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Abstract: By using Nevanlinna of the value distribution of meromorphic functions, we investigate the
transcendental meromorphic solutions of the non-linear differential equation

"+ Py(f) = pre™ + pre™ + pse™,

where P,(f) is a differential polynomial in f of degree d(0 < d < n — 3) with small meromorphic
coeflicients and p;,a;(i = 1,2,3) are nonzero constants. We show that the solutions of this type
equation are exponential sums and they are in [y UT'; UT'; which will be given in Section 1. Moreover,
we give some examples to illustrate our results.
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1. Introduction and main results

It is an important and quite difficult problem to prove the existence of solutions of complex
differential equations. Recently, more and more people investigate the solutions of complex
differential equations by using Nevanlinna theory. Throughout this paper, we assume that the reader is
familiar with the standard notations and fundamental results in Nevanlinna theory, such as T'(r, f),
m(r, ), N(r, f), S (r, f), the first and second main theorems, lemma on the logarithmic derivatives etc.
of Nevanlinna theory. For more details, see [3,4, 14].

First of all, we give the following notations. For 4 € C \ {0}, denote

Iy = {10 Ay is a nonzero constant},

I ={1,¢% + Ay A and A, are nonzero constants},

I, = {,e% + L,e ¥ A; and A, are nonzero constants},

I3 = {4,eF + e ?%: A, and A, are nonzero constants}.
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In [13], the authors show that the differential equation 4 + 3f” = —sin3z has exactly three
nonconstant entire solutions, namely fi(z) = sinz, f>(z) = ‘/73 cosz — %sinz and f3(z) = —%5 cosz —

1sinz. Since sin3z is a linear combination of €< and e¢~3%, this has attracted many scholars to study
the following more general differential equation

J'(@) + Pa(f) = p1e™ + pre™, (1.1)

where p,(f) is a differential polynomial in f of degree d, see [5-10, 13, 15, 16]. Now, we recall the
following classic result due to Li [6].

Theorem A. [6] Let n > 2 be an integer and P,(f) be a differential polynomial in f of degree at most
n—2,and p;, ;(i = 1,2) be nonzero constants and @ # ;. If f(z) is a transcendental meromorphic
solution of (1.1) and satisfying N(r, f) = S (r, f), then one of the following holds:

(1) f(Z) =co+ clemz/n;
(2) f(2) = co + ™",
(3) f(2) = c1e¥" + ¢, and ) + @, = 0,

where ¢ is a small function of f(z) and ¢;, ¢ are constants satisfying ¢} = p;,c; = p».

If d < n— 2, Theorem A shows that the entire solutions of (1.1) are exponential sums and they
are in [y U I'; U T, Firstly, we consider the existence of entire solutions of (1.1) under the condition
d =n— 1. We get the following result.

Theorem 1.1. Let n > 2 be an integer and P,(f) be a differential polynomial in f of degree n — 1, and
pi» ai(i = 1,2) be nonzero constants and ay # a,. If f is a transcendental entire solution of (1.1), then

férs.

Note that the right-hand side of (1.1) is a linear combination of e*'* and e, it is natural and
interesting to replace pe®'* + p,e®* with h(z) := p1e™* + pe™ + - - - + pre™*. In other words, how to
find the solutions of the following equation

"4+ Py(f) = p1e™* + pe™ + - - - + pre™, (1.2)
where k > 3 is an integer, ;(i = 1,2,---,k) are distinct nonzero constants, P,(f) is a differential
polynomial in f with degree d and p;, @;(i = 1,2,--- , k) are nonzero constants?

In this perspective, Xue [12] investigated the entire solutions of (1.2) for k = 3 and he proved the
following result.

Theorem B. [12] Let n > 2 and P,(f) be a differential polynomial in f of degree d < n — 1. Suppose
that p;, a;(i = 1,2,3) are nonzero constants and || > |as| > |as|. If f(z) is a transcendental entire
solution of of (1.2), then f(z) = a;e®*", where a, is a non-zero constant such that al = pi, and a; are
in one line for j = 1,2, 3.

In fact, Examples 2—4 in this section show that (1.2) has some solutions different from a;e® %" under
the condition k = 3. In this paper, we further consider the existence of the transcendental meromorphic
solutions of (1.2) under the conditions d < n — 3 and k = 3. Without loss of generality, we assume that
la1| = |aa| = |as|. We obtain the following result.
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Theorem 1.2. Let n > 3 be an integer, k = 3 and P,(f) be a differential polynomial in f of degree

d < n-3. If f is a transcendental meromorphic solution of (1.2) satisfying N(r, f) = S(r, f), then one
of the following holds:

(D) f(@) = crem; .
(2) f(2) = cre® + ¢ and a; = ~Ha,(j = 2,3);
(3) f(Z) = Clezaz + C3e_(lz and ay = %al’ a3 = _%a,l’

— (atantas) * fd no_ no_ :
where a = Yo and ¢y, ¢y, c3 are nonzero constants satisfying ¢ = p1, ¢5 = ps. Furthermore, if

d < n-3, then f(z) = cje™".

Remark. By the result due to Steinmetz [11], we have T'(r,h) = K (1 +o(1)) -(r — o0), where K
denote the perimeter of convex polygon which is formed by {0, @y, a,, -+ , &} (if 0,1, @y, - -+ , @, are
collinear, then K = 2max; jex |@; — «;|, where A = {0,1,2,--- ,k} and @y = 0). This implies (1.2) has
no rational solution.

By Theorem A and Theorem 1.1, we see that the entire solutions of (1.1) are not in I';. Since the
entire solutions of (1.2) are in I'y U I'; U I'; under the conditions k = 3 and d < n — 3, this implies that
the solutions of (1.2) are different from (1.1). Below, we give some examples to show the existence of
the solutions of (1.2).

Example 1. Foranyn > 5, f" + ff” + f' = €™ + e* + € has exactly one entire solution f(z) = €.

Example 2. Forn = 5andd = 2, 7 = 10ff" +5f — 1 = 10e* + 5¢* + € has exactly one entire
solution f(z) = e + 1.

_ _ 5 5042 _Sperem -5z 7z 10z H ;
Example 3. Forn=5andd =2, > -5 f*—5f"f" = €7+ 5" + " has exactly one entire solution
f(2) = e™* + €%

Example 4. Let n = 3 and d = 0, then
fP=1=€"+3e" 43¢

has three entire solutions fi(z) = wj(e* + 1), where w; = eﬁ(j =1,2,3).
And

fP=3=e+3e" + "
has three solutions fi(z) = wj(e™ + e*?), where w; = e@(j =1,2,3).
By Theorem 1.2, we can prove the following two corollaries.

Corollary 1.1. Letb;(j =0, 1,--- ,k) be constants and {A, p1, p», p3} C C\{O}. If f is a transcendental
merommorphic solution of the following nonlinear differential equation

Frabof +bif +bof’ + -+ bifP = pre*’ + pre®F + pie*t (1.3)

with N(r, f) = S(r, f). Then A is a root of polynomials =3by + b\z + br7> + - - + bk, In particularly,
if by = 0, then (1.3) has no transcendental merommorphic solution satisfying N(r, f) = S (r, f).
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Letby = 1,b; =2, b, = 1, then —=3by + b1z + byz> has two roots 1 and —=3. If 1 = 1 or A = -3, it can
be verified that equation f* + f + 2f’ + f = e*¥ + 4e3% + 6¢*¥ has a solution f(z) = —e** — 1.

Corollary 1.2. Let d, bj(j = 0,1,---,k) be constants and {A,pi,p>,p3} € C\{0}. If fisa
transcendental meromorphic solution of the following nonlinear differential equation

Frabof +bif +bof +-+bifP +d=pie 4 preV + piett (1.4)

with N(r,f) = S(r,f). Thend = 0 and A is a root of polynomials by + Tb\z — 5b,7> + -+
(3 + (=21 b2~

Let by = =70, b; = 5, b, = —7, then by + 7b,z — 5b,z* has two roots 1 and —2. It can be verified that
FH=T0f+5f =Tf" = 16e~%+96e7>+81¢* has a solution f(z) = 2e *+3e and f*~T0f+5f" -7f" =
81e'%% + 324¢!% + 81¢7% has a solution f(z) = 3e™* + 3¢%.

The paper is devoted to investigate the solutions of (1.2) under the conditions k = 3 andd < n -3
and we obtain some new results. There are still many problems to be solved. For further study, we
arise the following questions.

Question 1. How to find the solutions of (1.2) under the condition k > 3?

Question 2. How to find the solutions of (1.2) under the conditions k =3 andd < n —2?

2. Lemmas

To prove the Theorems, we need the following lemmas.

Lemma 2.1. [/, 2] Suppose that f(z) is meromorphic and transcendental in the plane and that

J"P(f) = Q)

where P(f) and Q(f) are differential polynomials in f with functions of small proximity related to f as
the coefficients and the degree of Q(f) is at most n. Then

m(r, P(f)) = S(r, f).
Lemma 2.2. If f is a transcendental meromorphic solution of the following equation
af* + b2 f + cf(f'Y +d(f) = E, 2.1
where a,b, c,d, E are constants and adE # 0, then f satisfies one of the following cases:

(i) f(z) = Ae* + B;
(ii) f(z) = Rdetor — Lo ii7,

where A, B, D are nonzero constants satisfying B> = E.

Proof. Suppose that f is a transcendental meromorphic solution of (2.1). Since E # 0, it’s obviously
that f has no pole and all zeros of f with multiplicity 1. By (2.1), we have

a+bf |f+c(f 1) +d(f'1f)} =E/f. (2.2)
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By the lemma of logarithmic derivative and (2.2), we get m(r, 1/ f) = S(r, f). This implies
N, 1/f) =T )+ S(r, f). (2.3)
Differentiating (2.1), we obtain
Baf’ f + b2 f" +2bf(f') + 2cff f7 +3d(f)f" +c(f)) = 0. (2.4)

Let w(z) = L;df”, by a similar analysis as in Lemma 6 in [6], we can deduce w(z) has no pole. So we
have T(r, w) = m(r,w) = S(r, f). Let

) c
"= —f—-—f. 2.
R ] @5)
Substituting (2.5) into (2.4), we obtain
bw ( bc 2cw> 5 ( 2¢? ) 5
— 3a - —+ — ’ 2b - — ") =0. 2.6
St (Ba- gt 57 ) P (2= S5 v ) S0 2.6)
By combining (2.3) and (2.6), we conclude that
( b_w 3
3d
bc 2cw
3a- —+— =0, 2.7
“"32" 3a @.7)
2¢?
k2b - g +w=0

Now, we distinguish the following two cases to discuss.

Case 1. If w = 0. By (2.5), we have f’ = cye?, this implies f(z) = Ae%* + B with A, B € C. By
substituting f(z) = Ae¥* + Binto (2.1), we have B> = E. This gives (i).

Case 2. If w # 0. By (2.7), it is easy to see that b = 0 and 4¢®> = —27ad?. Therefore (2.1) is
equivalent to the following equation.

(f’+§—2f>2(df’—§f> - E. 2.8)

Since f has no pole, we obtain by (2.8) that

2c
g == :C“(Z),
f+3df e

(2.9)
, . E
df' =3/ =z
where a(z) is an entire function and C € C\{0}. By (2.9), we can deduce
f= C_d e _ i e 2@
c C3c ’ (2.10)
C 2E '
f/ — _ea(z) + —2a(2)
3 3C%d

It follows from (2.10) that a(z) = %z + c¢1, where ¢; € C. Hence f = %eﬁz - %e‘%z with D € C\{0}.
This gives (ii).
O
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Remark. If f is a transcendental meromorphic solution of (2.7), it follows from Lemma 2.2 that
f el UTs.

e If f € Ty, then a, b, c,d satisfy bc = 9ad and 3bd = c* by (2.7). Suppose that b = ¢ = 3 and
a=d = 1. Then for any A € C\{0} and B® = E, it can be verified that f(z) = Ae™*+ B is a solution
of

P+3.27+3f(f) +(f) =E.
o If f €T3, thena,b,c,d satisfy b = 0 and 4¢® + 27ad = 0 by (2.7). Leta = -4, b = 0, ¢ = 3 and

d =1, then f(z) = 2¢° — s5¢7* with D € C\{0} is a solution of

—4f3 +3f(f ) +(f) = E.

Lemma 2.3. Let a;(i = 1,2,3,5) be constants, a, = —n, ag = —3n(n—1), a; = —n(n — 1)(n — 2)
withn > 3 and W % 0 is a small function of e*. If f is a transcendental meromorphic solution of the
following equation

af’ +af’ f + e ff" +af f7 +asf(f)V +asff f7 +ar(f) =y (2.11)
with p(f) > 1, then one of the following holds:

(1) f(2) = c1e™ + ca;
(ll) f(Z) = 6—36_(’1 — (n—Dyr e2(1z’

3a a5(n—2)c§

where a = 7 and c1, ¢, c3 are nonzero constants satisfying c; =

as
3n(n-1
Proof. If f is a transcendental meromorphic solution of (2.11), we can deduce N(r, f) = N(r,¢) =
S(r, f)and

No(r1/f) <N (r, é) =S f). (2.12)

Differentiating (2.11) and it yields

W = (Salf’ +arf” +asf + a4f(4)) f2+as(f') + (as + 3a)(f) 1

2.13
+ [2a(f') + 2(as + as)f' 7 + as(f")* + Qas + ao) f' f] f. @19
Let
o= (asy — any) f" + (as + 3617)'#]”" (2.14)
f
It follows from (2.11)—(2.14) that N(r,¢) < Np (r, %) + N(r, f) + N(r,yy) = S(r, f). This implies
T(r,) = S(r, f). Now we rewrite (2.14) as the form
" =AQ@)f + BQ@)f, (2.15)
where " ’
ary —ds 14
Alx) = ————, B(z) = ——. 2.16
© (a6 + 3ar)y’ © (as + 3a7)y (210
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Differentiating (2.15), we get
f" = +A>+B)f + (B +AB)f (2.17)

and
fY = (A" +3AA" + A + 2AB + 2B))f’' + QA'B+ AB' + A’B+ B” + B*)f. (2.18)

By substituting (2.15) and (2.17) into (2.11), we have

(a1 + a3B + as(B' + AB)) fP+(az + azA + as(A’ + A> + B) + agB) f*f’

o 3 (2.19)
+ (as + asA) f(f)" + a7 (f') = ¢.
By substituting (2.15), (2.17) and (2.18) into (2.13), we obtain
bif> + baff + b f(F) + av%(f’f -, (220)
where
by = a;B + a3(B' + AB) + as(2QA’'B + AB’ + A’°B + B*> + B”) + a¢B?,
by =3a; + A + a3(A" + A> +3B) + as(A* + 4AB + A” + 3AA’ +4B))
+ 2asB + ag(3AB + B'),
and
by = 2a, + 2a3A + 2a4(A* + B+ A’) + 2asA + ag(2A* + 2B + A’) + 3a;B.
By Combining (2.19) and (2.20), we have
’ '70/ 3 '7[’/ 7\2
by — (a1 +a3B + a4s(B' + AB))— | f~ + | b3 — (as + agA)— | f(f")
v v (2.21)

+ <b2 —(ap + a3A + as(A" + A2+ B) + a6B)%) 2 =0.

Applying the lemma of logarithmic derivative to (2.11), we get m (r, %) = S(r,f). This implies
N (r.4) = T(r, f) + S(r, f). We then obtain by (2.21) that

’

(T(z) :=b; —(a; + (a3 + ay)B + a4B')% =0,

’

A@R) = by — (ar + azA + as(A’ + A®) + (a4 + a6)B) % =0, (2.22)

’

A®R) :=bs— (a5 + aﬁA)% = 0.

Now, we claim that ¢ has no zero and pole.

If not, firstly, we assume that s has a pole and denote it by z,. Obviously, z, is also a pole of f
by (2.11). Hence, there is a sufficiently small neighborhood U(z) of zy, for any z in U(zp), by (2.11),
we have

U= pz =200+ 0z =20)"), f=vz—20)"+ Oz —20)™""), (2.23)
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where uv # 0 and m € N*. Note that ag = —3n(n — 1), a; = —n(n — 1)(n — 2).
By substituting (2.23) into (2.14) and (2.16), we can deduce

AR =Az-20)" +O(), B@=Bi(z-20)7+0(z~2)7), (2:24)
where A; = —% and B, = % By substituting (2.23) and (2.24) into (2.22), we have
[(z) = asBi(Ky + By + 6)(z = 20)" + O((z = 20) )z = 20), (2.25)
where K; = ((33)%(m+1) +4%2 +3m—6) (m + 1). If n > 4, it is easy to see that K; > 2 > 0.
By (2.22) and (2.25), we can get a contradiction. So n = 3. This shows that
AG = = Zm + 1 =3z~ 20)™ + 0z~ 27 = ) (2.26)

Note that K; > 0 if m = n = 3. We can easily get a contradiction by (2.22), (2.25) and (2.26). This
means ¥ has no pole.

Secondly, if ¢ has a zero and denote it by z;. It is easy to see that z; is not a zero of f with
multiplicity 1 by (2.11). Next, we distinguish the following two cases to discuss.

Case i). Suppose that z; is a zero of f with multiplicity #( > 2). Hence, there is a sufficiently small
neighborhood U(z;) of z;, and for any z in U(z;), by (2.11), we have

Y=miEz-2)+0(z-2)""), f=viz—2)+0(z—2)"), (2.27)

where u,v; # 0. Furthermore, we can deduce s = 3¢ — 3.
By substituting (2.27) into (2.14) and (2.16), we get

AQR) = Az —2)"' +0(1), B@) =Byz—2)" +0(z—-2)7"), (2.28)
where A, = @21 and B, = 1. By substituting (2.27) and (2.28) into (2.22), we have
T() = asBy(Ky + A3 + By + 6)c = 21) ™" + Oz = 2) )z = 1),

where K, = (3t +6— %) (t—1) > 0 for n > 3. This implies I'(z) # 0, which contradicts to (2.22).
Hence z; is not a zero of f with multiplicity > 2.

Case ii). Suppose that z; is not a zero of f. Note that z; is a pole of A(z) with multiplicity 1 by
(2.16), therefore z; is a pole of B(z) with multiplicity 1 or it is not a pole of B by (2.17). Suppose that

Y satisfies (2.27), we then deduce A(z) = g'(l;_z)li (z—z1)"' + O(1). By a calculation, we have

A@) = a4Ass ([(6n = 4)A3 =3(n—=D]s = 3n - 1) (z— 207 + Oz - 21) )z = 20),

where A5 = 3(’;21). It’s easy to see that (bn —4)A; —3(n— 1) < 0 forn > 3. So A(z) # 0, which also
contradicts to (2.22).

By the above discussion, we conclude that i has no zero and pole. It follows from T'(r, ) = S (r, €°)
that ¢ is a constant. We then obtain by (2.22) that b; = b, = b3 = 0. Furthermore, it is easy to see that

A(z) = ——=— by (2.16), we then deduce B(7) is a constant by the fact b3 = 0. Now (2.20) becomes

ag+3az

(a1 + a3B + a4AB) ? + (ar + a3A + as(A* + B) + agB) [ f' + (as + asA) f(f)? + a2(f)’ = ¢. (2.29)

(n=Dy

2wz — as
= (n-z)cge , where @ = 2+ Y and ¢y, ¢, 3

By Lemma 2.2, we have f(z) = cje®*+c; or f(2) = £ e~ :

are nonzero constants satisfying ¢ = y.
m]
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Lemma 24. [I4, Corollary of Theorem 1.52] If fi(zx) (j = 1,2,---,n + Dn > 2),
gi@(j=12,---,n)n > 1) are entire functions satisfying the following two conditions:

(i) Yt [i(2)e9 = f.1(2);

(ii) When 1 < j < n+ 1,1 < k < n, the order of f; is less than that of e¥%. When n > 2 and
1<j<n+1,1 <h<k<n, the orders of f; are also less than that of e$"@~8:.
Then f(z) =0(j=1,2,--- ,n+1).

By Lemma 2.4. we have

Lemma 2.5. Let ag, - - - , a, be constant, and let by, --- , b, € C\{0} be distinct constants. Then
Z a je'bf'Z = q
=1

holds only when ay = a; =---=a, = 0.

3. Proof of theorems

Proof of Theorem 1.1. Suppose that f = A;e** + 1,e 2% is a solution of (1.1). By substituting f into
(1.1), we have

L™ 4 257 I g ey N e = 1T g e, 3.1)
JEE

where 2 = {n, —2n + 3, —2n}. By Lemma 2.5 and (3.1), we can get a contradiction. Hence f ¢ I'5. This
completes the proof of Theorem 1.1.

O
Proof of Theorem 1.2. Let f be a transcendental meromorphic solution of (1.2) satisfying N(r, f) =
S (r, f). By differentiating (1.2), we have
nf" '+ (Pa(f) = qie™ + re™ + gz, (3.2)
and
nf" 7+ nn = DA+ (Pa(f)) = rie™ + e + e, (3.3)

where ¢; = p;a; and r; = pia/l.z(i = 1,2,3). Notice that (1.2), (3.2), (3.3) can be written as
inhomogeneous linear systems of equations form as AX = b, where

p1 P2 D3 et 4 Pu(f)
A= Q9@ g3 |, X= e , B= nfrlf + (Pa(f)Y
rnoror e™* nf" ' f7 4+ n(n = 1) ") + (Pa(f))”

By a calculation, D = |A| = p1p2p3(a3 — ax)(a3 — ay)(a; — ;) # 0. So, there is a unique solution
XT = (e™7, %%, ¢™%) of AX = b. It can be verified that e?'* satisfies

pilas — )@y — @)™ = maszf" — (ay + a)nf"' f

34
Fnf U b= D + Ea(f), G4
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where
Ey(f) = aaa3Py(f) — (@2 + a3)(Pa(f)) + (Pa(f))". (3.5)
By differentiating (3.4) and eliminate e*'%, we can deduce
pap3(as — ) f' = Ry(f), (3.6)
where
Ri(f) = (Ea(f)) — e Eu(f), (3.7)

which is a differential polynomial in f with degree < n — 3 and
¥(2) = a1masf — (@1 + mas + asa)nff + (@ + ax +anf’f = nf*f”
+ (@1 + @ + az)n(n = Df(f) = 3n(n = D) ff' f = n(n = D(n = 2)(f')*.

By (3.6) and Lemma 2.1, we have T(r,¥) = m(r,¥) + S(r, f) = S(r, f). Below, we distinguish two
cases to discuss.
Case 1. If ¥ = 0. Then R,(f) = 0 by (3.6). We now claim that E,;(f) = 0, if not, by (3.7), we have

(3.8)

E (f) = Ae", (3.9
where A is a non-zero constant. Therefore, by (3.4), we get

(pi(az — ar)(@y — @) — A)e™ = maanf" — (a + as)nf™ ' f’

+nf" U+ (= D

If A # pi(a3 —a1)(ay — ay), it follows from (3.10) that f has no pole and zero. Therefore f = Bje®.
By substituting f = Bje* into (3.10), we can deduce a = "7' Note that P,(f) is an differential
polynomial in f of degree d < n—3 and || > |@;| > |as], it can be verified that E;(f) # Ae™* by (3.5).
This contradicts (3.9).

So we have A = p(a3 — a1)(a; — a;). By (3.10), we obtain

s f? — (@ + a)nff +nff’ +nn—-1)(f) =0. (3.11)

(3.10)

It can be verified that f also has no pole and zero by (3.11), this means f = B,e®*. By substituting
f = Bye® into (3.10), we get b = =2 or b = =*. This implies that E,(f) # Ae®* by |a)| 2 |a,I(j = 2,3)
and (3.5).

Hence E,(f) = 0. It follows from (3.5) that

pi(as — a)(@ — @)™ = masf" - (ay + aznf" f/
+nf" U 4+ nn = DN
By (3.12), we see that f has no pole and zero. By a similar discussion as above, we have " = p;e®'*.

This is (i) of Theorem 1.2.
Case 2. If ¥ # 0. Applying the lemma of logarithmic derivative to (3.8), we get m(r, j%) =

%m( Y+ S(r, f) = S(r, f). Therefore,

7
Pi(f)
fd

(3.12)

m(r, Py(f)) < m(r, ) + m(r, fd) +S(r, f) <dT(r, )+ S(r, f).
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Since N(r, f) = S(r, f), by the above equation, we have

m-—aAdTr )+SH ST f"+Pif) <(m+d)T(r, f)+ S f). (3.13)

By (1.2) and (3.13), we get p(f) = p(p1e™'* + pe™ + p;e®**) = 1. It follows from Lemma 2.3 that

f(2) = c1€’+cy or f(2) = c1e®*+c3e7P, where ¢;(i = 0, 1,2, 3) are nonzero constants and 3 = %
If f = c1€% + ¢y, by substituting f into (1.2), we have
c’l’e"ﬁZ + nc'l’_lcoe("_”ﬁZ +n(n — l)c’]’_zcge("_z)ﬁz
(3.14)

— p1€™° — pre™* — p3e™* + Zf;(?dieiﬁz =0.
Note that || > |as| > |a3| and pyp2pscico # 0, then by (3.14) and Lemma 2.5, we get

nB = a and c| = py,
(n—-1)B=a, and nc’l’_lco = po,

(n—2)8=a3 and n(n— 1) *c§ = ps.

By the above equations, we can deduce a; = "%’aq( Jj = 2,3), which satisfies the (ii) of Theorem 1.2.
If f = 2% + c3e7, substitute f into (1.2), we have

che? 4 e — ple™ — pre™ — pye™ + X dieBT = (), (3.15)

By (3.15) and Lemma 2.5, we have

2nB =« and ¢ = p,
p = 2= (3.16)
-nB =a3 and c§ = p;.
Since 8 = aggj)‘” , we can deduce a, = 2’;301 and a3 = —%cyl by (3.16). So, we have (iii) of Theorem

1.2.

Furthermore, if d < n — 3, then by (3.6) and lemma 2.1, we have T'(r,¥) = S (r, f) = T(r, f¥). This
means ¥ = 0. It follows that f* = p;e®* by the above discussion of Case 1. Hence we complete the
proof of Theorem 1.2. O

Proof of Corollary 1.1. Suppose that f is a transcendental meromorphic solution of (1.3) satisfying
N(r, f) = S(r, f). By Theorem 1.2, we have

@) = 21e™ + A, (3.17)

where Ay and A; are non-zero constant satisfying A7 = p;. By substituting (3.17) into (1.3), we can
deduce
bo+ A2 =0 (3.18)
=3by + b1+ byA* + -+ + A" = 0.
This means A is a root of polynomials —3bg + bz + br7% + - - - + bz~
In particularly, if ay = 0, it follows from (3.18) that 4, = 0. It is a contradiction. Hence, (1.3) has
no transcendental merommorphic solution satisfying N(r, f) = S(r, f). This completes the proof of

Corollary 1.1.
]
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Proof of Corollary 1.2. Suppose that f is a transcendental meromorphic solution of (1.4) satisfying
N(r, f) = S(r, f). By Theorem 1.2, we have

f@) = e + A3¢", (3.19)

where 4y and A, are non-zero constant satisfying /l;? = pj(j = 1,3). By substituting (3.19) into (1.4),
we can deduce that d = 0 and

by + b1 A+ by > + -+ A + 42,25 = 0, (3.20)

by — 2bjA + 4by A% + - -+ + (=2)* B A" + 62,25 = 0. (3.21)

By (3.20) and (3.21), we can deduce A is a root of polynomials by +7b1z—5b,2%+- - -+ (3 + (=2)*!) bz,
We complete the proof of Corollary 1.2.
o

4. Conclusions

In this paper, we consider the meromorphic solutions of (1.2) with few poles under the conditions
k=3,n>3andd < n—3. We proved that all of the solutions of (1.2) are in I'y UT'; UT'5. In particular,
for n — 3 = d = 1, if the following differential equation

f4 +bof +bif +byf +---+ bkf(k) = p1€” + pre™ + p3e™**

has a transcendental meromorphic solution f satisfying N(r, f) = S(r,f), then
{a1, ar, az} = {44, 34, 24} or {a;, an, az} = {—84, — 54, 41}. Moreover

(1) Ais aroot of polynomials —3bg + byz + byz* + - - + b2 if {a, s, az} = {44, 34, 24);
(2) A is aroot of polynomials by + 7012 — 5byz* + -+ + (3 + (=2)*) b2t if {ay, @, a3} ={-84, —
54, 44}.

It is a natural idea to investigate the solutions of (1.2) for k = 3,n > 2 and d < n — 2. Are all entire
solutions of (1.2) in I'y UT'; UT'; under this conditions? In fact, the following examples show that (1.2)
has other forms of entire solutions.

e Letn =2andd = 1, then f(2) = € + 6% + 6e~* is a solution of
FPHf = =12 ="+ 72 + 367
e letn=3,4andd = n— 2, then f(z) = e + €* is a solution of
- %(f +f)=e ¥ +3e + "

and
FP=(f+f)Y-6=e"+4e%+e"

e Letn =3 andd = 1, then f(z) = € + €** is a solution of
1
=3 = =3e"+3e" + e
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18309

Acknowledgments

We would like to thank the editors and reviewers for their valuable suggestions which has
significantly improve the paper. The research was supported by the National Natural Science
Foundation of China under Grant (No.12071047, No.12171264).

Contflict of interest

The authors declare that there is no conflict of interest regarding the publication of this paper.

References

1. J. Clunie, On integral and meromorphic functions, J. London Math. Soc., 37 (1962), 17-27.
https://doi.org/10.1112/jlms/s1-37.1.17

2. W. Doeringer, Exceptional value of differential polynomials, Pacific J. Math., 98 (1982), 55-62.
https://doi.org/10.2140/pjm.1982.98.55

3. W. K. Hayman, Meromorphic functions, Oxford at the Clarendon Press, 1964.

4. 1. Laine, Nevanlinna theory and complex differential equation, Walter de Gruyter, Berlin—-New
York, 1993. https://doi.org/10.1515/9783110863147

5. P. Li, Entire solutions of certain type of differential equations, J. Math. Anal. Appl., 344 (2008),
253-259. https://doi.org/10.1016/j.jmaa.2008.02.064

6. P. Li, Entire solutions of certain type of differential equations II, J. Math. Anal. Appl., 375 (2011),
310-319. https://doi.org/10.1016/j.jmaa.2010.09.026

7. P.Li, C. C. Yang, On the nonexistence of entire solutions of cetain type of nonlinear differential
equations, J. Math. Anal. Appl., 320 (2006), 827-835. https://doi.org/10.1016/j.jmaa.2005.07.066

8. L. W. Liao, C. C. Yang, J. J. Zhang, On meromorphic solutions of certain type of non-linear
differential equations, Ann. Acad. Sci. Fenn. Math., 38 (2013), 581-593.

9. H.F Liu, Z. Q. Mao, Meromorphic solutions of certain types of non-linear differential equations,
Comput. Methods Funct. Theory, 20 (2020), 319-332. https://doi.org/10.1007/s40315-020-00313-
0

10. X. Q. Lu, L. W. Liao, J. Wang, On meromorphic solutions of a certain type of nonlinear differential
equations, Acta Math. Sin., 33 (2017), 1597-1608. https://doi.org/10.1007/s10114-017-6484-9

11. N. Steinmetz, Zur Wertverteilund der quotienten von exponentialpolynomen, Arch. Math., 35
(1980), 461-470.

12. B. Xue, Entire solutions of certain types of non-linear differential equations, Math. Slovaca, 70
(2020), 87-94. https://doi.org/10.1515/ms-2017-0334

13. C. C. Yang, P. Li, On the transcendental solutions of a certain type of nonlinear differential
equations, Arch. Math., 82 (2004), 442-448. https://doi.org/10.1007/s00013-003-4796-8

AIMS Mathematics Volume 7, Issue 10, 18297-18310.


http://dx.doi.org/https://doi.org/10.1112/jlms/s1-37.1.17
http://dx.doi.org/https://doi.org/10.2140/pjm.1982.98.55
http://dx.doi.org/https://doi.org/10.1515/9783110863147
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2008.02.064
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2010.09.026
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2005.07.066
http://dx.doi.org/https://doi.org/10.1007/s40315-020-00313-0
http://dx.doi.org/https://doi.org/10.1007/s40315-020-00313-0
http://dx.doi.org/https://doi.org/10.1007/s10114-017-6484-9
http://dx.doi.org/https://doi.org/10.1515/ms-2017-0334
http://dx.doi.org/https://doi.org/10.1007/s00013-003-4796-8

18310

14. C. C. Yang, H. X. Yi, Uniqueness theory of meromorphic functions, Kluwer Academic Publishers,
2003.

15. J. Zhang, L. W. Liao, On entire solutions of a certain type of nonlinear differential and difference
equations, Taiwan. J. Math., 15 (2011), 2145-2157.

16.Y. Y. Zhang, Z. S. Gao, J. L. Zhang, Entire solutions of certain nonlinear
differential and delay-differential equations, J. Math. Anal. Appl., 503 (2021), 1-12.
https://doi.org/10.1016/j.jmaa.2021.125349

©2022 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

%1\% AIMS Press

AIMS Mathematics Volume 7, Issue 10, 18297-18310.


http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2021.125349
http://creativecommons.org/licenses/by/4.0

	Introduction and main results
	Lemmas
	Proof of theorems
	Conclusions

