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1. Introduction

Differential equations of arbitrary order have been shown to be useful in the study of models of
many phenomena in various fields such as: Electrochemistry and material science, they are in fact
described by differential equations of fractional order [9, 10, 15, 16,25-29]. For more details, we refer
the reader to the books of Hilfer [30], Podlubny [31], Kilbas et al. [34], Miller and Ross [22] and to
the following research papers [1-8, 11,12, 14,16, 17,19, 20,24,31,35-42]. In this work, we discuss
the existence and uniqueness of the solutions for multi-point boundary value problems of nonlinear
fractional differential equations with two Riemann-Liouville fractionals:

Dx(t) = XL, fi(t, x(2), (D), o1x(1), 1y(2)), @ €]1,2],¢ € [0, T]
DPy(t) = 37, gilt, x(1), y(1), @2x(1), doy(1)), B €]11,2],1 € [0,T]
Ix(0) = 0, D*2x(T) = 01! (x(7)), 0 <y < T,
I*Py(0) =0, D2x(T) = wl’ ' (x(y)), 0 <y < T,

(1.1)
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where DV, I®) denote the Riemann-Liouville derivative and integral of fractional order (.), respectively,
fi,gi:[0,T]xR* - R,i=1,---,m are continuous functions on [0, 7] and

(p10)(1) = jo‘ AL, 9)x(s)ds, (¢1y)(0) = L Bi(t, s)y(s)ds,

(2x)(1) = j(: A5(t, $)x(s)ds, (1y)(1) = j; By(1, )y(s)ds,

with A; and B; being continuous functions on [0, 1] x [0, 1].

However, it is rare to find a work in nonlinear term f; depends on fractional derivative of unknown
functions x(¢), y(¢), 1 x(t), ¢1y(t) and solutions for multi-order fractional differential equations on the
infinite interval [0, 7). Motivated by [8, 11-14] and the references therein, we consider the existence
and unicity of solution for multi-order fractional differential equations on infinite interval [0, T').

The rest of this paper is organized as follow. In section 2, we present some preliminaries and
lemmas. Section 3 is dedicated to showing the existence of a solution for problem (1.1). Finally,
section 4 illustrated the proposed results with two examples.

Remark 1.1. This work generalizes the work of Houas and Benbachir [14] on different boundary
conditions and for another type of integral.
2. Preliminaries

This section covers the basic concepts of Riemann-Liouville type fractional calculus that will be
used throughout this paper.

Definition 2.1. /31, 32] The Riemann-Liouville fractional integral operator of order a« > 0, of a
function f : (0, c0) — R is defined as

{ If@0 == [ e-07 f(Ddr,
Ifo=f®,

where I' (@) := fooo e “u*du.

Definition 2.2. [31, 32] The Riemann-Liouville fractional derivative of order a > 0, of a continuous
function h : (0, 00) — R is defined as

a _ 1 i " [ _ \n—a-l _ i " n—a
D (r) = —F(n—cy) (dt) fo(t T) h(t)dr = (dt) I"*h(7),

where n = [a] + 1.

For a < 0, we use the convention that D*h = J=%h. Also for 0 < p < «, itis valid that D*J*h = h**.
We note that fore > —lande #a -1, — 2, ..., — n, we have

I'e+1
Daté‘ (8 ) tS—(Y’
I'e—-a+1)
D% = 0,i=1,2,..,n.
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In particular, for the constant function A(t) = 1, we obtain

|
Dl=—— % a¢N.
Ti—a) “°F

For @ € N, we obtain, of course, D*1 = 0 because of the poles of the gamma function at the points
0,—-1,-2,... For @ > 0, the general solution of the homgeneous equation D*h(t) = 0 in C(0,T) N
L(0,T) is

h(t) = cot*" + " . F Cpat® 2+ 1

where ¢;,i = 1,2, ....,n — 1, are arbitrary real constants. Further, we always have D*I*h = h, and
DI°h(t) = h(t) + cot™™ + ¢t + oo+ Cuat T+ it

Lemma 2.1. [33] Let E be Banach space. Assume that T : E — E is a completely continuous
operator. If the set V ={x € E : x = uTx, 0 < u < 1} is bounded, then T has a fixed point in E.
To define the solution for problem (1.1). We consider the following lemma.

Lemma 2.2. Suppose that (H;);=1....» C C([0, 1],R), and consider the problem

Dh(t) - Z H{)=0,tej 1<a<2 meN, 2.1)
i=1

with the conditions
FPh(0) = 0, D" *IW(T) = 61" ' (h(n)), 0 < < T. (2.2)

Then we have
1 <« ! o
h(r) = _F(a); f (t - )" ' H(t)dr

a—1
t [l 1 f (T —1)H(t)dt _—F(Z )Zf(n )% ZH(T)dT]

L@ s par,

I'2a-1)
Proof. We have

withy =60

h(t) = > IH(0) + cot™ ™ + cyf*,
i=1
wherec; € R, i =0, 1.
We obtain

PH(1) + co> %7972 + ¢, 70!

M=

(1) =
1

PH(T) + co + ¢17,

-

Il
—_
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() = ) PUH(D) + ool T 1
i=1
(a1 r
(@=1) 53 4 (@) 202

P H(T) + Y a2
O+ oy —2)" TCa-1)"

M=

i=1

DY 2h(1) PH(1) + col'(@ = 1) + ;T (a)r.

M=

i=1

Using the given conditions: I?~*h(0) = 0, we find that ¢, = 0, and since D*2i(T) — 61° ' (h(1)) = 0,
we have

Z PPh(T) + e, T(@)T — 6

< r
lea_lhi(ﬂ) i CIana—z ~0,
i=1

TQa - 1)
then
F(a/) a— a—

C1 [mﬂz 2 —F(Q’)T] lzllzh (T) 92 12 ll’l (77)

and
a =g (Z PHA(T) - 9212“ ‘H(n))

3 1 (< T 20-2

=3 (; fo (T — 7)H(t)dt — F(2 ;2 f n—1) H(T)dT]
with

_ L@ 50
V= rae oy T H@T

Finally, the solution of (2.1) and (2.2) is

h(r) = ﬁz f P 1H(T)dT+—(Z f (T - 1)H (r)dr
Ry —

3. Main results

We denote by
E = {X,y € C([O, T] aR) ;()Di-x’¢iy € C([07 T] ’R) i = 1’2}7

and the Banach space of all continuous functions from [0, 7'] to R endowed with a topology of uniform
convergence with the norm defined by

e, Wlle = max (llxll, [yl lleuxll, [1@uyll, llgzxl, N2yl »
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where

llxll = sup [ix(l, Iyl = sup [y(2)l,

tej 1€j
ligixll = sup leix(@)l, [lgiyll = sup iy (1)l
tej tej

In this section, we prove some existence and uniqueness results to the nonlinear fractional coupled
system (1.1).

For the sake of convenience, we impose the following hypotheses:

(H1) For eachi = 1,2,--- ,m, the functions f; and g; :[0,7T]x R* — R are continuous.

(H2) There exist nonnegative real numbers &, ¢,k = 1,2,3,4,i = 1,2,---,m, such that for all
t € [0,T] and all (x, x2, X3, X4), (1, Y2, V3, vs) € R*, we have

4
| fi(t, X1, X2, X3, X4) — fi(t, Y1, Y2, y3, Ya)l < Z Elxy — Vil
i1

and

lgi(t, x1, X2, X3, X4) — &i(t, ¥1,y2,¥3,Ya)| < Z Xl = il
=1

(H3) There exist nonnegative constants (L;) and (K;)i = 1,...,m, such that: For each ¢ € [0, T'] and
all (x1, x2, X3, x4) € R,

|fi(2, x1, X2, X3, Xa)| < Ly, |gi(t, X1, X0, X3, X0)| < K i = 1, ..., m.

We also consider the following quantities:

T« L . . .
A = mZ(ﬂ"'f’z"'fg‘Ffﬁ),

A, = F([)’+1) Z(Xﬁ")(z"‘)(% +X4)
Ay = t’g;%g]nAl(r,s)uxAl,
Ay = max [JAN(L, 9| X Ay,
1,5€[0,1]
As = max 1B} (2, $)Il X As,
Ag = [’ISI;%?EJ”BQ(I,S)”XAZ’
T« N 1 Toz+l N 0T3a—2
v = — )
! Ta+1) v\ 2  Qa-DTQRa-1)
T8 L TA+! .\ wT3¥2
v = — )
: Tg+1) w\ 2 " @2B-DT2E-1)
vy = m[a(l)x |A' (1, s)|v1,
va = max |A5(2, $)[v1,
Vs = max |B(t, )|v2,
s€[0,1]
Ve = ,,Ifel[%ﬁ] |By(z, $)|va.
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3.1. Existence of solutions

The first result is based on Banach contraction principle. We have

Theorem 3.1. Assume that (H2) holds. If the inequality
max(Ai, Az, Az, Ay, As, Ag) < 1, (3.1)

is valid, then the system (1.1) has a unique solution on [0, T].

Proof. We define the operator T : E — E by

T(x, y)(@) = (T1(x, y)(0), T2 (x, y)(0), 1 € [0, T],

such that
Ti(x,y)(t) = I"L Z f (t—-1)* IH(T)dT + —_— ( f (T —t)H(t)dt
—1
F(2 ) Z f (-7 2H, (T)dT) (3.2)
and
Tr(x,y)(t) = L Zml ft(t - T)ﬁ_lGi(T)dT + ,,8_—1 (z’": fT(T - 1)Gi(7)dt
I'®) ~ Jo ¥\ Jo
m 24
_%ﬁ) Z fo -0 _zGi(T)dT] (3.3)
i=1
where
Hi(7) = fi(7, x(7), (1), p1X(7), $1(7))
and
Gi(7) = gi(7, X(7), Y(7), p2x(7), p2y(7)).
We obtain

o1 (x,y)(1) = L Ai(t, $)T1(x, y)(s)ds, ¢iT>(x,y)(1) = fo Bi(t, $)T>(x,y)(s)ds

where i = 1, 2.
We shall now prove that T is contractive.
Let T (x1,y1), T2(x2,y2) € E. Then, for each ¢ € [0, T], we have

1 N ' a—
@Zf(t 7) 1dT+—(llf(T T)dt
T )Z f (=7 ZdTH

AIMS Mathematics Volume 7, Issue 10, 18142—-18157.
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(ST X1 (@31, 011 (0), 131 (7))
el Zl '( — [T 221, 2(1), @127, $132(7) )‘

re O | S xi (@, 310, 0131 (), 6131 (1)
T(a + 1) relor) Zl ‘( — (1, 22(0), y2(1), 912027, $12(7) )' '
By (H2), it follows that
TC!
T+ 1)
llprGer = )l llpa (e = 221 g1 Gr = vl g2t = y2)ID.

1T, Cer, y0) = Ti(x, o)l < Z(S’i +& + & + &) x max(llx; = xall, Iy = yall,
i=1

Hence,
W71 (x1,y1) = Ti(x2, y2)Il < Aillxi = x2, 31 — »alle- (3.4)

With the same arguments as before, we can show that
T2(x1, y1) — Ta(x2, y2)ll < Azllxy — x2, y1 — »alle- (3.5)

On the other hand, we have

llr (T (x1, 1) = Ti(x2, ) < fot AT T (x1, y1) — Ti(x2, y2)llds
< max 1AL, I X Agllxr = X2, y1 = ol
Hence,
1 (T1(xy, y1) = T1 (e, y2 Il < Asllxy — x2, 31 — yalle (3.6)
and
lp2(T1(x1, y1) = T1(x2, y))II < Aallxs = x2, y1 = yallE- (3.7)
Also, we have
llp1(T2(x1, y1) = Ta(x2, y2))II < Asllxy — x2, 31 = yalle (3.8)
and
lp2(T2(x1, y1) = Ta(x2, y2))II < Agllxr — x2, 1 = y2lle- (3.9)
Thanks to (3.4)-(3.9), we get
T (x1,y1) = T(x2, y2)ll < max(Ay, Az, Az, A4, As, Ag) (3.10)

X[|Cer = x2,y1 = y2)llE-

Thanks to (3.11), we conclude that T is a contractive operator. Therefore, by Banach fixed point
theorem, 7 has a unique fixed point which is the solution of the system (1.1). O

AIMS Mathematics Volume 7, Issue 10, 18142—-18157.



18149

3.2. Uniqueness of solutions

Our second main result is based on Lemma 2.1. We have

Theorem 3.2. Assume that the hypotheses (H1) and (H3) are satisfied. Then, system (1.1) has at least
a solution on [0, T].

Proof. The operator T is continuous on E in view of the continuity of f; and g; (hypothesis (H1)).
Now, we show that T is completely continuous:

(i) First, we prove that T maps bounded sets of E into bounded sets of E. Taking 4 > 0, and
(x,y) € Q) ={(x,y) € E;||(x,y)|| £ 4}, then for each ¢ € [0, T], we have:

1 ' a—1
@f(t—r) dT+—(f (T —7)dr
2a-2
e >f =0 dT)]

X sup Z it (0, Y(0), @1.X(0), (1)

IT1(x, y)l

t€[0,T]
T 1 Ta+l 6T3a’—2
e —— + — +
I'a+1) 2 Qa-1DTRa-1)

X sup Z | fi(2, x(2), y(2), p1X(1), P1y(D))],

te[0,T] i—1

Thanks to (H3), we can write

T 1 T(x+1 HTBQ/—Z m
O T et |2
i=1

IMNa+1) ¢\ 2 Qa—-1)TRa-1)
Thus, .
171Gl < v ) L (3.11)
i=1
As before, we have .
172069 < v2 Y K (3.12)
i=1

On the other hand, for all j = 1,2, we get

t

|, T1(x, y)(D)] = | A, )T (x, y)(s)ds

m
< max A}t )1 ) L.
1,5€[0,1] P
This implies that

I T eIl < vs Y L (3.13)
i=1

AIMS Mathematics Volume 7, Issue 10, 18142—-18157.
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71 e )OI < va ) L. (3.14)
i=1
Similarly, we have
ke T2 O < vs Y K, (3.15)
i=1
lpoTa(x O < v Y K (3.16)
i=1
It follows from (3.11)—(3.16) that:
V1 ZZI Li9V2 Z’:il Ki,V?, Z’:il Li5 )
T (x, < max . " m .
|| ( y)”E V4 Zi:] Li”VS Zi:13V6 Zi:l
Thus,
T (x, YllE < 0.
(i) Second, we prove that T is equi-continuous:
Forany 0 <1, <, < T and (x,y) € Q,, we have
Ty (x, y)(22) = T1 (x, y)(11)]
1 1 )
_ a1 f — a— ld t — a—ld
[F()f(z )7 =t —1) T+1"() (—7)"drt
e e
W 2 TQRa-1)TQRa-1)
X sup Z [filt, x(2), Y(0), 1 X(2), 1 (0)
1€[0.7) 45
< 2 (t l,)a—l +(l,a/—l ta—l) T2
T+ 2 2y
~ 9772(1—1 i
YI'QRa - 1)TRa-1) F(a +1) -
Therefore,
Ty (x, y)(22) — T1(x, )2l
T2 N
— (-t (= ! L. 17
Terp2~W" * - )[w F(a+1) X; ’ G17)
We also have
IT2(x, y)(22) — T2(x, y)(t)l|e
T2 “
— )" b K 1
[F(,B -0+ (@ - )[M F(,8+1) XZ . (3.18)

i=

AIMS Mathematics Volume 7, Issue 10, 18142—-18157.
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On the other hand,

|¢:T1(x, y)(22) = T (x, y)(11)]

< [max AL(t2, 5) = Aj(11, 9] + (&2 — 1) max [AX(er, $)l| X sup [T} (x, y)(s)l-
s5€[0,1] s€[0,1]

5€[0,1]
Consequently, for all i = 1,2, we obtain
l¢:T1(x, y)(2) = T (x, (Dl (3.19)
< | max |4(n2, 5) — Ai(tr, $)] + (2 — 11) max |Ai(n, S)I] Vi ; L.
Similarly,
ll: 71 (x, )(22) = i T1 (%, y)(#1)]
< [n}gﬁ Bi(12. ) = Bi(t1, )] + (12 = 1) max |Bi (1, s>|] NS (3.20)

where i = 1,2. Using (3.17)—(3.20), we deduce that

1T (x, y)(22) = T(x, y)(t)lle — O

as th, — 1.
Combining (i) and (ii), we conclude that 7' is completely continuous.
(ii1) Finally, we shall prove that the set F' defined by

F={(x,y) € E,(x,y) =pT(x,y), 0<p <1}

is bounded.
Let (x,y) € F, then (x,y) = pT(x,y) , for some 0 < p < 1. Thus, for each ¢ € [0, T'], we have:

x(1) = pT1(x, y)(@), y(t) = pTa(x, y)(©). (3.21)
Thanks to (H3) and using (3.11) and (3.12) , we deduce that

Il < pvi ) L Il < pva ) K. (3.22)
i=1 i=1

Using (3.13)—(3.16), it yields that

lpixll < pvs 202, Li
llpoxll < pva 22, L
llewyll < pvs 221 K;
llo2yll < pve 221 Ki

It follows from (3.22) and (3.23) that

(3.23)

vi Yy Li,va 202 Ky v3 202y Lis

T (x, < pmax m m m
Tl < p (V4Zi:1Li»’VSZ,’:1,V62i:1

AIMS Mathematics Volume 7, Issue 10, 18142—-18157.
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Consequently,
e, Wl < 0.

This shows that F is bounded. By Lemma (2.1), we deduce that 7 has a fixed point, which is a

solution of (1.1).

4. Related examples

To illustrate our main results, we treat the following examples.

Example 4.1. Consider the following system.:

Dix(r) = cos(mn)(x +y + ¢1x(1) + $1y(1)) N 1
C10n(x + y + @i x(0) + p1y(t))  32ne
(cos x(t) + cos y(t) + %M) ,
30y — X+ y+ @x(t) + ¢oy(1) 1
Dy = 8m3(t+ 1) (3 +x+y+ @x(t) + ¢2y(t)) - (107 + e")et+h

( sin x(#) + sin y(¢) + cos @, x(f) + cos ¢,y (t)
2 + sin x(¢) + sin y(f) + cos @, x(t) + cos ¢, y(1) )’

3x(0) = 0, D73 x(T) = I3(x(1)),
I2y(0) = 0, D72y(T) = I7((1)).

We have

3
a = ,ﬁzi,T:I,G:I,wzl,yzl,m:2,n:1.

| W

Also,

cos(mt)(x + y + @1 x(t) + ¢1 (1))
107(1 + x + y + @1 x(f) + ¢1y(1)’
p1x(1) + d1y(1)
dr '

Sit, x(0), (1), 1 x(2), p1y(1))

cos x(t) + cos y(t) +

Ja(t, x(0), (1), 1x(2), p1y(1)) e

Fort € [0,1] and (x1,y1, ¢1x1, $1y1), (X2, ¥2, ¢1%2, 12) € RY, we have

|.f1(ta xl,)’b QDle, ¢1yl) _fl(ta x25y2’ (plx29 ¢1y2)|
lcos(@Dl | xi+yi+@ixi+diy1 X+t @i+ diy)
10 [T+ xi+yi+@ixi+diyr L+xa+y +@ix0 +d1y2)

1
< ﬁ(lxl - X2| + |y1 —y2| + |901x1 — Qplle + |¢1y1 _ ¢1Y2|)

(4.1)

4.2)

4.3)

4.4)

AIMS Mathematics Volume 7, Issue 10, 18142—-18157.
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and

So, we can take

We also have

81 (ta X(l), )’(f)’ ‘sz(t)a ‘f’z)’(l))

and

|f2(t, x1, Y1, @1x1, 1y1) — folt, X2, 2, @1X2, P1y2)|

<

(Ix1 = x2| + ly1 = yal + l1x1 — @1x2| + [d1y1 — 1 y2l).

32me
flogl=glogl=——
1 2 3 4 1071_’
1
2 &2 — 2 — 2 —
éjl _62 63 64 3271_6
1 X+ Y+ @x(t) + dry(2)

821, x(1), y(1), 2.x(1), $2y(1))

1 sin x(#) + sin y(¢) + cos ¢, x(t) + cos ¢, y(1)

83t + 1) \3 + x +y + @ox(t) + ¢oy(2)

B (107 + e")e*1 \ 2 + sin x(¢) + sin y(7) + cos @, x(f) + cos ¢, y(t)

Fort € [0,1] and (x1,y1, @21, $231), (X2, ¥2, 92%2, $2y2) € RY, we can write

and

Hence,

Therefore,

Suppose

S0,

Thus,

and by Theorem 3.1, we conclude that the system (4.1) has a unique solution on [0, 1].

AIMS Mathematics

lg1(t, X1, Y1, @21, $21) — &1(t, X2, Y2, P2X2, P2 y2)|

1
< @ﬂxl = Xo| + [y1 =yl + lpaxi — @ax2] + |Poy1 — oyal),

|g2(t’ X1, Y1, P2X1, ¢2)’1) - gZ(t, X2, Y2, P2X2, ¢2y2)|

1
< ——(x1 = x2| + [y1 = Yol + lp2x1 = @2x2| + [2y1 — P2y2l).

107e?
X=xh=x=xl =
1 2 3 4= 350
1
2 2 2 2
X1 =X2=X3= X4 1072

A; = 0.0589009676, A, =0.0250930393.
Al=B =1,i=12,
Al :A3 :A4, A2 :A5 :AG‘

max(A, A, Az, As, As, Ag) < 1,

4.5)

(4.6)

4.7)

(4.8)

4.9)

Volume 7, Issue 10, 18142—-18157.
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Example 4.2.
3 oy e+ 1)sinpy x(7) + ¢1y(0)
Dixt) = = s +3(0)
¢ te0,1
+27r + cos(x(?) + @1 x(2)) + sin(sin(y(?) + ¢1y(?))’ 10. 11,
] 3 e? sin(x(¢) + (1))
D) = S cos(@ax() + o @) (410)
2
e 3t” cos (1) re[0.1],
e+ —cos(x(1) + y(t) — p2x(t) — doy(1))
I3x(0) = 0, D72x(T) = I3(x(1)),
I5y(0) = 0, D™5y(T) = I3 (y(1)).

We have

4
a = ,ﬁzg,T:I,Q:I,wzl,yzl,m:Z,nzl.

| W

Since

7t + 1) sin(p; x(7) + ¢1y(1)) <
2 — cos(x(t) + y(1)) -
e . ¢
27 + cos(x(f) + ¢y x(1)) + sin(sin(y(¢) + ¢>1y(t))' T 2n+2
e? sin(x(t) + y(1)) e’
21 + cos(ax(t) + poy(®)| ~ 2m+ 1’
312 cos y(t)

et —cos(x(t) + y(t) — @2x(t) = $ay(1))

/12, x(0), y(2), 01 x(1), $1y(1))]

12(t, x(2), (1), @1x(1), pr1y(D))]

|g1(2, x(2), y(1), 2x(), 2 y(1))

3
e—1°

|g2(2, x(2), (1), 02X(1), p2y(1)) <

The functions fi, f>», g1 and g, are continuous and bounded on [0, 1] x R*. So, by Theorem 3.2, the
system (4.10) has at least one solution on [0, 1].

5. Conclusions

We have proved the existence of solutions for fractional differential equations with integral and
multi-point boundary conditions. The problem is solved by applying some fixed point theorems. We
also provide examples to make our results clear.
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