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1. Introduction and preliminaries

Topological games (TGs, for short) with perfect information were introduced and studied by
Berge [3]. Many authors have them to solve some topological problems (e.g., [35, 36]). For further
details, see [3, 4, 23,27]. TGs have been extended to topological spaces [9, 10, 12, 13] and their
applications. The continuity on multifunctions is studied in [14]. Pears [32] has defined and studied
TGs for continuous multifunctions. Recently, topological spaces have been used in applications to
study graphs in [15-18,22,24] which are used in physics [8, 11, 19,20] and smart cities [2].

Topologically, X and Y are topological spaces (TSs, for short). A multifunction of X into Y is
defined as a function F : X — 2Y, where 2V is the power set of . Additionally, A € SO(X) [25] if 4 an
open set U of X s.t. U C A C CI(U), where CI(U) is the closure of U w.r. to X. Ewert and Lipski [21]
introduced the concept of irresolute multifunctions. Papa and Noiri [33] further studied irresolute
multifunctions. For A C X, the interior of A will be denoted by In#(A). Multifunctionally, the upper
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and lower inverses of F : X > Yare FF(B) ={x e X : Fx) CBland F(B) ={x € X : Fx) N B # ¢},
respectively.

Throughout the present paper, some new properties of upper (lower) a-irresolute multifunctions
due to Neubrunn [30] and Noiri and Nasef [31] are modified and studied. Also, we apply the results to
introduce and study new types of TGs for irresolute multifunctions, such as locally finite games, upper
and lower TGs and optimal strategies for TGs.

Here, the class of semi-open sets of X is named SO(X), and SO(X, ) is all semi-open sets of X
containing ¥ € X. Its complement is called semi-closed [5] and named SC(X). A € X is a-open [29]
if A C Int(Cl(Int(N))). The class of all @-open sets is denoted by «O(X). Its complement is a-closed
and is denoted by aC(X).

Definition 1.1. [27] A multifunction F : X — Y is

(a) upper irresolute (resp. lower irresolute) atx € X if YV € SO(Y) s.t. F(x) €V (resp. F(x)NV # ¢),
AU € SOX, %) s.t. F(u) SV (resp. Fu) NV # ¢), YueU.

(b) upper irresolute (resp. lower irresolute) if it is upper irresolute (resp. lower irresolute) at all x € X.

Definition 1.2. [6] A subset U of (X, 1) is semi-comp (s-comp, for short) if every cover of U by
SO(X, 1) has a finite subcover.

Lemma 1.1. /1] For a subset W of X, aCI(A) =N U 1t — Cl(t — Int(t — CI(N))).
2. a-irresolute multifunctions and their properties

Numerous characterizations of upper (resp. lower) a-irresolute functions have been published in
the literature [4,30,31], and we add a few more.

Definition 2.1. A multifunction § : (X, 1) = (Y, 0) is called a-irresolute at x € X if Y pairs W; €
aOY,0),i=1,2,s.t. Fx) C W, and FE)NW, # ¢, AH € a(X, x) with F(H) C W s.t. F(h)NW, # ¢
YhedH.

Thus, & : (X,7) — (Y, 0) is a-irresolute if it exhibits the aforementioned quality at each x € X.

Theorem 2.1. The following are equivalent:

(i) & is a-irresolute at x € X;

(ii) for any W, W, € aOY, o) s.t. Fx) C Wy and F(x) N W, # ¢, we get x € T — Int(t — Cl(t —
Int[F* (W) N F(W)D));

(iii) ¥ W, W, € a0, o) with F(x) € W, Fx) N W, # ¢ and for any open set U C X having ¥, a

nonempty open set G of X with G C U, F(G) C W, and F(g)NW, # ¢V g€ G.
Proof. (1) = (ii): Let W; € aOY,0), i = 1,2, s.t F(x) € W, and F(x) N W, # ¢. By assumption, 1
HDea0M,x)st. FO)CWand F)NWr, #pV heH. So,xe HCF(W;)and, x€ HC F (W) #
¢. Hence, x € $ C F(W;) N F~(W,). Since His a-openin X, x € H C 7 — Int(t — Cl(t — Int(D))) C
7 —Int(t — Cl(t — Int[F(W;) N F~(W,)])).

(il) = (iii): Let W; € aO(Y, o), F(x) € W, and F(x) N W, # ¢. However, (ii) gives x € 7 — Int(t —
Cl(t — Int[F*(W;) N F(W,)])). Also, let U # ¢ containing x. Then, U N [t — Int[F(W;) N F~(W,)]]
CUN [T —ImtF (W) N7 — IntF (W,)] = G, which is open, and G C 7 — IntF*(W,). Also, G C
7= IntF (W) € F (W), s0 F(G) CWyand F(H N W, 2PV gE€G.
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(iii) = (i): This follows immediately from the observation 7(x) C a/(X, ).

Theorem 2.2. The following are equivalent:

(i) & is a-irresolute;

(ii) for any V3, W, € aOY, o), F (W) N F (W,) € aO(X, 1),

(iii) Y a-closed sets K1, 5, C Y, F (K1) U F(K) is a-closed;

(iv) YV B,8, C Y, 7—Cl(t — Int(t — CI[F(B) UB"(B)]) C F (aCl(B,)) U F ' (aCIL(B,));

(v) aCI[F(B1) U F(By)] € & (@CI(By) U F (aCl(By) for any By, B, C Y;

(vi) & (alnt(By)) N F(alnt(B,)) C alnt[F(B1) N F(B,)] for any B, B, C Y;

(vii) for x € X and ¥ a-nbd %t of F(x), then for every W € aO(Y, o) s.t. WN F(x) # ¢, FTOH N F (W)
is an a-nbd of x;

(viii) Let for any x € X and ¥ a-nbd N of §(x). Then, for every W € aO(Y, o) s.t. W N F(x) # ¢, 3
a-nbd U of x s.t. F(U) S Nand Fu)NW# ¢V ueU.

Proof. (i) = (ii): Let x € F*(W;) N F~(W,) for any W;,W, € aO(Y,0). Then, F(x) € W, and
FE)NW, # ¢. Since §F is a-irresolute, by Theorem 2.1, ¥ € 7— Int(t— Cl(t— Int[FH(W;) N F(W,)])).
(i1) = (iii): Immediately from that, if V C Y, then § (Y — V) = X - F(V), and F'(Y - V) =
X =T (V).

(iii) = (iv): Let B;,B, C Y. Then, aCIl(B;) € aC(Y), ¥ i = 1,2, where aC(Y) will denote to the
class of @ closed sets of Y . By (iii), § (aCIl(B,)) U F (aCI(B,)) € aC(X, 1), i.e., 7 — Cl(t — Int(t —
Cl[F (aCl(By)) U " (aCl(B,)))) € §F (aCl(By)) U F (aCl(By)), since F*(Bz) € " (aCl(B,)) and
T (By) € F (aCI(By)). Consequently, 7 — CI(t — Int(t — CI[F (By) U F(By)]) €7 - Cl(t — Int(t -
CI[F (aCl(B)) U F(aClU(B))]) € F (aCl(By)) U F (aCl(By)).

(iv) = (v): Directly by Lemma 1.1.

(v) = (vi): X — alnt[§F(B1) N F(By)] € aClX = (F((B1) N F(Ba)] = aCI[(X — F(By)) U (X -
§(B)] = aCl[F(Y -B)HUF (Y -By) C F(aCl(Y -B1)UF (aClY —By)) = F(Y —alni(B)))
U (Y — alnt(By)) = (X = F (alnt(B;)) V(X — F(alnt(By)) = X — [F (alnt(B,)) NF (alnt(By))].
Therefore, alnt[F (B) N F(By)] 2 [§F (alnt(B;) NFH(alnt(B,)].

(vi) = (vii): Let x € X, 9N be an a-nbd of F(x), and W € aOY) with F(x) N W # ¢. Then, I
U, U € aOY) st. U TR, U, €W, F(x) C U and FER)NU, # ¢. Thus, x € F(U)) N F(U»).
By assumption, ¥ € F(U,) N F (U,) = F(alnt(Uy)) N § (alnt(U,)) C alnt[F(U,) N F(U,)] C
alnt[FTO) N F (W] € FHOD) N F~(W). It follows that F*(N) N F~ (W) is an a-nbd of .

(vii) = (viii): Let x € X, 9 be an a-nbd of F(x) and W € aO(Y, o) with F(x) N W # ¢. Then,
U=F O)NF W) isan a-nbd of x, FU) CN,and Fw) N W £ p VY uec U.

(viii) = (i): Clear by given hypothesis.

Noiri and Nasef [31] provided the following definitions of upper and lower a-irresoluteness.

Theorem 2.3. The following are equivalent:
(1) & is upper (resp. lower) a-irresolute;

(2) F(W) (resp. F(W)) € aO(X, 1), Y W € aOY, 0);

AIMS Mathematics Volume 7, Issue 10, 18662-18674.



18665

(3) & (R) (resp. F*(R)) € aC(X, 7)Y K € aC(Y, 0);
(4) sInt(CI(F~(B))) C F (aCIL(B)) (resp. sint(CI(F (B))) C F(aCl(B)) Y B C Y;
(5) aCIl(F (B)) C F (aCI(B)) (resp. aCl(F"(B)) C F (aCI(B)) ¥ B C V.

Theorem 2.4. The following are equivalent:
(1) § is lower a-irresolute;
(2) (= Clt = Int(t = CU(H)))) CFH) ¥ H € aO0(X, 7);
(3) FaCl(H) CFOH) VY H € a0X, 7).
Proof. (1) & (2): By comparison with Theorem 2.3 and 28 = &(9), the proof is followed.
(2) = (3): Follows using Lemma 1.1.

(3) = (1): Letx € Xand W € aO(Y) with F(x)NW # ¢. Then, x € F~(W). By (iii), F(aCLUF (Y -W)))
CHFFWY -W) CVY —W. So, aCl(F(Y —W)) C F(Y — W). Hence, F'(Y — W) € aC(X, 1), and
then F (W) € aO(X). Set H = F (W), H € a(X, %), and Fh) N W # ¢ ¥V h € H. Therefore, §F is lower
a-irresolute.

Lemma 2.1. [33] Forall 'V € OY), (aCIF)~ (V) =F (V).

Proof. Let V € OY) and x € (aCIF)~ (V). Then, (aCIF)(x) NV = aCIl(F(x) NV # ¢, and so
FE) NV =+ ¢. By openness of V, x € F(V), and so (aCIF)~ (V) C F (V). On the other side, let
x € § (V). Then, ¢ # F(x) NV C (aCIlF)(x) NV, and so x € (aCIF) (V). Thus, we get F (V) C
(aCIF)~ (V). Therefore, (aCIF) (V) = F (V).

Theorem 2.5. § : X — Y is lower a-irresolute iff aCIF : X — Y is so.

Proof. “=”, let & be lower a-irresolute, V € O(Y) s.t. (aCIF)(x) NV £ ¢, for x € X. By Lemma
2.1, x € (aCIF) (V) = F(V), and so F(x) NV # ¢. By assumption of §, 4 U € a(X,x) s.t.
U C F (V) = (aCIF) (V). Hence, aCIF is lower a-irresolute. “<”, let aCIF be lower a-irresolute,
xe X,and V € O(Y) with Fx) NV # ¢. By Lemma 2.1, x € § (V) = (aCIF)~ (V). By assumption,
AU € a(X, %) s.t. U C (aCIF) (V) =F (V).

3. Some miscellaneous results

The following lemma was shown by Mashhour [26] and Rielly and Vamanamurthly [34]. A subset
A is y-open [7] if A C Int(CI(N)) U CL(Int(A)). The class of all y-open sets is denoted by yO(X). It is
noted that SO(X) U PO(X) C yO(X).
Lemma 3.1. Let A and B be subsets of a TS (X, 7). Then
(i) If W € yO(X) and B € aO(X), then AN B € aO(N).
(ii) If A CB C X, A e aO(B), and B € aO(X), then N € aO(X).

Theorem 3.1. Let § : (X, 7) — (Y, 0) be upper (resp. lower) a-irresolute, and X, € yO(X, 7). Then,
the restriction § | Xy : (Xo, 7| Xo) = (Y, o) is upper (resp. lower) a-irresolute.
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Proof. Letx € Xpand V € aO(Y) s.t. (& | Xo)(x) € V. By upper a-irresoluteness of &, (F | Xo)(x) =
F(x), and A U € aO(X) having x s.t. F(U) C V. Take Uy = U N X, and then by Lemma 3.1, we get
x€ Uy € aO(Xp) and (F | Xo)(Up) € V. Hence, § | Xy is upper a-irresolute. Lower a-irresoluteness
is analogous.

Theorem 3.2. § : (X,7) = (Y, 0) is upper (resp. lower ) a-irresolute if ¥ x € X, A Xy € aO(X)
having x s.t. the restriction § | X : (Xo, 7 | Xo) = (M, 0) is upper (resp. lower) a-irresolute.

Proof. Letx € X and V € aOY) s.t. Fx) € V. A Xy € a(X,%) s.t. § | Xo is upper a-irresolute.
Therefore, 4 U, € aO(X,) having x s.t. (F | Xo)(Up) € V. By Lemma 1.1, Uy € aO(X) and F(u) =
(& | Xo)m) Y u € Uy. Hence, ¥ is upper a-irresolute. Lower a-irresoluteness is analogous.

Corollary 3.1. Let X = | U, U, € aO(X). § : (X, 1) = (Y, 0) is upper (resp. lower) a-irresolute
AeV
iff the restriction § | U, : (U, T | Uy — (Y, 0) is upper (resp. lower) a-irresolute for 1 € V.

Proof. Immediate consequence from Theorems 3.1 and 3.2.

A C X is a-compact (a-comp, for short) if A C U U;, U; € aO(X), then A = U U;, where n is

finite. In other words, X is a-comp [28] iff X is a- comp of itself. Moreover, U is a- comp iff A is comp
w.I. to 7.

Theorem 3.3. Let § be upper a-irresolute, and §(x) is a-comp w.r. to 75, ¥ ¥ € X. If Wis an a-comp
w.r. to X, then ) is an a-comp w.r. to M.

Proof. Let F(A) = | {V,: Vi€ aOWY)). ¥ x €A, Tafinite V) C Vst FEC U {(Vi: Ve

AeV AeV(x)
aOM)}. Set V() = U {Vi: V€ aOWY)}. Then, F(x) C V(z) € aOY), and A U(x) € a(X,x)
A€V (x)
s.t. F(UE)) € V(x). Since {U(x) : ¥ € A} is an a-open cover of A, 1 a ﬁmte number of A, say,
X%, L5 st WC (J{Ux) :i=1,2,---,n}. Therefore, we get F(A) C S}(U U(x)) C U V(x;) C

n

U U V.. Hence, &) is a-comp w.r. to Y.

i=1 1eV(x)

Corollary 3.2. Let § be a-irresolute, and §(x) is a-comp w.r. to Y, ¥ x € X. If X is an a-comp, then
Y is so.

Recall that X is @-normal if for A, B € C(X) s.t. AN B = ¢, AU,V € aO(X) s.t. U NV = ¢, and
ANCUand BCYV.

Theorem 3.4. Let Y be a-normal, and §; : X; — Y is upper a-irresolute s.t. §; is closed, Vi = 1,2.
Then, {(x1,%) € X; X X5 : F1(x1) N Fa(x2) # ¢} € aC(X; X X»).

Proof. Let A = {(x1, %) € X; X Xy : F1(x) N F2(x2) # ¢}, and (31, %) ¢ A. Then, F(x) N Fa(x2) =
¢. Since Y is a-normal, and §; is closed for i = 1,2, 3 disjoint V,,V, € aO(X) s.t. Fi(x;) € V;
for i = 1,2. By assumption, & (V;) € aO(X,,x;) fori = 1,2. Set U = F (V) X & (V>). Then,
U € aO(X; X X3), and (x1,%,) € U C (X X X,) —A. Hence, (X| X X)) = € aO(X; X X3).

For a multifunction § : X > Y, G(X) is G(&) = {(x,9) e X x Y :x € Xand vy € F(3)}.
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Theorem 3.5. Let M be a Hausdorff space, and F : X — M is upper a-irresolute s.t. F(x) is comp, ¥
x € X. Then, G(F) € aC(X x Y).

Proof. Let (x,v) € (X xY) — G(F). Then, n € Y — F(x). V 3 € F(2), I disjoint V(3), WR) € OY)

st. 3€ V@) andp € WR). ) = U V(3), and 3 a finite number in F(x), say, 31,32, » 3, S.t.
3ET ()
FE) CUVG) i 1 <i<nfand W = N{W(@3;) : 1 <i < n}. By the upper a-irresoluteness of F, and

FE) CV, AU € a(X,x) s.t. F(U) € V. Therefore, F(U) N W = ¢, and so (U X W) N G(F) = ¢.
Since U X W e aO(X X Y),and (x,n)) e U X W C (X X V) — G(F), X X VY) - G(&) € aO(X X V).

Theorem 3.6. If § : X - Y and G : Y — Z are lower (resp. upper) a-irresolute, then Go g : X — Z
is so.

Proof. Let V € aO(Z). Since (G o F)" (V) = F (G )(V) and by lower a-irresoluteness of & and G,
we get (G o §) (V) € aO(X). Thus, G o § is lower a-irresolute. Similarly, the upper is satisfied.

4. Applications: Games and winning strategy

Due to these applications, consider each X; to be a topological structure, ¥V i = 1,2,--- ,n, and
topologically X = € X..

i€l
4.1. Upper and lower topological games

Definition 4.1. A game ® on X for the players 1,1,,--- , 1, consists of the following
(i) M, N7} from N is a partition of players.
(ii) {Xy, X, -+ ,X,} from X is a partition of sets.
(iii) An irresolute multifunction F of X onto itself s.t. F( X)NX;=¢ fori=1,--- ,n.

(iv) n-bounded real valued functions £, L5, L3,--- , £, on X.
The procedures of ® are as follows:
The locations are represented by the components of X, and play begins at any point in X. x € X; denotes
the location of player I; at x. If x is the starting location, the following sequence occurs: Player I
selects x| € F(xo) for x € X;. If x; € X, player I ; selects x, € F(x;), and so on. If F(x) = ¢, the play
ends at x. In other terms, a play is a sequence consisting of the elements < %y, F(xy), 1, F(%;),- -+ > s.t.
xo € F(x), x; € F(x1) and so on.

Definition 4.2. For a sequence of a play < xy,F(xy), x1,F(x1), - - -, ¥, F(3) > with k + 1 points, the
length of it is k. Here, the ki element satisfies F(x;) = ¢.

Definition 4.3. ® is locally finite (LF;, for short) if each play length is finite. If S is the set of locations
in a play, the payoff to I, is either sup{;(x) : x € S} or inf{;(x) : ¥ € S}, depending on whether
I, €e N or I; € M. Each player’s objective is to maximize their payoff.

Definition 4.4. If player I; can make sure that Payoff(1;)> &, no matter what other players do, Y plays

beginning with x, no matter what other players do. If Payoff(1;)> &, he is rigorously guaranteeing &
from x.

Lemmad.l. [1]IfG € O(X) and N C X, then G N CI(A) C CI(G N N).
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Proposition 4.1. If X = P X; and A € SO(X), then AN X; € SO(X;) ¥ i € 1. The converse holds only
iel
if A e O(X).

Proof. Let A € SO(X). Then, A N X; C Cl(Int(A)) N X;. Since X; € O(X), VY i, by Lemma 4.1,
AN X; C Cl(Int(A)) N X; = Cl(Int(N)) N X;. Then, AN X; C (Cl(Int(N)) N X;) N X; = (Clx,(Int(A)) N
X;) N X;. Since X; is a subspace of X, V i € I, then (Int(A) N X;) N X; € O(X;). Therefore, A N X; C
Clx.(Intx,(Int(U N X;))) N X; = Cly,(Intx,(Int(A N X)))) € Clx,(Intx,(A N X;)). So, AN X; € SOKX)),
¥V i € I. On the other hand, let A € O(X), and A € SO(X;). Then, A N X; C Clx Intx (A N X;) C
Clx, AN X)) =X;NCIAN X;) € CI(A) NX; implies A C CI(A). By openness of A, A C CI(IntN), and
A € SO(X).

Definition 4.5. Fora TS X, £ : X — R is upper and lower s-continuous if ¥V r € R, {L(x) <r, V¥ x € X}
and (L) > r,Vxe X}, AU € SOX) 5.t. {2(x) <,V x € Uy and {{(x) > r,¥ x € U}, respectively.
Definition 4.6. ® is called

(i) upper topological (UT, for short) for I; if £; is upper s-continuous.

(ii) lower topological (LT, for short) for I; if &; is lower s-continuous.

Theorem 4.1. If G is lower for I, € N*, then all locations that satisfy I, is strictly guarantee a gain
&isin SO(X).

Proof. (By transfinite induction). Consider the set of starting locations U s.t 7 is a rigorous guarantee
of &, Then, (X; NF~(Ay)) U (UX; NF(Ay))) € A Note that FF(U) = {x € X : F(x) € A}, and
j=1

FFU) ={xe X:Fx)NU # ¢}. Construct A(A) € SO(X) s.t. A(A) € Ay, ¥ ordinal A as follows: Let
A0) = {x € X : £(x) > £}. By assumption, we get that £, is lower s-continuous. Thus, 2(0) € SO(X),

and A(0) C UA,. Define AB) € SOX) C A, ¥V V < A. Let A be a limit and A(A) = |J A(V). Then,
V<A

A(A) € SO(X), and A(A) € A If A is not a limit ordinal, then A = A"+ 1. Let A(A) = AA)
U (X; N FAA))) U C)(Xj N F*(A(A"))) by hypothesis, A(A) € SO(X) and by Proposition 4.1,
n=2
X NF~(AA")) and XN FH(A(A")) € SOX), Y j=2,3, -+ ,n. Since X = P X; and F is irresolute,
i€l

then A(A) € SO(X) and A(A) C U, for AA") € A, and (X; N F(AA))) U _LnJ(X N FFQUAY))) ¢

(X1 NF~(Ap)) U U(X N F*(Ay)) € Ae. Hence, ¥V ordinal A, A(A) € SO(X), and A(A) € A Since

the sequence {‘l[(A)} is 1ncreasmg and cannot be constant, A(Ay) = U(Ay + 1) = ---, for some A,.
Let W = X —AAy). If x € A N X, then F(x) C A, while if x € A' N X;, where j ¢ 1, then F(3)
NA # ¢. Therefore, if a play begins from a point in A, for instance, 7, does, players 7,, 15, ---, 1,
can ascertain that a location in 2(A,) is never achieved. A(Ay) 2 A(0) = {x : £,(x) > &}. Thus, if x € A,
then x ¢ A(Ay), and so x ¢ A, and so A, C A(Ay). A(Ag) € A, by construction, and so A = A(A).
Hence, U, € SO(X).

Remark 4.1. Although the complement of SO(X) is SC(X), and F is irresolute, F*(X) € SO(X). Then,
Xy = X = F'(X) € SC(X) and the complement of criteria in Theorem 4.1 does not hold that the set
of places from which I, may ensure a benefit for & is semi-closed. Theorem 4.2 specifies additional
requirements for the semi-closed nature of this set.
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Theorem 4.2. Let ® be UT for I € ', LE, and Xy = {x : F(x) = ¢} € SO(X). Then, the set of places
s.t. T may guarantee a gain to the holder is in SO(X).

Proof. (By transfinite induction). Define X(A) € SO(X) V ordinal A. Let X(0) = Xy = {x : F(3) =
¢}. Then, X(0) € SO(X). Construct X(V) € SO(X) V ordinals V < A. If A is limit, and X(A) =
(U X(V)) € SO(X). If A has a precursor A" i.e. A = A" + 1, take X(A) = X(A) U F*(X(A")). By F

V<A
irresoluteness, X(A) € SO(X). Thus, ¥ ordinal A, by transfinite induction, X(A) € SO(X). If V < A,

X(V) < X(A). 9 is defined as the collection of places from which 7| may guarantee £&. Then, (X; N
F(96) U U(X; N F*(9¢)) € 9¢. Define a set $(A), ¥ A s.t.
j=2

(1) H(A) € 9H¢;

(i) if V< A, (V) C H(A);

(i) if V < A, $(A) N X(V) = H(V) N X(V); and

@iv) H(A) N X(A) € SC(X) in X(A).

The conditions (i)-(iv) can be satisfied in three claims.

Claim I. Let H(0) = {x : £;(3) > &}. Since ¥, is upper s-continuous, $H(0) € SC(X) in X. Also,
H(0) € H¢, and so (H(0) N X(0)) € SC(X) in X(0). Consider H(V) that satisfies conditions (i)-(iv) is
constructed, V V < A.

Claim II. If A is a limit ordinal, take $(A) = |J (V). Then, H(A) € H¢, ¥V V < A. Also, if V < A, then
V<A

H(V) € H(A), and if V' < A, H(A) N X(V) = (VUA H(V) N X(V) = Upaa®V) N X(V). TV < A

then H(V) N X(V) C H(V) N X(B); andif V <V < A, H(V) N X (V) = H(V) N X(V'). Hence, H(V)
NXV) =95V) N X(V), and (iii) is satisfied. If x € X(A), and x ¢ H(A), then x € X (V) for some
V <A and x ¢ H(V). Now, H(V) N X(V) € SC(X) in X(V), and so 7 a semi-open nbd A of x in X(V)
s.t. AN H(V) = ¢. Now, since X(V), and A € SO(X) and A C X (V) C X(A), A € SO(X) in X(A). By
(ii1), X(V) N H(A) = X(V) N H(V), and so A is a semi-open nbd of ¥ in X(A) s.t. AN H(A) = ¢. Thus,
(iv) is satisfied.

Clalm ITI. If A has a predecessor A". This means that A = A" + 1. Take H(A) = HA)Y U (X1 NF(HA)))
U U(X NF*(H(A))). Since H(A) € He, and Xy NF(H(A")) U U(X NFHHA)) € (X1 NF (D)

U U(Xj NF*(He)) C He, (i) is satisfied, and (ii) is clear. Suppose V <A Ifx e X(V), and F(x) # ¢,
=2

then F(x) € X(V) for some V < V'. Thus, if x € X(V') N (X1 NF(H(A))), F) N {X(V) N HA)} # ¢
forV<V <A.Thus,x€c X(V)N (X, NF(HV)) cXVHINHV+1)cXV)NHV). In the same
manner, if j # 1, X(V) N (X; N FH(HA)) € X(V) N HV). Also, X(V) N HA) = X(V') N HV).
Thus, X(V)) N X(A) = X(V) N [HA) U (X; UF(H(A)) U U2 X;NF(HA)N] = X(V) N H(V), and
=
so (iii) is satisfied. Finally, for (iv), suppose that x € X(A), and x ¢ H(A). If x € X(A"), then x ¢ H(A),
and since (H(A) N X(A")) € SC(X) in X(A"), I a semi-open nbd A of x in X(A') s.t. AN H(A") = ¢.
Since X(A) € SO(X), and A C X(A) € X(A), A is a semi-open nbd of x in X(A); and since X(A") N
H(A) = X(A)H(A), by (iii), AN H(A) = ¢. If x € (X(A) — X(A)) N X, then F(x) C (X(A) — H(A)).
(X(A)=H(A)) € SO(X) in X(A") and so is semi-open in X. X; NFH(X(A) - H(A")) is a semi-open nbd
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of xs.t. [X1NFH(X(A)=HANI N HA) = ¢. If x € (X(A)—X(A)NX;, then F(x)N(X(A)-H(A)) # ¢,
and X; N F~(X(A) — H(A")) is a semi-open nbd of x s.t. [X;N F~(X(A) = H(A )] N H(A) = ¢. In either
case, if ¥ € X(A) and ¥ ¢ H(A), I a semi-open nbd of x in X(A) which does not intersect with H(A).
Therefore, (H(A) N X(A)) € SO(X) in X(A), and (iv) is satisfied. Thus, construct H(A), ¥V ordinal A
s.t. (i)-(iv) are satisfied. By Berge [3], since ® is locally finite, X = X(A() for some ordinal A,. Thus,
H(Ag) € SO(X); and if A > Ay, H(A) = H(A) N H(Ap) = H(Ap). Let ' = X —H(Ay). If x € H N X, then
Fx)C9H,andifxe $ N Xj, where j # 1, then F(X) N 9 # ¢. Thus, ifa play starts with a location in
%', whatever 7 does, players 75, I3, ---, 1, can prevent a location in $(A,) from ever being reached.
However, $(Ap) 2 H(0) = {x : £1(x) > &}, and so H: € H(Ao). However, H(Ay) € 9, by construction,
and so H(Ag) = He. Thus, H, € SC(X).

The assumption of Theorem 4.2 cannot be weakened. As seen in Example 4.1, if Xy ¢ SO(X), the
conclusion of Theorem 4.2 is false.

Example 4.1. Players P, and P, played on the topological sum of X, and X, on a segment (—1,m] of
R. Let (x;i) be the point x € X; and consider

x-1,5) i+#j : x>0,

Fn = A

Suppose that I, € W* and

1 xeXy and x<0,
21(35)—{0 . otherwise.

Due to the fact that L, is upper s-continuous, ® is UT for I, € N*. The starting locations s.t. 1| may
ensure unit gainare {(¥;1) : 0 <x < 1,2 <x<3,--- JU{(x;2): 1 <x<2,3<x<4,---} ¢ SCX).

Example 4.2 shows that the conclusion of Theorem 4.2 may be true, in general.

Example 4.2. Consider X = X; P Xy, where X, =R and X, = Y P Z, where Y, Z C R. Consider
(x; 1), (x;2) and (x;0) are denoted by X,, Y and Z, respectively. Let

Fx; 1) = {x0}U{(m:2):]x—p[<3[x]}
F(x2) = {(0:D:lx—p[<1/2]x]},
F(x;0) = ¢. Then, Xoy=Z

Consider I, € " and £,(x;0) = 1 at| x|, and f1 = 0, otherwise. Although ® is upper TG for I, € N*
and Xy € SO(X), it is not LF. The locations defined in X, from which I| may ensure unit gain are as

Sfollows: G{(x; D x|>1/2" ={(x1) :| x|> 0} ¢ SC(X). However, X = X, @XZ, and hence the set
n=0

of beginni;qg locations from which I | may ensure unit gain is not included in SC(X).

Corollary 4.1. If ® is UT for 1, € N-, then the set of locations where 1| can guarantee & which is
semi-closed is UT.
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Proof. Let U, be the set of start locations s.t. 7| cannot guarantee £. Similar to Theorem 4.1, construct
A e SOKX) s.t. {x: L1(x) <& CAC W Then, A € SC(X), where A = X — A If x € A° N X, then
F)NA° £ ¢, and if x € AN X s.t. j# 1, then F(x) C A°. So, if a play starts with a location in A€,
1| can ascertain that a location in $ is never gained. Thus, if 9, is the set of start locations s.t 7 may
guarantee &, 9 2 A°. However, A O A and H, N A = ¢ and so H; = A°. Therefore, H; € SC(X).

Corollary 4.2. Let ® be LF and has a LT dimension for I, € W, and Xy = {x : F(x) = ¢} € SO(X).
Then, the set of locations s.t. 1| may be used to strictly guarantee a gain & is semi-closed.

Proof. Let K, be the start locations s.t. 7| may not strictly guarantee £. By a modification in the proof
of Theorem 4.2, &, € SC(X). However, if U, is the start locations s.t. 7 can strictly guarantee &, A, =
X — K¢, and so A, € SO(X).

4.2. Optimal strategies for topological games

Definition 4.7. Let Xy = {x : F(x) = ¢}, and a strategy for player I; is a function ¢ : (X; — Xy) —> X
s.t. (x) € F(x), Y x € X; — Xo. The play of ® is completely determined by its strategy.

Definition 4.8. A strategy ¢ for player I, is guarantee him with & from a start location x if play begins
with ¥ and 1| employs a strategy ¢. He receives a payoff > & regardless of the strategies used by other
players.

Definition 4.9. Let ¥(x) = sup{¢ : x € H.}, where x € X, and H is the locations, for each € s.t. 1| may
guarantee &. A strategy for player I is optimal if it guarantees P(x) from the start location x, ¥ x € X.

Now, assume that T’ represents the techniques used by player 7. Given that each strategy for I,
is a function between X; — X, and X. If X*1=%0) ig denoted by functions from X; — X to X, then
T € X1=%0) [n this case, T has a relative product topology.

Theorem 4.3. Suppose that only one of the following holds:

(i) ® is LF and UT for I, € " s.t. Xy € SO(X);

(ii) F an upper TG for I, € N~ IfF(2) is s-comp, ¥ ¥ € X1 — Xy, then the optimal strategies for I is
nonempty and SC(X) in

Proof. LetF(x) be s-comp. Using Definition 1.2V x € X;—=X,, T = [] F(x)is s-comp. Let S, be the
IEX]-X()

strategies s.t. 7| may guarantee & from any start point in ;. Clearly, S; # ¢ if H, # ¢. It is sufficient
to prove that ©; € SC(X) in Y. Suppose p € T, p ¢ S.. Then, for some x € X;| N Hy, P(x) € He.
By assumption (i) and Theorem 4.2 or assumption (b) and Corollary 4.1, we get $: € SC(X), so Ja
semi-open nbd M of p(x) in X s.t. RN H, = ¢. If NM(p) = {0 : 6 € T} and 6(x) € N, M(p) is a semi-open
nbd of p, and M(p) N S, = ¢. Thus, S, € SC(X) in Y. Let xy € X, and consider {S¢.zp(y,)}. Consider
&1 <& <o <& < W(xg). Then, xg € Hg, Y i, and Hg, 2 Hg, 2 -+ 2 Hy,. Suppose that H,, N
(X1 — Xo) # ¢ and that k < n the greatest integer. Then, for k < j < n, F(9;,) N (X — Xo) = ¢, and
Gs; =T. Letg; € S, for 1 <i <k, and ¢ € T, where for x € X; — X,

Pr(x) 1 X €9
pE) =1 9i(x)  x€Dy— Vg, i=1,2,--- k-1
Pi1(x) © X€EPg

AIMS Mathematics Volume 7, Issue 10, 18662-18674.



18672

Then, p € S,y NS, N - NS, Thus, ¥V x5 € X, {S, 1 € < P(xp)} € SC(X) with the finite

intersection property. Let S(x) = (| G So, S(x) € SC(X). Now, consider {S(x) : x € X}. Suppose
E<y(x0)
that x;,%,--- ,%, € X. If Y(z,,) = {nax Y(x;), S(x,) C S(%;). Thus, {S(x) : x € X} € SC(X) with the

finite intersection property. Let S = () S(x). Thus, S is nonempty and semi-closed in I'. However,
xeX

S is an optimal strategy for 7. If p € S(x) V ¢ < Y(x) and so the guarantee for 7 that is '¥(x) when

the play beginning with x. Thus, if p € () S(x), then g is optimal. Conversely, if ¢ is optimal for 7,
xeX

¢ guarantees J if the play starts with x, and so ¢ € () S, This holds forx € X, andso p € S =
&<¥(®)

N N S

xeX £<¥(3)

5. Conclusions

The representation of multifunctions using a-irresoluteness and topological game theory are
investigated and discussed. Moreover, new properties of upper (lower) a-irresoluteness due to
Neubrunn [30] and Noiri and Nasef [31] are modified and analyzed. The strategy for the play in
topological games is completely determined.
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