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1. Introduction

For two Banach spaces X and Y, B(X, Y) denotes the collection of all bounded linear operators from
X to Y and K (X, Y) denotes the collection of all compact operators in B(X, Y). The Calkin algebra
Z(X,7Y) is the quotient Banach algebra B(X, Y)/K(X,Y).
For bounded linear operators A € B(X,X), B € B(Y,Y)and T € B(X,Y), we say “T intertwines A
and B” if
TA=BT with T=#0.

When it is convenient to deemphasize the intertwining operator 7 € B(X,Y), we write A « B
(sometimes we also use A o« B(T)) as the intertwining relation above for simplicity. In [2] Bourdon
and Shapiro showed that the intertwining relation is neither symmetric nor transitive. Furthermore, we
say “T intertwines A and B in Z(X, Y)” (or “T intertwines A and B compactly”) if

TA =BT mod K(X,Y) with T #0.

For simplicity, the notation A o«x B(T) represents the compact intertwining relations above. The
relation ok turns to be symmetric when 7 € B(X, Y) is invertible.

As usual, S (D) denotes the collection of all analytic self-maps of the unit disk D of the complex
plane C. The composition operator C, induced by ¢ € S(D) is defined as C,f = f o ¢ for each
f € H(D), where H(D) is the collection of all holomorphic functions on the unit disk.
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We next recall the spaces to work on, one of which is a classical Banach space of analytic functions,
the Bloch space, which is defined as

={feHD):Iflh = Sug(l ~ 1z f (@)] < eo}.

The Bloch space 8 is maximal among all Mobius-invariant Banach spaces of analytic functions on D,
which implies that || f o ¢||; = ||f]l; holds for all f € 8 and ¢ € Aut(D) with the seminorm || - ||;. It is
well-known that 8 is a Banach space endowed with the norm ||fl|g = [f(0)| + |f]l;.

For 0 < a < o0, the @-Bloch space (or Bloch-type space) is defined as:

={f € HD) : lIflla = sup(l = |z*)*1f"(2)| < eo}.

zeD

The little a-Bloch space defined as:
By ={feB": |£|iin](1 — P @) =

$“ is a Banach space endowed with the norm || fl|g« = [f(0)| + || fll.-
For 0 < @, < oo, the weighted logarithmic Bloch space and the little weighted logarithmic Bloch
space were introduced in [13, 14]. It is defined as:

2
By s = 1f € HD) : |Iflly » = sup(1 — |2I")" (log 1_—|Z|2)B|f'(2)| < oo},

zeD

Bl},’

log#0 —

YIf @) =

2
1' 1_ 2(11
={feB, |z|13( l2")"(log 7 D

1 & is a Banach space endowed with the norm || f IIBa =1fO)+I|f ||“ log?” which reduces to 8¢ if 8 = 0.
For 0 < @ < oo, the classical weighted space is deﬁned as:

={f € HD) : If1I = sup(1 ~ 1z)°| f(2)] < o0}.
zeD
The little weighted space is defined as:
Hio = {f € HY : im(1 = 12P)"1f ()] =

H;’ is a Banach space endowed with the norm || f]|g= = [£(0)| + [| fllo-
For g € H(D), two integral-type operators are defined by

Jof(2) = fo f(Hg' (Hdt

and

Lf(z) = fo (00,
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where f € H(D) and z € D. Obviously, integration by parts gives

M, f = f(0)gO0) + Jof + L f,

which shows the close relation among the integral-type operators J,, I, and the multiplication operator
M,. Here, the miltiplication operator M, is defined by

M,f(2) = g(2)f(2), f € HD),z € D.

Conveniently, the symbol V, is used to represent J, or I,. Composition, integral type operators and
their products from or to the weighted logarithmic Bloch space and the little weighted logarithmic
Bloch space have been investigated a lot recently (see, for example, [9, 15, 16]). For more information
on the logarithmic Bloch spaces, interested readers can refer to [3,8, 11,12, 17-20].

Suppose that @, > 0, ¢ € S(D) and g, h € H(D). For two composition operators C, € B(8%, BY),
C, € B(B,BF), we concentrate on the compact intertwining relations of C, whose intertwining
operator is the integral-type operators V, € B(8*, B?). In other word, we will study the properties
of the difference operator

Vip; g, hl .= C,V, = V,C,. (1.1)
By Vi, ¥; g, h] we denote the following expression
(Cp: B - BV, : B - B)—(V,,: B° - B)(C, : B* > B). (1.2)
We also say that C, and V, are essentially commutative if
V(C,: 8" > B)=(C,: B - BV, mod KB, 5.
Moreover, the notation Qgg,ﬁ (V,) 1s denotes the collection of g € H(D) such that

o V, € B(B",B).
e V, are essentially commutative with C, for all ¢ such that C,, is bounded on both B* and .

Here, the lower symbol “co” represents “composition operator’.

Some authors in their papers such as [21-23,25] investigate the compact intertwining relations of
the integral-type operators and the composition operators on various spaces of analytic functions on
the unit disk.

In this paper, we investigate the compact intertwining relations of integral-type operators V, from
B to B and the relevant composition operators C,. In Section 2, we present some lemmata to be used
later in this paper. In Section 3, we investigate the intertwining relations of integral-type operators and
composition operators, in which the equivalent conditions of V[, y; g, h] = 0 1s given. In Section 4,
boundedness and compactness of V[y; g, h] are investigated. In Sections 5 and 6, two questions of the
compact intertwining relations of V, and C, are investigated respectively.

For simplification, the hypotheses 0 < @, < oo,¢ € S(D),g,h € H(D) are available throughout
this paper which will not be specified later.

Specially, for two real numbers A and B, we say A < B if there exists a constant C # 0 such that
A <CB.
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2. Auxiliary results

In this section, we introduce some basic properties of the Bloch-type spaces and the integral-type
operators to be used in this paper.

The following folklore lemma is proved in a standard way (see, e.g., [10]), which also implies that
the point evaluation functional is continuous on the Bloch-type space.

Proposition 2.1. For each f € B and z € D, we have

2
log {5 lfllor. =1
< -
PO A - B fllge, a1
11l O<a<l.

The following result can be also found in [10].

Lemma 2.2. The composition operator C,, is bounded from 8% to B if and only if
sup (1 -1zP

en (1 = lp@)P)”

The following lemma was proved, e.g., in [6,7] even in much more general settings.

o’ ()] < o0. 2.1)

Lemma 2.3. The integral-type operators J, is bounded from B* to B if and only if

ge B when 0<a<l;

geB’ﬁ)gl when «a =1;

g e B! when a > 1.
Lemma 2.4. [5] The integral-type operators I, is bounded from B* to B if and only if
gEeH;,. (2.2)

The proposition below is a crucial criterion for the compactness of V[¢; g, h], which can be proved
by a little modification of Proposition 3.11 in [4].

Proposition 2.5. V[y; g, h] is compact from B* to B if and only if whenever {f,} is bounded in B* and
fu = O uniformly on any compact subset of the unit disk, then

lim |IVIg; g, h] fullgs = 0.
3. Intertwining relations of C, and V,

Theorem 3.1. Assume that J{¢, y; g, h] is defined as (1.2), then
Jle,¥; g, h] = 0 if and only if
(a) either ¢(0) = 0 or g is a constant;

(b) p =;

(c) h = go@+ C,where C is an arbitrary constant.
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Proof. The sufficiency is easily checked by calculation. To prove the necessity, we only show some
different details from what Tong and Zhou did in [22] for the study of the intertwining relations for
Volterra operators and composition operators on the Bergman space.

Jlo,¥; g, h] = 0 implies that

I(CpJy = JhCy)fllss

s Il o
which further implies that, for each f € B,
0(0)
0=(Csdg = JnCy) fllgs = | ) FDg (1)d]
+sup(1 — 12| f(p(2)¢ ()8’ (9(2)) = FW (@ ().

zeD

Hence, for each f € 87, [(C,J, — J,Cy)f(0)| = 0 and

sup | f(¢(2)¢'(2)8'(¢(2) — f(Y(2)h'(2) = 0

zeD

hold. And the latter one shows that for each z € D,

[ (@(2)¢'(2)8"(¢(2)) = fW(2)H (2)] = 0.

To this end, the remaining part of the theorem is parallel with Proposition 3.1 in [22]. This completes
the proof. O

Theorem 3.2. Assume that I[p,; g, h] is defined as (1.2), then

I, ¥; g, h] = 0 if and only if
(a) either (0) =0 or g =0;

(b) p =;
(c)h=gog.

Proof. The sufficiency is easily verified by calculation. To prove the necessity, we only show some
essential details. I[¢, ¥; g, h] = 0 implies that for each f € B,

4(0)
0 =(Cply = 1lCy) fllgs = | [ (Dg)di|
0

+ Sug(l — Y1 (0(2)¢' (2)8(e(2) = W)W ).
Hence, for each f € 8¢, [(C.l, — I,Cy) f(0)| = 0 and

Sup /" (e(2)¢' (2)g(¢(2)) — f" W)W (2)h(2)] = 0

hold. If ¢(0) = 0, then the first of the conditions is automatically satisfied. If ¢(0) # 0, then we can
obtain that g = 0 by the same method used in Proposition 3.1 in [22]. Moreover, the second equality

Sulg(l — 12V 11 (@(2))¢' (2)g(@(2) = f' W@ (Dh(z)l = 0
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implies that for each z € D,

1" (e(2)¢'(2)g(p(2)) = f" W) (2)h(2)] = 0.

By choosing f(z) = z € 8% and f(z) = 7> € B%, we have that
¢ (2)g(p(2)) — ¥’ (2)h(z) = 0,
20(2)¢' (2)8(p(2)) — ¥y (2)h(z) = 0.

Combining these two quantities, we have that

2y (2)h(2)(e(2) - ¥(2)) = 0.

Hence, ¢ = ¢ and h = g o ¢. This completes the proof. O

Specially, we consider the operators mapping a Bloch-type space into and onto itself, that is C, :
BY — B, Jo, Iy, Iy, I : BY — B, Combining Theorems 3.1 and 3.2 and the equivalent conditions of
the boundedness of J, and I, from Lemmas 2.3 and 2.4, we conclude the statements in the following.

Corollary 3.3. (a) If @ > 1,g,h € B5**!, then J, « J,(C,) if and only if g is a constant or ¢(0) = 0,
h =gog+ C,where C is a constant.

(b) Ifa = 1,g,h € Blﬁog,, then J, o< J;,(C,) if and only if g is a constant or ¢(0) = 0, h = go ¢ + C,
where C is a constant.

(c)If0<a<1,8he B then J, < J,(C,) if and only if g is a constant or 9(0) =0, h = go ¢ + C,
where C is a constant.

Corollary 3.4. Ifg,h € H

o o then I, o« I,(Cy) if and only if g = 0 or p(0) = 0, h = g 0 .

4. Intertwining relations between the composition operators and the integral-type operators
between the Bloch-type spaces

In this section, we characterize the boundedness and the compactness of V[¢; g, h] defined as (1.1),
in which the compactness is essential for our study in this paper. The method of the proof is basic,
which is also parallel with Proposition 3.1 in [22] and Corollary 4.3 in [22].

Theorem 4.1. J[y; g, h] is bounded from B to B if and only if

(a) y
(1 -1z
_ W= oo hY N
Szlellg (1 = |p(z)P)e! l(go@—h)(2) <

when a > 1;
(b) 2

— |2 A oo BY N

igml?(l g )ﬁlog 1 - |90(Z)|2|(g ¥ h)' ()| <

when @ = 1;

(c)gop—he B when0<a<l.
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Proof. The proof of the theorem is essentially given in [7], but since there are some technical
differences, we will give some details. We firstly prove the sufficiency. By Proposition 2.1, we estimate
the semi-norm [|J[¢; g, hl||s respectively.

(a) whena > 1,

1/1g: &, hllls = Sug(l — PP @e@)li(g © ¢ = 1Y (2]

(1 - z7¥
< I fllge sup

WP Ry & ¢ T W@ < e

(b) when a =1,

I71g; g hllls < NI/ 1l sup(l — IzI*) log 1

2
% Neow—hY o
€D — |90(Z)|2|(g p—h)(2)| <

(c)whenO < a <1,

I/1e: & Mllls < Il flls sup(l — 21*Yl(g © @ = h)'(2)] < co.
zeD

Therefore, we conclude that the difference operator J[¢; g, h] is bounded by the estimations above
and the boundedness of the point evaluation functional at 0.

To prove the necessity, we aim to find a contradiction if we suppose that the hypotheses do not hold.
When a > 1, there exists a sequence {z,} C D satisfying

. (1 = |zl
m 2\a—1
n—eo (1 = |p(z,)I*)

For n € N and z € D, assume that the test function is

(8 © ¢ —h)'(zu)| = co.

L= lp@)P o
(1 = (z4)2)

An easy estimation shows that ||, 1|, < 4%(@ —1) and thus f,,; € B8°. By the boundedness of J[¢; g, A],
we have

Jaa(@) = ( (4.1)

171 & Al fuills = Su§(1 — 2P 11 (e@)II(g 0 ¢ = ) (2)]

s 1= l2alY
(1 = lp(z)P)!

(g 0@ —h)(zy)] = o0

2(1 -l
. . (1 _QD(ZH)Z)Z
when @ = 1 and is f,,3(z) = 1 when O < @ < 1 respectively. Further observe the fact that || f,»]l, < 4

and || f,3lle < 2%*2. To this end, we conclude the results in a similar way shown above. This completes
the proof. O

as n — oo, which contradicts to our hypothesis. Assume that the test function is f,»(z) = log

Theorem 4.2. J[y; g, h] is compact from B* to B if and only if J[¢; g, h] is bounded and

(a)
(1 =1z

Jim Sl o e =@l = 0
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when a > 1;
(D) )
|¢%zi)ln—l>l(l —z*¥ log Wl(g cp—h) (=0
when a = 1;
(c)
(1 - [z1?

@)1 W'Qg op—h)y@@)|=0

when 0 < a < 1.

Proof. The proof of the theorem is also essentially given in [7], but since there are some technical
differences, we will give some details. To the sufficiency of the theorem, we present the proof of the
hypothesis @ > 1. Assume that {f,} is bounded in 8% and f, — 0 uniformly on any compact subset of
D, by Proposition 2.5 we are only supposed to check that

gg I/[p; g, Rl fullgs = 0.

For convenience, suppose that there exists a positive number M, such that sup,.;, || fu|llg« < M. For any
€ > 0, there exists a § > 0 such that

(1 -1z?¥ €
su — (g0 —h) ()| < —
|¢<z)|>l?—a (1 = lp(2)?)*! £9¢ 2M,
and )
sup  |fu(@(@)] < 57—
le(@)I<1-6 2M,
Furthermore, there exists another positive number M, such that
(1 -1z ,
sup ————————|(go ¢ —h)(z)| < M,.
|¢(z>|srl)—a (1 = lp()?)*! £0¥ 2
Hence,
I 1e; g, 1l fullg
(1- 1Py , N
< sup ———————|(gop—h) @ (1 - e (@)
lp(z)|<1-6 (I = le(2)1*)
(1= 2Py , N
sup —————|(goo—h) @I (1 -lp@»* ' file@)

lo(2)|>1-6 (1 - |(p(z)|2)a—1

< M2L M | S €
2M,  2M,
Thus J[¢; g, h] is compact from B¢ to B° when @ > 1. Similarly, the compactness of J[p; g, h] can be
obtained when @ = 1 and 0 < @ < 1 respectively if the hypotheses hold.
To the necessity of the theorem, we firstly consider the situation when @ > 1. Like what we do in
Theorem 4.1, we aim to find a contradiction if we suppose that the hypotheses do not hold. Thus there
exists a sequence {z,} C D such that for any € > 0,

(1 = |zl
(1 =l

(g 0@ —h)(z)l > €

AIMS Mathematics Volume 7, Issue 10, 18729-18745.
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whenever |¢(z,)| — 1. Forn € Z and z € D, assume that the same test function f,,; defined as (4.1) and
it is easy to check that {f,;} — 0 as n — oo on any compact subset of D. Then for the given € > 0
above, we have

(1 — |zl
(1 = le(z)IP)!
as |¢(z,)| — 1, which contradicts to our hypothesis.

When 0 < @ < 1, we still aim to find a contradiction if we suppose that the hypotheses do not hold.
Thus there exists a sequence {u,} C D such that for any € > 0,

11e; & hlfuills = (g 0@ —h)(z)l > €

(1 = ltalYl(g © @ = BY ()| > €
whenever |p(u,)] — 1. For n € Z, let ¢(u,) = r,e'. Assume that the test function
foz@ =r(1 =)' ™ —ra(1 — e rig)' ™.
Observe that ||f; 3|z < 4(1 — @) and

I1; 8. Al fuslls = (1 = a1 fozua)li(g © @ — BY ()|
> 13O = Yl 0 0 = BY ()] > rse,
as |¢(z,)] — 1, which contradicts to our hypothesis.

Moreover, The result of @ = 1 can be obtained in a similar way by choosing the testing function
which is different from f,, in Theorem 4.1

3(log —2—)> 2(log —2—)’

1—p(wn)z 1-p(wy)z

fra(@) =

2 - 2 2
log 7—25e (log 7;Gp)

where {w,} C D is the sequence such that for any € > 0,

(1 = lw,[*Y log (g o —h)(wyl > €

2
1= lp(wa)?
whenever |¢(w,)| — 1. This completes the proof. m|

Theorem 4.3. Suppose that f — a > 0, then I[p; g, h) is bounded from B* to B° if and only if

up (1-z7¥
ep (1 = lp(2)?)”

Proof. This theorem essentially follows from the proofs of some known results such as [5,7], but since
there are some technical differences, we will give some details. The sufficiency is obvious. To prove
the necessity, we aim to find a contradiction if we suppose that the hypotheses do not hold. Thus there
exists a sequence {z,} C D satisfying

lim L= 2l
n=eo (1= lp(z,)P)

o' (2)(g 0 ¢ — h)(2)| < 0.

¢’ (z,)(g © ¢ — h)(z,)| = 0.
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For n € Z and z € D, assume that the test function is

1 (1 = lp(z) )" .
2a - Dep(z,) (1 = p(zn)2)** !

gn(2) = (4.2)

An easy estimation shows that ||g,|l, < 2°* and thus g, € B°. By the boundedness of I[¢; g, h], we have

W [p; g, hlgulls = %Isd(zn)(g o —h)(z,)| = co
(1 = le(za) )
as n — oo, which contradicts to our hypothesis. This completes the proof. O

Remark 4.4. We can observe that Theorem 4.3 holds for each @ > 0 and 8 > 0. However, if —a < 0,
then g = 0 by the maximal modulus principal, which can be simplified in the following.

Corollary 4.5. Suppose that B — «a < 0, then 1[¢; g, h] is bounded from B to B if and only if

(1 -z

U RN
SUp ¢ (R <

We just present the compactness of I[¢; g, h] and omit the proof, which can be similarly proved by
the method used in Theorem 4.2 with the same test function used in Theorem 4.3.

Theorem 4.6. Suppose that § — a > 0, then I[p; g, h] is compact from B to B if and only if 1[¢; g, h]
is bounded and )
(1 -1y

m —
lk@=1 (1 = |p(2)[*)*

Corollary 4.7. Suppose that B—a < 0, then I[¢; g, h] is compact from B* to BP if and only if I[¢; g, h]
is bounded and
(1 -zlPY

e@i=1 (1 = |p(2)?)®

l¢'(z)(g o ¢ — h)(2)| = 0.

l¢"(2)h(2)] = 0.

5. Essential commutation of C, and J, between the Bloch-type spaces

In this section, we concentrate on two questions of the compactly intertwining relations of J, and C,.

Problem 5.1. What properties does a non-constant g € H(DD) have if V, essentially commutes with C,
for all C,, that are bounded on both 8% and 8°?

Problem 5.2. What properties does ¢ € S (D) have if the bounded V, essentially commutes with C,
for all C,, that are bounded on both 8* and B°?

We firstly answer the first problem. Recall that the notation fo (V,) is denotes the collection of
g € H(D) such that

o V, € BB, B).

e V, are essentially commutative with C,, for all ¢ such that C,, is bounded on both 8% and .

Theorem 5.3. Q(F(J,) =B} . ifa>landB—-a+120.

—a+1
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Proof. In the proof we use the ideas in Theorem 5.1 in [22]. We firstly prove that Bg e QF (Jo)-
For any g € B

YIRY obviously, J, is bounded by Lemma 2.3. Furthermore, by the boundedness of C,
on B (see Lemma 2.2),

%Kg 06~ 2) ()

< %IQD’(Z)I (1= le@PY g (@)
+ % (1= 2P g @)

< %Isa’(z)l (1= le@PY g (@)
# 2 (Dt (1 g o)

— |p(0)]
< Cy - (1=lp@PP g (9(2))l
+Cy (1= PP g ()l > 0

as |¢(z)] — 1. Here, we use the following inequality (see, for example, Corollary 2.40 in [4])

-l _ 1+1e(0)

< 4
I =le@)| 1 - le0)
This implies that Bg as1 C Qf,’,ﬁ (Jy) by Theorem 4.2.

Next we prove that Q%7(J,) c B For any g € Q% (J,), by Theorem 4.2, we have that

e D.

ﬁ a+l’

i (1 -1z*¥
m ——
w@i=1 (1 = |p(z)?)o!

Choose specifically ¢(z) = €z € S (D), it follows that,

(go@—-8)@I=0

lim (1 —[z?Y~""!e’g'(¢"2) - g'(2)| = 0. (.1
le@I>1

Note that
(1 =1z e (¢"2) — §'(2)]
< (1 =127 Mg (@)l + (1 = 1z g @) < 2lIgllgs-o -

If we assume that g(z) = 3", a,Z", then by integrating the left side of (5.2) with respect to 6 from O to
2, we obtain that

27
0= f lim (1 - [z’ (e?2) — g’ (2)|d6
0

|¢(z)|—>1

= lim (1 — 1zt Z na,?""' (" — 1)\do

le(@)l—1
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> 27 lim(1 = PV )l
where the Dominant Convergent Theorem is applied in the second line. This implies that g € Bﬁ_“”.
This completes the proof. O
Corollary 5.4. Q; (Jg) =Cifa>landB—-a+1<0.
Proof. Obviously by the maximal modulus principle. O
Theorem 5.5. QF(J,) = Bfogl’o ifa=1.

Proof. For any g € Bﬁ) o0’ obviously, J, is bounded. Furthermore, by the boundedness of C, on 8°
and observing that g € 89,

2

1.2 = ow— o)

(1 -12*Y log = Iga(z)|2|(g ¢ -8 @)
(1 -PY 2

- " (1 - 1

< —|<p(z)|2)ﬁ|"0 @I (A = lp@PY g7 | @ )|2|g (p(2))|
2(1 + |(O)]) 2081/ 2 2

+log T = (0)] (1= 12*Ylg' @I + (1 = 12*) log I _|Z|2|g @ —0

as |¢(z)] — 1. This implies that Bﬁ 0 C Qf;,ﬁ (J,) by Theorem 4.2.
Next we prove that Qw (Jy) C BB For any g € Qw (J,), by Theorem 4.2, we have that

lim (1 -2/ log I (goe—-8)(@I=0

2
eI 1 - le(2)?

Choose specifically ¢(z) = €z € S (D), it follows that,

lim (1 —[z?Y log 7 leg'(e"2) — §'(2)| = (5.2)

lp(2)l—1 — |z

Note that

2
(1 - |z*Y log = |Z|2|€’9 g'(e"2) - g'(2)|

) 2 . 2
< (1 =12 Tog 518/ (€2l + (1 = e log 7= 518/ )| < 2glly
og

lefz

If we assume that g(z) = >, a,z", then by integrating the left side of (5.2) with respect to € from 0 to
2, we obtain that

27
2
0 :f lim (1 -|z*¥# log e lzle"’7 g'(€"2) — g'(2)|do
0

|</J(z)|—>1

lo()l—1

= lim (1—|z|2)510g _|Z|2|Zna,,z”_l(ei"9—1)|d0
n=1
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> 2 |1|iml(1 — 2*Y log lg’ (@),
Z—)

1=zl
where the Dominant Convergent Theorem is applied in the second line. This implies that Blﬁ 0g' 0" This
completes the proof. O

Theorem 5.6. Q(V(J,) = B, when 0 < < 1.

Proof. We firstly prove that 83, | C QF(J,). For any g € By, 1> Obviously, g € B5 and hence J; is

bounded by Lemma 2.3. Furthermore, by the boundedness of C, on $° (see Lemma 2.2), observe that

(1 —1zPY ,
I - popy— ¢ ¢80
1 — 2
= %Wal (1= PP I8 (pla))
(1 _ |Z|2)l—a

A pop L g @1 -0

as |¢(z)] — 1. The left part remains to be proved in a similar way from Theorem 5.3. This completes
the proof. O

Proof. The proof is similar with Theorem 5.3. m|

In the following, we partly answer the second problem. We only prove the first result and the other
two results can be proved similarly.

Proposition 5.7. Ifa > 1, g € BF2*1,
' (1 -z 1
lim =
w@i=1 (1 = |@(2)2)e1 (1 — max{lp(2)?, |22}

and ¢ has finite angular derivative at any point of the unit circle, then C, ocg Cy(J,).

Proof. By Theorem 4.2, we only ought to check that

(1 —[zPY .
@)1 (I—M—z)lz)“—ll(g °cp—g)())=0.

Since ¢ has finite angular derivative at any point of the unit circle, it follows that

1 _ 2
(lﬂw—'j)'lf;_mg 0 g -8/
A=Y o Nl
= T-lpopr ¢ DT popy
(A-1kPF gl
(= Tp@P (1 = PPt
(1= Y I o
S 1= p@P™ (1 - max{lg@P. REF=
as |p(z)] — 1. O
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Proposition 5.8. Ifa =1, g € Bfogl’

(1 - |Z|2)ﬂ log w

lim > — =
le(2)—1 maX{(l - |‘10(Z)|2)B log W, (1 - |Z|2)ﬁ 1—|Z|2}

and ¢ has finite angular derivative at any point of the unit circle, then Cy, ocg Cy(J,).
Proposition 5.9. If0 <a < 1, g € BY,
1 -z
1 _ =
l@l-1 1 — |o(2)?

and ¢ has finite angular derivative at any point of the unit circle, then C, ocg Cy(J,).
6. Essential commutation of C, and /, between the Bloch-type spaces

In this section, we answer the two questions of the compactly intertwining relations of /, and C,
respectively.

Theorem 6.1. Q(/(I,) = Hy , if B—a 2 0.

Proof. We only prove that Hy®  , C QF (I,). Forany f € H  ,, obviously, I, is bounded. Furthermore,
by the boundedness of C,,

(1 -z
—————|(g o ¢ — )@Y’ (2)|
(- lppyr ¢ * ¥ 78
(1 -z 2B
< —————=¢'@|- (1 = [PV "1g(¢)
(- le@PP"” ? i
(1 —[zP)” 26—
————— ¢’ @) - (1 = |2 "1g@) = 0
(- le@Pr ¢
as |¢(z)| — 1, which implies that H[‘f_w C Qf(;ﬁ (J,). The left part remains to be proved in a similar way
from Theorem 5.3. This completes the proof. |

Corollary 6.2. Q2/(1,) = {0} if B — a < 0.
Proposition 6.3. If3-a >0, g € H  and

ALYy 1 =0
e =P ¥ T~ max(p@P PP e~

then C, ocg Cy(ly).
Proof. The proof can be completed in a similar way from Proposition 5.7. O

Remark 6.4. Obviously, under the hypothesis of Proposition 6.3, we can further conclude that C, €
B(B*, B*) and C, € B(B, BP) are both compact linear operators.
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Theorem 6.5. If f—a >0, g € A(D), then C, g C,(l,) if and only if

(1 -1z

— ¢ — =0,
Wl T le@Pe |’ (2)((2) — 2)|
where A(D) denotes the disk algebra.

Proof. The necessity is obvious by setting g = Id in Theorem 4.6, where Id denoted the identity
function. Next we prove the sufficiency. Suppose that /,(z) = 7", it follows that

(1 - Py (1 = 1Py
M ) (hy o @ — h)(2)| = —— 2
1 = lppy # @@ =)@l =70 ooy

(1-1zPY
S A A0
n(l - |¢(Z)|2)a|‘10 (D)(p(z) — 2)

o' @lle(2)" = 2"

as |p(z)] — 1. For each g € A(D), there exists a subsequence of {4,}, denoted by {hEzg]} such that
lim,_,e 78! = g. Thus,

”Ctplg - IgCtp”e,B“—)Bﬁ < ”(Cgolg - IgCga) - (Cgolh’[f] - Ithﬂ Ctﬁ)”B“—)BB

< (ICllgrsse +ICyllgs-se)lllg = 1is1ll g
Z

< (ICyllgr—se + ICyllgs85) ||fiup 1 I | F®)(&@) — hE@))dtllg
g < 0

< (IClIgeze + IC,llzs—5)llg = ANl — O

as n — oo. This completes the proof. O
7. Conclusions

Main conclusions are given in the following.

Theorem Q(F(J) =8} . ifa>landB-a+120.
Theorem Q('(J,) = B, goifa=1

Theorem Q(f(J,) =8B, if0<a<1.

Theorem QU7(I,) = Hy o ifB—a>0.
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