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Abstract: The boundary value problem (BVP) for a nonlinear non positone or semi-positone multi-
point Caputo-Hadamard fractional differential pantograph problem is addressed in this study.

Dix(t) + f(t, x(1), x(1 + At)) =0, t € (1,b)

m-2

x(1) = 61, x(b) = Y Lx(m) + 63, 6 €R, i=1,2,
i=1
where 1 € (O, %) The novelty in our approach is to show that there is only one solution to this
problem using the Schauder fixed point theorem. Our results expand some recent research in the field.
Finally, we include an example to demonstrate our findings.
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1. Introduction

Fractional calculus has recently become popular as a method for computing the derivative of order
real or complex. It was vital to the development of natural science by modelling a large variety of


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.20221070

19511

phenomena or real world problems. In fact, most of the problems arise in scientific fields. Fractional
differential equations (FDEs) can be used to model chemistry and biology, physics, biomedical science,
optics, biomedical research, and radiography [1-7]. Obtaining optimal solutions for FDEs expands the
scope of the studies. This is why many scientists have focused on FDEs in recent years. Many papers,
books, and other works about Caputo-Hadamard fractional derivatives have been produced to study the
existence of solutions to certain fractional dynamic equations [8—12].

The pantograph equations are special cases of delay differential equations in the sense that the term
7 = 0 in the delay function 6(t) = t — 7. The delay or retarded types of equations have been extensively
studied (for example see [13]). The generalised pantograph equation has a variety of uses that can be
found in pure mathematics [14], electrodynamics [15] and current collection by an electric locomotive
pantograph [16]. Over the last ten years or so problems (1.1) and (1.2), which are mentioned in abstract
and below, have been studied widely by many authors. The technique used usually involves either the
shooting method or phase plane methods. One of the difficulties encountered is that the norm of
solutions of the “appropriate” family of problems considered is usually unbounded. Another difficulty
that arises is that zero is not a lower solution (in fact it is sometimes an upper solution).

Many positive solutions or many solutions to nonlinear fractional BVP have been studied using
fixed point theorems (pfts) such as Schauder’s fpt, Guo-Krasnosel’skii fpt, and Leggett-Williams fpt.
That was used by a group of experts. Recent research has focused on BVPs involving multipoint initial
conditions and FDEs [17, 18].

Nonlinearity is usually nonnegative to assure the level of positive solutions for BVPs. The
investigation of the problem would become significantly more complex if the nonlinearity changes
sign. As a result, there are few research on the subject [19-23].

In [24], the authors considered the two- point Liouville-Caputo BVP of the form

CDVx(t) = —f(t, x(})), t € (a, b),
x(a) =61, x(b) =6, 6; €R, i = 1,2,

where the Caputo fractional derivative of order 1 < v < 2 is indicated by “®DV and f is a continuous
function.

The purpose of this study is to establish the existence of solution of the following m-point fractional
BVP when the term of nonlinearity changes its sign

DYx(t) + ik, x(t), x(1 + A1) = 0, t € (1,D), (1.1)
m=2
x(1) = 61, x(b) = Y Lx(n) + 63, 6 €R, i=1,2, (1.2)

i=1
where A € (0, %) , D7 is the standard Caputo-Hadamard fractional derivative of order 1 < v < 2, ¢
(1 <i < m - 2) are positive real constants with 0 < Z;’:]z{i <l,me(,b)andf: [I,b)] X RXR — R,
and the sign of the continuous function can change. Problems of the above type are referred to in the
literature as non positone or semi-positone boundary value problems. Our interest in semi positone
problems and the existence of nonnegative solutions arises from the fact that these problems occur in
many models. The following is the description to how this article is organised. The second section
presents some fundamental ideas, definitions, lemmas, and arguments. In Section 3, we demonstrate
the primary result, and to explain the main result, we give a specific example.
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2. Preliminaries notation

This section contains certain basic definitions, and theorems in the field of fractional calculus, that
will be used throughout this work. For more details about the theory of fractional calculus and its
applications can be found in [5,7].

Definition 2.1 ([5,7]). The Riemann-Liouville fractional integral of order v > 0 fora x : [0, +o00) —» R
is defined as

t
I'x(t) = % fo (t — )" ' x(s)ds,

where I is the Euler gamma function and it is defined by

T'v) = f e gt
0

Definition 2.2 ( [5,7]). The Hadamard fractional integral of order v > 0 for a continuous function

x:[1,4+00) — R is defined as
| A A S
IVx(t) = — log - —.
57x (1) F(v)fl(og s) x(s) :

Definition 2.3 ( [5,7]). The Caputo fractional derivative of order v > 0 for a function x : [0, +c0) — R
supplied by

DVx(t) =

t
f (t—9)"V X" (s)ds, n—1<v<n, neN.
I'n-v) Jo

Definition 2.4 ( [4]). The Hadamard fractional calculus of order v > 0 for a continuous function
x :[1,+00) = R is such as

1 t t n—a—1 ds
v t - 1 _ n -~ _1
Dix(t) F(n—v)ﬁ(Ogs) 6x(s)5,n <a<n,

where §" = (t%)n,n e N.
Lemma 2.5 ([5,7]). Letn— 1 <v < n, n € N. The equality (3;Dx) (t) = 0 is valid iff

n

x(t) = ch (logt)"™ for eacht € [1, ),

k=1
where ¢, € R, k =1, ...,n are constants.

Lemma 2.6 ([4]). Letm—1 <v<m, meNand x € C"'[1, o). Then

m—1
D (D] = x(t) - 5 x( )

ogt)".

M

k=0

Lemma 2.7 ([5,7]). Forallu>0andv > —1,

1 [ £\ ds rv+1) by
r—(ﬂ)ﬁ(log;) (logs);——r(ﬂ+v+1)(logt) .
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Lemma 2.8 ([5,7]). Let x(t) = (Iog(t)), where u > 0 and letm — 1 < v <m, m € N. Then

(1) 0 ifue{0,1,..,m-1},
X = v v .
! Fgf;;}r)l)(logt)” fueNu>moru¢N, u>m-1.

To deal with the solution of the FDE (1.1) and (1.2) to consider the solution,

-Dix(t) = h(t), (2.1

governed by the boundary condition (1.2).
Let’s denote A := logb — X 2¢; log 1.

Lemma 2.9. Letv e (1,2] and t € [1,b]. Then, the The BVP (2.1) and (1.2) admits one x of the form

m-2 =1 logt b d
aty = |1+ 2257y oat] s, 4 %52 + f ot s)h(s);,
1
where
t5) = 1 —(log é)v—l logt [(log b)u 1 Em 2§J(10g ’7/)11 1] , 9 <t, Ni-1 <SS 1, 2.2)
w = .
T(@) | & [(log ty~! - 22-2Z;(log L) 1] t<s g <s<m
i=1,2,...,m-2.
Proof. First the solution of D}x(t) = —A(t) is given by
x(t) = —m f (log - )“ lh(s)— + ¢ + ¢ logt, (2.3)
where ¢y, c; € R.
By x(1) = 6, and x(b) = ;] g“,x(nl) + 85, we have ¢y = 6; and
-
i Ni i ds
; log —)" " h(s)—
( r(v)zg - (log - h(s)
m-2
1 vl —+(5 i—1|+8,].
b J(og Y1) 1[214 } 2)
Substituting ¢y, ¢; into Eq (2.3) we find,
m—2 t
oG- logt 1 to,_ ds
x@) =1+ IA logt o1 + Tgéz - m (f (log —) lh(s)_
logt'&y (W ; log t
NI RCTRTCEEE < 2 [ og - 1h(s)—)
Zm 2{[
=1+ — A 1 ogt|d; + —62+f w(t, s)h(s)—
where (2.2) is the expression of w(t, s). The demonstration is finished. O
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Lemma 2.10. If0 < 37 < 1, s0
)A>0,
ii) (log )"~ = X757 ¢j(log )" > 0
Proof. i) That is clear to see
ni <b,

{ilogn; < ¢;logh,

—mz_zélogm > —mz_zélogb,
i=1 i=1

m—2 m-2 m-=2
logb— > Zilogn; > logb— »" Zilogh = logb[1 - > 1.
i=1 i=1 i=1

If 1 — 272 > 0, then logb — " 2¢; logn; > 0. So we have A > 0.
ii) Since 0 < v — 1 < 1, we have (log 2)""! < (log 2)”"!. Thus we have

Z ¢log "Ly < Z ¢ (log )" < (log )" IZ ¢ < og ",

j i

and so
m-2

Gog ' - 3 gytog Lyt > 0.

] =i

Remark 2.11. Regarding the Green’s function w(t, s) of the (1.1) and (1.2), it is simple to find

m—2

148 logt 771u1
f|w(ts)|;<r()f< DTSR )Azg,fag )
logt b,
Ar<>f1(1°g_)

_ (logt)” N logt
F(v+ 1) Al'(v+1)

m-2
logt
(1 Y4 —2" (logb)
E gi(logm;) +Ar(v+1)(0g )

(log b)Y logb (logb)"! byt
*Tw+1)  A@w+1) Zg’(log W+ AFor D)

Remark 2.12. Suppose p(t) € L'[1,b], and w(t) is a resolution of (2.5)
Diw(t) + p(t) =
w(l) =0, w) = Z’" 2aw)

then w(t) = [ @(t, 5)p(s)L.
The next fpt is essential to proceed in our main results.

(2.4)

(2.5)

Theorem 2.13. [22] [Schauder fpt] Suppose that X is a Banach space. Suppose K is a convex, closed,

bounded subset of X. T has a fixed point in K if T : K — K is compact.
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3. Existence results

Additionally, throughout this article, we present the following conditions:

(A1) There exists a nonnegative function p € L'[1,b] and flb p®)dt > 0 such that f(t, x,v) > —p(t)
forall (1, x,v) € [1,b] X R X R.

(A2) f(t, x,v) # 0, for (t, x,v) € [1,b] X R X R.

Suppose B = C([1, b], R) be the Banach space of all continuous function from [1, b] to R endowed
by the standard norm ||x|| = sup{|x(1)| : t € [1, b]}.

We will start by showing that the fractional equation below is true

Dix®) + Ft,x" ), x" (1 + A1) =0, te[L,b]. (3.1
There is a solution with the boundary condition (1.2), where F : [1,b)] X R X R — R

f(t, z1,22) + p(t), 21,22 2 0,

f(t,0,0) + p(t), z; < Oorz <0, (3.2)

F(taZbZZ) = {
and x*(1) = max{(x — w)(1), 0} so that w is the unique solution of the problem (2.5). The mapping
T : B — B related with the (3.1) and (1.2) defined as

(Tx)(t) =

m—2
1:1 {l -
1 t
A 0g

01+ —62 +f @(t, s)F(t, x*(s), x*(1 + /ls))— (3.3)

where the formula (2.2) is the definition of w(t, s). The existence of a fixed point for the mapping T’
means that the problems (3.1) and (1.2) has a solution.

Theorem 3.1. Suppose that (A1) and (A2) are valid. If p > 0 valid

m—2§. _
i

m 1 logb
L N — A logb o8

0+ LM < p,
A 2 P

o] +

where L > max{|F(t,x,v)| : t € [1,b], |x|,|v| < p} and M is given in (2.4) then the problems (3.1) and
(3.2) has a solution x(t).

Proof. Let’s begin by defining P := {x € B : ||x|| < p}. The Schauder fpt is applicable to P because it is
a closed, bounded, and convex subset of B is described by (3.3). Define7 : P - Bby(3.3). T: P —> B
is easily observed to be continuous. Claims 7 : P — P. Let x € P. Suppose x*(t) < x(t) < p for all
te[1, b]. So

-2
?il i —

ITx(})| =‘ 1+ o ogt

o)+ —62 +f @(t, s)F(s, x"(s), x"(1 + /ls))—

m—2 G-
1

s log b
1+"1—1 b
A8

< 51+T52+LM<p,

for all t € [1,b]. This indicates that ||[Tx|| < p. So T : K — K can be demonstrated to be a compact
mapping using the Arzela-Ascoli theorem. As a consequence of the Schauder fpt, 7 has a fixed point
x in P. This suggests that x is a solution to the problem (3.1 and 1.2). O
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Lemma 3.2. x*(1) is a solution of the fractional BVP (1.1) and (1.2) with x(t) > w(t) for all t € [1,b]
if and only if x = x* + w is the positive solution of fractional BVP (3.1) and (1.2).

Proof. Let x(t) be a solution of fractional BVP (3.1 and 1.2). Then

x = ?;24_ logt|d; + l(zTgtéz
"Tw )f @(t, 9)F(s, x°(s), x°(1 +/15))_
i [1 ’ %logf o+ 5,
F( ) f @(t, 5) (f(s, x"(5), x°(1 + As)) +p(g)) ds
= [1 + $logt 51 + %52
Iﬂ( )f @(t, 9)t(s, (x —w)(s), (x —w)(1 + /15))_
‘o f] ot P&

1 0 ds
+ — f w(t, 9)f(s, (x = w)(s), (x — w)(1 + A5))— + w(t)
I'v) J; 5

or
2y -1 logt
x() = w(t) = | 1+ “=2— logt| 6, + Tg(sz
* T f @(t, s)f(s, (x — w)(s), (x — w)(1+/15))—
then we get
, 2 -1 log t
X (1) = [1 + —‘Tlogt 51+ Tg52

F( )f w(t, $)f(s, x*(s), x*(1 +/ls))—

Another way, if x* is a solution of the fractional BVP (1.1 and 1.2) so we obtain

D) + w(t)) = DIx(H) + DIw(t) = —f(t, x" (1), x*(1 + At)) — p(H)
—[f(t, x*(1), x*(1 + A1) + p(H)] = =F(t, x"(1), x"(1 + At)),

it indicates that
Dix(t) = =F(t, x*(1), x"(1 + Ab)).
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We easily see that
(D) =x(1) -w(1) =x(1) -0 =94,

1.e., x(1) = 6, and

m—2
X () = D LX) + 6o,
i=1

m=2 m=2 m=2
x(b) = w(b) = ) Lix(n) = ) Lwi) + 62 = ) L) = wia)) + 6o,
i=1 i=1 i=1

i.e.,
m—2
x(b) = > L) + 6.
i=1
Therefore x(t) is a solution of the fractional BVP (3.1 and 3.2). |

4. An example

Consider the following specific fractional BVP

Dix(t) + f(t, x(t), x(1 + 0.5t)) = 0, t € (1, ¢) (4.1)
1 3 15 1 9
x(D) = 1, 2(1) = 23(35) + 3x()) + 77x() = 1 (4.2)

with function f(t, x(t), x(1 + 0.5t)) = % arctan(x(t) + x(1 + 0.5t)).

Taking p(t) = 2t we get fle 2tdt = ¢ — 1 > 0, then the hypotheses (A1) — (A2) hold. Calculating
A =0.771, M = 2.24 along with observing |F'(t, x,v)| < m+ 2e = L such that |x| < p where p = 19, we
could simply confirm that

xR -1 logh
=1 & Oi S+ LM =18.43 < 19.

1+ logh|d, +

After that, by applying Theorem 3.1 there is a solution x(t) to the problems (4.1) and (4.2).
5. Conclusions

In this research we have showed the existence of a soultion of the BVP for a nonlinear non positone
or semi-positone multi-point Caputo-Hadamard fractional differential pantograph problems (1.1) and
(1.2). The novelty in our approach is that we have shown there is only one solution to this problem.
In our proofs, we used the Schauder fixed point theorem. The findings in this paper significantly
generalize and improve the recent results about semi-positone multi-point Caputo-Hadamard fractional
differential pantograph problems (1.1) and (1.2).

AIMS Mathematics Volume 7, Issue 10, 19510-19519.



19518

Acknowledgments

Princess Nourah bint Abdulrahman University Researchers Supporting Project number

(PNURSP2022R14), Princess Nourah bint Abdulrahman University, Riyadh, Saudi Arabia. The
author T. Abdeljawad would like to thank Prince Sultan university the support through TAS research

lab.

Contflict of interest

The authors declare that they have no competing interests

References

10.

11.

12.

B. Ahmad, Existence of solutions for irregular boundary value problems of
nonlinear fractional differential equations, Appl. Math. Lett.,, 23 (2010), 390-394.
https://doi.org/10.1016/j.am1.2009.11.004

Z.. Bai, On positive solutions of a nonlocal fractional boundary value problem, Nonlinear Anal., 72
(2010), 916-924. https://doi.org/10.1016/j.na.2009.07.033

Z. Bai, H. Lii, Positive solutions for boundary value problem of nonlinear fractional differential
equation, J. Math. Anal. Appl., 311 (2005), 495-505. https://doi.org/10.1016/j.jmaa.2005.02.052

F. Jarad, T. Abdeljawad, D. Baleanu, Caputo-type modification of the Hadamard fractional
derivatives, Adv. Differ. Equ., 2012 (2012), 1-8. https://doi.org/10.1186/1687-1847-2012-142

A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and applications of fractional differential
equations, Boston: Elsevier, 2006.

K. S. Miller, B. Ross, An introduction to the fractional calculus and fractional differential
equations, New York: Wiley, 1993.

I. Podlubny, Fractional differential equations, mathematics in science and engineering, New York:

Academic Press, 1999. https://doi.org/10.1016/s0076-5392(99)x8001-5

H. Boulares, A. Ardjouni, Y. Laskri, Stability in delay nonlinear fractional differential equations,
Rend. Circ. Mat. Palermo II Ser., 65 (2016), 243-253. https://doi.org/10.1007/s12215-016-0230-5

H. Boulares, A. Ardjouni, Y. Laskri, Positive solutions for nonlinear fractional differential
equations, Positivity, 21 (2017), 1201-1212. https://doi.org/10.1007/s11117-016-0461-x

S. Liang, J. Zhang, Positive solutions for boundary value problems of
nonlinear fractional differential equation, Nonlinear Anal., 71 (2009), 5545-5550.
https://doi.org/10.1016/j.na.2009.04.045

S. Zhang, Positive solutions for boundary-value problems of nonlinear fractional differential
equations, Electron. J. Differ. Equ., 2006 (2006), 1-12.

W. Zhong, W. Lin, Nonlocal and multiple-point boundary value problem for
fractional differential equations, Comput. Math. Appl., 59 (2010), 1345-1351.
https://doi.org/10.1016/j.camwa.2009.06.032

AIMS Mathematics Volume 7, Issue 10, 19510-19519.


http://dx.doi.org/https://doi.org/10.1016/j.aml.2009.11.004
http://dx.doi.org/https://doi.org/10.1016/j.na.2009.07.033
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2005.02.052
http://dx.doi.org/https://doi.org/10.1186/1687-1847-2012-142
http://dx.doi.org/https://doi.org/10.1016/s0076-5392(99)x8001-5
http://dx.doi.org/https://doi.org/10.1007/s12215-016-0230-5
http://dx.doi.org/https://doi.org/10.1007/s11117-016-0461-x
http://dx.doi.org/https://doi.org/10.1016/j.na.2009.04.045
http://dx.doi.org/https://doi.org/10.1016/j.camwa.2009.06.032

19519

13.J. K. Hale, Retarded functional differential equations: Basic theory, In: Theory of
functional differential equations, Applied Mathematical Sciences, New York: Springer, 1977.
https://doi.org/10.1007/978-1-4612-9892-2 3

14. K. Mahler, On a special functional equation, J. London Math. Soc., s1-15 (1940), 115-123.
https://doi.org/10.1112/JLMS/S1-15.2.115

15. L. Fox, D. F. Mayers, J. R. Ockendon, A. B. Tayler, On a functional differential equation, IMA J.
Appl. Math., 8 (1971), 271-307. https://doi.org/10.1093/imamat/8.3.271

16.J. R. Ockendon, A. B. Tayler, The dynamics of a current collection system for an electric
locomotive, Proc. Roy. Soc. Lond. A, 322 (1971), 447—-468. https://doi.org/10.1098/rspa.1971.0078

17. D. R. Smart, Fixed point theorems, Cambridge University Press, 1980.

18.J. Wang, Y. Zhou, M. Feckan, Nonlinear impulsive problems for fractional
differential equations and Ulam stability, Comput. Math. Appl., 64 (2012), 3389-3405.
https://doi.org/10.1016/j.camwa.2012.02.021

19. F. L1, Y. Zhang, Y. Li, Sign-changing solutions on a kind of fourth-order Neumann boundary value
problem, J. Math. Anal. Appl., 344 (2008), 417-428. https://doi.org/10.1016/j.jmaa.2008.02.050

20. Y. Li, F. Li, Sign-changing solutions to second-order integral boundary value problems, Nonlinear
Anal., 69 (2008), 1179-1187. https://doi.org/10.1016/j.na.2007.06.024

21. Z. Liu, Y. Ding, C. Liu, C. Zhao, Existence and uniqueness of solutions for singular fractional
differential equation boundary value problem with p-Laplacian, Adv. Differ. Equ., 2020 (2020),
1-12. https://doi.org/10.1186/s13662-019-2482-9

22. A. Tychonoff, Ein fixpunktsatz, Math. Ann., 111 (1935), 767-776.
https://doi.org/10.1007/BF01472256

23. X. Xu, Multiple sign-changing solutions for some m-point boundary-value problems, Electron. J.
Differ. Equ., 2004 (2004), 1-14.

24. B. Ahmad, Sharp estimates for the unique solution of two-point fractional-order boundary value
problems, Appl. Math. Lett., 65 (2017), 77-82. https://doi.org/10.1016/j.am1.2016.10.008

©2022 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

% AIMS Press

AIMS Mathematics Volume 7, Issue 10, 19510-19519.


http://dx.doi.org/https://doi.org/10.1007/978-1-4612-9892-2_3
http://dx.doi.org/https://doi.org/10.1112/JLMS/S1-15.2.115
http://dx.doi.org/https://doi.org/10.1093/imamat/8.3.271
http://dx.doi.org/https://doi.org/10.1098/rspa.1971.0078
http://dx.doi.org/https://doi.org/10.1016/j.camwa.2012.02.021
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2008.02.050
http://dx.doi.org/https://doi.org/10.1016/j.na.2007.06.024
http://dx.doi.org/https://doi.org/10.1186/s13662-019-2482-9
http://dx.doi.org/https://doi.org/10.1007/BF01472256
http://dx.doi.org/https://doi.org/10.1016/j.aml.2016.10.008
http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries notation
	Existence results
	An example
	Conclusions

