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Keywords: renormlization transformation; Potts model; asymptotic formula; Hausdorff dimension;
Julia set
Mathematics Subject Classification: 37F10, 37F45

1. Introduction

It is an important aspect of statistical mechanics to reveal the nature of phase transition by
establishing statistical mechanical model. In fact, the statistical mechanical models on hierarchical
lattices have exhibit a deep connection between their limiting sets of the zeros of the partition
functions and the Julia sets of rational maps in complex dynamics [1-7]. In 1952, Yang and Lee [8,9]
proved the celebrated Unite circle theorem. This theorem deals with the analytic continuation of the
free energy on the complex plane. Here the free energy means the logarithm of the partition function.
They proved the famous circle theorem in an exact mathematical way for an Ising ferromagnet model
in statistical mechanics, which asserts that the zeros of the partition function for some magnetic
materials lie on the unit circle in the complex plane. An important problem stated in Lee-Yang’s paper
is to study the limit distribution of zeros of the function (Lee-Yang zeros). Here the complex
singularities of free energy lie on this unit circle.
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In 1965, Fisher [3, 10] initiated the investigation of zeros of the partition function in the complex
temperature plane (Fisher zeros). However, compared with the Lee-Yang zeros, Fisher zeros do not lie
on the unit circle any more.

After that, people investigated various properties of point distribution of zeros of partition function
of ferromagnet model and antimagnetic model. In 1983, Derrida et al. [4] found fractal patterns in
A-state Potts model in diamand lattice. In fact, by Migdal-Kadanoff renormalization group theory, they
proved that the limit distribution of this physical model are dense in the Julia set J(U,,) of a family of
rational map Uy,,, here
Zz"'—/l_l )2, 1.1)
274+ 1-2

with 4 € N is a positive integer. After this, it was shown that the model for non-integer A may be
describe properties of some physical system. Many examples of physical model show the limit of
zeros of partition function are located in the Julia set of the family of rational function [1,5-7, 11-14].
Bleher and Lyubich [15] investigated the analytic continuation of free energy or complex temperature
plane for Ising model on diamond-like hierarchical lattices. For general models, an important problem
in [15] is that how are the limit set of zeros of partition function and what is their global structure in
complex space?

In recent years, many works have been devoted to the dynamics of a family of rational maps U,,,
of A-state diamond-like hierarchical Potts models. Recently, for a A-state Potts model on a generalized
diamond hierarchical, Qiao [16] proved the limit set of the zeros of the partition function is indeed the
Julia set J(U,,,) of a family of rational map U,,,,. Here

Upa(2) = (

oo _|era-rea-ne-n)”
mnA — (Z+/1—1)n—(Z—1)n )

(1.2)

where m > 2, n > 2 are two natural numbers, A4 € R\ {0}. The standard diamond lattice U,,; and the
diamond-like lattice U,,, are the special cases of U,,,,.

It is well known that the research on the Hausdorff dimension of the Julia set is an important topic
in complex dynamics and fractal theory. Many works had devoted to the asymptotic formula about the
Hausdorff dimension of the Julia set.

The first heart-stirring formula on the Hausdorfl dimension of Julia sets was due to Ruelle [22]. For
polynomials P, = z? + ¢ with degree d > 2, he proved if ¢ is small the Hausdorff dimension dim (J..)
of the Julia set J.. of P, is given by

e’

di J)=1+
imy (Jc) 4logd

+ 0(|c|3). (1.3)

Moreover, Widom et al. [17] improve Ruelle’s result and obtain

| |2 3 (C2E + Ezc)
+ Oy
4logd " 16logd

dimy (J,) = 1 + +0 (|c|4) . (1.4)

In 2012, Yang and Wang [18] use the iterated function system to show the Hausdorff dimension of
the boundary of the immediate basin of infinity of the McMullen maps f,, (z) = z¢ + p\z2. They proved
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that if Q > 3, then for sufficiently small p such that J ( fp) is a Cantor circle, the Hausdorff dimension
dimy (9B,) of 0B, is

2
dimy (0B,) = 1 + k')ng +O(IpP). (1.5)

For U,,,, defined as (1.2), J (U1 (2)) is the Julia sets of U,,,; and dimg (J,,,1) is the Hausdorff
dimension of J (U, (2)). For m = n = 2, Osbaldestin [19] gives the following asymptotic formula for
sufficiently large |1|

. A o
d Joa) =1 A7) 1.6
imy (J220) +4log2+0(|| ) (1.6)
Moreover, Yang and Zeng [20] show the following asymptotic formula form =n=d > 2
A7
dimyy (Ju) = 1 o1 #1). 1.7
imyy () = 1+ o + (1) (1.7)

Furthermore, Gao [21] obtains the following result for sufficiently large |A|

2
1+ 4= co(a™), or m=2,
dimH (JmZ/l) :{ 410g22 (l | ) f

|| 2T —i
L+ igs +O(175),  for m> 3,

(1.8)

Because of the complexity of the parameters in U,,,,, it is difficult to get the dimg (J,,,1) of the Julia
sets J (Una (2)). In this paper, we investigate the dimy (J,,,,) and obtain the following results.

Theorem 1. Suppose |A| is sufficiently large, then the Hausdorff dimension of J (U,,,,) is given by the
following asymptotic formula, i.e.

_2m-1) )
) 1+4 =L L0 |/l|_ﬁ , for m<n,
dimy (Jyuna) = { ;;i’”l} ( ) (1.9)
L+ v o (™), for m>n,

where p, q are two natural numbers related to m and n.
Corollary 1. If m = n > 2, we can get that

A

4logn

dimy (J (U,,0) = 1 + +0(|A|—%). (1.10)

Remark. Yang and Wang [18] proved the same result of Corollary 1 by the factorization [16] of U,,,,.
2. Perturbation theorems

Qiao [16] has dealt with topological properties of the Fatou components of U,,,,. It is proved that
all components of the Fatou set of U,,,, are Jordan domains with at most one exception which is a
completely invariant domain. When |4| is large enough, it was shown that the Julia set J (U,,,) is
actually a quasicircle. In this case the Fatou set F (U,,,,) consists of two Jordan domains. Qiao [16]

has given the following theorem.
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Theorem 2.1. For any given natural numbers m > 2 and n > 2, there exists a constant Ay > 0 such
that J(U,,y) is a quasicircle when |1 > A Furthermore, there exists an annulus
H,ng = {2 |rmmr < 12l < Runa} satisfying mod (H,) — 0 as |1| — +oo such that

J(Umn/l) - Hmn/l’ dlrnH (](Umn/l)) -1 as |/l| — +00.

If the parameter A lies in the unbounded capture domain Hy, then the Julia set J,,,; 1s a quasicircle.
In this case, J,,;,, moves holomorphically in H, and its Hausdorff dimension depends real analytically
on A by a classic result of Ruelle [22]. The following Theorem 2.2 is a weak version of [22].

Theorem 2.2. [20] Let f, : AXC be a holomorphic family of hyperbolic rational maps parameterized
by A, where A is a complex manifold. Then the Hausdorff dimension of the Julia set of f, depends real
analytically on A € A.

Definition 2.1. [20] Let V be a closed subset of R". Amap S : V — V is called a contraction on 'V if
there exists a real number c € (0, 1) such that |S (x) =S (y)| < clx —y| forall x,y € V. A finite family
of contractions {S1,...,S,} defined on V C R", with m > 2, is called an iterated function system or
IF'S in short.

To compute the Hausdorff dimension of J,,,, with 1 € A, we need the following results.

Theorem 2.3. [23] Let {S1,...,Su} be an IFS on a closed set QO C R" such that |S;(x) —S; ()|
cilx—y|lwithO < c¢; < 1. Then

(1) There exists a unique non-empty compact set J such that J = U S; (J).

(2) The Hausdorff dimension dimy (J) of J satisfies dimy (J) < s, where 3,2, ¢} = 1.

(3) If we require further |S; (x) = S; ()| = b;|x — y| for 0 < b; < 1, then dimy (J) > ', where } ", bf, =
1.

IA

The non-empty compact set J appearing in Theorem 2.3(1) is called the attractor of the IFS
{Stoo..8mh

3. Conjugation and solutions

In order to proof Theorem 1, we do some setting first.
Letv = A7, @, = vV (z = 1). Then v = v. We define a new rational map with parameter v
as

f@Q=¢,0Umiog,' (), (3.1
we have

[ (ot ) = = (e 1) = )]

[z +1)" = v 1)']”

H@= (3.2)

Then the family {U,,, : A € UZ, = Uy \ {o0}} becomes {fv cveV; =WV {O}} for sufficiently large
A, where U, and Vj is a neighborhood of co and 0 respectively. Furthermore, we can assume that the
map v — A = v""*! is a proper map with degree mn — 1 from V; to U,

Since for any € € (0, 1), there exists 6 > 0 such that when |v| < ¢, we have f,(D,_,) Cc D,
fo (6\@1_5) c C\D,_,, where D, = {z : |z| < r}. Hence D,_, C F (f,) and D,_, C F (f,), where F (f,) is
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the Fatou sets of f,. So we conclude oy (J(f,),S) < &, S is the unit circle. Where oy (X, Y) is the
Hausdorff ~ distance @ of two  compact sets X and Y is  defined by

oy (X,Y) = max {ma;(xo-(x, Y ),me}/xo-(X, y)}, o (+,-) denotes the spherical distance. This implies
Xe ye

that the Julia sets J(f,) move continuously at v = 0 in the Hausdorff topology. So we get
oy (J(f),S) > 0asv—0.

It is obvious that the Julia set J (f,) moves continuously on V} in the Hausdorft topology since f,
is hyperbolic for v € Vj. Then the Julia set J (f,) moves continuously on Vj in the Hausdorff topology

by adding an new map f, (z) = 7" to the family { HiveV; } By characterizations of stability [24],

the Julia set J (f,) moves holomorphically on Vj. So there is a holomorphic motion 4 : Vy X S — C
parameterized by V|, with base point O such that 4 (0, -) is identity and i (V,S) = J (f,) for all v € V.
The above discussion implies that J (f,) is a quasicircle for sufficiently small v.

Note that the Hausdorff dimension is invariant under a conformal isomorphism. This means that
we only need to calculate the Hausdorff dimension of the Julia set J (f,) of f, since dimy (J (f,)) =
dimy (J (Upnna))-

Note that the Julia set J, of f, is the unit circle if v = 0. For z € Jy, = S, we have f; (z) = Z™". There
exists a holomorphic motion ¢, : Jy — C of Jo parametrized by D, := {z:|z] < &} and with a base
point O such that ¢, (Jy) = J, and

how (@)= 0 fo(2) =, ("), (3.3)

for all z € Jy. Since every point on Jy, moves holomorphically, we can write ¢, in a power series of
v. It is obviously to know that some coefficients are 0 of ¢,. In the following, we adopt the notation
d := mn for convenience.

We distinguish the following two cases.

(D) If m < n, we discuss in the following three subcase.
case(I—1). If m—1< 3 (n— 1), we can get

dd+1
fi(@) =" —d v + (T-'_)Zd”vz(’"_]) +0 (vk) , (3.4)

it is easy to see that the nonzero higher order in (3.4) is n — 1 for % m-1H)<m-1< % (n—1), and the
nonzero higher order in (3.4) is 3 (m — 1) for % (n—=1) > m—1. Thatimplies k = min{3 (m — 1) ,n — 1}.
Since every point on J, moves holomorphically, we can write ¢, (z) in a power series of v, i.e.

e @=z(1+u @V +u @V " +0(W)). (3.5)

Substituting (3.4) and (3.5) into (3.3), and comparing the terms to the second nonzero order about
v, we obtain the following equations

u () - du (2) = —dz, (3.6)
dd-1 dd+1
U (zd) —du, (2) = (T)uf (2)—d(d+1Dzu () + %zz. (3.7)
For each non-zero integer ¢, [ € Z, the functional equation
u(Z) - qu(z) = —q7 (3.8)
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has the formal solution

+00 Zlqk
u@=y . (3.9)
im0 4
Note that the solution (3.9) is convergent if |z] < 1. This means that the solutions of (3.6) is
+00 de
w@ =) . (3.10)
k=0
Therefore, Eq (3.7) can be reduced to
(o] 2 00 1
dd-1)[ e dd+ )
4 3 2 2
uy () = dur () = = [Z | —d@+ 1)2 vl 7 (3.11)
By (3.9) and (3.11), the solution of u; (z) is
+00 +00 dl+k+dk +00 dl+k 2
uz(z):Z[(aHl)Z g T gk [Z 7 ] Ry ) (3.12)
k=0 1=0
case (I —2). If m—1=3(n— 1), we can get
dd+1
fi@) =2 —dz v 4 ((THZ‘”Z + mz”(’"‘”) pHmh O(VS(’”‘I)). (3.13)
Since every point on Jy, moves holomorphically, we can write ¢, (z) in a power series about v, i.e.
0@ =z(1+u @V +u @V + 0 (V" )). (3.14)
Substituting (3.13) and (3.14) into (3.3), we obtain the following equations
ui (1) - duy (z) = —dz, (3.15)
dd-1 dd+1
1 (') - duy (2) = ( 5 V2@ —dd+ Dau @) + & > )2 4z (3.16)
By (3.8) and (3.9), we get the solutions of (3.15) is
+00 de
w@=) (3.17)
k=0
Therefore, Eq (3.16) can be reduced to
o 2 0 1
dd-1)(S L dd+ ) _
d _ 2 n
uy () = dur () = —= (;E —d(d+1)Z v S m (3.18)

By (3.9) and (3.18), the solution of u; (z) is

+o0 +00 dl+k +dk +00 dl+k 2 —nd
NOED [(d+1)§ 5 (E dl) -S| (3.19)
k=0 =0
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case (I - 3). If 1 (n— 1) < m— 1, we can get

dd+1
£2(2) = 2 = dZ N g Dyt (T"_)Zd+2v2(m—l) +O(vm+n—2). (3.20)

Since every point on J, moves holomorphically, we can write ¢, (z) in a power series about v, i.e.
0, (2) =z (1 +u V" '+ VT +us VY + 0 (v’”+”_2)) ) (3.21)

Substituting (3.20) and (3.21) into (3.3), we obtain the following equations

ui (24) = duy (z) = —dz, (3.22)
uy (zd) —duy (z) = mz™", (3.23)
dd-1 dd+1
U3 (Zd) —dus (2) = %uf ()—dd+ 1Dzu () + %zz. (3.24)
By (3.8) and (3.9), we get that the solutions of (3.22) and (3.23) are
+00 Zd
w@ =) (3.25)
k=0
—ndk
(@) = —— Z o (3.26)
Therefore, Eq (3.24) can be reduced to
d(d-1)(S Y A dd+D)
d _ala—-1) < | 2
us (&) = dus () = — [Z dl) d(d+1)z = 7 (3.27)
By (3.9) and (3.27), the solution of u3 (2) is
+00 +00 d[+k+dk d—1 +o00 dl+A 2 d+1
— de
u3(Z)—Z[(d+1)Z T ok [Z d’] “ e | (3.28)
k=0 1=0
I) If m > n, we discuss in the following three subcase.
case(II -1). f m—1<2(m-1), we can get
-1
£.(2) = 2 4 Dyl gl mel % Fm=2),20-1) 4 O(vm+n—2). (3.29)
Since every point on Jy moves holomorphically, we have
v, (2) =z (1 Fur OV VT us VY + O (v”””_z)) ) (3.30)
Substituting (3.29) and (3.30) into (3.3), we obtain the following equations
ui (') - duy (2) = m™", (3.31)
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U (zd) —du, (z) = —dz,

U3 (Zd)‘du3 (2) = d(d2 D ui () +d(m—1)z"u (Z)+m(m2— 1)Z—Zn‘

By (3.8) and (3.9), we get that the solutions of (3.31) and (3.32) are

—nd"

uy (2) = ——Z T

+00 dk
0 (2) = Z o
Therefore, Eq (3.33) can be reduced to

©
e

1=0
—dm-1)z" [

1 S -"dl] m(m -1

- 72
1

n & d

By (3.9) and (3.36), the solution of u3 (z) is

+00 +00 l k +00 I+k \2
m—1 Z—n(d +1)d d—1 7 m—1 gt
us (2) = Z[ 7 2 A 2k 2 d | T madc

k=0 1=0 =0

case (Il -2). f m—1=2(m-1), we can get

m(m—1
fo@) =2+ m vty (¥Z"('n_2) - dzd+1) D 4 0 (D).

2

Since every point on Jy moves holomorphically, we have
0, () =2 (1 +u @V +u VY + 0 (v3(”_]))) :
Substituting (3.38) and (3.39) into (3.3), we obtain the following equations
u (1) = duy (2) = mz™,

d(d2 1) Z(Z)_l_d(m_l)z u; ()

mm-1)
> Z
By (3.8) and (3.9), we get that the solutions of (3.40) is

U (z") —duy (2) =

—dz.

1 +00 _ndk

Uy (Z) = - TR
k=0 dk

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)
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Therefore, Eq (3.41) can be reduced to

+oo  _pai\2
52
Z

e | (3.43)
—dm-1)z"~- mm =D o _ g,
n d! 2
1=0
By (3.9) and (3.43), the solution of u, (z) is
400 too0 ! k +00 I+k \2 k
m— 1 Z—n(d +l)d d _ 1 Z—nd m— 1 ot Zd
S Z( n 2, A 22k 2, N T R | (344)
k=0 1=0 1=0
case (Il -3). f m—1>2(mn-1), we can get
-1
£(2) = 20 + mg Dyl %z’“’"_z)vz("‘” +0 (), (3.45)

itis easy to know that the nonzero higher order in (3.45)ism—1for2(n — 1) <m—-1 < 3(n — 1), and the
nonzero higher order in (3.45)is 3(n — 1) form—1 > 3 (n — 1). Thatimpliesk = min{3 (n — 1), m — 1}.
Since every point on Jy moves holomorphically, we have

0@ =21+ @V + 1w @V +0()). (3.46)

Substituting (3.45) and (3.46) into (3.3), we obtain the following equations

uy (') = duy (2) = mz™", (3.47)
dd-1 -1
u (24) ~ duy (2) = %ﬁ @ +d(m—-1)z"u () + %zﬂ". (3.48)
By (3.8) and (3.9), we get that the solutions of (3.47) is
1 +00 Z_ndk
0@=—= ) (3.49)
k=0
Therefore, Eq (3.48) can be reduced to
2
did-1D(1 S 7
d\ _ _dala— 2
u (21) = duy (2) 7 (n ; 7
_1 - ( N (3.50)
_ " mm-1) _,
—dm-1)z7"- ",
(m=1)z n zgo: d * 2
By (3.9) and (3.50), the solution of u, (z) is
+00 +00 1 k +00 l+k 2
m— 1 Z—n(d +1)d d _ 1 Z—nd m— 1 ondt
= - — e, 3.51
42 () ;( n ; dvE T 2 ; d 2ndt © 5D
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4. Proof of the Theorem 1

In fact, the proof of the asymptotic formula (1.9) is based on the calculation of an explicit iterated
function system. We only give the proof of case (/I — 3) in Section 3, the proofs of the other cases are
the same as this case. Without loss of generality, we suppose that k = 3(n — 1) in (3.45).

For each p > 1, the collection of the fixed points of f” on the Julia set J, forms the finite set

Fix(f?) = {% () : t; = dp%l,l <j<d’- 1}. 4.1)

By (3.3) and the chain rule, we have ( /)’ ((pv (ez’"'ff)) = Hﬁ;& ) (‘PV (eZ”idkff)).
Firstly, we need proof the following proposition.

Proposition 4.1. For every D > 0 and all sufficiently large n, the following holds

dl-1 p-1
D2p

e S Ll oo ) a1

j=1 k=0

v +0 (v3<"—1))) . 4.2)

Proof. By (3.45), we have
_ﬁ;, (Z) — dZd_l + d(m _ I)Zn(m—l)—lvn—l
+ d(m—1)(m— 2)Zn(m—2)—lv2(n—l) L0 (v3(n—1)) .

2

Substituting (3.46) into (4.3), we have
(@ (@) =dz"™" +dz" ((d = Dy () + (m = 1)Z7")
d-1(d-2)
2
+m-1Dmm-1)-1)z"u (2)

(m-1)(m=-2) ,, 2n—1) 3(n-1)
+ 5 Z ) % +0 (v ) )

Define o := o () = €*™. Then 0o = 1. For 0 < m < n — 1, by (4.4), we have
Fe (N = 4 (e (") £ (o))

=d*+ A"+ A v+ AA,

4.3)

+ d7! ((d ~Duy(2) + U2 (2)

4.4)

v e 4.5)
+ B D 4 B v2-D 4 0 (v3(”‘”) :

where _
Ac=d*(d = Du (0) + m =1 ()" (4.6)

and

N 4 (d - 12) d- 2)u§ ()
+d®m-1Dnm-1)-1) (adk)_"u] (adk) (4.7)
N d*(m - 12) (m - 2)(0_dk)—2n.

Bi=d*d-Du (ad’“)
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For every D > 0, by (4.5), we have

e ) =17 e e)f)

(l N A+ A vl + B2 4 By (2D

-1 -1

'E
"\*a

k

1l
[«
~
1l

0

Il

=

>}
»:“c
Il |
o —

2
D
— 2 -7
AkAk vn_] | 2n—1
+T +0 (V )
p-1 o o
=d "’ - d PPN (A + Ap vt + BpD 4 B y20eD) (4.8)
k=0

D . n— A A 42—
- Ed pD 4[ Z (AklAkzvz( D + Alq Akzvz( 1))

0<k)<kr<p-1

)L AA

vn—l|2]
0<ky,kr<p—1

| 2
L DD+2) D(D +2) -po- 4[12 (A0 +kaF)] +0(ye ).
k=0

Let k, ki, k, € N. If p > 1, we can get the following results.
(1) Since (d,d” — 1) = 1, we have (d",dq - 1) =1, k> 0. That is

d* %0 mod d’ - 1. (4.9)

(2) Since d” — 1 is relative prime to d° (K’ > 0) by (1), it shows that & + 1 2 0 mod d” — 1 (k > 0). Let
k=Ip+t(1>0,0<t<p-1). Wehaved*+1=d?" —d" +d" +1=d -1 # 0modd’ — 1 since
0 <|d'+ 1| <|d' - 1| That shows

d“ +d® =0 mod d’ - 1. (4.10)

(3) Since d? — 1 is relative prime to d*, k' > 0, we can find k such that & — 1 = 0 mod d”? — 1 for fix
p>1.Letk=Ip+t,wherel>0and0<t<p-1. Wehaved—1=d""—d'" +d —1=d —1mod
d? — 1. This means that d* — 1 = 0 mod d” — 1 if and only if # = 0 since |d' — 1| < [d” — 1|. We get

d"" —d* mod d” —1if and only if d' —d" = Ip for somel € N. 4.11)

It is convenient to introduce the average notation

(G (1), = dp]_ - G(t). 4.12)

J=1
where G is a continuous function defined on the interval [0, 1) and ¢; = = is defined in (4.1).
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For each p > 1 and any / € N, it is straightforward to verify that the average in (4.12) has following
useful property

. 1, if I=0 mod d" -1,
(), =1, =6 e @)

By (3.49) and (3.50), the average property (4.13) and (4.9), (4.10), it can be get the following
results.
Suppose 0 < k, k1, k, < p— 1, then

(), =0, r49) =0
(i (o)), = 0. (" (o)), = 0. @.14)
(r (o) (7)), = 0 and (2 (")), = 0.
As an immediate result of (4.14), if 0 < k, ky, k, < p — 1, we have
(A, = (Kk)p =0, (By), = <B_k>p = 0 and (A, Aw,), = (A, ATQ)p =0. (4.15)

By (4.8) and (4.15), we have

r - -nD Dz N
<va o > =d" |1+ > {(AuAn),
p

v"-1|2] +0(v0 D). (4.16)

k=0 0<ky ko<p—-1

By (4.6) and (4.7), we have
<Ak1A_k2>p = d4(d - 1)2<u1 ( d l)l/ll (O-dk2)>p + d4(m _ 1)2<0__n(dk1 _dk2)>

A _ 1 nd2 | (a2 —ndh
d(d-1)(m 1)<u1(0' )0' +u1(0'd )0' >p.

p

(4.17)

Since 0 < k1, ky < p — 1, it follows that k; — k, = [p for [ € N if and only if k; = k,. By (4.11), we
have

—n(d1-d2)\ _ 1, if k =k,
<(T >p { 0, otherwise. (4.18)
That means
<0_—n(dk1 —dk2)>p = p. (4.19)
0<ky,kr<p-1

Similarly, by (4.11), we have

(uo)or) =1 5

=0 (4.20)
_ %‘Z;_f’ if k; > ko,
Lz i gy < k.
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That means
1 dkl —ka 1 dP—(kz—kl )
il nd*2
u (0' o = —— -
O§k1,kzzsp—1< ) >,, n ogkzszkl:s;)—l @ -1 n 0sk1<zk;s;a—1 dr—1

1 p 4.21)

= —— d+---+d’
nde —1 ( )

___pm
d—1"

Moreover, by (4.11), we have

+00 +00 <0'_n(dk]+[1 _dk2+l2)>

<u1 (") uy (andk2)> =3, T (4.22)

P =1 b=l

Similar to the reduction process of (4.21), we have

> <u1 () (Udk2)>p - (dpfi)z' (4.23)

0<ky,kry<p—1

By substituting (4.19), (4.21) and (4.23) into (4.17), we have

> (A,QA_,Q)F = pd". (4.24)

0<ky kr<p-1

For every D > 0 and sufficiently large p, the following holds

p-1 D D*p Vn—l|2
’ d _ —-pD 3(n—-1)
<]—[ £ (oo (o) > = || (1 +————+0 (). (4.25)
k=0 »
That is (4.2) holds. The proof of Proposition 4.1 is complete. O

Note that J, is a quasicircle and 0 and oo are two attracting fixed points of f,, and ' has d? + 1
fixed points in C, then we get f has d” — 1 fixed points in J,. Set Fix (f) be the collection of all the
repelling fixed points of f, with period p. We get the following proposition.

Proposition 4.2. Let D, := dimy (J,) be the Hausdor{f dimension of J,, we claim that D, satisfies the
following equation
’ -D,
Z (7Y @] =0. (4.26)
zeFix(f)

Proof. Since f, is hyperbolic and the Julia set J, of f, is a quasicircle, there exist a pair of closed
annular neighborhoods W;, W, of J, and a quasiconformal mapping ¢ : W, — A., € > 0 is small
enough and A, := {z: 1 — & < |z] < 1 + &}, such that ¢ conjugates f, : W; = Wy toz - z% orz - 77
Without loss of generality, we only consider the first case.

The Julia set of a hyperbolic rational map can be seen as the limit of a sequence of IFS. These IFS are
defined in terms of the inverse branches of the iterations of the rational map. Since J, separates 0 and
oo, we define a curve y 1= ¢! ([(1 - 1+ s)d]) C W,. In order to define IFS, we lift J, and f, under
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the exponential map. Fix a component of exp~' (W,\y) and denote it by U. Then U is topologically a
strip and exp : U — W,\y is conformal in the interior of U. For each p > 1, the map f/ : W, — W,
has d” inverse branches, say T, - - - , T4, each maps W,\y onto a half open quadrilateral such that their
images are arranged in anticlockwise order one by one. Define §; := logoT; o exp, 1 <i < d”, be the
map in U. Then each §; is conformal in the interior of U and can be conformally extended to an open
neighborhood of U. Since f, is strictly expanding on W, {S,--- ,S 4} is an IFS defined on U.

The attractor J,” of {S,---,S 4} is a closed set satisfying J, = exp (J,"). Moreover, J,\ {z;} is the
conformal image of J,” with two ends removed, where z; € J, N7y is a fixed point of f,. This means
that the Hausdorff dimensions of J,” and J, satisfy dimy (J,") = dimy (J,). Let F, |y := U¥ S ;! |S,-(U)
be the lift of £’ under exp. Then for 1 < i < d” each S; (U) contains only one fixed point ¢; € J,” of
F, in its interior and for i = 1 or i = d” the fixed point on its boundary. Since §; can be conformally
extended to an open neighborhood of U, by Koebes distortion theorem, there exist two constants Cy,
C, (0 < C; £1 < () both independent of p, such that

G _Si@-Si0l__ G

CL < & 4.27)
|Fp (fi)| lx =l |Fp (gi)|
where 1 < i < d”, x,y € U. By Theorem 2.3 we get 51 < D, < 55, where ¥ ij|FP’ @[ =1
j=1,2. Then
11 o1 v a1 !
SR S T r o S i T oD S i e o S e S *:28
cr Gy 2 [Fy @) 2 |7y @) 2 [Fr @l el G

Since F), is conformally conjugate to £ in the interior of each S; (U), we have F,’ (&) = (f?)’ (exp (&)
for 1 <i < dP. Therefore, by (4.28), we have

2, Z’ Y|y (exp @)

zerx(f ) |(fp
The proof of Proposition 4.2 is complete. O
The Proof of Theorem 1. By Proposition 4.1 and Proposition 4.2, we have

Zl - |F, ({dp)l "=0(). (4.29)
’ IF @)

D?plv

4

n—ll2

ld? — 1||d| """ (1 + +0 (ﬂ*”)) =0(1). (4.30)

Fix some large p when v is small enough. Then (4.30) is equivalent to

exp (p (Df

By Theorem 2.1 and Theorem 2.2, D, depends real analytically on v in a small neighborhood of the
origin and Dy = 1. This means that in a small neighborhood of 0, D, can be written as

v = (D, - 1) log |d|) + O(v“”‘”)) =0(D). (4.31)

v o (ven). (4.32)

D, =1+ a; /" + agv=! + axpv* ™" + a2V + ayy

Substituting (4.32) into (4.31) and comparing the corresponding coeflicients, we have
1

ajp =dogr = axy =dop = 0 and a = m (433)
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That means
112
V! |

Hlogld] ()

D,=1+

So the Hausdorff dimension D, of J (U,,,;) 1S

1" =

D,lzl'i‘

3(n-1)
+O(/1_mn71 )
4log mn 4

This ends the proof of the case (/I — 3) in Theorem 1.

(4.34)

(4.35)

Similarly, the other cases can be proved by the similar method as used in the case (/I — 3). Hence

the Hausdorfl dimension of dimy (J,,,) 1s given by the following asymptotic formula.
DIfm<n

-t 31
1+ ot +O(|/1| 2 ) form-1<t-1) orm—-1=1@m-1),
1 = = _on=l
Aims ) = 14+ e + O(W), for =D <m=1T<4-1),
T Tmn— _m+n-2
L+ B+ O (10 T), form—1>1m-1).

D) Ifm > n

2(n—-1)

| 4 W +O(|/1|—373;1]|)),f0rm—1>3(n—1) orm—1=2n-1),

4log(mn)
20-1)

dimy (Jyna) = § 1 4 WLt +0(|A|-%), for2(n-1)<m-1<3m-1),

410%(mn)
|,]|7n(1rr'17_—1]) _ m+n=2
1+410g(mn)+0(|/l| mn—l), form_1<2(l’l—1),

The proof of the Theorem 1 is complete.
Proof of Corollary 1. If m = n, then d = n?, we can get

d@d+1) 4,
2

— 2_ — —
+nZ" VY + (1 = n)d?" ”“) p2h oy O(v3(" D).

fv (Z) — Zd + (nzﬂ("—l) _ dZd+1)Vn_1 + (

Since every point on Jy moves holomorphically, we have
0, (Z) — Z(l + u (Z) vn—l + uy (Z) v2(n—l) + O(V3(n—l))) .
Substituting (4.38) and (4.39) into (3.3), we obtain the following equations

u (zd) —du; (z) = nz " - dz,

u (2) = duy (2) = @uﬁ @+ (dn-Dz"—dd+1)2)u (2)
+ nnz b (n2— l)z_zn + —d (d2+ 1)z2 +(1 - n)dzl_”.

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

AIMS Mathematics Volume 7, Issue 1, 939-956.



954

By (3.8) and (3.9), we get that the solutions of (4.40) is

_ +00 de Z_ndk 442
w@ = |- | (4.42)
k=0

Therefore, Eq (4.41) can be reduced to

J d(d ) Z—nd’ 2 +oo Zd’—n Z—n(d’+1)
uz(z)—duz(z) — Z(dl_ndl) +d(n—1);;( R )

=0
d'+1 —nd'+1
4 b4 nn—-1) _,, (4.43)
_d(d+1)2( Y )+ ;¢
=0
dd+1
+ gzz + (1 = n)dz" ™.
2
By (3.9) and (4.43), the solution of u; (z) is
+o0 d1+A +dt _pgd Rt dl+k —nd" V)2
Z d-1 Z
i (2) = Z ((d +D Z[ ditk pgitk ] 2 (Z (dl+k nd+k ]]
k=0 =0
d'—n)d* —n(d'+1)d* _ 1 —2nd*
n—l)Z GRS S I i (4.44)
dl+k ndl+k 21’1 dk
1 724 (1-n)d*
d+ 1z (1- n)Z
2 dr dk

It can be proofed by the method as Theorem 1 that if |4] is sufficiently large, the Hausdorftf dimension
D/1 of J (Umn/l) 18

2(n—1)

200 - -
Dy=14+24 7, 0(|ﬂ|‘322-13). (4.45)
4log n?
i.e. ,
|| _
D=1+ +O(|A7=1). 4.46
1= 1+ giogn HO () (4.46)
i
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