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Abstract: Let a, b and n be positive integers and let S be a set consisting of » distinct positive integers
X1, ..., Xp—1 and x,,. Let (§¢) (resp. [S“]) denote the n X n matrix having ged(x;, x;)* (resp. lem(x;, x;)*)
as its (i, j)-entry. For any integer x € S, if (y < x,ylzlx and y,z € ) = z € {y, x}, then y is called a
greatest-type divisor of x in S. In this paper, we establish some results about the divisibility between
(§%) and (S?), between (S“) and [S?] and between [S¢] and [S”] when alb, S is gcd closed (i.e.,
ged(x;, xj) € S forall 1 <4, j < n), and max,cs{|{y € S : yis a greatest-type divisor of x in S}|} = 2.
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1. Introduction

For arbitrary integers x and y, we denote by (x,y) (resp. [x,y]) the greatest common divisor (resp.
least common multiple) of integers x and y. Let a, b and n be positive integers. Let S be a set consisting
of n distinct positive integers xi, ..., x,_; and x,. Let (§¢) (resp. [S?]) stand for the n X n matrix with
(x;, x;)* (resp. [x;, x;]1%) as its (i, j)-entry, which is called ath power GCD matrix (resp. ath power LCM
matrix). In 1875, Smith [19] proved that

det((i, nsijen = | | 96, (1.1)
k=1

where ¢ is the Euler’s phi function. After that, many generalizations of Smith’s determinant (1.1) were
published (see, for instance, [1-18] and [20-27]).

The set S is said to be factor closed (FC) if (x € §,d|x) = d € S. We say that S is gcd closed if S
contains (x;, x;) € § for all integers i and j with 1 < i, j < n. Obviously, an FC set must be ged closed,
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but the converse is not true. As usual, let Z and |S| denote the ring of integers and the cardinality of the
set S, respectively. In 1999, Hong [10] introduced the concept of a greatest-type divisor when he [10]
solved completely the renowned Bourque-Ligh conjecture [2]. For any integer x € S, if

(y<x,yzlxand y,z€ S) = z € {y, x},
then y is called a greatest-type divisor of x. One defines a subset Gg(x) of S as follows:
Gs(x) :={y e S : yis agreatest-type divisor of x in S}.

Let M, (Z) stand for the ring of n X n matrices over the integers. Bourque and Ligh [2] proved that (S)
divides [S] in the ring M,(Z) if S is FC. Namely, 4 B € M, (Z) such that [S] = B(S) or [S] = (5)B.
Hong [12] showed that such a factorization is no longer true in general when S is gcd closed and
maX,cs{|Gs(x)|} = 2. The results of Bourque-Ligh and Hong are extended by Korkee and Haukkanen
[17] and by Chen, Hong and Zhao [5]. Feng, Hong and Zhao [6], Zhao [22], Altinisik, Yildiz and
Keskin [1] and Zhao, Chen and Hong [23] used the greatest-type divisor to make important progress
on an open problem of Hong raised in [12].

On the other hand, Hong [15] initially studied the divisibility among power GCD matrices and
among power LCM matrices. It was proved in [15] that (S%)|(S?), (S9)|[S”] and [S“]|[S?] if a|b and S
is a divisor chain (that is, x,()|...|x»(, for a permutation o of {1, ..., n}), and such factorizations are no
longer true if a 1 b and |S| > 2. Evidently, a divisor chain is gcd closed but not conversely. Recently,
Zhu [24] and Zhu and Li [27] confirmed three conjectures of Hong raised in [15] stating that if a|b
and S is a gcd-closed set with max s{|Gs(x)|} = 1, then the bth power GCD matrix (S?) (resp. the
bth power LCM matrix [S?]) is divisible by the ath power GCD matrix (S¢), and the bth power LCM
matrix [S”] is divisible by the ath power LCM matrix (S¢). One naturally asks the following question:
If alb and S is ged closed and max 5 {|Gs(x)|} = 2, then is it true that (S%)|(S?), (SY)|[S?] and [S“]|[S?]
hold in M,,(Z)? In particular, the following interesting question arises.

Problem 1.1. Let S be a ged-closed set with max s {|Gs(x)|} = 2. Is it true that (S)|(S?), (S)I[S?] and
[S1I[S?] hold in M,(Z)?

In this paper, our main goal is to study Problem 1.1. To state our main result, we need the following

concept, also due to Hong.
Definition 1.2. ( [9, 14]) Let S be a finite set of distinct positive integers, and let r be an integer with
1 <r<|S|—1. The set S is called O-fold gcd closed if S is gcd closed. The set S is called r-fold gcd
closed if there is a divisor chain R C S with |R| = r such that max(R)| min(S \ R), and the set S \ R is
gced closed.

Clearly, any r-fold gcd-closed set must be an (» — 1)-fold gcd-closed set, and the converse is not
true. We can now state the main result of this paper.

Theorem 1.3 Let a, b and n be positive integers. Then, each of the following is true:

(). If alb and n < 3, then for any gcd-closed set S with |S| = n, one has (S)|(S?), (S)|[S’] and
[S“TI[S .

(ii). If alb and n > 4, then for any (n — 3)-fold gcd-closed set S with |S| = n, one has (S)|(S?),
(SIS”] and [S1I[S”].

(iii). Let n > 4 and b > 2. If 36 { b, then there exists an (n — 4)-fold gcd-closed set S| with |S1| = n
and max,es {|Gs,(X)|} = 2 such that (S1) 1 (S ll’). Ifb # 0,35 (mod 36), then there exists an (n —4)-fold
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gcd-closed set S, with |S,| = n and max,cs,{|Gs,(x)|} = 2 such that (S,) 1 [Sg]. Ifb £ 0,11,100
(mod 110), then there exists an (n — 4)-fold gcd-closed set S with |S 3| = n and max s,{|Gs,(x)|} =2
such that [S3] 1 [S?].

It is obvious that

(SHS?) = (SOISL), (SHIS"] = (SHISL], and [SUN[S’] = [SLIIS2]

for any permutation o on the set {1, ..., n}, where S, := {X,(1), ..., Xo(n)}. Thus, without loss of generality,
we may let x; < --- < x, in what follows.

This paper is organized as follows. In Section 2, we supply some preliminary results that are needed
in the proof of Theorem 1.3. Then, in Section 3, we present the proof of Theorem 1.3.

2. Preliminary lemmas

1
At first, for any arithmetic function f, we define the reciprocal arithmetic function ? for any positive

integer m by

| 0 if f(m) =0,

—=(m) := 1

f (m) ——  otherwise.

f(m)

We need two known results which give the formulas for the determinants of the power LCM matrix
and power GCD matrix on gcd-closed sets.

Lemma 2.1. [13, Lemma 2.1] If S is gcd closed, then

n

det[S“] = ]_[xgaaa,k, 2.1)
k=1
where
1
TEEY (f—*u)(d), (2.2)

dlxg
dxg,xp<xy

1 1
where u is the Mobius function, &, is defined by &,(x) = x“, and é:_ * U is the Dirichlet product of é‘T

and .
Lemma 2.2. IfS is gcd closed, then

det(S*) = [ [ s (2.3)
k=1
where
Mok = | (€ p)(d). (2.4)

dlxy,
d¥xp,xp<xy
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Proof. This follows immediately from [3, Theorem 2] applied to f = &,. O

Lemma 2.3. Let u be a positive integer. Then,

D Eaxw(d) = u,

dlu

Z (fl *u) d) = u™

du >4

and

1
Proof. The results follow immediately from [11, Lemma 7] applied to f = &, and f = §— respectively.

a

O

Lemma 2.4. Let a,; and 1,y be defined as in (2.2) and (2.4), respectively. Then, a,; = x{* and
Ha1 = xz]z

Proof. Lemma 2.4 follows immediately from Lemma 2.3. m|

Lemma 2.5. [24, Theorem 1.3] Let S be gcd closed and max,cs |Gs(x)| = 1 and let a and b be positive
integers with alb. Then, in the ring M,(Z), we have (S)|(S?) and (S*)|[S*].

Lemma 2.6. [6, Lemma 2.2] Let S be a gcd-closed set with max,es{|Gs(x)|} = 2. Let a,y and 1,y be
defined as in (2.2) and (2.4), respectively. Then, for any 2 < k < n, we have

1 |
a a l‘fGS(.Xk) = {xko}?
M X

Pak =9 4 1 1 1 (2.5
a a4 a4 + a4 l‘fGS(Xk) = {xklaxkz} and ('xkpxkz) = xk3,
o M e ks

and
x; = x3, if Gs(xp) = {xi. ),
Mok = ;; ;;0 fas( kz .{ ko ! (2.6)

Xp = X, = X, X i Gs () = {xy, xi, ) and (X, Xi,) = Xy

Lemma 2.7. [27, Theorem 1.1] Let S be gcd closed and max s |Gs(x)| = 1 and let a and b be positive
integers with alb. Then, in the ring M,(Z), one has [S*]|[S"].

3. Proof of Theorem 1.3

In this section, we use the lemmas presented in the previous section to give the proof of Theorem 1.3.
Proof of Theorem 1.3. First, we prove part (i). The conditions n < 3 and S being gcd closed imply that
S satisfies max,cs{|Gs(x)|} = 1. It then follows immediately from Lemmas 2.5 and 2.7 that part (i) is
true. Part (i) is proved.

Subsequently, we prove part (ii). First of all, any (n — 3)-fold gcd-closed set S must satisfy either

Xy x| X3l Xn—2Xn— 11X,
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or
X11x2...|xp-3]%,-2 and (X, X,m1) = X2

So, any (n — 3)-fold gcd-closed set S also satisfies max,cs{|Ggs(x)|} = 1. Part (ii) follows immediately
from Lemmas 2.5 and 2.7. Part (ii) is proved.

Finally, we show part (iii). To do so, it is sufficient to prove that there exist (n — 4)-fold gcd-closed
sets S1, 5, and S5 with |[S;| = n and max,es, {|Gs, (%)} = 2 (1 < i < 3) such that

det(S ) 1 det(S%), det(S,) 1 det[S5], det[S 5] 1 det[S5].

Let us continue the proof of part (iii) of Theorem 1.3, which is divided into the following cases.
Case 1-1. b = 2,3 (mod 4). Let n be an integer withn >4 and S| = S(h) = {xy, ..., x,} with

x=h 1 <k<n=3, x,0 =20"* x,_, = TH"*, x, =281

and 4 = 2,3 (mod 5). By Definition 1.2, we know that S, is (n — 4)-fold gcd closed. Since Gg)(xx) =
{hk_2} for all integers kwith2 <k <n- 3, Gs(h)(xn_z) = {hn_4}, Gs(h)(xn_l) = {hn_4}, Gg(h)(x,,) =
(2h"=4, 7Th**}, and (2h"~*, 7Th"*) = h"~*, by Lemmas 2.2, 2.4 and (2.6), one has

b(n—4)(n+1)
2

det(S(h)?) = 2 — 1)(7° - 1)(28° - 22 = 7° + DA (h* - 1y,

So,

(n—=4)(n+1)

det(S(h)) =2>x3x5h = (h—1)""

We claim that 5 1 det(S (h)?).
First, b = 2,3 (mod 4) yields 2° =1 £ 0 (mod 5),7° -~ 1=2-1 %0 (mod 5) and

280 —2b — 7P 4 1=30-2.2"41=32-2x22+1=2%0 (mod 5)
or=3"-2x2+1=2%£0 (mod 5).
Also, h = 2,3 (mod 5) implies that / is a primitive root modulo 5. So 4* = 1 (mod 5). Thus
W—1=h-1=320 (mod>5)
or =h*-1=2(or1) £0 (mod 5).

det(S ﬁ’ ) ] ]
¢ 7 holds in this case.
det(S)

Case 1-2. »=0,1 (mod 4) and b # 0 (mod 36), namely,

Hence,

b=4,528,9,12,13,16,17,20,21,24,25,28,29,32,33 (mod 36).
Let n be an integer withn >4 and S| = S(/) = {xy, ..., x,,} with
=" 1<k<n=3, x,0p =2I"", x,_; = 13I"™*, x, = 521"

and [ = 2,3,10,13,14,15 (mod 19). By Definition 1.2, one knows that S is (n — 4)-fold gcd closed.
Since Gs)(x) = {{F?} for all integers k with 2 < k < n — 3, Gs)(x,2) = {I"*}, Gs)(x,m1) = {14},
Gsa(x,) = (20", 131"*}, and (21"*,13["*) = I"™*, by Lemmas 2.2, 2.4 and (2.6), one derives that

b(n—4)(n+1)
2

det(S(D?) = 2° = D(A3% = 1)(52° =22 — 137 + 1)1 @ -1y
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So,
(n=4)(n+1)

det(S() =2° x3x 191 = (I-1)"*.

We assert that 19 1 det(S (1)®).
Since

b=4,5,8,9,12,13,16,17, 20,21, 24, 25,28,29,32,33 (mod 36),

one deduces that 2° — 1 £ 0 (mod 19), 13 =1 £ 0 (mod 19), and

52020 13 41 =14 -2 - 13 +1=14*-2*-13*+1=1720 (mod 19)
or =14°-2°-13"+1=320 (mod 19)
or =148 -28 - 138+ 1=1820 (mod 19)
or =14°-2°-13°+1=2%20 (mod 19)
or =142 -22_13241=1320 (mod 19)
or =148 2B 13 1 1=420 (mod 19)
or =14'°-29_ 134 1=3%0 (mod 19)
or =147 271371 1=3%0 (mod 19)
or =14%°-2%0_13241=5%0 (mod 19)
or =14 -2 132!+ 1=8%0 (mod 19)
or =14 -2 _13*4+1=9%0 (mod 19)
or =14¥ -25 - 13 4+1=1820 (mod 19)
or =148 -2 _13%4+1=2%0 (mod 19)
or =14¥ -2 13 +1=16%0 (mod 19)
or =142 -22_-1324+1=1820 (mod 19)
or =14¥ -2¥ _13¥+1=1220 (mod 19).

The condition / = 2, 3,10, 13,14, 15 (mod 19) implies that / is a primitive root modulo 19. So, =1
(mod 19). Thus,

P-1=1-1=154,53,16,820 (mod 19)
or=0F-1=12,14,2,13,9,120 (mod 19)
or=0F-1=8,516,153,420 (mod 19)
or=-1=1720 (mod 19)
or=[?-1=10,6%0 (mod 19)
or=1"-1=2,13,12,14,1,9 20 (mod 19)
or=10"%-1=4,16,3,8,15,520 (mod 19)
or=10"-1=9,12,1,2,14,13 20 (mod 19)
or=0"-1=3,8,4,16,5,1520 (mod 19)
or=P'-1=7,1120 (mod 19)
or=01**-1=6,1020 (mod 19)
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or=1%-1=13,1,14,9,2,1220 (mod 19)
or=1®-1=16,15,8,5,4,320 (mod 19)
or=0"-1=14,9,13,1,12,2 20 (mod 19)
or=01?-1=5,3,6,4,8,16 20 (mod 19)
or=-1=11,12,7#0 (mod 19).

det(S?)

det(S)
Case2-1b=1,2 (mod 4). Letn >4 and S, = S(r) = {xq, ..., x,,} with

Hence,

¢ Z holds as expected in this case.

xe=r 1 <k<n=3, x,00 =24, x,0y = 17774, x, = 6877

and r = 2,3 (mod 5). Since Gs,(x;) = {r*72} for all integers k with 2 < k < n—3, Gg((x,_2) = {"™},
Gsoy(xn-1) = ("), Gsin(x,) = {2r*, 17774}, and 27774, 1777%) = 4, by Lemmas 2.1, 2.4 and
(2.5), we have

b(n—4)(n+3)

det[S (1)’] = (=1)"*2° x 17° x 68°(2° = )(17° = 1)(1 = 34° — 4> + 68")r— 2 (' — 1)"*.

From Lemmas 2.2, 2.4 and (2.6), one derives that

bn=4)(n+1)
2

det(S("?) = 2> = DH(17° = 1)(68° = 2° = 17° + D)r (r = 1)y,

So, o
det(S(r)) = 25 x %2

One claims that 5 1 det[S (r)°].
First, b = 1,2 (mod 4) yields 2 — 1 £ 0 (mod 5), 17° =1 =2 -1 %20 (mod 5) and

(r—1)"*

682340 424+ 1=3"-2.4"41=3-2x22+1=120 (mod5)
or=3>-2x2*+1=3£0 (mod5).

Also, r = 2,3 (mod 5) implies that r is a primitive root modulo 5. So, #* = 1 (mod 5). Thus,

PP—1l=r—1=1(r2)£0 (mod>5)
or =r*-1=3%0 (mod>5).

det[S"]

det(S,)
Case 2-2. » = 0,3 (mod 4) and b # 0,35 (mod 36), namely,

Hence, ¢ Z holds as required in this case.

b=4,7,8,11,12,15,16,19,20,23,24,27,28,31,32 (mod 36).
Let n be an integer withn > 4 and S, = S(I) = {x, ..., x,,} with
=" 1<k<n=3, x,00 =2I"", x,_1 = 13I"™*, x, = 521"
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and [ = 2,3,10,13,14,15 (mod 19). Since Ggq)(xx) = {I*2} for all integers k with 2 < k < n —
3, Gsy(xn2) = {I"*), Gsay(x,m1) = ("%, Gs(x,) = 2174, 130"}, and 21", 131" = "%, by
Lemmas 2.1, 2.4 and (2.5), one has

b(n— 4)(n+3)

det[S(DP] = (-1)"*2° x 13> x 52°(2° — D(13" = D)1 =26 — 4> + 525 —= (P = 1"+,
By Lemmas 2.2, 2.4 and (2.6), one has
det(S (D)) = (2% — 1)(13% = 1)(52° = 20 — 13 + D)™ (1P — 1y,

So,

(n— 4)(n+1)

det(S() =2° x3x 191 = (I-1)"*.

One asserts that 19 1 det[S (1)].
Since
b=4,7,8,11,12,15,16,19, 20, 23,24,27,28,31,32 (mod 36),

we have 2° — 1 £ 0 (mod 19),13* =1 £ 0 (mod 19) and

520260 -4 4+ 1 =142 -7 42 +1=214* -7 -4*+1=2%0 (mod 19)
or =147-7"-4"+1=1020 (mod 19)
or =148 -7 -4+ 1=8%0 (mod 19)
or =144 714" 41 1 =620 (mod 19)
or =142 -7 424 1=420 (mod 19)
or =14 -7 45 4 1=120 (mod 19)
or =146 -7%_4% 4 1=420 (mod 19)
or =14¥Y -7 -4 1 1 =420 (mod 19)
or =140 -70-40 1 1=1820 (mod 19)
or =142 -72 48 +1=2%20 (mod 19)
or =14 -7 -4 4+ 1=1520 (mod 19)
or =147 -7 -4 4+ 1=1720 (mod 19)
or =148 7% 4% 1 1=1420 (mod 19)
or =14 -7 414 1=620 (mod 19)
or =142 -72-424+1=120 mod 19.

The condition [ = 2,3,10,13, 14,15 (mod 19) means that [ is a primitive root modulo 19. So, I'® = 1
(mod 19). Therefore,

AIMS Mathematics Volume 7, Issue 10, 18239-18252.



18247

P-1=1-1=15,4,53,16,820 (mod 19)
or=0"-1=13,1,14,9,2,120 (mod 19)
or=1%-1=8,516,15,3,4%0 (mod 19)
or=0""-1=14,9,13,1,12,220 (mod 19)
or=0?-1=10,620 (mod 19)
or=0["-1=11,720 (mod 19)
or=1"-1=4,16,3,8,15,520 (mod 19)
or=1"-1=1,2,9,12,13,14 20 mod 19)
or=0/-1=3,8,4,16,5,1520 (mod 19)
or=0»-1=12,14,2,13,9,1 20 (mod 19)
or=**-1=6,1020 (mod 19)
or=0"-1=1720 (mod 19)
or=01®-1=16,15,8,5,4,320 (mod 19)
or=P'"-1=2,13,12,14,1,9 20 (mod 19)
or=01?-1=5,3,6,4,8,16 20 (mod 19).

det[S5]

det(S»)
Case 3-1. » = 2,3,4,5,6,7,8,9 (mod 10). Let n be an integer withn > 4 and S; = S(h) = {x1, ..., X,)}

with

¢ 7 holds as desired in this case.

Hence,

x=h 1 <k<n=3, x,00 =20"*, x,_, = TH"™*, x, = 281"

and h = 2,6,7,8 (mod 11). Since Gy, (x;) = {h*2} for all integers k with 2 < k < n—3, Gsy(x,-2) =
(), Gsn(nt) = (B, Gsn(n) = (2K, TR}, and (K", Th") = I"*, by Lemmas 2.1, 2.4
and (2.5), it can be derived that

b(n—4)(n+3)

det[S (h)’] = (=1)"*20 x 7° x 28°(2° — 1)(7° — )1 — 14> — 4> + 28"y = (W* — 1),
So,

(n—4)(n+3)

det[S(h)] = (-1)"*2*x3x7*x 11h = (h—-1)"™*
We claim that 11 ¢ det[S (k)]
First, we have 2> =1 £ 0 (mod 11),7° =1 # 0 (mod 11) and
280140 42 4+ 1=26"-3"-4"+1=26"-32-4>+1=120 (mod 11)
or=6-3-4+1=520 (mod 11)
or=6*-3*"-4*4+1=320 (mod 11)
or=6-3-4+1=9%0 (mod 11)
or=65-3-4°+1=102£0 (mod 11)
or=6"-3"-4"4+1=620 (mod 11)
or=68-33-4411=2%20 (mod 11)
or=6"-3"-4+1=7%0 (mod 11),
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since b = 2,3,4,5,6,7,8,9 (mod 10). Also, h = 2,6,7,8 (mod 11) implies that 4 is a primitive root
modulo 11. So, A'° =1 (mod 11). Thus,

W-1=h-1=3,2,48%0 (mod 11)

or =h-1=7,6,1,5%0 (mod 11)
or =h*-1=4,8,2,320 (mod 11)
or =h°-1=9%0 (mod I1)
or =h®*-1=28,4,3,220 (mod 11)
or =h"-1=6,7,5,1%0 (mod 11)
or =h*-1=2,3,8,420 (mod 11)
or =h’-1=5,1,7,6 20 (mod 11).

det[Sé’] ¢ 7 holds in this case.

det[S ;]

Case3-2. »=0,1 (mod 10) and b £ 0,11,100 (mod 110), namely,

Hence,

b = 10,20,21, 30,31, 40,41, 50,51, 60,61,70,71,80,81,90,91, 101 (mod 110).
Letn>4and S5 = S() = {xy, ..., x,,} with
=" 1<k<n=3, x,.0 =2I"* x,_, = 130I"*, x, = 520"™*

and
1=2,3,4,5,7,9,10,11,13,14,15,16,17,18,19,20,21 (mod 23).

Since Gs)(x) = {{*?} for all integers k with 2 < k < n — 3, Gs)(x,2) = {I"*}, Gs)(x,21) = {14},
Gsa(x,) = (21", 131"*}, and (21"*,13["*) = ["™*, from Lemmas 2.1, 2.4 and (2.5), one has

b(n—4)(n+3)
2

det[S())’] = (=120 x 132 x 526(2° — 1)(13° — 1)(1 = 26" — 4> + 520y~ —= (> - 1),

So,

(n—4)(n+3)

det[S(D] = (-1)"*2° x3x 13*x231 2 (I-1)y"*

We assert that 23 ¢ det[S (1)°].
The condition

b =10,20,21,30,31,40,41, 50,51, 60,61,70,71, 80, 81,90,91,101 (mod 110)

yields 2° — 1 # 0 (mod 110), 13 = 1 £ 0 (mod 110) and
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520 26" -4+ 1=26"-3"-424+1=26"0-39_-4941=1420 (mod 23)
or=6%-3%-4°411=92£0 (mod 23)
or=6"1-31-4111=1420 (mod 23)
or=6°-39-4411=42£0 (mod 23)
or=6"1-31-41411=92£0 (mod 23)
or=6%-3%Y_4%11=1720 (mod 23)
or=6"-3" 4" 41 1=42£0 (mod 23)
or=60-39-4%41=1820 (mod 23)
or=6"1-3"-414+1=1720 (mod 23)
or=60-39_40411=12£0 (mod 23)
or=6%-3%_41 1 1 =180 (mod 23)
or=6"-39-4"41=1720 (mod 23)
or=6"1-3"-4"41=120 (mod 23)
or=60-3%_4%0411=1120 (mod 23)
or=6% -3 _481 1 1=1720 (mod 23)
or=6"-3%-4411=1220 (mod 23)
or=6"1-3"-4"1+1=1120 (mod 23)
or =600 —3100 4101 11 =1220 (mod 23).

Since
1=2,3,4,5,7,9,10,11,13,14,15,16,17,18,19,20,21 (mod 23),

one can derive that

P-1=1"-1=11,7,5,8,12,17,15,2% 0 (mod 23)
or=0/-1=5,17,12,11,7,1,2,8 20 (mod 23)
or=0/*-1=11,7,5,13,9,17,6,16,15,4,19,12,10,8,14 £0 (mod 23)
or=0P"-1=2,58,1511,12,1,320 (mod 23)
or=P'-1=5,17,12,10,14,19,2,20,13,7,11,9,4,16 0 (mod 23)
or="-1=12,1,7,5,17,3,8,11 20 (mod 23)
or=0*"-1=2,58,6,10,12,20,19,1,9,18,11,21,15,13,16 20 (mod 23)
or=r"-1=17,15,1,7,3,2,5,12# 0 (mod 23)
or=P'-1=12,1,7,16,4,3,13,18,8,10,17,5,14,20,9 £ 0 (mod 23)
or=0"-1=8,12,11,2,5,7,3,2,1520 (mod 23)
or=0-1=17,15,1,14,18,2,16,9,19,3,20,7,6,4 0 (mod 23)
or=0"-1=15,11,2,3,8,5,17,1 20 (mod 23)
or=["-1=8,12,11,19,16,7,18,20,3,14,6,5,9,2,10,13 20 (mod 23)
or=0"-1=7,3,17,12,1,15,11,5% 0 (mod 23)
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or=03-1=15,11,2,18,13,5,4,17,16,20,8,3,19,10,6 £ 0 (mod 23)
or=0"-1=3,8,15,1,2,11,7,1720 (mod 23)
or=0""-1=7,3,17,9,20,15,10,21,11,6,16,1,19,12,4,18,14 20 (mod 23)
or=1'"""-1=3,8,15,20,19,11, 14,13,7,10,4,2,1,6,18 £0 (mod 23).
det[S %]

det[S ;]
This finishes the proof of Theorem 1.3. O

0, ¢ Z holds as one expects in this case.

4. Conclusions

Let a,b and n be positive integers. Parts (i) and (ii) of Theorem 1.3 in this paper tell us that if
alb and n < 3, then for any ged-closed set S with |S| = n, one has (S9)|(S?), (S9)|[S”] and [S*]|[S*].
Furthermore, if a|b and n > 4, then for any (n — 3)-fold gcd-closed set S with |S| = n, one has (S%)|(S?),
(SI[S”] and [STI[S"].

On the other hand, let n > 4, b > 2 be integers with 36 { b (resp. b # 0,35 (mod 36), or
b # 0,111,100 (mod 110)). By part (iii) of Theorem 1.3 in this paper, we know that there exist some
(n—4)-fold gcd-closed sets S with max,es{|Gs(x)|} = 2 such that in the ring M|5((Z), one has (S) 1 (S by
(resp. (S) 1 [S”], or [S] 1 [S”]). However, when 36|b (resp. b = 0,35 (mod 36), or b = 0, 11,100
(mod 110)), does there exist an (n — 4)-fold gcd-closed set S with max g {|Gs(x)|} = 2 such that in the
ring Ms(Z), we have (S) 1 (S?) (resp. (S) 1 [S®], or [S] 1 [S?])? This question remains open.
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