

λ̃1 + 2λ̃2

1 − 2λ̃2
< 1. (3.7)

Similarly,

d?(pξ−1, pξ) ≤
(
d?(pξ−2, pξ−1)

)h
, where h =

λ̃1 + 2λ̃2

1 − 2λ̃2
< 1. (3.8)

Now, from (3.7) and (3.8) and by induction, we have

d?(pξ, pξ+1) ≤
(
d?(pξ−1, pξ)

)h

≤
(
d?(pξ−2, pξ−1)

)h2

≤ · · · ≤
(
d?(p0, p1)

)hξ
→ 1, as ξ → +∞.

(3.9)

Hence, the sequence {pξ} in (W, d?) is contractive. Now, ξ < ς, and by using the triangular property of
(W, d?), we have that

d?(pξ, pς) ≤ d?(pξ, pξ+1) · d?(pξ+1, pξ+2) · · · d?(pς−2, pς−1) · d?(pς−1, pς)

≤
(
d?(p0, p1)

)hξ
·
(
d?(p0, p1)

)hξ+1

· · ·
(
d?(p0, p1)

)hς−1

·
(
d?(p0, p1)

)hς

≤
(
d?(p0, p1)

)(hξ+hξ+1+···+hς−1+hς)

≤
(
d?(p0, p1)

)( hξ
1−h

)
→ 1, as ξ, ς → +∞.

Hence it is shown that {pξ} is a Cauchy sequence in (W, d?). By completeness of (W, d?), there exists
κ ∈ W, so that lim

ξ→+∞
pξ = κ, and therefore

lim
ξ→+∞

d?(pξ, κ) = 1. (3.10)
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Now, we have to show Γ(κ) = κ. Then, from (3.1) and (3.10), we have that

d?(κ,Γκ) ≤ d?(κ, pξ+1) · d?(pξ+1,Γκ) = d?(κ, pξ+1) · d?(Γpξ,Γκ)

≤ d?(κ, pξ+1) · (d?(pξ, κ))λ̃1 ·

(
d?(pξ,Γpξ) · d?(κ,Γκ)
· d?(pξ,Γκ) · d?(κ,Γpξ)

)λ̃2

·

(
min

{
d?(pξ,Γpξ), d?(κ,Γκ),
d?(pξ,Γκ), d?(κ,Γpξ)

})λ̃3

= d?(κ, pξ+1) · (d?(pξ, κ))λ̃1 ·

(
d?(pξ, pξ+1) · d?(κ,Γκ)
· d?(pξ,Γκ) · d?(κ, pξ+1)

)λ̃2

·

(
min

{
d?(pξ, pξ+1), d?(κ,Γκ),
d?(pξ,Γκ), d?(κ, pξ+1)

})λ̃3

→
(
d?(κ,Γκ)

)2λ̃2 , as ξ → +∞.

Hence, we obtain that

d?(κ,Γκ) ≤
(
d?(κ,Γκ)

)2λ̃2
⇒

(
d?(κ,Γκ)

)(1−2λ̃2)
≤ 1,

is a contradiction. Hence, we get that d?(Γκ, κ) = 1 implies that Γκ = κ, which shows that κ is a FP of
Γ in (W, d?).

Uniqueness: Suppose µ is another fixed point of the mapping Γ in (W, d?), so that Γµ = µ. Now, we
show that κ = µ. From the view of (3.6),

d?(κ, µ) = d?(Γκ,Γµ)

≤ (d?(κ, µ))λ̃1 .

(
d?(κ,Γκ).d?(µ,Γµ).
d?(κ,Γµ).d?(µ,Γκ)

)λ̃2

.

(
min

{
d?(κ,Γκ), d?(µ,Γµ),
d?(κ,Γµ), d?(µ,Γκ)

})λ̃3

= (d?(κ, µ))λ̃1 .

(
d?(κ, κ).d?(µ, µ).
d?(κ, µ).d?(µ, κ)

)λ̃2

.

(
min

{
d?(κ, κ), d?(µ, µ),
d?(κ, µ), d?(µ, κ)

})λ̃3

=
(
d?(κ, µ)

)λ̃1+2λ̃2 .

Hence,
d?(κ, µ) ≤

(
d?(κ, µ)

)λ̃1+2λ̃2
⇒

(
d?(κ, µ)

)(1−λ̃1−2λ̃2)
≤ 1,

is a contradiction. Hence, we get that d?(κ, µ) = 1 implies that κ = µ. Thus, Γ has a unique FP in W.
If we reduce and use separately the second and third term values of the statement of Theorem 3.6,

we get the following two corollaries.

Corollary 3.7. Let (W, d?) be a complete MM-space and let a function Γ : W → W satisfy,

d?(Γ p̃,Γ p̃) ≤ (d?(δ̃, δ̃))λ̃1 ·
(
d?(p̃,Γ p̃) · d?(δ̃,Γδ̃)

)λ̃2
·
(
min

{
d?( p̃,Γp̃), d?(δ̃,Γδ̃)

})λ̃3
,

for all p̃, δ̃ ∈ W and λ̃1, λ̃2, λ̃3 ≥ 0 with (λ̃1 + 2λ̃2 + λ̃3) < 1. Then, Γ has a unique fixed point in W.

Corollary 3.8. Let (W, d?) be a complete MM-space and let a function Γ : W → W satisfy,

d?(Γ p̃,Γδ̃) ≤ (d?( p̃, δ̃))λ̃1 ·
(
d?(δ̃,Γ p̃) · d?( p̃,Γδ̃)

)λ̃2
·
(
min

{
d?(δ̃,Γp̃), d?(p̃,Γδ̃)

})λ̃3
,

for all p̃, δ̃ ∈ W and λ̃1, λ̃2, λ̃3 ≥ 0 with (λ̃1 + 2λ̃2) < 1. Then, a function Γ has a unique fixed point.

Example 3.9. From Example 3.5, a function Γ is a multiplicative contraction and holds all the
conditions of Theorem 3.6 with particular constants λ̃1 = 1

20 , λ̃2 = 1
5 and λ̃3 = 0. A function Γ has a

unique fixed point, that is, 0.
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4. Application

For the validity of our main results, we present an application of a nonlinear integral equation (NIE)
for the existence of a unique solution. Let W = B([c, d],R) be the Banach space of all continuous
mappings on [c, d] with supremum norm

‖ p̃‖ = sup
ñ∈[c,d]

| p̃(ñ)| , where p̃ ∈ B([c, d],R),

and the metric d? : W ×W → R is defined as:

d?
(
p̃, δ̃

)
= sup

ñ∈[c,d]

∣∣∣p̃(ñ) − δ̃(ñ)
∣∣∣ =

∥∥∥p̃ − δ̃
∥∥∥ , where p̃, δ̃ ∈ B([c, d],R). (4.1)

The NIE is defined as:

p̃(ñ) =

∫ d

c
E(ñ, ũ, p̃(ũ))dũ, (4.2)

with ñ ∈ [c, d] ⊂ R and E : [c, d] × [c, d] × R→ R.

Theorem 4.1. Assume that the NIE is defined as in (4.2), and there exists λ̃ ∈ (0, 1) so that∥∥∥Γ p̃ − Γδ̃
∥∥∥ ≤ (
D

(
Γ, p̃, δ̃

))λ̃
, (4.3)

where

D
(
Γ, p̃, δ̃

)
= min

{∥∥∥p̃ − δ̃
∥∥∥ , ( ‖ p̃ − Γ p̃‖ ·

∥∥∥δ̃ − Γδ̃
∥∥∥

·
∥∥∥p̃ − Γδ̃

∥∥∥ · ∥∥∥δ̃ − Γp̃
∥∥∥

)
,max

{
‖ p̃ − Γ p̃‖ ,

∥∥∥δ̃ − Γδ̃
∥∥∥ ,∥∥∥p̃ − Γδ̃

∥∥∥ , ∥∥∥δ̃ − Γp̃
∥∥∥

}}
. (4.4)

Then, the NIE (4.2) has a unique solution in W.

Proof. Define a function Γ : W → W by

Γ p̃(ñ) =

∫ d

c
E(ñ, ũ, p̃(ũ))dũ, for all p̃ ∈ W. (4.5)

Now, we apply Theorem 3.1 to the integral operator Γ to validate our work. We may have the following
three main cases:

(1) If
∥∥∥p̃ − δ̃

∥∥∥ is the minimum term in (4.4), then D
(
Γ, p̃, δ̃

)
=

∥∥∥p̃ − δ̃
∥∥∥. Now from (4.1) and (4.3), we

have that

d?
(
Γp̃,Γδ̃

)
=

∥∥∥Γ p̃ − Γδ̃
∥∥∥ ≤ (
D

(
Γ, p̃, δ̃

))λ̃
=

(∥∥∥p̃ − δ̃
∥∥∥)λ̃ =

(
d?

(
p̃, δ̃

))λ̃
,

for all p̃, δ̃ ∈ W. Hence, the operator Γ satisfies all the conditions of Theorem 3.1 with λ̃ = λ̃1 and
λ̃2 = λ̃3 = 0. Thus, Γ has a unique FP in W, which is a unique solution of NIE (4.2).

(2) If
(
‖ p̃ − Γ p̃‖ ·

∥∥∥δ̃ − Γδ̃
∥∥∥ · ∥∥∥δ̃ − Γ p̃

∥∥∥ · ∥∥∥p̃ − Γδ̃
∥∥∥) is the minimum term in (4.4), then

D
(
Γ, p̃, δ̃

)
=

(
‖ p̃ − Γ p̃‖ ·

∥∥∥δ̃ − Γδ̃
∥∥∥ · ∥∥∥δ̃ − Γ p̃

∥∥∥ · ∥∥∥p̃ − Γδ̃
∥∥∥) .
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Now, from (4.1) and (4.3), we have that

d?
(
Γ p̃,Γδ̃

)
=

∥∥∥Γp̃ − Γδ̃
∥∥∥ ≤ (
D

(
Γ, p̃, δ̃

))λ̃
=

(
‖ p̃ − Γ p̃‖ ·

∥∥∥δ̃ − Γδ̃
∥∥∥ · ∥∥∥δ̃ − Γ p̃

∥∥∥ · ∥∥∥p̃ − Γδ̃
∥∥∥)λ̃

=
(
d? ( p̃,Γ p̃) · d?

(
δ̃,Γδ̃

)
· d?

(
p̃,Γδ̃

)
· d?

(
δ̃,Γ p̃

))λ̃
,

for all p̃, δ̃ ∈ W. Hence, the operator Γ satisfy all the conditions of Theorem 3.1 with λ̃ = λ̃2 and
λ̃1 = λ̃3 = 0. Thus, Γ has a unique FP in W, which is a unique solution of NIE (4.2).

(3) If
(
max

{
‖p̃ − Γ p̃‖ ,

∥∥∥δ̃ − Γδ̃
∥∥∥ , ∥∥∥δ̃ − Γ p̃

∥∥∥ , ∥∥∥p̃ − Γδ̃
∥∥∥}) is the minimum term in (4.4), then

D
(
Γ, p̃, δ̃

)
= max

{
‖ p̃ − Γ p̃‖ ,

∥∥∥δ̃ − Γδ̃
∥∥∥ , ∥∥∥δ̃ − Γp̃

∥∥∥ , ∥∥∥p̃ − Γδ̃
∥∥∥} .

Now, we may have the following four subcases:

(i) If ‖p̃ − Γp̃‖ is the maximum term in
{
‖ p̃ − Γ p̃‖ ,

∥∥∥δ̃ − Γδ̃
∥∥∥ , ∥∥∥δ̃ − Γp̃

∥∥∥ , ∥∥∥p̃ − Γδ̃
∥∥∥}, then

D
(
Γ, p̃, δ̃

)
= ‖ p̃ − Γ p̃‖. Now, from (4.1) and (4.3), we have that

d?
(
Γp̃,Γδ̃

)
=

∥∥∥Γ p̃ − Γδ̃
∥∥∥ ≤ (
D

(
Γ, p̃, δ̃

))λ̃
= (‖p̃ − Γ p̃‖)λ̃ =

(
d? ( p̃,Γp̃)

)λ̃ for all p̃, δ̃ ∈ W.

(ii) If
∥∥∥δ̃ − Γδ̃

∥∥∥ is the maximum term in
{
‖ p̃ − Γ p̃‖ ,

∥∥∥δ̃ − Γδ̃
∥∥∥ , ∥∥∥δ̃ − Γp̃

∥∥∥ , ∥∥∥p̃ − Γδ̃
∥∥∥}, then

D
(
Γ, p̃, δ̃

)
=

∥∥∥δ̃ − Γδ̃
∥∥∥. Now, from (4.1) and (4.3), we have that

d?
(
Γ p̃,Γδ̃

)
=

∥∥∥Γp̃ − Γδ̃
∥∥∥ ≤ (
D

(
Γ, p̃, δ̃

))λ̃
=

(∥∥∥δ̃ − Γδ̃
∥∥∥)λ̃ =

(
d?

(
δ̃,Γδ̃

))λ̃
for all p̃, δ̃ ∈ W.

(iii) If
∥∥∥δ̃ − Γ p̃

∥∥∥ is the maximum term in
{
‖ p̃ − Γ p̃‖ ,

∥∥∥δ̃ − Γδ̃
∥∥∥ , ∥∥∥δ̃ − Γ p̃

∥∥∥ , ∥∥∥p̃ − Γδ̃
∥∥∥}, then

D
(
Γ, p̃, δ̃

)
=

∥∥∥δ̃ − Γ p̃
∥∥∥. Now, from (4.1) and (4.3), we have that

d?
(
Γp̃,Γδ̃

)
=

∥∥∥Γ p̃ − Γδ̃
∥∥∥ ≤ (
D

(
Γ, p̃, δ̃

))λ̃
=

(∥∥∥δ̃ − Γ p̃
∥∥∥)λ̃ =

(
d?

(
δ̃,Γp̃

))λ̃
for all p̃, δ̃ ∈ W.

(iv) If
∥∥∥p̃ − Γδ̃

∥∥∥ is the maximum term in
{
‖ p̃ − Γ p̃‖ ,

∥∥∥δ̃ − Γδ̃
∥∥∥ , ∥∥∥δ̃ − Γp̃

∥∥∥ , ∥∥∥p̃ − Γδ̃
∥∥∥}, then

D
(
Γ, p̃, δ̃

)
=

∥∥∥p̃ − Γδ̃
∥∥∥. Now, from (4.1) and (4.3), we have that

d?
(
Γ p̃,Γδ̃

)
=

∥∥∥Γ p̃ − Γδ̃
∥∥∥ ≤ (
D

(
Γ, p̃, δ̃

))λ̃
=

(∥∥∥p̃ − Γδ̃
∥∥∥)λ̃ =

(
d?

(
p̃,Γδ̃

))λ̃
for all p̃, δ̃ ∈ W.

Hence, from (i)–(iv), the operator Γ satisfies all the conditions of Theorem 3.1 with λ̃ = λ̃3 and
λ̃1 = λ̃2 = 0. Thus, Γ has a unique FP in W, which is a unique solution of a NIE (4.2).
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5. Conclusions

In the present paper, we studied and showed some of the latest generalized fixed point theorems
by using the maximum and minimum conditions for single-valued contractive type mappings on MM-
spaces with illustrative examples. Our results extended and improved many results existing in the
literature of fixed point theory on MM-spaces. Further, we presented an application of an NIE to
support our work. This new concept will play a vital role in the theory of fixed point. By using this
new concept, one can prove some more generalized fixed point, common fixed point and coincidence
point results with the application of different types of integral equations.
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intégrales, Fund. Math., 3 (1922), 133–181.

3. S. K. Chatterjea, Fixed point theorems, Dokl. Bolgarskata Akad. Nauk., 25 (1972), 727–730.
4. R. Kannan, Some results on fixed points, Bull. Cal. Math. Soc., 60 (1968), 71–76.
5. G. Huang, X. Zhang, Cone metric spaces and fixed point theorems of contractive mappings, J.

Math. Anal. Appl., 332 (2007), 1468–1476. https://doi.org/10.1016/j.jmaa.2005.03.087
6. S. Jabeen, S. U. Rehman, Z. Zheng, W. Wei, Weakly compatible and Quasi-contraction results in

fuzzy cone metric spaces with application to the Urysohn type integral equations, Adv. Differ. Equ.,
2020 (2020), 280. https://doi.org/10.1186/s13662-020-02743-5

7. S. Mehmood, S. U. Rehman, I. Ullah, R. A. R. Bantan, M. Elgarhy, Integral equations
approach in complex-valued generalized b-metric spaces, J. Math., 2022 (2022), 7454498.
https://doi.org/10.1155/2022/7454498

8. S. U. Rehmana, S. Jabeenb, Muhammad, H. Ullah, Hanifullah, Some multi-valued contraction
theorems on H-cone metric, J. Adv. Stud. Topol., 10 (2019), 11–24.

9. S. U. Rehman, H. Aydi, G. X. Chen, S. Jabeen, S. U. Khan, Some set-valued and multi-
valued contraction results in fuzzy cone metric spaces, J. Ineq. Appl., 2021 (2021), 110.
https://doi.org/10.1186/s13660-021-02646-3

10. I. Shamas, S. U. Rehman, H. Aydi, T. Mahmood, E. Ameer, Unique fixed-point results in fuzzy
metric spaces with an application Fredholm integral equations, J. Funct. Spaces, 2021 (2021),
4429173. https://doi.org/10.1155/2021/4429173

AIMS Mathematics Volume 7, Issue 11, 19891–19901.

http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2005.03.087
http://dx.doi.org/https://doi.org/10.1186/s13662-020-02743-5
http://dx.doi.org/https://doi.org/10.1155/2022/7454498
http://dx.doi.org/https://doi.org/10.1186/s13660-021-02646-3
http://dx.doi.org/https://doi.org/10.1155/2021/4429173


19901

11. M. Grossman, R. Katz, Non-newtonian calculus, Lee Press, 1972.
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