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1. Introduction

One of the most important results of mathematical analysis is the famous fixed point result, called
the Banach contraction theory. In several branches of mathematics, it is the most commonly used fixed
point result and it is generalized in many different directions. The substitution of the metric space by
other generalized metric spaces is one natural way of reinforcing the Banach contraction principle.
Wardowski [15], who generalized the Banach contraction principle in metric spaces, defined the fixed
point result in the setting of complete metric spaces. In other branches of mathematics, on the other
hand, the notion of an orthogonal set has many applications and has several kinds of orthogonality.
Eshaghi Gordji, Ramezani, De la Sen and Cho [3] have imported the current concept of orthogonality
in metric spaces and demonstrated some fixed point results equipped with the new orthogonality for
contraction mappings in metric spaces. Furthermore, they used these results to claim the presence
and uniqueness of the solution of the first-ordinary differential equation, while the Banach contraction
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mapping cannot be applied to this problem. In generalized orthogonal metric space, Eshaghi Gordji
and Habibi [4] investigated the theory of fixed points. The new definition of orthogonal F-contraction
mappings was introduced by Sawangsup, Sintunavarat and Cho [12], and some fixed point theorems on
orthogonal-complete metric space were proved by them. Many authors have investigated orthogonal
contractive mappings and significant results have been obtained in [2,5-11,13, 14,16, 17].

In this paper, we prove fixed point theorems in orthogonal metric spaces.

In 2014, Alsulami, Giilyaz, Karapinar and Erhan [1] introduced the concepts of @-admissible
contraction mappings and proved some fixed point theorems.

On the other hand, the definition of an orthogonal set (or O-set), some examples and some premises
of orthogonal sets were introduced by Eshaghi Gordji, Ramezani, De la Sen and Cho [3], as follows:

Definition 1.1. [3] Let W # ¢ and L C W x W be a binary relation. If L satisfies the consecutive
condition:

EIXO eI : (VX e I, XJ_X()) or (VX S QB,X()J_X),

then it is said to be an orthogonal set (briefly, O-set). We indicate this O-set by (23, L).

Example 1.2. [3] Let 2 = [0, o0) and define XLV if XY € {X,VY}. Set Xy = 0 or Xy = 1. Then
(W, 1) is an O-set.

Definition 1.3. [3] A triplet (2B, L, ¢) is said to be an O-metric space if (2, L) is an O-set and (W, ¢)
is a metric space.

Definition 1.4. [3] Let (2B, L, ¢) be an O-metric space. Then 2 is said to be O-complete if every
Cauchy O-sequence is convergent.

Definition 1.5. [3] Let (23, L) be an O-set. A mapping ® : W — W is said to be L-preserving if
GXLOY for X LY.

Definition 1.6. [8] Let (28, L) be an O-set and ¢ be a metricon W, ® : W — Wand a : XXX — [0, 00)
be two mappings. We say that ® is orthogonally a-admissible if XLV and a(X,Y) > 1 imply that
a(G(X), BY)) > 1.

Definition 1.7. Let (2, L) be an O-set and ¢ be a metricon W, ® : W — Wand @ : XXX — (—o0, 00).
We say that ® is an orthogonally triangular a-admissible mapping if

(i) XLY and a(X,Y) > 1 imply that a(®(X), ®(Y)) > 1;
(i) X1Z, (X, Z) 2 1and Z1Y, a(Z,Y) = 1 imply that X LY, a(H(X), O(Y)) > 1.
We modify the concept of triangular a-admissible to orthogonal sets in this article. To illustrate our
results, we also give some examples and application.

2. Main results

Inspired by the triangular @-admissible contraction mappings defined by Alsulami, Giilyaz,
Karapinar and Erhan [1], we implement a new orthogonally triangular a-admissible contraction
mapping and demonstrate some fixed point theorems in an orthogonal complete metric space for this
contraction mapping.
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Definition 2.1. A function ¢ : [0, c0) — [0, o) is called an orthogonal altering distance function if the
following properties are satisfied:

(1) ¢ is orthogonally continuous and nondecreasing;
(2) y(t) =0if and only if t = 0.

First we define the following two classes of contractions which are investigated throughout the
paper.

Definition 2.2. Let (28, L, ¢) be an O-metric space, ¢ be an orthogonal altering distance function, and
¢: [0, +00) — [0, +00) be an orthogonally continuous function satisfying y(t) > ¢(t) for all t > 0.

(i) A mapping ® : W — W is said to be an orthogonal Y-¢ contraction of type (A) if it satisfies, for
all X,V € Wwith X LY,

P(0X,6Y) > 0= a(X, Y)W (p(OX, BY)) < sMN(X,VY)), (2.1)

where
M(X, V) = max{p(X, V), o(X, 6X), p(Y, 6.Y), %[‘p(){, 6Y) + oY, 6X)]}.

(i1) A mapping ® : W — W is said to be an orthogonal y¥-¢ contraction of type (B) if it satisfies, for
all X, Y € W with X LY,

e(OX, 6Y) > 0 = a(X, Y)Y(p(0X, 6Y)) < (WX, Y)),

where
1 1

Remark 2.3. Note that (X, Y) < M(X, Y) for all X,V € 2.

The following theorem gives conditions for the existence of a fixed point for mappings in orthogonal
Y-¢ contraction of type (A).

Theorem 2.4. Let (W, L, ¢) be an O-complete metric space and ® be a self mapping on W satisfying
the following conditions:

(i) ® is L-preserving;

(ii) ® is an orthogonal Wy-¢ contraction of type (A);

(iii) ® is orthogonally triangular a-admissible;

(iv) there exists Xo € W such that Xo L ®Xy and a(Xy, ®Xy) > 1,
(v) ® is orthogonally continuous.

Then ® has a fixed point in 3.
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Proof. By the condition (iv), there exists Xy € 2 such that Xy L®X, and a (X, ®Xy) > 1. Let
X = 0Xy, X, := 00X, = (52X0,"' Xy 1= BX, = (5n+1X0

for all n € N U {0}. Since ® is L-preserving, {X,} is an O-sequence in 2. Since ® is an @-admissible
mapping, we have a(X,, X,41) = 1 for all n e NU {0}. If X, = X,,;; for some n € N U {0}, then X, is a
fixed point of ©.

Assume that X, # X4 for all n € N U {0}. Then ¢(X,, X.;1) > O for all n € N U {0}.

Letting X = X, and Y = X,_; in (2.1), we obtain

lp(QD(XnH» Xn)) < (I(Xn, Xn—l)w(()o(xnﬂ’ Xn))
= Q'(Xna X1t—1)¢/(90((6xm 65(Yn—l)) (22)
< ¢(SIR(X1I’ Xl!—]))’

where
1
iUt((\,m Xn—l) = maX{‘P(Xua Xn—l)a SD(Xna (ﬁxn)’ ‘;D(Xn—] ) (ﬁxn—])’ E[‘;D(Xn, (5{\,11—1) + ‘;D(Xu—l ) ®X11)]}

1
= maX{QD(Xn’ Xu—l)a SO(Xna Xn+1), QD(Xn—l ’ Xn), E[QD(XH’ Xn) + (;D(Xu—l ) Xu+1)]}

So(Xn—l,XnH)}

= max {‘,D(Xn, Xn—l)’ SD(XTU Xn+l)9 )

n—1» n 1 . .
Note that M < 5 [o(Xo1, X)) + @(Xy, Xig1)], which is smaller than both ¢(X,_1, X))

and (X, Xu1)- Then M(X,,X,..1) can be either (X, 1,X,) or @(X, Xu1). If
IM(Xy, Xio1) = @(Xy, Xyy1) for some n, then the expression (2.2) implies that

0< w(()O(XnH’Xn)) < ¢(Q0(Xn+l’/\,n))a

which contradicts the condition ¥(t) > ¢(t) for t > 0. Hence M(X,, X._1) = (X, Xyop) foralln > 1
and we have

0< w(QD(XnH,Xn)) < ¢((P(Xn’ Xn—l)) < lp(QD(Xn, Xn—l)),
which implies
QO(XnH’ Xn) < (,0((\’”, Xn—])

since ¥ is nondecreasing. Thus we conclude that the nonnegative sequence ¢(X,1, X,) is decreasing.
Therefore, there exists r > 0 such that lim,,_,., ¢(X,141, X)) = 1. Letting 1 — oo in (2.2), we get

Y(r) < ¢(v).

By the hypothesis of the theorem, since ¥(t) > ¢(t) for all t > 0, this inequality is possible only if r = 0
and hence

lim @(Xyi1, Xo) =1 = 0. (2.3)
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Next, we will prove that {X,} is a Cauchy sequence. Suppose, on the contrary, that {X,} is not
Cauchy. Then, for some € > 0, there exist subsequences {X,,} and {X,,} of {X,} such that

ny > Ny > f, QO(X“f,th) > € (24)

for all £ > 1, where, corresponding to each m;, we can choose n; as the smallest integer with 1y > my
for which (2.4) holds. Thus

P Xy, Xinp) < €. (2.5)
Employing the triangle inequality and using (2.4) and (2.5), we obtain
€ < (X, Xin) < (X, Xiym1) + @( X1, X)) < (X, Xyym1) + €
Taking the limit as f — oo and using (2.3), we get
lim (X, Xi) = €. 2.6)
From the triangular inequality, we also have

SD(an me) < QD(an Xm—l) + (P(an—l,me—l) + (P(me—l,/\,mf)’
SD(an—lame—l) < QD(an—la an) + (P(an, me) + ()D(me me—l)-

Taking the limit as f — oo in the above two inequalities and using (2.3) and (2.6), we get
fhm ‘P(an—l, le—l) = €. (27)
In a similar way, we obtain that

‘P(Xm, me) < QD(an’ an—l) + ()D(an—l, me),
(p(an_la me) S gp(an_l’ an) + ‘ID(XHW me)'

Taking the limit as f — oo in the above two inequalities and using (2.3) and (2.6), we get
flim (X1, X)) = €. (2.8)
In a similar way, we obtain that

@(an me) < QD(an’ me—l) + QD(me—l,me),
SD(Xup me—l) < <P(an an—l) + ‘;D(Xut—l,me—l)-

Letting f — oo and taking into account (2.3) and (2.6), we obtain

flim (X, Xiy—1) = €. (2.9)

By the definition of M(X, V) and using the limits found above, we get

Hm (X1, X1 = €. (2.10)

foo0
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Indeed, since
M(X -1, Xip—1) = max{o(Xy—1, Xny-1), @(Xn—1, OX21), @(X-1, OX-1),
% [(Xi-1, OX 1) + (X1, OX-1) ]}
= max{@(Xy,-1, Xin-1), @(X—1, X)), @(Xi=15 X, )

% [p( X1, Xin)) + @( X1, X))}, (2.11)
by passing to the limit as  — oo in (2.11) and using (2.3), (2.6), (2.7), (2.8) and (2.9), we obtain
flgg M(X -1, Xiy—1) = max {6, 0,0, %(6 + 6)} = €.
Since there exists Xy € 2 such that Xy L®X, and a(Xy, ®Xy) > 1, by using the condition (iii), we
obtain that X; LX,, a(X|,X,) = a(6X,, $>X,) > 1. By continuing this process, we get
XndlXir, (X, X)) 21
for all n € N U {0}. Suppose that m < n. Since
XL Xr1, (X, Xir) 21
{Xm+lJ—Xm+2a (Xni1, Xiny2) 2 1,
by the definition of orthogonally triangular @-admissible mapping ®, we have
XL Xii2, (X, Xing2) = 1.
Again, since
XL X2, (X, Xii2) =1
{XT11+2J-Xm+3’ (X2, Xinsz) 2 1,
by the definition of orthogonally triangular @-admissible mapping ®, we have
XL Xz, (X, Xiniz) = 1.
By continuing this process, we get X, LX,, a(X,,X,) > 1 and so
KXim1 L X -1, (X o1, Xinm1) > 1.
Therefore, we can apply the condition (2.1) to X,,-; and X,,,—; to obtain

0 < w(so(xnf’ th)) < Q/(Xut—l,me—l)l//(‘P(an er)) < ¢(S‘U2(an—l’xmt—l))-
Letting  — oo and taking into account (2.6) and (2.10), we have

0 < y(e) < ¢(e).

However, since ¥(t) > ¢(t) for t > 0, we deduce that € = 0, which contradicts the assumption that {X,}
is not a Cauchy sequence. Thus {X,} is Cauchy. Due to the fact that (2, L, ¢) is an O-complete metric
space, there exists u € 2 such that lim,_,., X, = u. Finally, orthogonally continuity of ® gives

u = lim X, = lim 6X,_; = Gu.

n—o00 n—00

Hence u is a fixed point of ©. O
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One of the advantages of orthogonally a-admissible mappings is that the the orthogonally continuity
is no longer required for the existence of a fixed point provided that the space under consideration has
the following property.

(C) If {X,} is an O-sequence in W such that

Xu - X, XnJ-Xn+1, a(Xn’ Xu+1) = 1 Yne N’

then there exists an O-subsequence {X,,} of {X,} for which
Xy LX, a(X,,X)>1 VieN

Theorem 2.5. Let (23, L, ¢) be an O-complete metric space and & be a self mapping on W satisfying
the following conditions

(i) ® is L-preserving;

(ii) ® is an orthogonal y-¢ contraction of type (A);
(iii) ® satisfies the condition (C);

(iv) ® is orthogonally triangular a-admissible;

(v) there exists Xy € W such that Xo L®X,y and a(Xy, ©Xy) > 1.
Then ® has a fixed point in 23.

Proof. Following the proof of Theorem 2.4, it is clear that the sequence {X,} defined by X, = ©X,_,
for n € N, converges to a limit u € 2. The only thing which remains to show that is ®u = u. Since
lim, e Xy = 1, the condition (C) implies X, Lu, a(X,,1t) > 1 for all ¥ € N. Consequently, the
condition (ii) with X = X,,, and Y/ = u becomes

Y(@(Xiyr1, O1)) < (X, WP(P(Xiyr1, OU)) = (X, WP (R(OX,, Ou)) < GON(Xy,, 1)),

where
1
g‘R()(nw u) = maX{SD(Xm, u)a ‘)D(an’ an+1 )a So(u’ (51’[), E [‘P(an (ﬁu) + ‘)D(u, XIIH—] )]}
Passing to the limit as f — oo and taking into account the continuity of ¢ and ¢, we get

Y(p(u, Gu) < ¢p(u, Gu)).

From the condition ¥ (t) > ¢(t) for t > 0, we conclude that ¢(11, ®11) = 0 and hence Gu = u, which
completes the proof. O

Similar results can be stated for a mapping ® : X — X in the orthogonal ¢-¢ contraction of type
(B). More precisely, the conditions for existence of a fixed point of a mapping in orthogonal y-¢
contraction of type (B) are given in the next two theorems.

Theorem 2.6. Let (2, L, @) be an O-complete metric space and & be a self mapping on W satisfying
the following conditions:
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(i) ® is L-preserving;

(ii) ® is an orthogonal W-¢ contraction of type (B);

(iii) ® is orthogonally triangular a-admissible;

(iv) there exists Xy € W such that XoL®Xy and a(Xy, ®Xy) > 1,
(v) ® is orthogonally continuous.

Then ® has a fixed point in 3.

Theorem 2.7. Let (23, L, @) be an O-complete metric space and & be a self mapping on W satisfying
the following conditions:

(i) ® is L-preserving;

(ii) ® is an orthogonal Wy-¢ contraction of type (B);
(iii) © satisfies the condition (C);

(iv) ® is orthogonally triangular a-admissible;

(v) there exists Xy € W such that Xy L®X, and a(Xy, ®X,) > 1.
Then ® has a fixed point in 2.

Note that the proofs of Theorems 2.6 and 2.7 can be easily done by mimicking the proofs of
Theorems 2.4 and 2.5, respectively.

Next, we discuss the conditions for the uniqueness of the fixed point. A sufficient condition for the
uniqueness of the fixed point in Theorems 2.6 and 2.7 can be stated as follows:

(D) For X, Y € W, there exists Z € W such that
XLZ&Y1Z, aX, D21, a¥Y,2) 2 1.

Note, however, that this condition is not sufficient for the uniqueness of fixed point.

Theorem 2.8. If the condition (D) is added to the hypothesis of Theorem 2.6 (respectively Theorem
2.7), then the fixed point of W is unique.

Proof. Since 2 satisfies the hypothesis of Theorem 2.6 (respectively, Theorem 2.7), the fixed point of
W exists. Suppose that we have two different fixed points, say, X,Y € 2. From the condition (D),
there exists Z € W such that

XLZ&Y1Z, aX,2)>1, a(Y,2) > 1. (2.12)
Since ® is L-preserving and orthogonally triangular @-admissible, we have from (2.12)
X1LO"Z, o(X,6"2) > 1and Y 16"Z, a(Y,6"Z) > 1, YneN.
Thus, for the sequence {Z,} € W defined as Z, = " Z, we have

0 < Y(p(X, Zui1)) < (X, ZO(@(OX, 6.Z,)) < p(N(X, Z)), (2.13)

AIMS Mathematics Volume 7, Issue 1, 1198-1210.
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where
1 1
m(Xa -Zn) = maX{(P(X, Zn)’ 5 [QO(X, (5)() + QO(-Zna (5~Zn)] ) 5 [QO(X, (5211) + SO(Zm (5)()]}

1 1
= max{go(z\’, Zn)a E [‘)D(ZII’ Zn+1)] ) 5 [QD(X, Zu+1) + QD(Zna X)]}

s n 1
Observe that M < E[QD(X, Zui1) + 9(Z, X). Thus we deduce that

N(X,Y) = max{p(X, Z,), o(X, Z.1)}. Without loss of generality, we may assume that ¢(X, Z,) > 0
for all n € N. If WX, Y) = ¢(X, Z,+1), then the inequality (2.13) becomes

0 < Y(@(X, Zui1)) < (X, Z)Y(@(OX, 6Z) < ¢(p(X, i) < Y(@(X, L)

This is a contradiction. So we have (X, Y) = ¢(X, Z,) for all n € N, which implies

0 < Y(@(X, Zni1)) < X, ZIY(@(OX, 6Z,)) < d(p(X, Z) < Y(@(X, L)), (2.14)

due to the fact that y/(t) > ¢(t) for t > 0. On the other hand, since ¢ is nondecreasing, ¢(X, Z,+1) <
¢(X, Z,) for all n € N. Thus the O-sequence {¢(X, Z,)} is a positive nonincreasing sequence and
hence the sequence converges to a limit, say, £ > 0. Taking the limit as 1 — oo in (2.14) and regarding
the orthogonally continuity of ¥ and ¢, we deduce

0 <y (¥) < o(¥),

which is possible only if £ = 0. Hence we conclude that

1}1_{{)10 o(X,Zy) =0. (2.15)
In a similar way, we obtain

1}1_{210 oY, Zy) =0. (2.16)
From (2.15) and (2.16), it follows that X = Y, which completes the proof of the uniqueness. |

Theorem 2.9. Let (W, L, ¢) be an O-complete metric space and ® be a self mapping on W satisfying
the following conditions:

(i) ® is L-preserving;

(ii) there exists @ : W X W — [0, 00) such that, for all X,Y € W with X LY,
P(GX, 0Y) > 0 = a(X, Y)W (e(GX, BY)) < ¢p(e(X, Y)),

where Y is an orthogonal altering distance function and ¢: [0, +o0) — [0, +00) is an orthogonal
continuous function satisfying ¥ (t) > ¢(t) for all t > 0;

(iii) ® satisfies the condition (C);

(iv) © is orthogonally triangular a-admissible;

AIMS Mathematics Volume 7, Issue 1, 1198-1210.
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(v) there exists Xy € W such that XoL®X, and a(Xy, ®X,) > 1.

Then & has a fixed point in V. If, in addition, ® satisfies the condition (D), then the fixed point is
unique.

The proof of Theorem 2.9 can be done by following the lines of proofs of Theorems 2.4, 2.5, and
2.8. Hence it is omitted.

Corollary 2.10. Let (I3, L, @) be an O-complete metric space and & be a self mapping on W satis
fying the following conditions:

(i) ® is L-preserving;

(ii) there exists a : W X W — [0, 00) such that, for all X,Y € W with X LY,

P(GX,6Y) > 0= a(X, Y)p(6X, 6Y) < kX, Y),

where 0 < k < 1 and M(X,Y) = max{p(X, V), o(X, 6X), o(Y, 6Y), %[90((\’, 6Y) + oM, GX)]},
(iii) ® is orthogonally triangular a-admissible;
(iv) there exists Xy € W such that Xy L®Xy and a(Xy, ©Xy) > 1;
(v) ® is orthogonally continuous.
Then ® has a fixed point in 2.
Proof. The proof is obvious by choosing ¥(t) = t and ¢(t) = kt in Theorem 2.4. O

Example 2.11. Let 28 = [0, o) with usual metric (X, Y) = |X — Y|. Suppose X LY if X,V > 0. It is
easy to see that (2B, L, ¢) is an O-complete metric space. Define ® : W — W and @ : WX W — [0, o)

by 6(X) = \@f/(m forall X € Wand a(X,Y) = 1 forall X, Y € W.

Take the orthogonal altering functions ¥(t) = t and ¢(t) = % with ¥(t) > ¢(t) forall t > 0. Then ® is an
orthogonally triangular a-admissible. Clearly, ® is L-preserving and orthogonally continuous. For all
X, Y € W with X # GY, we obtain

X Y

XY 6GX, 0Y)) = y(|6X - BY)) = -
a( Wr(ep( ) =yl D VVIiiX VViiy

= ¢(p(X, Y)).

1
| < 5lx - v = o - )

Hence all the conditions of Theorem 2.9 are satisfied and so ® has a unique fixed point X = 0.
3. Application
Let W = C[>\1, 2] be a set of all real continuous functions on [\, X\,] equipped with metric

e(X,Y) = |X = Y| for all X,Y € C[>~1,~2]. Then (W, ¢) is a complete metric space. Define the
orthogonality relation L on 28 by

X1Y — XWYWL)>XL) or XWHYWL) =>YW),YUE [N, N2l

AIMS Mathematics Volume 7, Issue 1, 1198-1210.
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Now, we consider the nonlinear Fredholm integral equation

1 n2
X(U) = o(L) + Ve f KU, s, X(5))ds,

PN

where U, s € [\{, N2]. Assume that & : [N, 2] X [N, 2] X X = Rand v : [N, \2] — R are
continuous, where n(L!) is a given function in 2.

Theorem 3.1. Suppose that (2,d) is an orthogonal metric space equipped with metric p(X,Y) =
X =Yl forall X, Y € Wand & : W — W is an orthogonal continuous operator on W defined by

1 »
GX (W) =o(U) + f KU, s, X(s))ds. 3.1
N2 = N1 Iy
If there exists 0 > O such that for all X, Y € Wwith X # Y and s, € [\1, 2], the following inequality

IR, 5, ®X(5)) — KU, 5, ®Y(9))] <

X - Y
2

holds, then the integral operator defined by (3.1) has a unique solution

Proof. We define a : WX W — [0, co) such that a(X, Y) = 1 for all X, Y € W. Then G is orthogonally
triangular @-admissible. Now, we show that ® is L-preserving. For each X, Y € W with X1V and
Ll € [a, b], we have

N2
GX() =o(L) + f KU, s, X(s))ds > 1.

S|

N2 — N

Accordingly, [((GX)(L)][(GH) ()] > (GY) () and so (GY)(L)L(GY)(U). Thus G is L-preserving.
Take the orthogonal altering functions ¥(t) = t and ¢(t) = % with ¥(t) > ¢(t) for all t > 0.
Let X, Y € W with X LY. Suppose that H(X) # G(Y). Using (3.1), we get

(X, Y (p(6X, 0Y)) = y(|6X - 6Y]) = [6X — OY]

>\2 >\2
= |>\1—>\| f R(U, S, @X(S))ds - f R(U’ s, ®y(5))ds
2= 1 ~ N
2
= mzl—xll IR, 5, 6X(5)) — KU, 5, 6Y(5))lds
— N
1 X - Y|
S ST d
| >\2 - >\1 | N 2 §
_X=-Y
2
= ¢(p(X, Y)).

Hence all the conditions of Theorem 2.9 are satisfied and so the integral operator ® defined by (3.1)
has a unique solution. O
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4. Conclusions

The idea of new orthogonal /-¢ contraction of type (A) and new orthogonal ¢-¢ contraction of type

(B) in O-complete metric spaces was introduced in this article and some fixed point theorems were
demonstrated. An illustrative example was provided to show the validity of the hypothesis and the
degree of usefulness of our findings.
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