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Abstract: We consider a nonlinear singular fractional Lane—Emden type differential equation

KD o) + % LDf @t pt) =0, 0<f<a<l, 0<a<t<T,
with an initial condition ¢(a) = v assumed to be bounded and non-negative, @ : [a,T] XR — R a
Lipschitz continuous function, and ““D? ¢ Z)g . are Liouville-Caputo derivatives of orders 0 < a, 8 <
1. A new analytical method of solution to the nonlinear singular fractional Lane-Emden type equation
using fractional product rule and fractional integration by parts formula is proposed. Furthermore, we
prove the existence and uniqueness and the growth estimate of the solution. Examples are given to
illustrate our results.

Keywords: well-posedness; growth bound; nonlinear fractional Lane-Emden equation; regularized
incomplete beta function; new analytical method
Mathematics Subject Classification: 26A33, 28 A80, 34A08, 34A09

1. Introduction

In 1870, an American astrophysicist by name Jonathan Homer Lane first published the
Lane-Emden type equations [1] and were further explored by a Swiss theoretical physicist
(astrophysicist and meterologist) Robert Emden in 1907 [2]. They used the equations to describe the
internal structure of gaseous spheres.

The standard form of Lane-Emden differential equation is given by [3]

V') + 3y (0) + f(t,y(0) = g(1), 0<1<1,1>0, (L
¥(0) =4, y'(0) = B. '
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This equation is a singular initial value problems relating to second order differential equations, used
to describe the theory of singular boundary value problem. The Lane-Emden equation best depicts
and describes a wide range of phenomena in mathematical physics, chemistry, and astrophysics,
specifically in the areas of theory of stellar structure, thermal explosion, the thermal behaviour of a
spherical cloud of gas, isothermal gas spheres and thermionic currents [4,5]. For recent stochastic
model applications, the authors in [6] adopted a design of Morlet wavelet neutral network to find a
solution of second order Lane—Emden equation. Other stochastic models for singular Lane—Emden
equations include [7-10].

Next, we review some other numerical and analytical methods of solutions to both the standard and
fractional Lane—-Emden type equations in literature. In 2013, the authors [11] constructed a second
kind Chebyshev operational matrix algorithm to give numerical solutions of a class of linear and
nonlinear Lane-Emden type singular initial value problems; in 2014, the same authors in [12] used
shifted ultraspherical operational matrices of derivatives to give solutions of singular Lane—Emden
equations arising in astrophysics; and in 2018, another set of authors in [13] developed an algorithm
based on operational matrix of integration for Jacobi polynomials and collocation method to obtain an
approximate solution of nonlinear Lane—-Emden type equations arising in astrophysics. In a recent
development, the authors in [14] were able to successfully propose a computationally effective
approximation technique based on Bessel matrix representation and collocation points to find
numerical solution of a nonlinear, singular second-order Lane-Emden pantograph delay differential
equation. Other recent numerical methods of solving Lane-Emden type equation include the use of
ultraspherical wavelets methods [15], the use of spectral Legendre’s derivative algorithms [16], etc.

Now, one could ask, why the fractional Lane—-Emden differential equation? It is known that
fractional derivatives are needed in order to best describe the dynamics of materials in fractal
medium, to capture the long-term memory effect and long-range interactions of systems, the apparent
importance of fractional derivatives in modeling mechanical and electrical properties of real
materials, and in the description of properties of gases, liquids and rocks, see [17-20] and their
references. Consequently, the authors [3] in 2012, generalized Eq (1.1) to a nonlinear-singular
fractional Lane—Emden system

{ Dy(1) + 5 DPy(t) + f(1,y(1) = g(n), 0 <t <1,
¥(0) = co, ¥(1) = d,

where 1 >0,0<a<2,0<B8<1, f:[0,1]xR >R, g:[0,1] - R are continuous, A, B constants
and D?, D? are Riemann—Liouville fractional derivatives. The fractional Lane—-Emden equation is of a
significant importance in the accurate modeling of real-life phenomena. For example, the nonlinear
singular fractional Lane-Emden systems have been applied in a novel design of fractional Meyer
wavelet neutral networks [21].

Many researchers have employed different approaches and methods in formulating the analytical
solution to the fractional Lane—-Emden equations. Recently in 2022, the author in [22] studied
analytical solution to a class of fractional Lane—-Emden equation using a power series method.
Another analytical solution involves the method of Laplace transform [5]. The author in [3] imployed
a numerical method of collocation to give approximate solution of the fractional Lane—Emden
equation. Some other numerical methods have also been developed to give approximate solutions of
fractional order Lane—Emden-type differential equations. These methods include matrix method in
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terms of generalized Bessel functions and based on suitable collocation points [23], the homotopy
perturbation using Adomian decomposition method [24] and Polynomial Least Square Method
(PLSM) which gives an analytical approximate polynomial solution of fractional Lane—Emden
differential equations [25].

In this paper, as a motivation, we seek to find a simplified and an alternative formulation of analytical
solution to a fractional Lane—Emden type equation and consider the following
{ O o) + 25Dl w(t, o)) =0, O0<a<i<T, 12)
p(a) = v, '

where 0 < 8 < a < 1, *¢D? and LCZ)i . are Liouville-Caputo fractional derivatives, and @ : [a, T] X
R — R s Lipschitz continuous. In contrast to the known fractional Lane—-Emden equations, Eq (1.2) is
a singular initial value nonlinear fractional Lane—Emden type equation relating to first order differential
equations.

Remark 1.1. (1) The novelty of the paper is that it is the first to apply this analytical method in
solving nonlinear singular fractional Lane—Emden type equation. The advantage of using the
fractional product rule and fractional integration by parts formula is that it is simple,
straightforward and less complicated; the only downside is that the method was unable to
capture all the usual order 0 < a < 2, because of the positive requirement of 1 —a inI'(1 — ) in
our formulation.

(2) Our results are performed at approximation of the singular point since we have some terms in
our solution kernel that are not defined at 0.

The paper is organized as follows. Section 2 contains the preliminaries and formulation of the
solution; and in Section 3, we give the main results of the paper. Section 4 contains some examples to
illusrate our main results and Section 5 provides a short summary of the paper.

2. Preliminaries

Here, we present definitions of some basic concepts. See [26] for more concepts on fractional
calculus.

Definition 2.1 ( [27]). Let a < b be positive real numbers and f : [a,b] — R be an integrable function.
The left sided Katugampola fractional integral of order a and parameter p is given by

pl—a

a,p _r
I f(0)= @)

f P — sP) L f(s)ds.

Remark 2.2. For p = 1, one gets the Riemann—Liouville fractional integral of order a > 0 of a function
f :la,b] = R given by

1 !
TLf0 = f IR @.1)

provided that the integral exists and finite.
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Definition 2.3 ( [28]). The Riemann—Liouville fractional derivative of order 0 < @ < 1 of a function
f i la,b] = Ris given by

Dy f@t) =

m 2 f (= )" f(s)ds,

provided that the integral exists and finite.

Definition 2.4 ( [27]). Let a < b be positive real numbers, p > 0, « € R* and n € N such that
n—1<a<mn and f : [a,b] = Ris a class of C" function. The left-sided Caputo—Katugampola
fractional derivative of order a and parameter p is defined by

oty = 7[00 L foy = L (e — oyt (e LY fesya
20 =138s E)f()—r(n f - (1 )f<s>s

Remark 2.5. Forn =1 and p = 1, then the Liouville—Caputo fractional derivative of order 0 < a < 1
of a function f : [a,b] — R is given by

LCZ)(I f(t)

F(l f(t—S) “f(s)ds,

provided that the integral exists and finite.

Lemma 2.6 ([28]). The relationship between the Liouville—Caputo and Riemann—Liouville derivatives
is

n—1
(l )k a
KDL f0) = DL - ) w——— V(@)
= ['k-—a+1)
When n = 1, it implies that k = 0 and
D) = DS - L f@)

For an example, if a function f : [a,b] — R is given by f(t) = t'. Then

I'v+1)
ITv—a+1)

V—a

D5 f(0) =

Theorem 2.7 ( [27]). Let y € C"[a, b], then we have

ap CD“py(t) y(t) Z —(tp — ap)ky(k)(a)-

For a function 'y € Cla,b] and p = 1, we have
I3 Dy = (1) - y(@). (2.2)
The following is a generalized fractional integration by parts formula:
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Theorem 2.8 ( [27]). Let f € Cla, b] and g € C"[a, b] be two functions. Then

b
gD (') f(t)dt

f FOCD  g(t)dt

ﬁlh

1 d\ o, =
* [ (_tl_pdt) P (1) gk 1>(f) :

k=0 =a

In particular, forn =1 and p = 1,

f fOFC D g(tdt = f gD f(D)dt. (2.3)

Definition 2.9 ( [29,30]). For u,v > 0, one defines the incomplete beta function by

B(t,u,v) = f #I(1 = v lde, T €0, 1].
0
It also has a representation in terms of a hypergeometric function given by
™
B(T’ﬂ’ U) = - 2F1(/l’ 1- v+ I,T)
u

Definition 2.10 ( [31]). The regularized incomplete beta function is defined by

B(t,p,v) _

v—1
I(t,pu,v) = Buiv) ~ BOL )fr“ (1 -7 ldr,

satisfying the following properties:

- _val
o I(t,p,v) =1t u+ Lv-1)+ ileaw,)v{l’
[ ] I(T,u’ U) = I(T7l'l + 1’U + 1) - Tﬂlf;(_/j)v) ’
_ (1-1)¥
(] I(T,/l, U) = I(Tal't + 1’U) + ;fAB(y,U)U’
L I(T’/'l’ U) = I(T’/’t’v + 1) - TUl(;(l:‘:’)) ’

I(t,p,v)+ (1 —1,u,p) =1,
I(1,u,v) =1 and I(1,u,v) € [0, 1].

Here, we make sense of the solution to Eq (1.2).

Lemma 2.11. The solution to fractional Lane—Emden type equation (1.2) is given by

F(ﬁ a+1) o1 —a
—B(l— f(t ) s Y@ (s, p(s))ds.

e(1) = f (1 = )P P w (s, @(s))ds ~

-B)

Proof. Apply the fractional integral operator 1%, on both sides of Eq (1.2) to obtain

o] o]« 1] 5 0wt e = 0
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From Eq (2.2) in Theorem 2.7 and Eq (2.1), we have

-1
1=95)"" ¢

/1 !
@(t) — p(a) + @) fa ( b D§+w(s, @(s))ds = 0.

By Eq (2.3) in Theorem 2.8, we obtain

/1 !
@(t) — p(a) + T f @ (s, p(NDL, (1 = 9! 7 )ds = 0. (2.4)
@) J,

Apply the product rule on DF. (1 — 5)*~'s°~?) as follows

D=5 = (-9 D+ D (- )

B el Ir-—a+1) —aB_ pa a-1+1) N
= =9 F(ﬁ—a—,B+1)SB ¢ Ta—1-p+n" ¥
I'B-—a+ 1)(t gty ['(a) (1= s)r Bl e
Tl - a) INCRY) '
Therefore, from Eq (2.4), one gets
reg- 1 A !
o(0) — gpla) + (ﬁ(l ‘_”;) )r@ f @ (s, @)t ~ )75 ds
r A !
- - (a(c_’)ﬂ) x5 f @ (s, p(s)(t — $)* P P = 0.
Using the cosecant identity ['(@)['(1 — @) = mcsc(na) = #m), we obatin

o) —pla) + TB-a+ 1)@ f (s, ()t — 9 sds

/l !
" e p f @ (s, ()t — )" P 1s$ds = 0.
Alternatively, by the property of Beta functions B(1 — o, @) = rr((l%a)z(j)) =I'(1 — o)I'(«), one writes the
solution as
/l t
o) —¢pla) + TB-a+ 1)m f @ (s, ()t — )" s7ds
A ! , ’
T Ta-p fa @ (s, p(s))(t — )" P ds = 0,
and the desired result follows. O

Now, we define the norm of ¢ by
llell :=sup le()].

a<t<T
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3. Main results

We start with the following global Lipschitz condition on @(., ¢) as follows:

Condition 3.1. Let O < Lip_ < oo, and forall x, y € R, and t € [a,T], we have
|@ (1, x) — w(t,y)| < Lip,|x — yl. (3.1)

We set w(t,0) = 0 for convenience only.

3.1. Existence and uniqueness result

The existence and uniqueness of solution to our Eq (1.2) will be proved by Banach’s fixed point
theorem. To begin, we define the operator

f (t — )PP w(s, o(s))ds — A M f (t = 5)* s (s, p(s))ds,

B(1 -
(3.2)

A
Ap(t) =v + Ma-7)

and show that the fixed point of the operator A gives the solution to Eq (1.2).

Lemma 3.2. Let ¢ be a solution to Eq (1.2) and suppose that Condition 3.1 holds. Then for B+ 1 > «
and < <a<l,
lAgll < v + c1ALip,llell, (3.3)

with positive constant

re—a+1)
B(l —a,a)

= [rese(n(e—B) + B(1 —a+B,a-B)] + [mcse(na) + B(1 — a, @)]| < oo.

1
I'(a-pB)
Proof. We take absolute value of the Eq (3.2) to obtain

Aen)] < v+ r(aﬂ_ 5 f (t = )" P w (s, p(5))lds + A% f (t = )7 s @ (s, @ (5))lds.
Applying Eq (3.1) of Condition 3.1, we have
At < v - PP s + Aipg g f (1 = 51"~ lp(s)lds
* Ta f%)llsall f (t = 5)° ' #ds + ALip,, 3(1(31 o )u [ f (1= 5)'s
=y ALIP’;)ng»n[n cse(n(a — B)) — B(f, l—a+Ba —ﬁ)]
r

+/1L1pw%llcpl|[n csc(ma) — ( )]

<v+ /(lLlpIB)Ilgall[n csc(m(a — B)) + B(Ctl —a+B,a- ,8)]

+/1L1pw%”(p”[ﬂ' csc(mar) + B((: )]
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where B(., .,.) is an incomplete Beta function. Now, applying the property of a regularized incomplete
Beta function I(z,a,b) < 1 forall 0 < z < 1, we have B(z,a,b) = B(a, b)I(z,a,b) < B(a, b). Thus, for
all 0 < a < t, we have

ALip,
A(D] < v+ ez esctn(e =g + B(1 - + 5.~ )|

I'(a - pB)
TB—a+1
+/1Lipm;f1_—0:a))||¢||[n csc(ra) + B(1 - a, a)].

Taking supremum over ¢ € [a, T'] on both sides, we get

r?clf% ”¢”[’T csc(n(@ =p) + Bl ~a +p.a —,3)]

. TB-a+1)
ALip ————
APy B(l —a,a)

Al < v+

||<,o||[7r csc(na) + B(1 — a, a)],

and the result follows. O

Lemma 3.3. Let  and ¢ be solutions to Eq (1.2) and suppose that Condition 3.1 holds. Then for
B+l>aand0<p<a<l,

Ay — Apll < c1ALip, Yy — ¢l (3.4

Proof. Since the proof follows same steps as the proof of Lemma 3.2, we omit the details to avoid
repetition. m|

Theorem 3.4. Let S+ 1> aand 0 < B < a < 1; and suppose Condition 3.1 holds. Then there exists a
positive constant ¢, such that for c¢; < ﬁ, Eq (1.2) has a unique solution.

Proof. By fixed point theorem, one has ¢(f) = Ap(t). So, using Eq (3.3) of Lemma 3.2,
llgll = [ Al < v + c1ALip,|l¢ll.

This gives [l¢l|[1 — ¢;ALip_ ] < v and therefore, ||¢|| < oo if and only if ¢; < ﬁ.

On the other hand, suppose ¥ # ¢ are two solutions to Eq (1.2). Then, from Eq (3.4) of Lemma 3.3,
one obtains

I = ¢ll = Ay — Agl| < c1ALiplly - ¢ll.

Thus, [l — ¢ll[1 — ¢;ALip,] < 0. But 1 — ¢;ALip_ > 0, it follows that |y — ¢|| < 0, which is a
contradiction and therefore, [ — ¢|| = 0. Hence, the existence and uniqueness result follows from
contraction principle. O

3.2. Upper growth bound
In 2005, Agarwal et al. in [32], presented the following retarded Gronwall-type inequality:

n bi(1)
u(t) < a(t)+Z f gi(t, S)wiu(s))ds, to<t<t. (3.5)

i—1 vYbito)
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Theorem 3.5 (Theorem 2.1 of [32]). Suppose that the hypotheses of (Theorem 2.1 of [32]) hold and
u(t) is a continuous and nonnegative function on [ty, t,) satisfying (3.5). Then

by (1)
W, (r,() + f max g,(7, s)ds], th<t<T,

<r<
ba(to) 10T

ut) < W,!

where r,(t) is determined recursively by

ri(0) = a(to)+f la’(9)lds,

fo

i (1)

Fig] = "Wi_l[(W,-(r,-(t)) + max g;(t, s)ds], i=1,..,n—1,

bi(to) 1W<ttt
td
and W(x, x;) := f —Z.
Xi Wi(z)
Remark 3.6. Now, consider the case where n = 2. If

by (1)

b1 (1)
u(r) < a(t) + f g1(t, s)wi(u(s))ds + f 82(t, s)wa(u(s))ds,

bl(to) bZ(IO)

then
bZ(t) ]

u(l)s(VVgl[(Wz(rg(t))+ f max g»(t, s)ds|,

10 <t<t
by(tg) "0=T=

b1 (1)
with ry(t) = (Wl‘l[(Wl(rl @) + f max g(t, s)ds].
b

1O<T<t
1) 0=1=

Here, take wi(u(s)) = wa(u(s)) = u(s), bi(ty) = br(ty) = ty = a and b,(t) = b,(t) = t.
Thus, we estimate the upper growth bound on the solution.

Theorem 3.7. Given that Condition 3.1 holds. Then for all t € [a,T], a > 0 and c;,c; > 0, we have

\4
exp (c2(a — ) F + c3(a — 1)?)’

()] <

. ALip, 1 Ir'B—a+1) 1
with ¢, = ap @? €3 = ﬂLlpwaB(l_a,a)a—a,forO <B<a<landfB+1>a.

Proof. From the proof of Lemma 3.2, it was obtained that

(O] <v+ e “|¢<s>|ds+ﬂL1pw% f (1= 975 lp(s)lds
?Lip%) sup ¢ f <t—s)“—ﬁ—l|¢<s>|ds+ﬂLipw;(f1 —pmer +a‘)) sup 5° f (t = )" lp(s)lds.

Since s#~ and s™ are both decreasing for 0 < 8 < a, we have

re- a+l) "

a—1
o f (= 51"l (s)lds.

G0 < v+ P f (= 5y p(s)lds + AL
SV+——-a - s)lds ip,,
4 Ta-p" J, i P
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Let h(?) := |¢(2)|, for t € [0, T] to get

ALip,,

rB-—a+1)1
- I'a -pB)a*?

B(l —a,a) a*

h(t) < v f (t = s)* P h(s)ds + ALip_, f (t - )" 'h(s)ds. (3.6)
0

Now, we apply Theorem 3.5 to (3.6). For W, we have that
*d
Wih(x, x5) = f & Inx — In x,.
xn <

For convenience, we take x, = 1 and “W,(x) = In x with the inverse W7 I(x) = . Similarly, W;(x) =
In x with its inverse W;'(x) = e*.

Also, a(t) = v and d’'(r) = 0, so ri(t) = v. Next, define non-negative functions gy, g, : [a, T] X
[a,T] — R, as follows:

. ALip, 1 a—p1
§i(n9) = T
and
. T a+1)1 o
g (7, 5) := ALip ('8——( — )"

“ B(l —a,a) a®
Fora < s < v and given that « — 8 — 1 < 0, then g, is continuous and decreasing, hence,

ALip_ 1

_ - _ Bl
max g(t, s) = Fa-p) aa_ﬁ(a $)*P,
and we have
Lip ALip 1 (a-1)**
r(t) = exp | In(v) + f (a—s)* " lds] = ex [ln(v) L
A= Ta—p)ars P Fa-pa? a-p
Also, fora < s < 7, and for all @ < 1, g; is continuously decreasing, and
rg-—a+1)1
ALip ————=
max &2(7, ) = Alipg =< C(a = 9)"
Thus,
N +1) 1
h(t) < exp [ln(rz(t)) + ALip, ——— G-a+]) f (a—s)* 1ds
B(1 —a,a) a*
ALip 1 3 . I'(B- a+1) 1 (a—1)"
= In(v) — o P — ]
°xp [ n) I'l +a-p)a*# (@=1 Po B(l —a,a) a* «
ALip_,  (a—-10*"? . ITB-a+1)(a- t)“]
= - - AL )
vexp [ Tl+a-pB) avb PooBl-a0) a
and this completes the proof. O
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4. Examples

Here, we give examples to illustrate Theorem 3.4.

(1) Leta = % and 8 = % and define the nonlinear Lipschitz continuous function @ : [a,T] X R = R

by @(t, ¢(t)) = sin(¢(t)) with Lipschitz constant Lip_ = 1. Then the fractional Lane—Emden type
equation

{ DL () + LD sin(p() =0, 0<a<t<T,
p(a) =,
has a unique solution whenever
1 4 1 (s 3 2 3 1
or = L rese(Z) o B2 )|+ v fmese () B(2.2)| - 460z < L
r(l) 5 5517 B2, Y) 5 55 P

or for all A such that 0 < 1 < 0.214734.
(2) Suppose a = % and S8 = % and define w : [a, T] XR — [0, 00) by @ (%, ¢(t)) = |¢(¢)| with Lip_ = 1.
Then the fractional Lane—Emden type equation

{ LeDS (1) + £ Ol =0, O<a<t<T,
e(a) =v,

has a unique solution for

1 21 r(2 2 12 1
o= e frese() e B2 )]+ i frese () + B, 2| = s.ateas < L.
! 3 3317 B(L,2) 3 3’3 1

orforall4in 0 < A < 0.184622.
5. Conclusions

A new analytical technique of solution to a nonlinear singular fractional Lane—-Emden type
differential equation which involves the use of fractional product rule and fractional integration by
parts formula applying the fractional integral operator was considered. Our proposed analytical
method is easier and straightforward to apply when compared to other analytical methods of
solutions. Furthermore, we study the estimation of the upper growth bound (exponential growth in
time) of the solution using retarded Gronwall-type inequality, and the existence and uniqueness of
solution to the nonlinear fractional Lane—-Emden type differential equation using Banach’s fixed point
theorem. For further studies, one can investigate the asymptotic behaviour of the solution, estimate
the lower growth bound of the solution, the continuous dependence on the initial condition and the
stability of the solution. Moreso, one can seek to extend this method for the singular IVPs relating to
second order differential equation, that is, for 0 < a < 2.
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