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1. Introduction and main results

In this paper, we study the following fractional Schrodinger-Poisson system with doubly critical
exponent

(=AYu+ V(xX)u - ¢lu>3u= fu)+ u>2u, in R3, (D)
(=AY = [uf>~", in R?, '
where s € (0,1), 2} = ﬁ is the critical fractional Sobolev exponent, the potential V(x) and the

nonlinearity f satisfy the following assumptions:

(V) V e C(R?) satisfies inf,p3 V(x) >V, > 0;

(V2) There exists h > 0 such that limy_,., meas({x € B,(y) | V(x) < c}) = 0 for any ¢ > 0, where Bj(y)
is the ball centered at point y with radius #4;

(f1) f e C(R,R) and f(r) =0 for ¢ < 0;

(f>) lim; g 52 = 0;

(fs) im0 25 = 0;
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(f4) There exist two constants p € (2,2}) and 0 < § < % such that pF(f) < f(f)t + 61, where
F(t)= [} f(s)ds;

(fs) limy_ o0 28 = 400, where m > max{1

fm+1

653 }
»3-2s )"
The non-local fractional Laplacian operator (—A)* in R? can be characterized as

(=A)*u(x) = C(s)P.V. f ux) — uly)

s |.X _ y|3+2s ’

P.V. represents the Cauchy principal value, and C(s) is a positive constant only depending on s, see [1].
In the last several years, nonlinear equations involving the fractional Laplacian have been attracted a lot
of attention by many scholars. One of the main reasons for this is that the fractional Laplacian operator
naturally arises in many different areas, such as such as thin obstacle problem (see [2]), combustion
(see [3]), financial mathematics (see [4]), minimal surfaces (see [5]), etc. Another main reason is
that the fractional Laplacian (—A)® is a non-local operator in contrast to the classical Laplacian A, and
previously developed methods may not be applied directly.

Technically, system (1.1) consists of a fractional Schrédinger equation coupled with a fractional
Poisson equation. It can reduce to the following classical Schrodinger-Poisson system for s = 1,

(=N + V(x)u — dlul* 3u = fu) + [u* 2u, in R3,
(=D = |ul ", in R3.

Due to the real physical meaning, the classical Schrodinger-Poisson system has been studied
extensively by many scholars. Here, we do not try to recall the details on this topic, we refer the
interested readers to see [6—9] and the references therein.

From a physical standpoint, the fractional Schrédinger equation was discovered by Laskin as a
result of extending Feynman path integral, from the Brownian-like to levy like quantum mechanical
path. Since then, fractional Schrodinger-Poisson system has been attracted many scholars” dinterest,
the existence and multiplicity of solutions have been established via applying the variational methods,
please see [10—14].

But to the best of our knowledge, there are few papers considering the frational Schrodinger-Poisson
system with doubly critical exponent, such as [15, 16]. More precisely, in [15], Feng and Yang used
concentration-compactness principle to obtained a ground state solution for the following system

(=A)Yu+ V(X)u — ¢plu>3u = Kx)|u>2u, in R3,
(=AY ¢ = |ul>", in R?,

where s € (3,1), V € L=(R?), K € L*(R?). In [16], the author studied system (1.1), by limiting the
order s € (%, 1), he obtained a positive solution with (AR) condition. Motivated by the previously
mentioned works, in the present paper, we shall investigate the case of s € (0, 1) for doubly critical
problem without (AR) condition, in other words, we will study the existence of positive ground state
solution.

Then, our main result can be described as the follows.

Theorem 1.1. Assume that V, f satisfy the assumptions (V1) — (V,) and (f,) — (f5), respectively. Then,
system (1.1) has at least one positive ground state solution.
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Remark 1.1. As far as we know, there have not any works in the present literature for the system (1.1)
with s € (0,1). The condition 0 < uF(t) = u fot f(@dr < tf(t) for u € (4,2}) is well knowm as (AR)
condition, which was first introduced to obtain a bounded Palais-Smale sequence. In fact, the (AR)
condition implies that F(t) is a 4-superlinear and subcritical nonlinearity, in order to cover the case
where the degree of F(t) is between (2, 4), we add a more weaker condition (f3).

Corollary 1.1. Assume that V satisfy the assumptions (V) — (V») and

- 2
¥, t>0andpe(max{1 0 3} 3+ S),

@) = "3-2s)73-2s

0, <0,

then system (1.1) has at least one positive ground state solution.
2. Variational setting and preliminaries

In this section, firstly we will give the variational framework for the system (1.1). Throughout this
paper, we denote by C, C; > 0 various positive constants which may vary from line to line and are not
essential to the problem.

For any s € (0,1), D**(R?) is completion of the set Cy(R®), which consists of infinitely
differentiable functions u : R®> — R with compact support to the following norm

_ 2
[l = f f W) = 4O 4y and D) = fu € LEE)  [ul, < ).
R3 JR3

|X _ y|3+2s
The fractional Sobolev space is defined by
H'(R) = {u € LX[R’) : [u]; < oo}
is equipped with the norm
el = lladl3 + [T,

we denote by || - ||, the usual L”-norm. Due to the appearance of potential function V(x), we will work
in the following space:

E = {u € H'(R®) : f V(x)utdx < 00} ,
R3

then, E is equipped with the norm ||u||* = [u]? + fR3 V(x)u*dx. Let S > 0 be the best Sobolev constant
for the embedding of D*?(R?) in L% (R?), which can be expressed as

J(=A)2uldx
S= inf k: . 2.1)

DS2(R3)\ (0 * %
ueD%*(RI)\{0} (fﬂ{} lu?dx)>

As we all known, for u € E, the Lax-Milgram theorem implies that Poisson equation (-A)’¢ =
lu|*~! has a unique weak solution

25-1
Pu(x) = Csf |u(y—)| dy,x € R3a
R

s = yPRs
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INE= . - . . .
where C; = 2( 2 ) Similar to the usual Schrédinger-Poisson system, we can insert ¢, into the first
22572 T(s)

equation of the system (1.1). Then system (1.1) can be transformed in a single Schrédinger equation
as follows

(-A)’u+ V(x)u — ¢u|u|2§_3u = f(u) + lu>2u, VxeR>. (2.2)
The Euler functional of Eq (2.2) is defined by / : E — R, that is,

1 1 . 1
I(u) = Ellull2 ~ 5o | GululTdx — -

%d —fF dx.
22— 1) Jus 2 ), Mrdx= ) Faodx

Under the assumptions of f(u), we can deduce that functional I is well defined on E and is of class
C'(E,R). For each u, v € E, we have

I'(u), vy = f ((—A)%u(—A)%v + V(x)uv + ¢u|u|2:‘_3uv - Iulzﬁ_lv - f(u)v) dx,
R3

where (-, -) denotes the usual duality. It is easy to verify that if u is a critical point of /, then the pair
(u, ¢,) 1s a weak solution of system (1.1).

Lemma 2.1. If s € (0, 1), then for any u € E, the following results hold

(1) ¢, 2 0;
(2) ¢ = 157, forall t > 0;

2025-1),

(3) jﬂ‘@ ¢u|u|2:_ldx < S_lllu”z*s ;
(4) If u, = uin E asn — oo, then ¢, — ¢, in D(R%). Moreover:

f ¢un|un|2§_3ungodx - f ¢u|u|2:‘_3u<,0dxf0r any ¢ € C8°(R3). 2.3)
R3 R3
Proof. The conclusions (1) and (2) are clear from simple calculation.

(3) Since ¢,(x) is a unique weak solution of (=A)*¢ = |u|>~!, one has

2_’;71
%

1
) ) 2% R s
fl(—A)3¢u|2dxs( |¢u|2‘dx) ( |u|2SdX)
R3 R3 R3
2}‘7_]
2

ss-i( f |<—A)5¢u|2dx)2 ( f |u|2?dx)§
R3 R3

Thus, it is easy to check that (3) holds.

(4) Since u, — uin E as n — oo, then |u,|*™! — |u/>~!in L% (R®) as n — oco. Thus, for any

¢ € Cy(R?), the uniqueness of weak solution of Poisson equation implies that

f B pdx = f P pdx — f P gdx = f dupd,
R3 RS R3 R3

that is, ¢, — ¢, in D**(R¥). It is now simple to conclude
f (bu, — Gul*up — 0 as n — oo (2.4)
R3
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Letg = using Holder inequality, we have

2 1
23 253 q(25-2) q(25-2)
fasunnunw tty = [l u1?dx < C (11, 12 a5 + I, 12 Nt 57 ) < oo,
R ; ; : :

notice that u,(x) — u(x) a.e in R? can be inferred from weak convergence of u, — u in E, which
implies that

f i, [ttt — [ ulp > 0 as n — co. (2.5)
R3
Now, we combine (2.4) and (2.5), (2.3) holds. O

Lemma 2.2. Suppose that (V) and (f,) — (f3) hold, then
(a) there exist a > 0, > 0 such that I(u) > «, for all ||u|]| = S,
(b) there exists e € H such that ||e|| > S and I(e) < 0.

Proof. (a) By (f1) — (f3), for all £ > 0 small enough, there exists C, > 0 such that

Ce
[f@)] < &lfl + Celu*™" and |F(0)] < —Itl + 2*I [ (2.6)

Thus, by Sobolev inequality and (V}), there holds

2%
£ C . £ S—2C .
F(uydx < = 2dx + == Zdx < =—|lull* + ——=jull*. 2.7
fw (u)x_sz3u X+2§ nglul x_zvollull + % el (2.7)

It follows from (2.6), Lemma 2.1(3) and Sobolev inequality that

1 1 1
I(w) = =l = =— ul>~'d f 'd —fF d
() = 3l = 5y | e 5 | x| Faods

l__ llu || _LZ*H ”2(2 -1 M”unzi.
2 2V, 225 - 1) 2

Because ¢ is small enough, we can assume € € (0, V;) and letting 5 > 0 small, ||u|| = 8 implies that

S 3(C, + 1)

-2
1) > (1 - ),8 -3 pern_ B =a>0.

22V, 22— 1) 2

(b) Fixed uy € E and uy # 0, for any # > 0, we have

2 221 2
1(tuo) = —||Mo|| T l)f Puolutol* ldX—z—f luol* dx — f3 F(tuo)dx,
_ . o

it is easy to check that lim,_, ;. I(fuy) = —oco. Therefore, there exists 7y > 0 large enough such that
I(toup) < 0 and ||touo|| > B. Thus, we complete the proof by taking e = fyuy. O

Lemma 2.3. Assume that (Vi) — (V») and (f1) — (fs) hold, then the functional I satisfies the (PS),

222(2 ~2)(22%+1~ I)SZ
4(25—-1)2"

condition provided c € (0, c*), where c¢* = ( V5- 1)
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Proof. Let {u,} C E be a (PS). sequence of /, that is,

I(u,) » ¢, I'(u,) >0, as n— oo. (2.8)
Firstly, we claim that the sequence {u,} is bounded in E. Indeed, by (f}) and (2.8), we get that

L+ + ol 21u,) - /1)<1'<un>, )

YL P I O S -1

—(2 p)nunn +[p 2(2*_1)]fR3¢u,,|un| dx
(———) f jua?dx + f [1f(un>un—F<un>]dx
p 2 p

1 1
> (— - == )||Mn||2
2 p Vop

which implies that {u,} is bounded in E. Then we can extract a subsequence, still denoted {u,} C E,
that converges weakly to some u, € E. Under the conditions (V) and (V;), we know from [10] that,
the embedding E < LP(R?) is continuous and compact for any p € (2,2%), thus we can make sure that

u, — u, weakly in E,
u,(x) = u(x) aeinR?,

u, — u, strongly in L”(R?).

Next, we claim that u, is a solution of (2.2). It follows from (f;) and continuity of f that for

any € > 0, there exists C, > 0 such that f(u,) < C. + suiﬁ_l. Set 0 < 6 < & small enough, for

Qy C suppy with meas(£2y) < 6 and any ¢ € C8°(R3), there holds

f Flu)pdx
Qg

<C IsoldX+8f " |ipldx
Q Q

21

< Cmeas(Qy) + g( |un|2sdx) ( f |<p|2sdx)
Qg QH

< Ce

due to {u,} is bounded in L*(R3), which implies that { f(u,)p} is equiabsolutely continuous. Making
use of Vitali theorem, we obtain

lim f(un)wdxzf Sf(u)pdx.
n—oo Jr3 R3

It follows from Lemma 2.1(4) that

n—oo

lim ¢u |Mn|2 %un‘f)dx_f ¢u*|u*|2‘_3u*godx.
R3 R3

Using u, — u, weakly in E again, we can prove that (I’(u.),¢) = 0 for Yy € C8°(R3). In the end, we
claim that u,, — u, strongly in E. In fact, we can define v, = u,, — u., then v, — 0 in E. For any € > 0,
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there exists, by assumptions (f1), (f>) and (f3), a C. > 0 such that
e

. C
e[ + =S|
2;

. _ &
IfO < el + 11> + Celd”™ and |F(1)] < Eltl2 +

Consequently, by (2.9) and Lebesgue’s dominated convergence theorem, we obtain

n—oo

lim F(u,)dx = f F(u,)dx,
R? R?

n—oo

lim f(u,,)undxzf fu)u.dx.
R3 R3

From Brézis-Lieb’s lemma (see [17]), it holds that

2 2 2
lluall™ = Nvall” + sl + 0, (1),

2 2 2
u, dx = v, dx + u. dx + o,(1).
R3 R3 R3

Using Lemma 3.2 in [18], there holds

2% -1 251 251
f ¢un|un| s dx—f ¢vn|vn| s d-x = f ¢u|u*| ; dx+ On(l)-
R3 R3 R3

Summing up, the preceding equalities show that

1 1 * 1 :
106) = 1) + =l = —— | ¢, va*7'd ——f JPdx + 0,(1
(un) = I(u) 2IIVII 2(2;—1)fR3¢"|V| x- 5 3IVI x + 0,(1)

s JR
and

(), ) = (I, ) + |[v,l* - f % b, IVl dx — f Va5 dx + 0,(1).
R;

R3
Therefore, it follows from the hypotheses /(u,) — ¢ and I’(u,) — O that

¢ =1lim I(u,)

1 | : 1 *
() n‘i’i‘o(z”v I 2(2?—1)L3¢"|v| Y7o ), Ml

and
. 2 201 . 2 g
lim ||v,||” — hmf &y, Vo™ dx — hmf [v,|*dx = 0.
n—oo n—-oo R3 R3

n—oco

Now, we may assume that

b=l = ¢, a, = f ¢y, val*'dx = a and b, = f V> dx — b.
R3 R3

(2.9)

(2.10)

2.11)

(2.12)

(2.13)

(2.14)

Since the Lax-Milgram theorem implies that (—=A)*¢ = |v,|>~! has a sequence solution {¢,,}, then we

have

f ol dx = f (=A)26,, (=A)?|v,ldx
R3 R3

1 .
V5-1 Rf’”"'v”' L

<

- 1 s
¥ f (=A)2v,dx.
4 R3
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As n — oo passing to the limit, it follows that

Using (2.13) and (2.14), we infer that

On the other hand, we obtain

1
I(M*) = (_ - _) ”l/t*” +

1 1 -
ol
oo LL¢JM x

(———*)f |t |? dx+f (—f(u*)u*—F(u*))dx
p 2 Io

1 1
z&——— M P
p VY
>0.
It follows from (2.12)—(2.14), one has
2s (2 =2)22: + 1 = V5)
> a+ b > L.
=372:°73 42t - 12

The estimates (2.1) and (2.13) lead to

2% 2k

(<SB85,

Thus, we get either
=2 \/g - 1
T >

2

&)
%

S

If £ # 0, then from (2.13), we infer that

2 -2+ 1-V5) N5-1 2 (2i-2(Q22+1-5)

=( )%

c 2> ]
428 - 1)2 2 42y - D25

which contradicts the fact that ¢ < ¢*. Hence £ = 0 and we have that i, — u in E.

As in [19], the extremal function Ug(x) = 8_%14*(5) solves the equation (—A)*¢ =

u(x/S )

where u*(x) = e

(2.15)

O

lu>~2u in R3,

and u(x) = k(p0 + |x|2)‘_Tz with & > 0 and o > 0 being fixed constants.

Lety € C(‘§°(R3) is such that 0 < ¥(x) < 1in R?,¥(x) = 1 in B; and y(x) = 0 in R*\B,, we define

Ve(x) = Y(x)Ug(x). According to Propositions 21 and 22 in [19], we know that

falM) v < S5+ 0@,
jl‘@ |Vg|2j‘dx = S% + 0(83),

3(2—-p)+2sp

O™ = ), P>,
f$WM=0€Wme>p:%p
R3 G-2)p '

O(e 7)),

AIMS Mathematics Volume 7, Issue 10,
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Lemma 2.4. Under the assumptions of Theorem 1.1, then 0 < ¢ < c”.

Proof. Since the Lax-Milgram theorem implies that (—A)*¢ = [v,|>~! has a unique solution {¢,}, then

we have
‘f‘WAxdx=bf(—Aﬁ¢%CﬁD5WAdx
R3 R3

1 . 1 .
55 f ¢Vg|v8|2f1dx+§ f I(=A)2v,|*dx.
R3 R3
t2(2 -1

Let O(¢) = %[vg]s T e qﬁvglvgl2 “ldx - 2 - [ve|>dx,t > 0, it follows from (2.16) that

t2 225-1) L, [ P g
Nn<|= N 2
00 =(5 + 35— Dﬁvh @* ?_IXfW| x

12 225D s 2 PO
ST +0 s ST +0

2(2* ))( +0(E™7)) - (2*+2§ 1)( +0(£))

t2 225D 2

S .
2 22x-1) 2

IA

)st + 0%

as € — 0. After computation, we have

ST + 0>, (2.18)

sup Q(1) <

>0

V5-1 T{Z(z* 2)22+1-+5)
2 4(2% — 1)2¢

As in Lemma 2.2, we see that I(tv,) > 0 for t > 0 small, and I(tv,) — —oo as |t| — oco. According to
the continuity of /, there exist ¢, > 0 such that

I(t.v,) = sup I(tv,) > 0.

>0

From (fs), given M > 0 large enough, there exists Ry, > 0 large enough such that
IF)| > Mu™" with |u| > Ry.

This together with (2.6) implies that for all M > 0, there exists a constant Cy, > 0 such that

2
F(u) > Mu™"' — Cpu* with m = max{ 1, >4
3-2s

In addition, we deduce that

f F(teve) 2 Mf tevel™ dx — CMf ltevel*dx > Cillvelljiei — Callvell3-
R? R3 R3
Using the estimates (2.17) and (2.18), for £ > 0 small enough, we get

I(t;v:) < sup Q(1) + f V@)ltavelPdx = Cillvelliiy + Callvell3

>0 B

V- 17 (202022 +1- V) \
S( 2 42; - 12 SE = Cillvelly + Callvl.

AIMS Mathematics Volume 7, Issue 10, 18311-18322.



18320

We distinguish three cases.
Case 1. s € (0, 3), then = < 2. In this case, as we have seen in (2.17),

3(1-m)+2s(m+1)
2

Ivellyiy = O(e ), Ivell; = O(™).

3(1—m)+2s(m+1)

Thus, for & small enough, O(£*) — O(s™ 2 ) < 0 holds because of 3(1 — m) + 2s(m + 1) — 4s =
B -25)(1-m)<0.
Case 2. s = 2, then 7= = 2. It is follows from (2.17) that

3(1-m)+2s(m+1)

el = O™ 7 7) = O %), Ivell2 = O(e¥logel) = O(&? |logsl).

; —5m
Due to lim,_,o Z2%¢ = 0, as & — 0. Thus, we have O(¢2|loge]) — O(e3") < 0 for & small enough.
e 4
3 3 3w 653 2
Case 3. s € (1. D, then 2 < T, < 3. We remark that m + 1 > 35, since m > 3f2s > 3—33’ we can

obtain
1 3(1-m)+2s(m+1) 2 3-2¢
Wellpir = OCe™ 7 ), [vell; = O(™).
. o .. _ 3(1-m)+2s(m+1)
Having observed m > gi 2?, it is easy to check that O(£*%) — O(e P ) < 0 for £ small enough.

Since —Cy|lve[™*] + Csllvll; < 0 as € — 0, the result follows. o

3. Proof of Theorem 1.1
Proof. From Lemma 2.2, we know that the functional / satisfies the mountain geometry structure. Thus
we apply the Mountain-pass lemma, there exists a sequence {u,} C E satisfying
I(u,) > c>a>0,I'(u,) > 0 as n — oo,
where
c= g g{lg{ﬁl (y(0),
I'={yeC(0,1],E) : y(0)=0,I(y(1)) = I(e) <0},

a and e are defined by Lemma 2.2. By Lemmas 2.3 and 2.4, there exist a convergent subsequence
{u,} C E (still denoted by itself) and u.. € E such that u, — u.. in E. Thus, we conclude that

I(u,,)=c>a>0 and I'(u,,) =0,

which implies that (u.., ¢,,,) is a nontrivial solution of system (1.1).
In the following, we claim that there exists a positive ground state solution (v, ¢,) of system (1.1).
Define
m=inf I(u), N ={u € E\{0}] I'(u) = 0},

we notice that NV is nonempty because of u.. € N. For any u € N, It follows from (2.6), Lemma 2.1(3)
and Sobolev inequality that

0=<I’(u),u>=||u||2—f ¢ulul2§‘“dx—f Iulzzdx—f fwudx
R3 R3 R3

P . . 2 .
> (1 - 7) ull> = S > ulP>~" = S 72 (Ce + Dllull>,
0

AIMS Mathematics Volume 7, Issue 10, 18311-18322.
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which implies that |[u|| must be larger than some positive constant, thereby 0 is not in dM. Meanwhile,

we decuce that . L
, 0
I(u) = 1(u) = —I'(w), u) > (— -— - —) Jual®
p 2 p Vop
for any u € N. By the fact u # 0, we have I(u) > 0, thus we can get that m > 0. Let v, C N be a

minimizing sequence such that
I(v,) > m, I'(v,) > 0asn — oo.

Since m < ¢ < ¢*, after taking a subsequence, it follows from the proof of Lemma 2.3 that there exists
v € E such that v, — v in E. Hence, v is a non-trivial critical point of I with I(v) = m. Now, we define
a new functional as

1 1 . 1 .
L) ==V = —— () dx - — %d _fF+d’
+(V) = SIM 22 1) R3¢ (v)™ dx % R3(V) = (vHdx

where v* := max({v, 0}, v~ := min{v, 0}. The condition {(I’.(v),v") = 0 implies that v > 0 in R3, which
is a non-negation weak solution of system (1.1). By using the strong maximum principle and standard
argument, v is a positive ground state solution. This completes the proof of Theorem 1.1. O
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