AIMS Mathematics, 7(1): 651-666.
ATIMS Mathematics DOI:10.3934/math.2022041
%5 Received: 25 May 2021

o Accepted: 11 October 2021
http://www.aimspress.com/journal/Math Published: 15 October 2021

Research article

On the eccentric connectivity coindex in graphs

Hongzhuan Wang”, Xianhao Shi and Ber-Lin Yu

Faculty of Mathematics and Physics, Huaiyin Institute of Technology, Huai’an, Jiangsu 223003,
China

* Correspondence: Email: wanghz412@163.com.

Abstract: The well-studied eccentric connectivity index directly consider the contribution of all edges
in a graph. By considering the total eccentricity sum of all non-adjacent vertex, Hua et al. proposed
a new topological index, namely, eccentric connectivity coindex of a connected graph. The eccentric
connectivity coindex of a connected graph G is defined as

EG) = ). (eau)+8600).

uv¢E(G)

Where g5(u) (resp. €g(v)) is the eccentricity of the vertex u (resp. v). In this paper, some extremal
problems on the EC of graphs with given parameters are considered. We present the sharp lower bounds
on EC for general connecteds graphs. We determine the smallest eccentric connectivity coindex of cacti
of given order and cycles. Also, we characterize the graph with minimum and maximum eccentric
connectivity coindex among all the trees with given order and diameter. Additionally, we determine
the smallest eccentric connectivity coindex of unicyclic graphs with given order and diameter and the
corresponding extremal graph is characterized as well.
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1. Introduction

Throughout this paper, all graphs considered are finite, simple, undirected and connected. For a
graph G = (V, E) with vertex set V = V(G) and edge set E = E(G). The degree of a vertex v € V(G),
denoted by dg(v), 1s the number of edges incident with v. For vertices u, v € V(G), the distance d(u, v)
is defined as the length of a shortest path between u and v in G. The eccentricity e5(v) or &(v) of a
vertex v is the maximum distance from v to any other vertex in a graph G. The diameter of a connectd
graph is the maximum eccentricity of any vertex in the graph. A pendent vertex is a vertex of degree 1.
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Let P,, S, and C, denote the path, the star and the cycle on n vertices, respectively. By G — v or G\v
we denote the graph obtained from G by deleting a vertex v € V(G). By G — uv we denote the graph
obtained from G by deleting an edge uv € E(G) (This notation is naturally extended if more than one
edge are deleted). Similarly, G + uv is obtained from G by adding an edge uv ¢ E(G). A path in
a connected graph is said to be a diametrical path, if this path is of length equal to the diameter. A
connected graph is said to be a tree if it contains no cycles. Connected graphs in which the number
of edges equals the number of vertices are called unicyclic graphs. A cactus is a connected graph in
which any two simple cycles have at most one vertex in common. The set of cacti with n vertices and
k cycles is denoted by C(n, k). If G € C(n, k), then |E(G)| = n + k — 1. Other notation and terminology
not defined here will conform to those in [4]. In organic chemistry, a molecular graph represents the
topology of a molecule. A topoloical index is a function defined on a molecular graph regardless of
the labeling of its vertices. Till now, a number of topological indices are introduced and widely used
in QSAR/QSPR studies. One of them is the eccenric connectivity index (ECI) of graph G, denoted by
£°(G), was introduced by Gupta et al. [12], which is defined as

£G) = ) dewagu).

ueV(G)

The eccentric connectivity index has been shown to give a high degree of predictability properties
and may provide leads for the development of safe and potent anti-HIV compounds [5, 13].
Furthermore, the eccentric connectivity index also has a lot of applications in neural science and
entropy, see [14, 18]. For the mathematical properties of this index see [1,9, 11, 17] and the references
cited therein.

The eccentric connectivity index of a connected graph G can be rewritten as

£G) = ). (eau) +86(0).

uveE(G)

As is know that the eccentric connectivity index has been used extensively in physical and biological
properties. They are defined as sums of contributions dependent on the eccentricity of adjacent vertices
over all edges of a graph. By considering analogous contributions from pairs of non-adjacent vertices
capturing and quantifying a possible influence of remote pairs of vertices to the molecule’s properties,
and motivated from [2, 3], Hua and Miao [8] considered the total eccentricity sum of non-adjacent
vertex pairs which is defined for a connected graph G as

EG) = ) (ec)+860), (1)

uv¢E(G)

and call this eccentricity-based graph invariant the eccentric connectivity coindex EC(G). By (1),
eccentric connectivity coindex can be rewritten as

EG)= Y awn-1-dgw). 2)

ueV(G)

The cactus graph has many applications in real life and much works has been done to study the
extremal graph according to different index. For more results on the cactus one may be referred to
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[6,7,10,15,16]. In this paper, we continue the above direction of research by considering the extremal
problems on the eccentric connectivity coindex.

This paper is complied as follows. In Section 2, we present the sharp lower bounds on Ec for general
connecteds graphs. In Section 3, we characterize the extremal graphs with the minimum EC among cacti
of given order and cycles. In Section 4, we characterize the minimal and maximal EC of trees with given
order and diameter. In Section 5, we study the minimal EC among unicyclic graphs on n vertices with
diameter and characterize the extremal graphs.

2. Eccentric connectivity coindex of connected graphs

Hua (2019) characterize all extremal graphs with the maximum and minimum eccentric connectivity
coindex among all connected graphs of given order and establish various lower bounds for this index
in terms of several other graph parameters. In this section, we continue the investigation along the lines
of [8] and present the sharp lower bounds on EC for general connected graphs with minimum degree.

Theorem 2.1. Let G (# K,,) be a connected graph of order n with minimum degree 6. Then
EG) =4n—1-0),

with equality if and only if G = K? (6 < n— 1). Where K¢ is a connected graph of order n obtained by
joining a vertex to the 6 vertices in K,_;.

Proof. Let v, be one vertex of degree 6. Denote by Ng(v,) = {vi,va,---,vs}, also let
S ={vs+1,- - ,Vu1}. Since G # K, we have 6 <n —2 and |s| > 1. Thus V(G) = Ng(v,) US,US. For
v; € Ng(v,), we have eg(v;) > 1 and dg(v;) <n—1. Forv; € §, we have dg(v;) < n—2 and &6(v;) > 2.
Moreover, £6(v,) = 2 and dg(v,) = 6. By the definition of EC(G), we have

EG) = ) emn-1-do)+ Y ea)n—1-dg() +ec(v)n—1-0)
VvENG (V) veS
> 0+2n-1-n-2)(n—-6—-1)+2(n—-1-9)
= 4(n-1-9).

Suppose the equality holds in above equation, then all the inequalities in the above must be equalities.
Thus, we have dg(v;) = n—2, eg(v;) = 2 foreachv; € S, dg(v;) = n—1, gg(v;) = 2 for each v; € Ng(v,))
and dg(v,) = 9, e6(v,) = 2. Hence, we find that vertex v, is adjacent to the vertices of degree n — 1 and
each vertex in S is degree n — 2. So G = K? (6 < n — 1). This completes the proof. O

3. Eccentric connectivity coindex of cacti

In this section, we turn our attention to eccentric connectivity coindex for cacti and in particular on
. . —=C
extremal cacti regarding & .
We start with a useful lemma.

Lemma 3.1 ( [8]). Let G be a connected graph of order n, size m and diameter d. Then
£(G) = 2n(n—1)—4m,
with equality if and only if d < 2.
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Let C* be the cactus by adding k indepent edges among pendent vertices of S, (see Figure 1).

Figure 1. The graph C* with n vertices and k cycles of length 3.

Theorem 3.2. Let G be a cactus on n > 5 vertices with k cycles. Then
E(G) > 2n* — 6n — 4k + 4.

The equality holds if and only if T = C*.

Proof. Suppose that N is the set of vertices of degree n— 1. ng is the number of elements in N. Assume
that ny > 2, let u, v be two vertices in G such that dg(#) = dg(v) = n — 1. Then g5(u) = eg(v) = 1.
It follows that G is not a cactus. Since there exists cycles sharing common edges in G, then ny = 0 or
ny = 1. If ny = 1, then there is a unique vertex v in G such that d;(v) = n — 1, thus g5(v) = 1, hence
each vertex in G\v is adjacent to v. Therefore the cacutus G is obtained by introducing k indepedent
edges among pendent vertices of S, then G = C* and € (G) = 2n* — 6n — 4k + 4.

Now, we assume that ny = 0. Let d be the diameter of G. Then d > 3. Otherwise, if d < 2, let u
be the vertex of maximal degree in G. Then any other vertex of G\u must be adjacent to u, otherwise
d > 3, then ny > 1, a contradiction. By Lemma 3.1,

EG)>2nn-1)—dm=2n(n—1)—4(n+k—-1)=2n>— 6n+4 — 4k.

Note that, there are exactly n + k — 1 edges in cacutus on n vertices and k cycles. This completes the
proof. O

4. Eccentric connectivity coindex of trees with given diameter

In this section, we shall determine the tree of diameter d with the minimum and maximum EC
respectively.

The volcano graph V,,; is the graph obtained from a path P, and a set S of n —d — 1 vertices by
joining vertex in S to the central vertex of P, ;. Obviously, if d is even, there is only one center of
P,.1. 1f d is odd, there are two central vertices of P;,; (See Figure 2). The caterpillar tree with respect
to Py = upuy - - - uy, denoted by CP(S+,---,S4-1), is the tree obtained from P, by attaching S; new
verticesto u;, for 1 <i<d-1.
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n—d-1 n—d-1
—
Up up I/t% Ug—q Uy U up M% M% Ug_ Uy
d is even d is odd
Figure 2. The graph V, ; with d even and d odd.
Let
§-1 : n2d—nd—nd+2n’—6n—4d+3d>+4 P
fi(n,d) 2 d=D2n-6)+ 3 if n is even,
1, d) = 4l ) _ _ _ e
i:21 (d - i)(2n - 6) + n’d nd2+3n2+3r;d 8n+3d>—4d+1 if n is odd,

Theorem 4.1. Let T be a tree on n (n > 5) vertices with diameter d > 2. Then
E(T) 2 fi(n,d).

The equality holds if and only if T =V, 4.

Proof. Let Ty be a graph chosen among all trees of order n with diameter d such that 7, has the
smallest .;_*C. First, we have the following claim.

Claim 1. Among all trees T with order n and diameter d, min(EC(T)) is achived on caterpillars.

Proof of Claim 1. Let T be any tree that is not a caterpillar with order n and diameter d. Let P be
the diametral path of T', connecting u, to u,;. Then the eccentricity of each vertex w of T is equal to
max{d(w, uy),d(w,uy)}. Let z ¢ {ug, uy} be a vertex of P and let 7, be a maximal subtree of T which
contains z but no other vertex of P. We may assume that z can be selected such that £7.(z) = k > 2,
for otherwise T 1is a caterpillar. Let u be vertex of T, with d(u,z) = k — 1 and let v be the neighbor of
u with d(v,z) = k—2. Let S = N(u)\v and let s = |S|. Note that s > 1. Let 7' be the tree from T
by replacing the edges between u and the vertices of S with the edges between v and the vertices of S.

Then we have

EM-ET) = ) erwn—1-drw)— > erw)n-1-dpw)

weV(T) weV(T’)

=er()(n—1—dr(w) + er(V)(n -1 —dr(v))
+ Z er(wW)n =1 —dr(w)) — ep(u)(n -1 - dr(u))

weS

—er(Mn—1-dp(v)) - Z er(w)(n —1—drw))

weS
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> s(er(v) = &) + Y (1= 1 = dr(w)).

weSs

Note that er(u) = e7(v) + 1, er(w) > ep/(w) + 1 for w € S and since d > 2, we get that dy(w) < n - 2.

Hence
EM-ET) 2-s+@m-1Ds- z; dr(w)
= (1-2)s~ ) dr(w)
>mn—-2)s— EV;S— 2)s = 0.
Therefore,

E(T) > E(T).

If 77 is not a caterpillar, we can repeat the construction as many times as required to arrive at a
caterpillar. Since at each step the value of EC(T) is decreased. Thus the claim is proven.

Since T is the extremal tree with diametral path P = wuyuy,--- ,uy. By claim 1, we conclude that
all vertices of V(T')\V(P) must be pendent vertices attached at some vertices of P, we denote this tree
T,. We now consider the case when d is even, if there exists some vertex u; (i # %’) of P with pendent

vertices (say wy, wp -+ ,w, t > 1) attached. Let
Ty =Ty = {wwi, uiwa, - uwi} + {ugwy, ugwa, -+ uawy}.

By the definition of Ec, we have

EM)-E(T) =) enw(n—1-dpw)+er,@)(n—1- dr,w))
k=1

e, (ug)(n— 1= dr,(ug)) = > er,w)(n = 1 = dr,(w))
k=1

—er,)(n = 1 = dr,(u)) = &1, (ug)(n = 1 = dr,(ug)).

As dr,(wi) = dry(w) = 1, (k = 1,2,---,1) and &1,(wi) > er,(wi), er, ;) = er,(w;) > &r,(ug) =

er,(ug), &r,(We) — er,(Wi) = er,(u;) — &r,(ug).
Then, we have
E(T)—E(Ty) = ter,(wi(n = 2) = ter,(w)n = 2) — ter, (u) + ter, (ug)
> 1(n = 2)(er,w) = er,w0) = t(er, ) — er,(uy))
= (n = 2yt = 1] (er, (w) = &7, (1)
= (n - 3)t(er, (W) — &7,(wp))
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> 0.

Therefore,

E(T)) > £ (Ty).

Continue this procedure, forming new trees, untill all the pendent vertices in T are adjacent to u d.
If d 1s odd, similarly, the extremal graph must be the graph obtained from a path P,,; by some pendent
vertices attched on the center of P,,. Thatis to say, Ty = V,, 4. This completes the proof. O

For even d,

! n2d = nd® — nd + 20 — 6m — 4d + 3d° + 4
;(d —)2n—6)+ 5

n(n-2)d+2) (n-2)d>+3d+2) , dd=2Gn-17)
- 2 B 2 4

E(Va)

+2d(n - 2).

_ _ 2 _ _ . . .
Let f(x) = 2 22)(“2) — 2)(x2+3x+2) 4 2 2)4(3" D 4 2x(n—2), (x> 2). It remains to determine which

value of x minimizes f(x). For this, we use the first and second derivative test. Noting that

nin—2) B (n—-2)2x + 3) N x-1D@Bn-7) N

5 > > 2(n—2).

f'x) =

v 3n-7 n-3
') =-(n-2)+ 5= > 0.

f”(x) is positive for x > 2, then f’(x) is an increasing function for x > 2. So

n(n—2)_7(n—2)+(3n—7)

I > 5+ 2n-2)
nr-2n-1
B 2
_(n—1)2—2
B 2
> 0.

Therefore, f(x) is an increasing function for x > 2.
Then

EVa) <& Voanr).

For odd d, we obtain the same result. Therefore, we obtain the following chain inequality

EP)=E V) >E Vupa) > >E (Vo) =E(S,). (3)

We denote by H(p, n, q) one double starlike tree which is obtained by attaching the centers of two
stars K , and K 4 to the ends of path P,_,, respectively, where p+¢g = n—d — 1. The broom graph B, 4
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consists of a path P,_;, together with n — d pendent vertices all adjacent to the same pendent vertex of

P,_y, obviously, B,; = H(O,n,n —d — 1), see Figure 3.

P q n—d-1
S‘ o o . . l o ® °. ° ° . l PY
Uuo u I/t% Ug—1 Uug U u; I/td%l I/td%l Ug—1 Uug
H(p,n,q) B(n,d)

Figure 3. The graphs H,,, , and B(n, d).

For any tree T € H(p, n, g), we have EC(T) = EC(BM) = fr(n,d). Let

Ti' (ST

(d = )(2n — 6) + SL=Ind2nd2nd+2n-2-7d

Z 1 2
zj(d— N2n—6)+3d*—2nd +n*d —nd*+n—-1-2d  ifnisodd,

if n is even,

W

fn,d) = {
Theorem 4.2. If T is a tree of order n and diameter d, then

E(T) < f(n.d).
The equality holds if and only if T = H(p, n, q).

Proof. Let P = ugu,,--- ,u, be a diametral path in 7. Asssume that 7 is not the graph H(p, n, g), then

there exists a pendent vertex v of T, v # u, such that v is adjacent to a vertex u, where u # u,_; and

u # u; (It is possible that u lies on P). Denote by {v{,v,,--- , v} be the set of pendent vertices which
are adjacent to u and v; # up fori = 1,2,--- , k. Let
T =T —{uvi,uva, - ,uni} +{ug_1vi, ug-1va, - -+, ug-1ve}-

Note that 7’ has the same order and diameter as 7. We will show that 7’ has a larger eccentric

connectivity coindex than 7.

k
EM-EM) =) er(n—1-dp)+er@(n-1-dpw)

i=1
k

tep (g )(n—1=dp(ug) = Y ern=1-dr(v)

i=1

—er(u)(n — 1 = dr(w) — er(uq-1)(n — 1 = dr(ug-1)).
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As  dr(v) = dr(v;) = I, @ = 1,2,---,k) and ep(v;) > er(vi),

er(u) = er(u) < ep/(ug-1) = er(ug-1), er(vi) — er(vi) = er-(ug-1) — er(u). Then, we have

ET)-EM)  =kin=2)(er () —er(v) - keruar) - srw))
= k(n = 2)(er (v)) — £r(v)) = k(&7 (v) — £r ()
= k(n = 3)(er(vi) — er(vi))
> 0.

Then
E(T') > & (T).

Continue this procedure, forming new trees untill all vertices outside P having degree one are

adjacent to x,_;. Thus a tree H(p, n, q) of order n and diameter d is obtained, one has
& (Bya) =& (H(P,n,q)) > € (T).
This completes the proof. O
Similar to previous discussion, we have EC(B,,,d) < EC(BM,Jr 1) for any d > 2. Therefore, it follows
that
EP) =& Byyt) > E Buya) > >E (Buo) =€ (S,). (4)

Summarizing theorems 4.1, 4.2 and these inequlities (3), (4), we have the following result.

Theorem 4.3. Let T be a tree on n vertices. Then
22 —6n+4<E(T) < pn,n—1).

Where f>(n,n — 1) as mentioned in theorem 4.2. The left quality holds if and only if T = S, and the
right equality holds if and only if T = P,.

5. Eccentric connectivity coindex of unicyclic graphs with given diameter

In this section, we consider the minimum EC of unicyclic graphs with given diameter. Let G¢ be
the unicyclic graph with order n and diameter d. First, for even d, let V,L , be the graph obtained from
Pgi1 = upuy.- - ,uy by attaching n — d — 1 pendent edges to g and adding an edge between gy and
one of the attached pendent vertices of u d. Let Vi , be the graph obtained from Py, = uou;.--- ,uq by
attaching n — d — 1 pendent edges to u d and adding an edge between two attached pendent vertices of
i, (see Figure 4).

For odd d, let Vi , be the unicyclic graphs in which there are s, 7 (s +¢ = n—d — 2) pendent vertices

adjacent to u at and u 4 of diametrel path respectively. Let Vj’ , be the unicyclic graphs in which there
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are p, q (p +q = n—d — 3) pendent vertices adjacent to Ut and Uast of diametrel path respectively,

(see Figure 4).

Vs’ J (When d is odd) Vi, (When d is odd)

Figure 4. The graphs in Theorem 4.1.

By direct calculation, for even d,
d_1

EWV )=EV?) = Z(d —)(2n-6)+2d(n-2) +
i=1

d@-2) @+ =20 -d)-n)
2 2 :

For odd d, any G € Vfl” ,» we have

d=1_1

E(G)= ) (d-i)2n—6)+2d(n—2)+ d+D@n+d-9) n-2d+3)n-d-2)
i=1

2 2

If G, € V} ,and G, € V; ,. By direct calculation we find that, Z(G)) < € (G,). Let

1

f (n d) { Z,‘ _11(d _ l)(zn _ 6) + 3d2—6d+n2d—nzd2+2n2—6n—nd ifnis even,
3\, =

-1 . 2 _nd—6d— 2 nd? 4302 . .
,':21 (d _ l)(2n _ 6) + 3d-—nd—6d IOn;—n d—nd”~+3n°+3 if nis odd.

[T

Y

Theorem 5.1. Let G be a unicyclic graph on n (> 7) vertices with diameter d > 2. Then

£(G) = fi(n,d).

The equality holds if and only if G =V, ,or G = V> for evend and G = V;, , for odd d.
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Proof. Choose Gy in QZ such that EC(GO) is as small as possible. Let Py,; = uouy,--- ,uy be a
diametral path and C; be the unique cycle in Gy. Similar as the proof of theorem 4.1 all vertices in
V(Go)\{V(P)U V(Cy)} must be pendent vertices and adjacent to some vertices of V(P)U V(Cy), we
denote it by G*. First, we consider when the diameter d is even, we proceed by considering the
following possible cases.
Case 1. |V(C) N V(Pyy) = 1.

In this case, let V(Cy) N V(Pyy41) = u;. In the following, we show three facts.
Fact 1. All vertices in V(G*)\{V(P) U V(C;)} must be adjacent to u d of P.
Proof of Fact 1. If there exists a vertex u, (with s # g) of P with pendent vertices, say wi, wa, -+ , Wy
attached in G*. Let

*
G =G —{ugwi, uswo, - -+ uwi}) + {Uawy, ugwa, -+, ugwil.

By a similar approach in the proof of theorem 4.1, we get EC(G*) > .g_fc(Gl), a contradiction to our
choice of G*. Similarly, we conclude that there is no pendent vertices attached the vertex of cycle C;
in G* other than u;. That is to say, each of the vertices other u; on cycle C; in G* is of degree 2. This
completes the proof of fact 1.
Fact 2. The length of the cycle C is equal to 3, i.e., k = 3 in G".
Proof of Fact 2. If the length of the cycle k # 3.

Let C, = ujviva, - -+, vioiu; and Ng«(u;) N V(Cy) = {v1, vi—1}. Let

Gy =G = E(Cp) + vivi—y + {uvi, upva, - -+, ujvi—y ).

Clearly, G, is in gg and Cj is the unique cycle in G,. It is routine to check that

k-2

EGHY-EG) =) eep(n—1-de(v))+ee-@)(n—1 = do-(u))
j=2

+SG*(V1)(n -1- dG*(Vl)) + SG*(Vk—l)(n -1- dG*(Vk—l))
k-2

= > 8a,0)(n— 1= de,(v)) = &6, ()(n — 1 = d, (u)
j=2

—e6,(v)(n = 1 = dg,(")) = £6,vi-1)(n = 1 = dg, (1))

Note that eg-(u;) = &6,(u;), €6+(v1) = &6,(v1), €6-(Vi-1) = €6,(Vk—1) and £6:(v;) > &6,(v}) > g+ (u;)

forj=2,--- ,k—=2and g5-(v2) = - (u;) + 2, €6,(v2) = €¢,(u;) + 1.
Therefore,
— — k=2 k=2
EG)-EG) > (k=3sa)+ ) ec-(n)n=3)= ) &g, (n)n -2)
Jj=2 j=
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> (k = 3)eg-(u;) + (k = 3)(n — 3)eg-(v2) — (k = 3)(n — 2)eg, (v2)
= (k = 3)eg-(u;) + (k = 3)(n — 3)(eg-(u;) + 2)

—(k = 3)(n - 2)(eg-(u;) + 1)

= (k= 3)eg-(u;) + (k = 3)(—&g-(u;)) + n — 4)

=(k-3)(n—-4)

> 0.

Then EC(G*) > EC(GZ), a contradiction. This completes the proof of fact 2.

Fact 3. u; is the center of the diametral path P in G*.

Proof of Fact 3. Based on fact 2, we know that P;.; = uouy,--- ,ug and Cy, = uvivi_;. If u; # Ug, we
assume without loss of generality that dg-(ug, u;) < ‘5’, that is to say, dg-(ug, u;) < dg-(uir1, ug). Move
the triangle and all the pendent edges from u; to u d in G* and denote the result graph by Gj3. It is routine
to check that G3 in G¢. Since

gg+(u;) — EG*(Mg) =é&g(v1) — 863(V1) = &g (Vk-1) — 863(Vk—1) = &g (v2) — €G3(V2)-

We have

E(G)-E(Gy)  =ec)(n—1-dow))+eg-(ug)(n—1-do(ug))
k-1

+ Y e )(n— 1= dg-(v)) - 6,w)(n = 1 = dg, (1))
i=1

k—1

~ea,(ug)(n = 1 = dg,(ug)) = " e6,v)(n = 1 = dg,(v)

i=1
> (k= 1)(ec-(ug) = £6-(y)) + (n = 3)eg-(v1)
+(n = 3)eq- (V1) + (k= 3)(n = 2)ec-(v2) = (n = 3, (1)
~(n = 3)eq,(vi1) — (k= 3)(n = 2)e, (v2)
= - (k= 1) +20=3) + (n = 2)(k = 3)| (e () — £6-(u9))
> (k= 1)(n = 4)(e6- () ~ - (uy))
> 0.

Then EC(G*) > EC(Gg), a contradiction again. This completes the proof of fact 3.
Case 2. P and C; are vertex and edge disjoint.

Let Q = u;z122,- -+ , 2Z5-125 be a path connecting path P and C;. By the similar approach in the proof
of theorem 4.1, we can contract the whole path Q (i.e., u; and z; coincide and then attaching suitable
number of pendent vertices at ;) to get a new graph G4 with P and C; having exactly one vertex in

common. So the following procedure similar as case 1.
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By the discussion as above, we obtain that for all G in G¢. If the unique cycle and the diameter in G
have no edges in common, then the extremal graph is V,f , When d is even. When d is even, the diameter
path has only one center, while when d is odd, the diameter path has two centers. In either case, the
pendent vertices in the minimum graph except the endpoints of the diameter path are all adjacent to
the center of the diameter path, the proof process is exactly the same. Here we omit the proof when d
is odd. Hence, the extremal graph is Vj’ , When d is odd. As is depicted in Figure 4.

Case 3. |V(Cy) N V(Py)| = 2.

If there exist common edges between P, and C;, then we get that all vertices in
V(Go)\{V(P)U V(Cy)} must be adjacent to Ud of P similar as case 1. We denote it by G*. Let
Paoi = uouy, -+ ,ug and Cy = uiltiyy, -+ ,uy1y2," -+, ymi;. In this case, we first show that the unique
cycle C; contained in G* is just Cs, that is to say, k = 3, otherwise, we assume that k > 4. First we

consider the diameter d is even. Let

Gs = G" = {tiYms YmYm-15" > Y21, V1ll} + {tha Y + Ua Y1, -+ uays, uayr} + fua y1}.

By the definition of EC and bearing in mind that it is possible u;_; = u;. As &6-(y;) > €6,(yi), I =
L.+ ,mand &6,(y1) = €6,(32) = €65(y3) = -+ = €6,(Ym)- &c,(Ui) = e6-(u;) and e, (Uj1) = &g+ (Ujs1),
£6s(Vi) 2 £65(ug) + 1, 86+ (yi) 2 &6+ (ug) + 2, £65(ug) = £6-(ug), £65(ud ) = £6-(ud ),

Moreover, dg-(y;)) = 2,dg,(y;)) = 1,i=2,--- ,m
de-(y1) = 2,dg,(y1) =2 and dGS(Mg) = d(;*(u%) + m, dGS(u%H) = dG*(M%' +1)+1

It follows that

EG)-EGs) = ) ec()n=3)+ec-()n-3)
i=2
+eg-(up)(n—4) + eg-(uj)(n—4) + 86*(”%)(" -1- dG*(Mg))

teg (Uay ) )(n =1 = dg-(ug )

- i £6,)(n = 2) = £6,(3)(n = 3) = &g, (u)(n — 3)
o)~ 3) — g |~ do(utg)
—&gs(ua,)n =1 —dg,(u4,,))

= i |26-0)(n = 3) = £6,)(n = 2)| - - ()

—&g-(uj) + msg*(u%) + sG*(u%H)

> (m = 1)|(eg-(ug) + 2)(n = 3) = (n = 2)(eq-(ug) + 1)
—&c- (i) = &g+ (uy) + (m = Deg-(ug) + - (ug) + &6+ (ud ;)
> (m—1)(n—4 - eg-(ug)) +d

—&c- (i) — &g+ (uy) + (m = Deg(uq)
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= (m = )(n —4) +d — (e6-(w) + &6+ ()
>m-1)n-4)+d-2d
=(m-1Dn-4)-d
>(m-1)(n-4)—(n-2)
>2n-4)—-(n-2)=n-06

> 0.

Therefore,

£(G*) > € (Gs),

which contradicts the chioce of G*.

Hence, the structure of G* can be described as follows: its unique cycle C3 and its diametral path
Pg1 = uopuy, - -+, uy have only one edge u dUd in common and there are some pendent edges attached
to ug in G*.

Summarizing the discussion as in case 3, we obtain that for all G in G, if the unique cycle and the
diameter in G have edge in common. When d is even, then the graph say Vri , With the minimum EC and
when d is odd, we can similarly get that the extremal graph belongs to Vs’ .

Summarizing cases 1-3, when d is odd, for any G| € Vi ,and G, € Vj’ 4> We can easily obtain that
EC(GI) < EC(GZ). Therefore, Vi , achieved the minimum EC for d is odd.

When d is even, EC(VIL )= EC(Vi )V, ,and V2  obtain the minimum value of Eccentric connectivity
coindex at the same time (See Figure 4).

This completes the proof. O
6. Conclusions

In this paper, we first present the sharp lower bounds on EC for general connecteds graphs and
present a structure of the extremal graphs for eccentric connectivity coindex over cacti graphs with
n vertices and k cycles, then characterize the extremal trees with given order and diameter on the
eccentric connectivity coindex. Moreover, we optimize the extremal structure of unicyclic graphs with
given order and diameter. Along this line, some other interesting extremal problems on the eccentric

connectivity coindex are valuable to be considered.
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