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Abstract: In this work, we construct the fractional order model for chemical kinetics issues utilizing novel
fractal operators such as fractal fractional by using generalized Mittag-Leffler Kernel. To overcome the
constraints of the traditional Riemann-Liouville and Caputo fractional derivatives, a novel notion of
fractional differentiation with non-local and non-singular kernels was recently presented. Many scientific
conclusions are presented in the study, and these results are supported by effective numerical results. These
findings are critical for solving the nonlinear models in chemical kinetics. These concepts are very
important to use for real life problems like brine tank cascade, recycled brine tank cascade, pond pollution,
home heating and biomass transfer problem. Many scientific results are presented in the paper also prove
these results by effective numerical results. These results are very important for solving the nonlinear model
in chemistry kinetics which will be helpful to understand the chemical reactions and its actual behavior;
also the observation can be developed for future kinematic chemical reactions with the help of these results.
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1. Introduction

Chemical kinetics deals with chemistry experiments and interprets them in terms of a
mathematical model. The experiments are done on chemical reactions with the passage of time. The
models are differential equations for the rates at which reactants are consumed and products are
produced. Chemists are able to understand how chemical reactions take place at the molecular level
by combining models with investigation. Molecules react in steps to lead to the overall
stoichiometric reaction which is reaction mechanism for collection of reactions. The set of reactions
specifies the path (or paths) that reactant molecules take to finally arrive at the product molecules.
All species in the reaction appear in at least one step and the sum of the steps gives the overall
reaction. The govern the rate of the reaction which leads directly to the mechanism of differential
equations [1]. Many processes and phenomena in chemistry generally in sciences can be designated
by first-order differential equations. These equations are the most important and most frequently
used to describe natural laws. The following examples are discussed: the Bouguer-Lambert-Beer law
in spectroscopy, time constants of sensors, chemical reaction kinetics, radioactive decay, relaxation
in nuclear magnetic resonance, and the RC constant of an electrode [2]. The induced kinetic
differential equations of a reaction network endowed with mass action type kinetics are a system of
polynomial differential equations [3]. We review the basic ideas of fractional differential equations
and their applications on non-linear biochemical reaction models. We apply this idea to a non-linear
model of enzyme inhibitor reactions [4].

The fractional-order, which involves integration and transect differentiation using fractional
calculus is helping to better understand the explanation of real-world problems than ordinary integer
order, as well as in the modeling of real phenomena due to a characterization of memory and
hereditary properties in [5,6]. Riemann Liouville developed the concept of fractional derivative,
which is based on power law, [7,8] offers a novel fractional derivative that makes use of the
exponential kernel. Several issues include the non-singular kernel fractional derivative, which covers
the trigonometric and exponential functions, and [9-12] illustrates some relevant techniques for
epidemic models. This virus's suggested outbreak efficiently catches the timeline for the COVID-19
disease conceptual model [13]. In the literature, many fractional operators are employed to solve
real-world issues [14,15].

In this paper, section 1 is introduction and section 2 consists of some basic fractional order
derivative which are helpful to solve the epidemiological model. Section 3 and 4 consists of
generalized from of the model, uniqueness and stability of the model. Fractal Fractional techniques
with exponential decay kernel and Mittag-Leffler kernel respectively in section 5. Results and
conclusion are discussed in section 6, and 7 respectively.

2. Basic definitions

Following are the basic definitions [7,8,14,15] used for analysis and solution of the problem.
Definition 1: Sumudu transform for any function ¢(t) over a set is given as,

A= {qb(t): there exist A, t;,7, > 0,|¢p(t)| < Aexp (g),if t € (-=1)/ x [0, 00)}

L
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is defined by

[00]

F(w) = STIp(0)] = f exp(—DPudt,  u € (~11,15).

0

Definition 2: For a function g(t) € W,(0,1), b > a and o € (0,1], the definition of Atangana—
Baleanu derivative in the Caputo sense is given by

AB (a)

1¢Deg(t) = 7 g( M, [—%(t—r)"]dr, n—1<o<n

1

where

AB(O')—l—O'+F< 5

By using Sumudu transform (ST) for (1), we obtain

STISDEg(](s) = 102

{ar(a +1)M, (—%V")} X [ST(g(®)) — g(®)].

Definition 3: For a function g(t) € W}(0,1), b > a and a; € (0,1], the definition of Atangana—
Baleanu derivative in the Caputo sense is given by

t
AB(ay) [ d a,
ABC %1 — —_ — — 7)%
D190 = To | - 9Oy [ e (¢ = DN
0
where
e
AB(a;) =1—
( 1) F(al)

Definition 4: Suppose that g(t) is continuous on an open interval (a,b), then the fractal-fractional
integral of g(t) of order a; having Mittag-Leffler type kernel and given by

ay(1 - a)t* g (1)

22-1g(s)(t — s)*ds + AB(a)

a1 ay _ a,a;
i (9@) = AB(al)r(al)Of s

3. Hires problem with fractional operator

Robertson introduces this chemical process in [19,20]. Schafer pioneered the following
chemical reactions method in 1975 [19,20]. It represents the high irradiance response (HIRES) of
photomorphogenesis based on phytochrome. A stiff system of eight non-linear ordinary differential
equations is used to create the following mathematical model.

yi' = =My + Myy, + M3y; + M,,
y2' = Myy, — Msy,,
y3' = —Mgys + Myy, + M;ys,
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Yi' = M3y, + Mgys — Moy,, (1)
Vs = —Mioys + Myys + Myys,

Yo = —M11Y6Ys + M12Ys + Mgys — Mpye + My,

y7' = M11Y6Ys — M13Y7,

Vs' = —M11Y6Yg + My3y;.

Here M; = 1.7,M, = 0.43,M; = 8.32,M, = 0.0007, M5 = 8.75, Mg = 10.03,M, = 0.035, Mg =
171, Mg = 112, MlO = 174‘5, M11 = 280, M12 = 069, M13 = 1.81. The mitial values can be
represented by y = (1,0,0,0,0,0,0,0.0057)7. By using Atangana-Baleanu in Caputo sense for system (1),
we get

ABEDEy, = —Myy; + Myy, + Mzys + My,

ABthQYZ = M,y — Msys,,

ABEDEys = —Mgys + Moy, + Myys,

ABEDEy, = M3y, + Mgys — Moy,, (2)
ABEDEys = —Myoys + Myys — Myys,

ABgDEZJ% = —M;1Y6ys + M12ys + Mgys — Myye + My5y7,

ABgDEI% = M11Y6Ys — M13Y7,

ABEDREyg = —My1Y6Ys + M3y

Here 485D is the Atanagana-Baleanue Caputo sense fractional derivative with 0 < o < 1.
With given initial conditions

yi(0) 20,i =123, ..,8 3)

Theorem 3.1: The solution of the proposed fractional-order model (1) along initial conditions is
unique and bounded in R®:.

Proof: In (1), we can get its existence and uniqueness on the time interval (0, o). Afterwards, we
need to show that the non-negative region R®: is a positively invariant region. For this

ABGDEY1|Y1=0 = M3y, + M3ys + My = 0,
ABEDEY1|Y2=0 = Myy, 2 0,

ABGDEY1|Y3=0 = Mpys + M;ys = 0,
ABGDEY11Ya=0 = M3y, + Mgy; = 0,
ABGDEY1|Ys=0 = Myys — Mpy; = 0,
ABEDEY11Y6=0 = M12ys + Mgys + My, 2 0,
ABGDEY1|Y7=0 = M11Y6Ys = 0,
ABGDEY11Yg=0 = My3y; 2 0

If (y1(0)), (72(0)), (¥3(0)), (¥4(0)), (¥5(0)), (¥6(0)), (¥7(0)), (¥5(0)) € RE, then from above
expression, the solution cannot escape from the hyperplane. Also on each hyperplane bounding the
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non-negative orthant, the vector field points into R%, i.e., the domain R& is a positively invariant set.

Now, with the help of Sumudu transform definition, we get

—_Pa) ST{y,(t) —y1(0)} = ST[-M,y; + My, + M3ys + M,],

QEq (
QEq (— - P%) ST{y,(8) = y2(0)} = ST[Myy; — Msys],
QEq (=== P%) ST{ys(t) — y3(0)} = ST[~Mgy; + Myy, + Myys)
QEq (——=P%) ST{ys(t) — y4(0)} = ST[M;y, + Mgy; — Moy, ],
QEq (=== P%) ST{ys(t) — y5(0)} = ST[~Mioys + Myys — Myy7],
QEq (=== P) ST{y6(t) = (00} = ST[~Mi1Y6ys + Mizys + Mgys — MyYs + Myzy;)
QEq (=== P%) ST{y,(t) — y,(0)} = ST[M11¥6ys — Misys],
QEq (— == P%) ST{yg(t) = y5(0)} = ST[~Mi1Y6¥s + M3y;].

Rearranging, we get

ST(y1(8)) = y1(0) + H X ST[=M,y, + Myy, + Msys + M,],

ST(y,(0)) = y,(0) + H x ST[Myy, — Msy,],

ST(y3(2)) = y3(0) + H X ST[=Mgy; + Myy, + Myys]),

ST()’4(t)) =y4(0) + H X ST[M3y, + Mgy; — Myy,],

ST(y5(2)) = y5(0) + H X ST[=M;oys + Myys — Myy,],

ST(y6(t)) = y6(0) + H X ST[=My1Y6Ys + M12y4 + Mgys — Myye + Myy7],

ST(}’7(t)) =y,(0) + H X ST[M;,Y6ys — M13y7],

4

)

AIMS Mathematics Volume 7, Issue 1, 1155-1184.



1160

ST(Ys(t)) = y5(0) + H X ST[—M11y¢ys + M13y].

Using the inverse Sumudu transform on both sides of the system (5), we obtain

y1(8) = ¥1(0) + ST™[H X ST[-M,y, + Myy, + Msys + M,]],

y2(t) = y,(0) + ST™'[H x ST[Myy; — Msy.]],

y3(t) = ¥3(0) + ST™Y[H X ST[-Mgys + Moy, + M;ys]],

ya(t) = y,(0) + ST_l[H X ST[M3y, + Mgy; — M9}’4]]’ (6)
ys(t) = ys(0) + ST_l[H X ST[—M1oys + Mpye — Mz)’7]],

Y6(t) = y6(0) + ST [H X ST[=M11Y6Y5 + My2ys + Mgys — Myye + Mizy7]],

y7(t) = y;(0) + ST_l[H X ST[M11Y6Ys — M13}’7]],

yg(t) = yg(0) + ST_l[H X ST[—M;1Yeys + M133’7]]-

We next obtain the following recursive formula.

Y1i(n+1) () = }’1(n)(0) +8T71 :H x ST {—Ml)’l(n) + M2Y2 )+ M3Y3 ) + M4}],

V() (® = Y2y () + ST [H x ST {Myyr ) = M5y ),

Y3(n+1) () = 3’3(n)(0) +8T71 :H x ST {—Me}’s(n) + MyYag,y + M7)’5(n)}]'

Yoty () = Vaguy () + ST [H X ST {Myy; s + Mgy3 ) = MoYaio ] (7

yS(n+1)(t) = yS(n)(O) + ST1 _H x ST MlOYS(n) + M2y6(n) - M2y7(n)}],

Yensn) () = Yoy (0) + ST |H X ST {—M11Y6(n)YB(n) + M12Ya(yy + MgYs ) = M2Ye () t+
My

y7(n+1)(t) = y7(n)(0) +ST71 [H x ST {M11y6(n)y8(n) - MlSY7(n)}]'
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y8(n+1) (t) = y8(n)(0) + ST_l [H x ST {_Mllyé(n)ys(n) + M13y7(n)}]'

1-a
M(@)aT (@+1)Eq(-2-P%)

Where H =
And the solution of system is provided by

y1(0) = 1111_?20 Vi@, y2(t) = rlll_{lgo Yoy (8, y3(t) = rlll_{lgo Y3y (£,
ya(®) = lim y, o (8),  ys(t) = lim y5,, (), y6(t) = lim g, (D),
y7(t) = lim y7., (@), yg(t) = lim yg .,y (2).

4. Fixed-point theorem for stability analysis of iteration method
Theorem 4.1: Define K be a self-map is given by

1-a
M(@)aT (@+1)Eq(--P@

K [yl(n.,_l)(t)] = yl(n.,_l)(t) = yl(n)(o) +8T71 l ) x ST {_Mlyl(n) +

MZYZ(n) + M3y3(n) + M4}l:

1-«a
M(@)aT (@+1)Eq(--PC

K [}’2(n+1)(t)] = YZ(nﬂ)(t) = YZ(n)(O) + ST [ ) x ST {M1}’1(n) -

M5y2(n)}l’

1-a
M(@)aT (@ +1)Eq(-—-Pa

K [3’3(n+1)(t)] = 3’3(n () = 3’3(n)(0) +8T71 l ) x ST {—M6Y3(n) +

+1)

szzl»(n) + M7y5(n)}l:

1-a
M(@)aT (@+1)Eq(--P@

K [3’4(n+1)(t)] = 3’4(n+1)(t) = 3’4(n)(0) +8T71 ) x ST {Ms}’Z(n) + Ms)’s(n) -

M9Y4(n)}lf )
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1-a
M(@)aT (@+1)Eq(-—-Pa

K [yS(n.,_l)(t)] = yS(n.l_l)(t) = yS(n)(O) +8T71 [ ) x ST {_Mlo}’s(n) +

M2y6(n) - M2y7(n)}l’

1-«a
M(@)aT (@+1)Eq(--P4

K [}’G(n_,_l)(t)] = 3’6(n () = 3’6(n)(0) +ST71 l ) X ST {—M11}’6(n)3’8(n) +

+1)

MIZYAL(n) + MByS(n) - szé(n) + M12)’7(n)}l'

1-a
M(@)aT (@ +1)Eq(-—-Pa

K [y7(n+1)(t)] = y7(n+1)(t) = y7(n)(0) +8T71 [ ) x ST {M11Y6(n)3’8(n) -

M13Y7(n)}l'

1-«a
M(@)al (@+1)Eq(--PY)

K [}’S(n_,_l)(t)] = 3’8(n+1)(t) = 3’8(n)(0) + ST 1 l X ST {—M11}’6(n)3’8(n) +

M13y7(n)}l-

Proof: By using triangular inequality with the definition of norms, we get

1-a
M(@)al (@+1)Eq(--P%)

1€ (7200 ®] = K [0y O | < 9200 ® = y20y @) || + 5T l
57 (1 =0+ 9 3=l 5 [ =l 18]

1-a
M(@)aT(@+1)Eq(--P%)

1€ (72000 ©] = K [y20 O || = [|¥200®) = Y20y @© | + T [

ST {0 [ = ] =M 20 =320}

1-«a
M(@)aT (@+1)Eq(--P)

1 (7300, ®] = K [y30 O || = Y300 ®) = Y3 ® || + 5T [

AIMS Mathematics Volume 7, Issue 1, 1155-1184.
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ST{=Me || v30y = Y30m | + Mz || Vamy = Yo || + M7 {| Y5 = Ym0 ”}l

1-«a
M(@)aT (@+1)Eq(--P%)

11 [ ©] = K [a gy O] || < |72y ® = Ve @) || + 5T [
ST s |26y = 2| + Mo 7560y = Y50 | = M [[74600 = ﬂ(m)”}l'

1-a

[ |56 ] = % [ysm @[] < 5 © = y5 @ | + 577 [M(a)aF(a+1)Ea(—ﬁP“)

ST {=Mso ||¥s 6y = ¥ || + M2 || Yoy = Yim | = M2 |77y = ¥70m ”}l

1-«a

”K [yﬁ(n) (t)] -k [yé’(m)(t)] ” = ||y6(n)(t) B yﬁ(n)(t) ” +ST7 [M(a)al‘(aﬂ)Ea(—ﬁpa)

ST {=Mi1 || Yooy = YoemYsm | +Miz ||V = Yamo | + M |50y = Y5 || —

M [ =300 + 2 0 =}

1-a

[ [y760 ] = % [yrmy @[] < 77 © = 97 @ + 577 [M(a)aF(a+1)Ea(—ﬁP“)

ST {Mu1 || Yo Yo = YsamYsem | = M3 | Y760 = ¥70m) ”}l

1-«a

”K [y8(n) (t)] —K [ys(m)(t)] ” = ||y8(n)(t) B y8(n)(t) ” +ST7 [M(a)al‘(aﬂ)Ea(—ﬁpa)

ST {_Mll ||y6(n)y8(n) ~ Yeam)Y8am) ” + M ||y7(n) ~Y7am) “}l

Hence satisfied given conditions.

6 = (0,0,0,0,0,0,0,0),8 =

©)

AIMS Mathematics Volume 7, Issue 1, 1155-1184.
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yl(n)(t)_yl(m)(t) X _(yl(n)(t)+y1(m)(t)> - M yl(n)_yl(m) + M, yZ(n)_yZ(m)
My [y = Y | + M

YZ(n)(t)_YZ(m)(t) X _(yz(n)(t)+y2(m)(t)) +M1 :V1(n)_y1(m) _MS :VZ(n)_yZ(m)

yS(n)(t)_y3(m)(t) X _(Y3(n)(t)+3’3(m)(t)> — M, Y3m) Y3 + M, Yoty = Yamm)

My [| Y5y = Vs
Y4(n)(t) - Y4(m)(t) X |l— <Y4(n)(t) + Y4(m)(t)>|| + Ms ”yZ(n) - yZ(m)” + Mg ||y3(n) - y3(m)

M || Y1y = Vi |

< ”3’5<n)(t) = Y5(m () ” X ”_ (yS(n)(t) + yS(m)(t)> ” ~ Mo ”yS(n) = Ys(m) ” + M, ||y6(n> ~ Yo(m) “
=My |[y20y = Y7 |
%60 ® = Yoy O] x || - (yé(n) © + yé(m>(t)> | =M1 | YemyYs = YomYsm |
M [Yany = Voo || + Mo |5y = Ysiom | = Mz | Yoy = Youm | + Msz |97y = 376 |
”3’7<n) () = ¥7(m)(®) ” X ” - (3’7(n) © + 3’7(m>(t)> ” + My ”3’6(n)3’8(n> = Yom)Y8(m) ”
M3 [[¥26 = V1 |
“3’8(70(’5) - 3’8(m)(t)” X ”_ (yS(n)(t) + y8(m>(t))|| — My ||y6(n)3’8(n> = Yom)Y8(m) ”
\ M3 Y760 = V1 |

Hence the system is stable.

Theorem 4.2: Unique singular solution with the iterative method for the special solution of
system(2).

Proof: Considering the Hilbert space

H = L?((p,q) % (0,T)) which can be defined as

h:(p,q) X (0,T) - R, ﬂ ghdgdh < co.
For this purpose, we consider the following operator

( —Myy, + Myy, + M3y; + M,,
My, — Msy,,
—Mgys + Myy, + M7ys,
M3y, + Mgys — Moy,

—Myoys + Maye — My,

—Mi1Y6Ys + M13ys + Mgys — Myye + My2y7,
Mi1Y6Ys — M13y7,

\ —M1Y6Ys + Mi3Yy7.

6(0,0,0,0,0,0,0,0),8 = <

AIMS Mathematics Volume 7, Issue 1, 1155-1184.
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By using inner product, we get
T ((yl(11) ~ Y12y Y221) T Y2022 Y331 T Y332y Yaan) T Yazy Yss1) T Ys(s2) Ye(en) T
y6(62)1 y7(71) - y7(72)' y8(81) - y8(82)) ’ (VI’ VZ' V3l V4-' VS' V6’ V7' V8)>
Where

(3’1(11) T Y12y Y221 T Y222 Y3(31) T Y332y Yaan) T Yaaay Vssn) T Yss2) Yeen) T

Ye(e2y Y7(71) ~ Y772y Y8(81) — yg(sz)), are the special solutions of the system. Taking into account

the inner function and the norm, we have

{_Ml (Y1(11) - Y1(12)) + M, (3’2(21) - 3’2(22)) + M3 (3’3(31) - y3(32)) + M,, Vl} <M ||}I1(11) -

Vicap || IVl + Mz [|Y2ca1) = Yaan | Vil + Ms || 7331y = Paga || VIl + Mallval,

{Ml (yl(ll) - yl(lz)) — M; (YZ(Zl) - YZ(ZZ))rVZ} =M ||Y1(11) - Y1(12)|| IVl + Ms ||YZ(21) -

V2o || V2l

{_M6 (3’3(31) - y3(32)) + M, (}/4(41) - )/4(42)) + M; (y5(51) - y5(52))'V3} = M6 ||(Y3(31) -

Vagan) | Vsl + My || (agany = Yagay) | 1Vl + M5 || (¥s sy = ¥sgsy) || Va1

{M3 (y2(21) - y2(22)) + Mg (y3(31) - y3(32)) — M, (y4(41) B 3’4(42)) ‘ V4} < Ms ” (y2(21) B

y2(22))” IVall + M ||(y3(31) _y3(32))” IVl + Mo ||(y4(41) _3’4-(42))” IVall,

{_Mw (}IS(Sl) - YS(SZ)) + M, (y6(61) - y6(62)) - M, ()/7(71) - 3’7(72)) 'VS} = MlO ||(YS(51) -

Vscso) | 1Vsll + Mz || (Vogen, = Yocen ) | 1Vl + Mz || (7771) = Y772y ) || 1V5 1

{_Mll (y6(61) B y6(62)) (y8(81) B y8(82)) + My, (y4(41) B y4(42)) + Mg (3’5(51) B 3’5(52)) -
M (Yeery = Yogsz) + Miz (¥151) = ¥72)) Vo < Mus || (vegery = Yoo )| || (7506m) —
Vagan) | 1Vsll + Maz || (Vacary = Yacany )| 1Vell + Ms || (¥s 51y = V(s ) || Vell + Mz || (veery —

Yocon )| IVell + Mz || (¥7¢71) = Y7072 ) || 16,
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{Mll (3’6(61) - y6(62)) (YS(gl) - 3’8(82)) - M13 (3’7(71) - y7(72))'V7} < My, ||(Y6(61) -

yﬁ(éZ))” ||(y8(81) - y8(82))|| V71l + M3 ||(3’7(71) - 3’7(72))” V7,

{_Mll (y6(61) - y6(62)) (y8(81) - y8(82)) + My (y7(71) - y7(72)) ' VB} < My, ” (y6(61) B

y6(62))|| ||(y8(81) B y8(82))” VeIl + My ||(y7(71) B 3’7(72))” IVll.

In the case for large number ey, e,,e€3,€,,6€s, 64 e;and eg, both solutions happen to be
converged to the exact solution. Employing the topology concept, we can obtain eight positive very

small parameters ()(e 1 Xegr Xegr Xegr Xegr Xegr Xe, and Xes)'

Xel < Xez
yl_yl(ll) ) }’1_3’1(12) —gl||y2_y2(21) ) yZ_yZ(zz) _T,
Xeg Xe
Y3 = Yzan |||V ~ Y3i2) | =Y T Yaan || [[Y4 T Ve S 74,
Xes XeG
Ys = Vs || ||V5 ~ Yss2) | = o Yo —Yesn) ||’ ||Y6 ~ Yoe) || = &
Xe Xeg
Y7 =Yren | |Y7 ~ Y772 | = 77, Y8 ~ Ys@n || ||Y8 ~ Va2 || = -

Where

@ = 8(My ||y1e01) = Yrean || + Mz Y220y = V2o || + Ms [|V3 51 = Y3am || + Ma) WA
¢ =8 (Ms [y = Vacun[| + M5 [[y2000) = V2can ) IV

v =8(Ms || (aan) = Y3 || + Me | (cany = a0 || + M [| (551 = 750 ) 19
0= 8(Ms | (V205 = Vo) + Mo | (351 = Yaam)  + M9 | (Vagany = Yaca) ) 17

0 = 8(Mo || (Vs 51, = 55| + M2 | (Veor, = o) | + M2 (V273 = ¥27) ) WVl

(=8 (M11 ||(y6(61) B y6(62)) ” ||(y8(81) B y8(82))|| + My ||(y4(41) B y4(42)) ” + Mg ||(y5(51) a

y5(52))” + M, ||(y6(61) B y6(62))|| + My, ||(y7(71) a y7(72))”) Vel

v=38 (M11 ||(y6(61) h y6(62)) ” ||(y8(81) h y8(82))|| + M3 ||(y7(71) - y7(72)) ”) V7l
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e=8 (M11 ||(y6(61) o y6(62))|| ||(y8(81) o y8(82))|| + M3 ||(y7(71) B y7(72))”) IVall

But, it is obvious that

My |[Y1a1) _y1(12)|| + My ”3’2(21) _3’2(22)” + M ||y3(31) _y3(32)|| + M4) #0

My || Y11y _yl(lz)” + Ms ”3’2(21) _yz(zz)“) >0

Ms (yz(zn B y2(22))” + Mg ||(y3(31) B 3’3(32))” + M, ||(y4(41) _y4(42))”) #0

(
(
(M [| (352y = 35| + Mo [| (o = vaca) | + M | (9550 = ¥ ) = ©
(
(M0 | (75651 = 50520 | + M2 | (von = Yoo )| + Me ([ (77 = 77| ) # 0
(

My ||(y6(61) - y6(62))” ||(y8(81) - y8(82))” + My, ||(y4(41) _y4(42))” + Mg ||(y5(51) B

y5(52))” + M, ||(y6(61) B y6(62))” + My, ||(y7(71) - y7(72))||) #0
(M11 ”(yﬁ(el) B yﬁ(ez))|| ||(y8(81) B y8(82))|| + My ||(y7(71) B y7(72))”) *0

(M11 ||(y6(61) - y6(62))” ||(y8(81) - y8(82))” + My ||(y7(71) _y7(72))||) *0

where [[Vy [, V2L V1L VAL Vs Vs L V7L Vsl # O.

Therefore, we have

”3’1(11) _3’1(12)” =0, ||y2(21) _y2(22)|| =0, ||y3(31) _y3(32)|| =0,
||(Y4(41) —y4(42))|| =0, ”(3’5(51) _3’5(52>)” =0, ”(3’6(61) _yé((,z))” =0,

” (3’7<71> - 3’7(72))” =0, ” (y8<81) - 3’8<82))“ =0.

Which yields that
Yian T Yiazy Y2y T Y@y Y3G1) T Y3G2y Yaw = Yauey Ysen) = Ysea)y Yeen =
y6(62)' y7(71) = y7(72)' y8(81) = y8(82)

This completes the proof of uniqueness.
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An operator B:Z — Z can be defined as:

B@)(®) = 0(0) + 202 £(1,0(0)) + 5t [y 2471 (1 = DFE(L 0 (6))dA (10)

If £(t, (p(t)) satisfies the Lipschitz condition and the following extension then

e Forevery ¢ € Z there exists constants Lg > 0 and Mg such that
|E(t, )] < Le|p (D] + Mg (11)

e Forevery ¢, ¢ € Z, there exists a constant Mg > 0 such that

|£(t, 0(©) — £(t, (D) ] < Me|o(t) — (D) (12)

Theorem 4.2: If the condition of (11) holds then for the function £:[0,T] X Z — R there exists at
least one solution for the (1).
Proof: Since £ in (10) is continuous function, so B is also a continuous. Assume

M={g¢e€ ||<p|| < R,R > 0}, then for ¢ € Z, we have

=101 — 1
B(¢)(t) = maxe[oryle(0) + % £(t, ()
mf PR e @)
TH-1(1 —
< 1000) + 5 = el + M)

+ maxefor) m[lu (1= DFE(L @(1)dA |

urH (1 —
AB(ay)

Hay

e o Callol] + MM

< ¢(0) + ) (Lello@I| + Me) +

<R.

Hence, B is uniformly bounded, and M(j, a;) is a beta function. For equicontinuity of B, we take
t; <t, <T, then consider

" (1~
AB(a,)

Haq
AB(a;)T'(ay)

B(¢)(t2) — B()(t1) = | = ) E(t 0(t2) +
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ta

M-y
f&u—l(tz —A)H—1£(t,(p(t))d/1 — he AB(((Z )a ) E(tl,(p(tl))

0

- pu—1 _ 1
AB(al)F( 1)f A1ty — DFLE(E, (b)) dA|

ut,* (1 — ay) Hay
< AB(a) (Lelo (O] + Mg) + AB(ay)(ay)

(Lelp@®)| + Mt," = M (1, ay)

ut (1 - o) Hay
AB(ay) (Lelo (O] + M) — —AB(al)F(al)

(Lelp ()] + M)t M (, ;)

If t; -, then |[B(p)(t;) —B(@)(t;) - 0|] Consequently ||B(@)(t;) — B(p)(t;) -
O||, as t; - t,. Hence B is equicontinous. Thus, by Arzela-Ascoli theorem B is completely
continuous. Consequently, by the result of Schauder’s fixed point, it has at least one solution.

. _ uT* M 1-ay) Harg ptai—1 .
Theorem 4.3: If n = AB ) +AB(a1)F(a1) THr* = IM(w, a;)Mg < 1 and the condition (12)

holds, then 7 has a unique solution.
Proof: For ¢, ¢ € Z, we have

=101 —
Blp) —B@)] = maxte[o,Tﬂ%al)al) [£(t, ()| -£(t, 9(D))]
L -1 _ -1 _ —
T AB(a)r (@) Of 11— DRLE(E o ()| —£(t 2(0)]dA |
pTH (1 - ay) Hay

<[ TH =M (W, ay)]11B(9) — B(@)]|

AB(a;) ' AB(ap)(ay)
< n|1B(e) - B@I|.

Hence, B is a contraction. So, by the principle of Banach contraction, it has a unique solution.

Ulam-Hyres stability

The proposed model is Ulam-Hyres stable if there exists B4, = 0 such that for every & >
0 and for every ¢ € (L[0,T],R) satisfies the following inequality

FFM ““1(<p(t)) £(t,p(t)) <& t €[0,T] suchthat |p(t) —£(t)| < B4, & t €[0,TI.

Suppose a perturbation @ € L[0,T], R then w(0) =0 and

e Forevery e >03 w(t) <¢|
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o FFMIM(p(1)) = £(t, (1)) + w(b).

Lemma 4.4: The solution of the perturbed model FF¥jI"*1(p(t)) = £(t, () + w(t), ¢(0) = ¢,
fulfills the relation

w1 - ay) j u—1
- —_— S st S 1— )H1f
B = [9(0) + e E(69(®) + gpestes | 2711 = DIE(L p(D)dA
= alzl,ue
urt=t(1-ay) pary +a-1
Where ala uE= AB(aD) AB(al)F(al)Tu M (W, ay).

Lemma 4.5: By using condition (12) with lemma (4.4), proposed model is Ulam-Hyres stable if n < 1.
Proof: Suppose a; € Z be a solution and ¢ € Z be any solution of (1), then

9(8) = a2 (O] = 19(O) — [ (0) + 0= £(e, 0y () + g Jy 11 =

DIE(A, ay (A))dl] |

p=101 —
<o) - <p(0)+%al)“l) (t,(p(t))-i—ﬁ 11 = DRE(A, 9 (A))dA
0
=101 — 1
Flo@ + M L7 m) o L)

AB( 1)

- - 1 _ 1
AB(al)F( 1)f,1u (1= D" LE(A (A))dA |

th1(1-ay) 1
| a1 (0) + 5= £ (8 ar () + e Jy A = DM E(2, (D) dA |

ur (1 - ay) Haq

2By ARy kele® — e ©)]

< al’;bﬂe +(

<@, e+ lpM) —a @)l
Consequently,

llo —aill < aqp &+ 7 [lo(@) — ay (D).
So, we can write it as

||(p - alll S Bal,ug;
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a *
au€ = —%u  Hence the solution is Ulam-Hyres stable.
1-7n

Where B

5. Fractal-fractional operator for hires problem

In this section, we present the Hires problem model (1) using fractal-fractional
Atangana-Baleanu derivative. We have

FFDal 2y, =— Myy; + My, + M3ys + M,,

FFDal az}’z My, — Msy,,

FFDUC1,0¢2
t

Y3 =— Mgys + Myy, + M7ys,

Doy ya = M3y, + Mgys — Moy,, (13)

Ys =— Mypys + Myye — M3y,

FF na1,@
Do

Doy Y6 == My1Y6Ys + M1pYa + Mgys — Myye + My, 5,

FFDUC1 a2

Y7 = My1Y6Ys — M13Y7,

FFDal “yg =— My1Y6Ys + My3y7.

With initial conditions

y1(0) = Y10y y2(0) = Y20y y3(0) = Y30y y4(0) = Ya(oy

ys5(0) = Y50y y6(0) = Y6 (o) y7(0) = Y70y yg(0) = Y80y

We present the numerical algorithm for the fractal-fractional Hires problem model (13). The
following is obtained by integrating the system (13).

y1(t) —y1(0) = (é(__czl))aztaz_l{_Mﬂﬁ(t) + My, (t) + M3ys(t) + My} +

[SLY)

mf %2 My y; (7) + My, (7) + M3ys (1) + M 3(t — 1)*171dx,

(1-ay) _ _
y2(t) —y,(0) = C(Oil) a,t®2 My, (t) — Msy,(t)} + ﬁf 7% 1{{M13’1(T) -

Msy, (D}t — D)™ dx,
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Y3 () — y3(0) = 4 g @21 My, (£) + My, (t) + Myys (D)} +
Claq)

o L) %21 _ Aap-1
C(al)l"(al)f 2 H=Mgy3(1) + Moy, (t) + Myys(1)}(t — )%~ 1,

1- —
y4(6) = 94(0) = {2 apt T M3y, (6) + Mays(6) = Moya(D)} + g [ 17 {May, (1) +
Mgy3(t) — Moy, (T)}(t — T)*~dx, (14)

(1 @)
@)

ftTaz 1{{ Mioys(T) + Myye(r) — Mz)’7(T)}}(t —1)%71dT,

ys(t) —ys(0) = at®2 =M, oys(t) + Myye(t) — Myy, ()} +

a,a;
C(ay)T(aq) -0

Yo () — 6 (0) = 9 o @21 My e () (E) + Mypya(t) + Mgys () — Myye(t) +
Cla )

a1

Miy,(0)} + —f %" 1{ M11y6(T)yg (1) + M1y, (1) + Mgys(t) — Myye(7) +
C(ay)T(ay)”0
My,y,(0)}(t — 1)*1~tdx,

y7(t) —y;(0) = (é( al)) at®2 M, 1y (t)yg(t) — M3y, (£)} +
e 4 (M, (1)ya (D) — Myay; (D) — D dr,

C(ay)T(aq) ~0

Yg(£) — y5(0) = 28 g, 021 M,y (D)yg (£) + Mysy, ()} +

C(aq)
a|1a
mf %27 1{{ M;1y6(T)yg(T) + M13Y7(T)}}(t — )17,
Let

k(t,31(8)) = apt @ =My, () + Moy, () + Myy;(t) + My},
k(t,72()) = apt™  {Myy, () — M5y, (D)},

k(t,y3(8)) = apt® H{—=Mgys(£) + Myy, () + Myys(6)},

k(£ 74(8)) = apt™ ™ {Msy,(£) + Mgys(t) — Moys(8)},

k(£ y5(8)) = apt® H{—=M;oy5(t) + Myys(t) — My, (1)},

k(t; }’G(t)) = at®2 =M1y () yg(t) + M1y, (t) + Mgys(t) — Mays(t) + My, ()},
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k(t, }’7(’5)) = a,t“2 Y {M;;y6(O)ys(t) — M3y, (D)},

k(t: 3’8(t)) = at% =M,y (t)ys(t) + My3y7(8)}.

Then system (14) becomes

y1(t) —y1(0) = 4 al)k(t )ﬁ(t)) + mf k(T Y1(T))(t — )",

y2(t) —¥,(0) = (é( al))k(t 3’2(t)) +mf k(T }’Z(T))(t —7)*%11dx,

y3() = 3(0) = & “1)k(t yg(t))+mf k(7,y5(0))(t — )% dr,

Ya(t) — y4(0) = (é(_ail)) k(t,y,(8)) + f k(t, y,(1))(t — T)*~1dr, (15)

Clay )F(a' )Yo0

ys(t) —ys5(0) = (é(_a“ll)) k(6,75(0) + gty Jo k(T ys(@) (¢ = D™y,

Y6 () — y(0) = & “1)k(t Ve(t)) + [, k(7. y6(D) (¢ — D)% 1dr,

Claq )I‘(a )-0

y7(t) —y;(0) = (é( al))k(t 3’7(t)) +mf k(T Y7(T))(t —7)*%11dx,

e () — y5(0) = 22 k (£, 35 (D) + [, k(T y5(0) (¢ — D) 1dr,

c(ay) C(ay )F(a )70

At t,y1 = (n + 1)At, we have

Vi(tne1) —y1(0) = (1 al) k(tn’%(tn)) + tn“ k(T 3’1(T))(tn+1 —1)% s,

Claq )I‘(a )

V2(tni1) —¥2(0) = a al)k(tn'YZ(tn))+

C(aq) f n+1k(T yZ(T))(tTl+1 - T)al 1dT

C(al)l"(a )-0

(T, 3(1)) (tpar — 1)@,

(1 aq)
V3(tns1) —y3(0) = . k(tn’Y3(tn)) + C(a1)F(a )

(1-aq) tn _
Va(tns1) — ya(0) = C(all) k(tn,)@(tn)) + m i k(T y4(T))(tn+1 — )% 17, (16)

(1-aq) tn _
Vs(th1) —¥5(0) = c(al) k(tn;)/s(tn)) + m i k(T Ys(T))(tnﬂ —1)%171dT,

1- tn
Ve(tns1) — ¥6(0) = ( al)k(tn'%(tn)) + m +1k(T Y6(T))(tn+1 — 1) ldr,

L (T, 7(1)) (tpar — 1)@,

(1 aq)
y7(ths1) —y7(0) = ! k(tn'Y7(tn)) + Clay )F(a )
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Vs(tn+1) —yg(0) = a- al)k(tn'YS(tn)) + tn+1 k(T YS(T))(tnﬂ — )",

C(a1)F(a )

Also, we have

y1(tne1) = y1(0) + (1 al) k(tn’h (tn) + =0 ft]“ k(7,y1(0)) (tper — )" 741,

Clay )F(a )

V2(tns1) = y2(0) + a al)k(tn'yz(tn)) + m of e k(T }’2(T))(tn+1 — 1)1,

V3(tns1) = y3(0) + a al)k(tn’%(tn)) + of s k(T 3’3(T))(tn+1 —1)% 71z,

C(aq )F(a )

Valtns1) = ¥4(0) +— (1 al) k(tn'%(tn)) + f Gae k(T Y4(T))(tn+1 — )",

Clay )F(Ul1)

Vs (tnrr) = ¥5(0) + 2 ke (£, y5(£)) + J"+1k(f ¥5(1)) (tnsr — DO d7, (17)

c(ay) C(ay )F(a )

t _
Ve(tn+1) = ¥6(0) + (1 al) k(tn'y6(tn)) + m of ah k(T }’G(T))(tnﬂ — )%,

Y7(tn+1) = ¥7(0) +-(1 al)k(tn'Y7(tn))'+ OJ¢J+1k(T Y7(0)) (tneq — D)™ 2d7,

C(aq )F(a )

Vs(tn+1) = ¥g(0) + a- al)k(tn'yS(tn)) + m f e k(T }’8(T))(tn+1 — )% ldr.

In general, approximating the function k(r, y(r)), using the Newton polynomial, we have

k(tny(tn) k(tn-1,y(tn-1) k(tny(tn) k(tn-1,y(tn-1)
Pn(T)=£Tn_1)(T—tn—1)+(t+nll)( n)=¥(T—tn—1)%(T—

tn)- (18)
Using Eq (18) into system (17) we have

(1 ) t i
3’1n+1 = y C(aal) k(tn: )’1(tn)) + m zf Ak {k( —2 Y1’ 2) +

k(ti—y,y /™) =k(ti_oy i~ k(t;y)—2k(ti—q,y10 ™) +k(ti_py,i 72
(tj—1y2 /™) =k(tj—2.1) )(T—tj_2)+ (t;ya))-2k(tj—1 2/ ") +k(tj-291 )(T—tj 2)(1__

At 2(80)?
or)} (s — D, (19)
Rearranging the above equation, we have
(1 ) t _
"=y = k(tn; yi(ty)) + m [f T ke (b2, y1772) (b — DT +

ftj+1 k(tj_1y17~ )—k(tj—z:yl —2)
tj At

(7= tj_3)(tnsr — DB NdT +
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tive k(tjy1))—2k(tj—1,y17 ™Y )+k(tj—2,y1772) _
L e ) (- o) ey — D) (20)

Writing further system (20) we have

=yt (1 al) k(tn; yi(ty)) + oo k(tiy77%) ftt]-j+1(tn+1 —1)% dr +

Clay )F(a )
Y yn k(tf—l'ylj_ )=k(tj—2y ™) (tjeag _ -1
Cla)T(aq) j=2 At ftj (T t]—Z)(tn+1 T) dt +
% yn k(tjy1!)=2k(tj—1,y1 /™) +k(tj—291772) t1+1 — _ ai—1
C(ay)M(ay) “I=2 2(At)2 (r- tj 2)(z j 1)t — T) dr,

o2y

Now, calculating the integrals in system (21) we get

[ e = DB =B [ =+ D% = (= )]
L ay

. a1+1
S (1 = t0) (g = DO e = L (= j+ D@ (n—j + 3+ 2ay) — (n— j + D@ (n —
]

0.'1(061+1)

j+3+3a,)],

ti _ (At)@1+2 , .
ftjjﬂ(f —tj5)(t = tjoq ) (tpyr — D T = @i D@D [(n—j+ D" {2(n—j)*+
Ba; +10)(n —j) + 2,2 + 9a; + 12} — (n — N {2(n — j)? + (5a; + 10)(n — j) + 6a,2 +
18a, + 12}].

Inserting them into system (21) we get

el =y 0 g SOy g (1) + =280 k(v ) [(n—j + DT — (n— )] +

Y1 Cay) Cla)T(a;+1)

(At)%1 i i . . .
m z[k( Y1’ 1) - k(tj—zdﬁj 2)][(” —j+ D" —j+3+2a)-(n—j+

DM —j+3+3a)] + % z[k(t i» Y1 ) Zk(tj—1'3’1j_1) + k( 2'}’1 )] (n—

j+D2n—j)?+ Ba; +10)(n—)) + 2a4%2 + 9a; + 12} — (n — H)*{2(n — j)? + (Ga, +
10)(n — /) + 6,2 + 18a; + 12}] (22)

Finally, we have the following approximation:

(1-aq)
"=y + o al) art 2 =My, (t) + My, (t) + M3ys(t) + My} +
aja,(At)%1 _ i i i , .
—C(;l)zr(alﬂ) Z;-l:z t%e 1{—M1y1] 2 4 Myy,’ 2 4 Msys! 2 4 M4}[(n —j+ DM —(n— %]+
a-a (At)al _ P i i _ f f
C(;l)zr(a1+2_) Z?:Z[taz 1{_M1y1] 14 szzj 14 M3y31 14 M4} —t 1{_M1y1] 2 4 szzj 2 4

Myys/ "2+ M [(n—j+ D*(n—j+3+2a)) —(n—j+ D% (n—j+3+3a)]+
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a1, (At)*1
2C((11)F((11+3)

[taz 1{ Myyy? + Myy,) + Msys/ +M4} 2t%27 1{ Myy, 7™t + Myy, '™ +

M3y, ™t + M4} + taz_l{—Mﬂﬁj_z + Myy, ™% + M3y, ™% + M4}][(n —j+1D2(n—)*+

Ba; +10)(n —j) + 2,2 + 9a; + 12} — (n — N {2(n — j)? + (5a; + 10)(n — j) + 62,2 +
18a, + 12}],

a1a,(At)*1
ClaTr(a;+1)

[taz I{M y /7t - Ms)’zj_l} -

(1- 0—’1)

y2n+1 =y2 4 — en) aztaz—l{Mlyl(t) Msyz(t)}‘l' Ztaz—l{M }711 -2 _

j-2 . a Y aq o, (At)*1
Mgy, }[(Tl ]+ 1) ! (Tl ]) 1] Cla)T(ay+2)
t2 My )72 = Msy, 2} [[(n—j+ D% (n—j+3+2a)—(n—j+ 1) (n—j+3+

a1ay (At) 1

oty Zi=elt T My = My} = 26027 {Myy, )7t — My, ™t +

3ay)] +

t%2 UM, y, 772 — Mgy,/2}][(n — j + 1)%{2(n — )2 + Bay + 10)(n — j) + 2a;% + 9a; + 12} —
(m—N=2n - )? + (5ay + 10)(n — ) + 6a,% + 18a, + 12}],

y3n+1 — y3 _|_ (é( 0_’1)) aztaZ_l{ M6y3 (t) + M2y4_(t) + M73’5(t)} +

(ap)* i i i , ,
% o t%2 T =Mgys ™2 + Myy, 72 + Myys/ 2} [(n — j + 1% — (n — j)™] +

aH« . ._ B g g
C((Z;;x)zr‘(a1+2) [taz 1{ M6y3 + M2y4] ! + M7y5] 1} - taz 1{_M6y3] 2 + M2y4] 2 +

Moy Hl(n—j+ D% (n—j+3+2a)—(n—j+ 1) (n—j+3+3a)] +

ajaz(At)*1

2Cay) M (ast3) 2 [taz 1{ Mgys’ + Myy,” + M7}’5j} - Ztaz_l{_M63’3j_1 + My, 7t +

M7)’5j_1} + taz_l{_M63’3j_2 + Myy, 7% + M73’5j_2}][(n —j+ D" {2(n —j)* + Bay + 10)(n —
D+2a24+9a; + 12} — (n— j)*2(n —j)? + (5a; + 10)(n — j) + 6a,% + 18a, + 12}],

1 _
"t =y,0 + (c( “1)) Ayt 2" M3y, (t) + Mgy3(t) — Moy, ()} +

(At)*1 _ i i i , .
sz}zz t92 M3y, 72 + Mgys'™% — Moy, 2} [(n —j + 1)* — (n — )] +
a-a (At)al _ P P P _ P P
mZ?zz[taz UMy, =t + Mgys ™ — Moy, =1} — t%2 1 {M3y, /=2 + Mgy, /=% —

Moy, 2} {(n—j+ D% (n—j+3+2a) —(n—j+ D% (n—j+3+3a)]+

a,ay (At) 1

2C(apT(arn 2 [taz 1{M3}’2] + Mgy’ — M93’4]} 2t%27 1{M Yo Tt + Mgy, ™t — M93’4j_1} +

t2H My, 2 + Mgys ™% = Moy, 2| [(n = j + D4 {2(n = )* + Bay +10)(n — ) + 20, +
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9a; + 12} — (n — ) {2(n — j)? + (5a; + 10)(n — ) + 6a,% + 18a; + 12}],

(1-ay)
Y5t =y 4+ ——= e ayt®2 =My ys(t) + Myye(t) — My, (6)} +

C(aq)
aa,(At)%1 i_ i_ . .
Conrarn 22t T Mioys’ T2 + Moy = Mpy, 2} [(n —j + D — (n— )™] +
aqa,(At)%1 - - _ i i
(12 2 o[t {=Mygys Tt 4+ Myyed Tt = Myy, M — 92 =My T + Mayed T —

My 72} [n—j+ D% (n—j+3+2a) —(n—j+ D% (n—j+3+3a)] +

a,ay (At) 1

2CapT(atn &) [taz { M103’5]+M23’61_M23’7]} 2t%27 { Myoys’ ™t + Myy/ ™t —

M2y7j_1} + taz_l{_MwJ’sj_z + M,y ™2 — M2y7f‘2}][(n —j+D*%2(n—-)*+ GBay +
10)(n —j) + 2042 + 9a; + 12} — (n — N {2(n — j)? + (5a, + 10)(n — j) + 6a,2 + 18a; +

12}], (23)
1-
Vo' =y6° + ( (al))a t %2 =M1y () yg(t) + M1y, (8) + Mgys(t) — Myye(t) + My, ()} +
(At) 1 . - . . . -
% _p t727 1{ My1y6? "2ye? 7% + Myoya 72 + Mgys! 2 — Myye? % + My,y, 2}[(“ -
. . (At) 1 - . -
j+HD —(n—j)*]+ % z[tw2 1{ M1y’ tyg! ™t + My, ™t + Mgys/ ™ —

Mz)’ej_l + M123’7j_1} - taz_l{_MnJ’ej_ZYSj_z + M12)’4j_2 + Ms)’sj_2 - Mz)’ej_z +

My 7 (n—j+ D (n—j+3+2a) —(n—j+ D% (n—j+3+3a)] +

ajaz(At)*1

2C(a)T (@, +3) & [taz 1{ M11J’6j}’8j +M12}’4j +M83’5j _M2y6j +M123’7j}_

269" H=My1y6 "ty ™t + Mypya Tt + Mgys/ ™t — Myyed ™t + My, 7t +

taz_l{_MnJ’ej_ZYSj_z + M12)’4j_2 + Ms)’sj_2 - Mz)’ej_z + M123’7j_2}][(n —j+D%2n -

N+ Ba; +10)(n —j) + 2a,% + 9a; + 12} — (n — N {2(n — j)? + (5a; + 10)(n —j) +
6a,% + 18a; + 12}],

1-
y, "=y, = (-ay) at®2 My, y6(O)ys(t) — M3y, ()} +

C(aq)
(at)%1 _ i i i . .
WZ}LZ t% 1{M113’6J 23’8] 2 — M;3y,’ 2}[(71 —j+tD% —(n- NN+
aga,(At)*1

D@2 Z?:z[taz_l{Mn}%j_l%j_l — My3y,77 1} — 92 My y/"2ys7 ™2 — Myzy,? 2} [(n —
j+H D% (n—j+3+2a)) —(n—j+ 1D (n—j+3+3a))] +

aaz(At)%1 . _ .
2C(1al§[‘(a1+3) o[t My yed — Mizy, T} — 2% My ye Tty T — Myzy, T +
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92 M,1y6 "2y ™2 — Myzy, 7 2} [(n — j + D2 — )2 + Bay + 10)(n — j) + 2, +
9a; + 12} — (n — ) {2(n — j)? + (5a; + 10)(n — ) + 6a,% + 18a; + 12}],

(1-ay) -
y8n+1 = y80 + T‘Zl)aztaz 1{_M11y6(t)y8(t) + M13y7(t)} +

aqia,(At)%1 _ i i P . .
m j=p t%2 HeMy1y67 2yg/ ™2 + Myzy, 72 H(n —j + 1% — (n — )%] +

a0, (A)*1 oy

C(al)r(al-'-z) J=2[ta2_1{_M11y6]_1y8]_1 + M13y7]_1} —_ taz—l{_M11y6]—2y8]—2 +

My, l(n—j+ D% (m—j+3+2a)—(n—j+D%(n—j+3+3a)]+

agay(At)%1 n

(@D (@it®) ]=2[ta2_1{_M11}’6j3’8j + My3y,7} = 2t%2 =My "ty ™t + Myzy, ) +

taz_l{_MnYG)j_ZJ’sj_z + M13y7f‘2}][(n —j+ D2 —j)*+ Bay + 10)(n —j) + 2a,* +
9a; + 12} — (n— H*{2(n — j)? + (5ay + 10)(n —j) + 6a,2 + 18a; + 12}].

6. Results and discussions

A fractional-order model is proposed for analysis and simulation, to observe the concentration
of chemicals in chemistry kinematics problems with a stiff differential equation. For this purpose,
we used ABC with Mittage-Lefffier law, Atangana-Tufik scheme, and fractal fractional derivative
for hires problem with given initial conditions. Details of parameters values of real data are also
given in [18,19] which will consider for simulation analysis for the proposed study. Solution of
compartment shows in Figures 1 to 8 with fractional fractal operator at different order. Effect of
fraction order can easily be observed in simulation of the compartments having a concentration of
chemical reaction with stiff differential equations. The concentration y; and yg of the chemical
species start decreasing by decreasing fractional values respectively while concentration y,, y3, Vs,
¥s, Ve and y, of the chemical species start increasing by decreasing fractional values. These
concentrations of chemical species converge to our desired value according to steady state by
decreasing the fractional values which shows that it provides us appropriate results at non integer
value. We can get better concentration of the components by using the fractional derivative which are
very important for chemical problem to check the actual behavior of the concentration of the
chemical with smallest changes in derivative with respect to time. It is also very important for
solutions of nonlinear problems which are commonly used researcher and scientist in kinetics
chemistry.
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] Hires Problem with fractional Order Derivative

T T T T T T T T T
ata =1
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1 1 1 1 1
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0.1 1 1 1 1 1 1 1 1 1
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5

Time (t)
Figure 1. Simulation of y,(t) with fractal fractional derivative.

«103 Hires Problem with fractional Order Derivative
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Figure 2. Simulation of y,(t) with fractal fractional derivative.

AIMS Mathematics Volume 7, Issue 1, 1155-1184.



1180

«104 Hires Problem with fractional Order Derivative
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Figure 3. Simulation of y5;(t) with fractal fractional derivative.

Hires Problem with fractional Order Derivative
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Figure 4. Simulation of y,(t) with fractal fractional derivative.
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«103  Hires Problem with fractional Order Derivative
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Figure 5. Simulation of ys(t) with fractal fractional derivative.

«103  Hires Problem with fractional Order Derivative
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Figure 6. Simulation of y(t) with fractal fractional derivative.
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«103 Hires Problem with fractional Order Derivative
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Figure 7. Simulation of y,(t) with fractal fractional derivative.

«103 Hires Problem with fractional Order Derivative
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Figure 8. Simulation of yg(t) with fractal fractional derivative.
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7. Conclusions

We examine the hires problems with stiff systems of nonlinear ordinary equations that rely on
the concentration of chemical reaction of components in this study. The advanced techniques of
fractional operator have been implemented for initial value problem arising from chemical reactions
composed of large systems of stiff ordinary differential equations. The arbitrary derivative of
fractional order has been taken with Atangana-Toufik scheme and fractal fractional derivative.
Solutions have been obtained efficiently within limited time which shows the actual behavior of
kinetic chemical reactions. Existence and uniqueness of results have been verified by fixed point
theorem. Simulations are carried out for different fractional values. New chemical reactions can be
done with the help of these analyses. These concepts are very important to use for real life problems
like Brine tank cascade, Recycled Brine tank cascade, pond pollution, home heating and biomass
transfer problem.
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